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Ⅰ.	  Introduc/on	



Gradient	  Flow	  Equa/on	  for	  SU(N)	  
Yang-‐Mills	  Theory	

where	

1 Introduction

ゲージ場の量子論は、素粒子物理学においてこれまで数多くの成功を収めている。
世界を記述する基本的な力である４つの相互作用のうち、重力相互作用を除く、
電磁相互作用、強い相互作用、弱い相互作用は全てゲージ理論で記述することが
でき、非常に優れた理論であると言える。
しかし、ゲージ場の理論に限らず、場の理論には発散という困難が常につき

まとう。1940年代、繰り込みという処方箋によりこの発散の困難を取り除く方法
が提唱された。これは摂動的繰り込みと呼ばれ、QED等の弱結合の物理で大き
な成功を収めている。しかしながら、一般に強結合の理論の場合は摂動論は使え
ないため意味をなさない。QCD等の強結合の物理を扱うためには、場の理論の
非摂動的解析手法は無くてはならないものである。
その後、繰り込みに関して大きな発展があったのは 1970年代のことである。

Wilsonらの仕事によって、繰り込み群の非摂動的な定式化が行われた。非摂動繰
り込み群、Wilson流繰り込み群などと呼ばれるこの方法は、単なる手法と思われ
ていた発散を取り除く繰り込み処方に物理的な意味付けをし、理論に対する強力
な物理的アプローチを与えることとなった。しかしながら、Wilson流繰り込み群
は、その正則化の方法としてカットオフを用いているため、ゲージ理論に適用す
るとゲージ対称性を破るという大きな問題点がある。そのため、ゲージ理論に対
する繰り込み群の非摂動的な解析は、現在のところ有効な手段は確立されていな
い。もし、ゲージ場の量子論を非摂動的扱う方法、具体的には、ゲージ対称性を
破らない形で繰り込み群を非摂動的に定式化できれば、QCDの解析的な計算や、
クォークの閉じ込め問題に対する研究の発展など、素粒子物理学に与えるインパ
クトは計り知れないであろう。
そのような中、近年、Martin Luscherによって興味深い研究が発表された。

Gradient Flowと呼ばれるある種の分散方程式に従うゲージ場は、その場で描か
れる観測量が、自然に繰り込まれた量になっているという主張である。本研究で
は Lusherの主張をレビューし、我々が知っている繰り込み群とどのような関係
になっているのかを明らかにしていくことを目標とする。

2 The Gradient Flow Equation

2.1 Gradient Flow Equationの定義
SU(N)ゲージ場 Bµ の gradient flowを以下の式で定義する。

Ḃµ = DνGνµ + α0Dµ∂νBν , Bµ|t=0 = Aµ. (2.1)

ただしここで、Aµは通常のゲージ場の理論の裸の場、SU(N)の随伴表現であり、
Gµν とDµ は

Gµν = ∂µBν − ∂νBµ + [Bµ, Bν ], (2.2)

Dµ = ∂µ + [Bµ, ·], (2.3)
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The	  dot	  in	  L.H.S	  means	  the	  deriva/ve	  of	  fic//ous	  /me	  called	  flow	  /me.	  	  
The	  B	  is	  a	  new	  gauge	  field	  and	  related	  to	  the	  usual	  gauge	  field	  A	  through	  the	  boundary	  
condi/on	  of	  this	  equa/on	  .	  	
	

Ḃµ =
�SYM

�Bµ
+ ↵0Dµ⇠

⇠ ⌘ @ ·B

where the dot means a differential in terms of the flow time t, Aµ describe a

fundamental bare field of SU(N) gauge theory, Gµν and Dµ are defined by

Gµν = ∂µBν − ∂νBµ + [Bµ, Bν ], (2.3)

Dµ = ∂µ + [Bµ, ·] (2.4)

respectively. The reason why we call the equation the gradient flow one is

that the first term of R.H.S. of Eq. (2.1) is proportional to the gradient of

the action,

S =

∫
dDxTr[Gµν(x)Gµν(x)]. (2.5)

The second term of the R.H.S. of Eq. (2.1) is the gauge fixing term over

the flow time direction. The term is introduced to cause suppression of the

increase of the degree of new gauge freedom over the direction. In this paper,

we call this term the α0 term to avoid needless confusion with the usual gauge

fixing term in the Yang-Mills theory.

