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Reflection Positivity (RP)
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Wilson Fermion
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Overlap Fermion
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— Llemma 04000000 (i) OO (iv)O

— Lemma OO0 O((i) (v) 000OD0O0ODOO)
e Remember four lemmas :
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— Lemma (i) If F' € P, then (F), > 0

— Lemma (ii) F,G € P implies FG € P
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— Lemma (iv) AAeP
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e 1000 Lemma D000 ODODODOOOOONO : [R. Osterwalder, E. Seiler '78]
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e Lemma (iii)) A =0(A)0000
— Charge conjugation property of the overlap Dirac operator :
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— We can explicitly calculate 6(A) :
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e Strategy :
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e Spectral representation of D :
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e Spectral representation of Dy :
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0 000N =1 Wess-Zumino model [ Reflection Positivity

e OverlapO0 OO DOOOU(1)gOODDODOOOOODOODO Free limitO O
Supersymmetry 0 0O O O

[K. Fujikawa, M. Ishibashi '02][Y. Kikukawa, H. Suzuki '04]
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1. Majorana0 00000 0OO0ODO DO O Reflection positivityD O OO0 00O

2. Supersymmetry D OO0 O0Overlap0 OO0 O0OO0O0O0OObosond O OOO0O0OODODOOO
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Majorana 0 [ [
e Charge conjugation O OO C' :

Cy.C 't =—v), CyCl=ri, C'C=1 C"=-C

e Majorana condition v = 7C 0000 0000000000000 O000:

{ 0 () = P(B)v

0B(z) = ou(oz) O V@)= Cr0v(07)

e Lemma (i)(ii)(ii)(iv) 000000000 O000O0000O000O00OOMajoranal O
000000000 Reflection Positivity 0 O 00 0O



Overlap Boson O Reflection Positivity

e OO OUOOOUOOOUOOOUOLOOUONO OO

—Sp=Ay +0(AL)+ ) 0(B;)B;, Ay, Bj €A,
J

Jootdbootdbootdbo, bbb otgbod

~ASp=—- Y ¢'(2)D'D(z,y)é(y) € P

$€A+,y€A_

e 0 ASpOexplicitO O OO

~ASgp=— )  ¢'(2)D'D(z,y)é(y)

:CEA_|_ yeA_

cosh F — b(p)
X
SZ/ m 1 —e 2P /oh(p) cosh E — a(p)

{0(C(B.2) (C(E.D) + (e C(-E.p)) (e PHC(-E.p) )

(00 O0C(E,p) = Ze ExogiP® ol (1) € AL)

xEA+



Overlap Boson O Reflection Positivity
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e 00O (1)dd=2.
S={-1.95<p<1.95}

e 100 (2)0d=40p; = p2 = p3(=Dp).
S={-172<p<172)

e 100DDDDOOOO pegsSODOODOODDODOOO (d=4)0
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p=(m,m,7m) = FEj :COSh_lﬁ ~ 1.79...
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p:(ﬂ-aﬂ-ao):EIZCOSh §%139

5
p=(m0,0) = E; =cosh_11 ~0.69. ..
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Summer_y and Discussions
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e 100DDDDOOOO pegsSODOIODOODDODOOO (d=4)0

37
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Majorana case

e Charge conjugation operator C :
CyC 't =—v,, CyuC =9, CC=1 C"=-C

e Majorana condition ¢ = )T C is consistent with the definition of  reflection :

0y (x) = p(0z)y0 N — )
{ 0y (z) = otp(0) = 0(¥()) = Cyoy(02)

e Lemma (i)(ii)(iii)(iv) are still true in this case, which imply that the reflection positivity

condition is satisfied in Majorana case.



Weyl case

e Chiral projection

e Gamma matrices

e Chiral basis :

{vi(2) 950 (2) = Fvi(); i =1, ,2(20)"}
Yo (x) = Zv;(a:)cit (c'. : Grasmann coefficients)

1

e Path integration measure :

Hdci ] ddas(x

TrEA; Ho'RS



e Left-handed expectation <->(_)
<F><_) = — /D[@b_]D[@Z_]eA(_)(w,ZP)F(&_M#_)

e O reflection : (ar =1,2, a_ = 3,4)

O(Y—a_(T)) = {ZE— (0x)v0}a = zﬁ—our (0x)
U(P—as (@) = {100 (02) o, = e (0)
o A7) .= algebra of all the polynomials of the left-handed field components Y_o_(x)
and ¢_, (z) on Ay

(NOTE : The field components ¥_,, (x) are completely excluded from observables)
e Relations between Weyl and Dirac Expectations :

<F(¢—a7775—0é+>>(_) — <F(¢0z_7775a+)>

This follows from the fact that

=)o )
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Another O O O O O wvia domain wall fermion

e Domain wall fermion with Pauli Villars fields

SDW(\T]aqjaEan(j}?@aX?X) — Z qj(xvs)(Dv[ag —m)(x,s,y,t)\lf(y,t)

x78;y7t

+ ) E(z,5)(Dys —m)(x, 59, 1)E(y, t)
x78;y7t

+ > ®(z.5) (Dgs —m) (D5 —m)(w, 51y, )@ (y, 1)
m78;y7t

— D7 . Five dimensional Wilson Dirac operator with the boundary condition xxx
— W, = : Fermionic fields in five dimensional space-time
— ® : Pauli Villars field
— x : Auxiliary filed in four dimensional space-time
e Relation between overlap fermion and domain wall fermion :

<F<7’Z’ ¢)>over|ap = lim  lim <F<Cj + X’ q + X)>£I\([),r:1lzin wall *

as5—0 N—oo

The positivity of the RHS can be shown in the free case.