Luscher claims that any expectation value which is described by the gauge

filed B, which is defined by Eq. (2.1) at positive flow time has a well-defined

continuum limit without additional renormalization. Calculating the expec-

tation value of the energy density at one loop order using this method, he

showed that it is the case [1]. Soon after that, Luscher and Weisz proved this

claim to all order in perturbation theory [12].

3 General Form of Gradient Flow Equation

In this section, in order to extend the range of application of the gradient

flow equation, we propose the general form of the gradient flow equation

of the quantum field theory on the curved functional space. In a general

way, the variation in the curved functional space is different when we take a

different coordinate systems. When we need the invariance of the variation

in the quantum field space on the curved functional space, the gradient flow

is modified as follows:

4



Luscher-‐Weisz	  Theorem	  	

The	  expecta/on	  values	  in	  terms	  of	  the	  B	  field	  are	  finite	  without	  addi/onal	  
renormaliza/on	  to	  all	  order!	
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Claim	

t=0	

t=t	

：	：	

“B”	  fields	  lives	  in	  bulk	

“A”	  fields	  of	  the	  usual	  SU(N)	  gauge	  theory	  lives	  at	  the	  
boundary	  t=0	

Key	  point	  of	  proof:	  BRS	  symmetry	



Applica/ons	  of	  Gradient	  Flow	  	  

•	  Chiral	  condensate	

Various	  applica/ons	  of	  the	  gradient	  flow	  equa/on	

•	  Step	  scaling	

•	  Improved	  ac/on	

Using	  the	  gradient	  flow	  equa/on	  of	  maeer	  field,	  Luscher	  calculate	  the	  flow	  /me	  dependent	  
chiral	  condensate	  as	  a	  order	  parameter	  of	  chiral	  symmetry	  breaking.	  	

terms are proportional to the light-quark masses. Because of the arbitrariness

of the subtraction for the renormalization, the expectation value loses the

meaning as the order parameter.

Luscher proposed that the gradient flow of a matter field [6] is

χ̇ = ∆χ, χ|t=0 = ψ (7.16)

∆ = /D2 or simply ∆ = DµDµ, (7.17)

where Dµ = ∂µ + Bµ. Using this equation, he calculate the flow time depen-

dent chiral condensate. Because Eq. (7.16) has chiral symmetry, the quark

field χ(t, x) which is depend on flow time transforms in the same way as the

fundamental quark field ψ(x) under global chiral rotations. He defined the

time dependent condensate as

Σt = −1

2

〈
Suu

t + Sdd
t

〉
, (7.18)

Σt is also an order parameter for the spontaneous breaking of chiral symme-

try. The attractive point is that Σt does not have power divergence, so there

are no arbitrariness in the subtraction. There are also advantages that the

calculation of Σt through numerical simulation is straightforward.

7.4.2 Small Flow Time Expansion

The method to use the gradient flow equation has the advantage that there

are no divergence at flow time t > 0. It is also important to study how

exactly the divergence are avoided near the boundary. Through the small

flow time expansion, we can examine them. We can described the asymptotic

expansion of the gauge invariant local field Ot(x) in respect to φk(x) which

is the field on the boundary as

Ot(x) ∼
t→0

∑

k

ck(t)φk(x), (7.19)

where ck(t) is a time dependent coefficient. The coefficients satisfy the RG

equation which determines the asymptotic behavior at small flow time as

ck(t) ∝
t→0

t
1
2 (dk−d0)gνk{1 + O(g2)}, (7.20)

29

where dk and d0 are dimensions of φk(x) and Ot(x) respectively, g is a run-

ning coupling of the theory, νk is determined by the one loop coefficients of

their anomalous dimensions. Judging from (7.20), the expansion of Ot(x)

of Eq. (7.19) is dominated by φk(x) with the lowest dimension in the limit

t → 0. For example, the chiral densities (7.15) can be described using the

expansion (7.19). The details are explained in Ref. [6] and their references.

In an opposite manner, any gauge invariant local field φ(x) in the bound-

ary is also expanded in respect to Ot(x) at some positive flow time t. The

simplest case is that we restrict the field by their dimension and symmetry.

The form is represented as

φ(x) = c(t)Ot(x) + O(t). (7.21)

It is important work to determine the coefficient c(t). For example, in

Refs. [15] the coefficient in the expansion of the energy-momentum tensor

in the pure gauge theory is computed at one loop order perturbatively. Also,

in the paper, using the method of the gradient flow equation, the relation

between the small flow time behavior of certain gauge invariant local prod-

ucts and the correctly-normalized conserved energy-momentum tensor in the

Yang-Mills theory is given. In Refs. [8], using the Ward identities that de-

rive from the conservation of the energy-momentum tensor in the continuum

theory, the coefficients is determined non-perturbatively. In the paper, they

also use the gradient flow in order to define more appropriate probes for the

translation Ward identities.

7.4.3 Step Scaling and Improved Action

Since the gradient flow gives ultraviolet finite quantity, one can define a new

renormalization scheme for the running coupling constant. In Refs. [5, 9, 10,

11, 12, 13], the running coupling constant is defined by the renormalization

condition:

g2(L) = constant× {t2 〈Et〉}√8t= 1
3L. (7.22)

Using the step scaling, the RG evolution of this running coupling constant

can be studied non-perturbatively.

30

The	  gradient	  flow	  gives	  new	  scheme	  of	  the	  renormaliza/on	  group	  in	  the	  lagce	  theory.	
On the other hand, the method of the gradient flow is useful to construct

improved actions. The parameter of the improved theory can be tuned by

matching lattices with different spacings using sufficient number of observ-

ables as inputs. Since there are a lot of candidates of observables such as

tr{GµνGνµ}, χ̄χ, χ̄σµνGµνχ, (χ̄Γχ)(χ̄Γχ), (7.23)

the method of the gradient flow is very useful.

8 Supersymmetric Gradient Flow Equation

As we have seen in the previous section, the gradient flow equation has

spurred a great deal of research. There are a lot of applications using this

new renormalization, but there is also room for theoretical study. One of

them is to find out what physical system this method can be applied. The

equation is very attractive, therefore it is worth extending the equation to

other theory, for example, to the QCD with matter field. Luscher proposed

the gradient flow of the matter field as Eq. (7.16). However the quark part of

this equation is no longer defined from the gradient of the action and there

is an arbitrariness of ∆ as in Eq. (7.17). It would be important to study the

theoretical basis how to defined the gradient flow equation with matter fields

in the gauge theory. One of the interesting systems is the super Yang-Mills

theory. This theory has a gaugino, which is a matter field in the adjoint

representation. However, the gaugino is closely related to the gauge fields by

supersymmetry (SUSY). Therefore we study the supersymmetric extension

of the gradient flow equation. Since the supersymmetric Yang-Mills theory

is an attractive of its own sake, it would be useful to study the gradient

flow equation for this system. It may also give us a hint to understand the

theoretical basis of the gradient flow equation including matter fields.

We give a short summary of SUSY in Appendix E as a review of Ref. [33].

31

The	  method	  of	  gradient	  flow	  is	  useful	  	  to	  construct	  improved	  ac/on	  in	  the	  lagce	  QCD	  	
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˙̄λ = −16σ̄kσmDkDmλ̄+ 8[λ̄, d + i∂mvm], (10.24)

λ̇ = −16σkσ̄mDkDmλ− 8[λ, d− i∂mvm], (10.25)

ḋ = 16!d + 16i[vm, ∂md]

+2iTr[σ̄mσlσ̄nσk − σ̄mσkσ̄nσl]DnDlvmk

+8i{λ̄α̇, (σ̄mDmλ)α̇}− 8i{λα, (σmDmλ̄)α}

−8

3
[vm, [vm, d]]. (10.26)

We find that the flow equations for each component are consistent with WZ

gauge. Here we choose initial conditions to satisfy the WZ gauge at t = 0 as

c|t=0 = 0, (10.27)

χ|t=0 = 0, (10.28)

χ̄|t=0 = 0, (10.29)

m|t=0 = 0, (10.30)

m∗|t=0 = 0, (10.31)

vm|t=0 = Vm, (10.32)

λ̄|t=0 = Λ̄, (10.33)

λ|t=0 = Λ, (10.34)

d|t=0 = D. (10.35)

Let us compare the flow equation for Yang-Mills theory proposed by Luscher

with our results for super Yang-Mills theory in Eqs (10.24) and (10.25). In

Ref. [7], Luscher claims that the gradient flow equations of the quark field

are given as

˙̄χ = χ̄
←−
∆ + α0χ̄∂νBν , (10.36)

χ̇ = ∆χ− α0∂νBνχ. (10.37)

On the other hand our results for the gradient flow equations of the gaugino

field in Eqs. (10.24) and (10.25) are given as

˙̄λ = −16σ̄kσmDkDmλ̄+ 8[λ̄, d + i∂mvm], (10.38)

λ̇ = −16σkσ̄mDkDmλ− 8[λ, d− i∂mvm]. (10.39)

42

The	  	  gradient	  flow	  equa/on	  of	  maeer	  	  fields	
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Luscher	  proposed	  the	  equa/on	  of	  the	  maeer	  field.	
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←−
∆ + α0χ̄∂νBν , (10.36)

χ̇ = ∆χ− α0∂νBνχ. (10.37)

On the other hand our results for the gradient flow equations of the gaugino

field in Eqs. (10.24) and (10.25) are given as

˙̄λ = −16σ̄kσmDkDmλ̄+ 8[λ̄, d + i∂mvm], (10.38)

λ̇ = −16σkσ̄mDkDmλ− 8[λ, d− i∂mvm]. (10.39)
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•They	  do	  not	  sa/sfy	  the	  Luscher-‐Weisz	  theorem.	  	  
　There	  is	  no	  power	  divergence,	  but	  there	  are	  logarithmic	  divergences.	  
	  
•The	  equa/on	  is	  no	  longer	  defined	  from	  the	  gradient	  of	  the	  ac/on.	  	

Can	  we	  construct	  the	  gradient	  flow	  equa/on	  of	  the	  maeer	  field	  which	  sa/sfies	  the	  
Luscher-‐Weisz	  theorem	  exactly?	

In	  other	  words,	  what	  is	  the	  correct	  form	  of	  the	  gradient	  flow	  equa/on	  of	  the	  maeer	  fields?	  
	  
	

What	  physical	  system	  the	  gradient	  flow	  method	  can	  be	  applied.	  
	  



How	  to	  Derive	  Gradient	  Flow	  Equa/on	  of	  
Maeer	  field?	  

Super	  Yang-‐Mills	  theory	  	  	  	  	  	  	

Gradient	  Flow	  Equa/on	  	
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If	  we	  derive	  the	  gradient	  flow	  equa/on	  of	  the	  vector	  superfield	  by	  the	  analogy	  of	  
the	  Yang-‐Mills	  gradient	  flow,	  we	  can	  obtain	  the	  equa/on	  of	  maeer	  field	  very	  
naturally,	  because	  the	  super	  Yang-‐Mills	  theory	  contains	  gaugino	  as	  a	  ‘maeer’	  field.	

Theory	

Yang-‐Mills	  theory	  	  	  	  	  	  	  	  	
	

We	  focus	  on	  the	  Super	  Yang-‐Mills	  theory.	

Gauge	  field	  A	

Vector	  superfield	  V	  
including	  gauge	  and	  gaugino	  
fields	

Gradient	  Flow	  Equa4on	 Gradient	  of	  what?	

Yang-‐Mills	  ac/on	

Super	  Yang-‐Mills	  ac/on	

Maeer	  field	  χ	 None	



Ⅱ.	  Generaliza/on	  of	  Gradient	  Flow	  
Equa/on	



Generaliza/on	  of	  Gradient	  Flow	  
Equa/on	

We	  propose	  a	  generaliza/on	  of	  the	  gradient	  flow	  equa/on	  for	  the	  quantum	  field	  
theory	  with	  nontrivial	  metric	  in	  func/onal	  space	  	

10/23	

General	  Form	  of	  Gradient	  Flow	  Equa/on	
General form of Gradient Flow Equation! "

∂φa

∂t
= gab(φ)

δS(φ)

δφb
(3.1)

# $
where φ is a general field, S(φ) is an action, gab is the metric which constructs

the invariant norm on the curved functional space;

||δφ||2 =

∫
d4xgab(φ(x))δφa(x)δφb(x), a = 1, 2, · · · , D. (3.2)

If we take the form of the gradient flow equation, the equation is invariant

under the variation for the symmetry of the system. In the case of Yang-Mills

theory, the metric is flat, that is, gab(Aµ) = δab(Aµ).

4 Supersymmetric Gradient Flow Equation

4.1 Derivation of Gradient Flow Equation for Super

Yang-Mills Theory

We apply the general gradient flow equation to super Yang-Mills theory. At

first, we summarize how to derive the gradient flow in Yang-Mills theory as

follows:

1. Starting from the Yang-Mills action SYM, we make a variation over the

Ab
µ(x) field, and multiply the metric δab(Aµ).

2. We replace the Aµ(x) field with the new gauge field Bµ(t, x), and impose

the initial condition Bµ(0, x) = Aµ(x)

3. We add a new gauge fixing term to suppress the increase of the degree

of new gauge freedom in the flow time direction. It has to be propor-

tional to the gauge transformation, because physical quantities does

not depend on the term.

4. We regard the sum of them as R.H.S. of the gradient flow equation.

5
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the initial condition Bµ(0, x) = Aµ(x)
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4. We regard the sum of them as R.H.S. of the gradient flow equation.

5

In	  the	  case	  of	  Yang-‐Mills	  theory,	

gab(Aµ) = �ab



Ⅲ.	  Appling	  Equa/on	  to	  SU(N)	  Super	  
Yang-‐Mills	  Theory.	  



Metric	  of	  SU(N)	  Super	  Yang-‐Mills	  
Theory	

In	  the	  case	  of	  super	  Yang-‐Mills	  theory,	  the	  metric	  is	  not	  flat.	
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Using this gauge transformation, we fixed the WZ gauge, which is C, X, M =

0. Under this gauge, V is described in terms (x, θ, θ̄) coordinates as

V (x, θ, θ̄) = −θσmθ̄Vm + iθθθ̄Λ̄− iθ̄θ̄Λ +
1

2
θθθ̄θ̄D, (B.12)

V 2(x, θ, θ̄) = −1

2
θθθ̄θ̄VmV m, (B.13)

V 3(x, θ, θ̄) = 0. (B.14)

And V is also described in terms (y, θ, θ̄) coordinate as

V (y, θ, θ̄) = −θσmθ̄Vm + iθθθ̄Λ̄− iθ̄θ̄θΛ

+
1

2
θθθ̄θ̄[D − i∂mV m], (B.15)

V 2(y, θ, θ̄) = −1

2
θθθ̄θ̄VmV m, (B.16)

V 3(y, θ, θ̄) = 0. (B.17)

C Explicit form of gab(V ), δSSYM
δv , δv

C.1 Derivation of gab(V )

||δV ||2 =

∫
d8zTr[e−V δeV e−V δeV ] (C.1)

=

∫
d8zδV a(z)δV b(z)Tr

[(
1− e−LV

LV
T a

)(
1− e−LV

LV
T b

)]
.(C.2)

Finally, we obtain

gab(V ) = Tr

[(
1− e−LV

LV
T a

)(
1− e−LV

LV
T b

)]
. (C.3)

C.2 Derivation of δSSYM

δv

The super Yang-Mills action is given as

SSYM =

∫
d4x

∫
d2θTr[W αWα] + h.c. (C.4)

= −
∫

d8zTr[e−V (DαeV )Wα] + h.c., (C.5)
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where	  	 LV · = [V, ·]

eV ! e�i⇤†
eV ei⇤

Super	  gauge	  transforma/on	

�i⇤†
i⇤ :	  Chiral	  field	

:	  An/-‐chiral	  field	



Gradient	  Flow	  Equa/on	  of	  Super	  Yang-‐Mills	  
Theory	

1 Introduction

ゲージ場の量子論は、素粒子物理学においてこれまで数多くの成功を収めている。
世界を記述する基本的な力である４つの相互作用のうち、重力相互作用を除く、
電磁相互作用、強い相互作用、弱い相互作用は全てゲージ理論で記述することが
でき、非常に優れた理論であると言える。
しかし、ゲージ場の理論に限らず、場の理論には発散という困難が常につき

まとう。1940年代、繰り込みという処方箋によりこの発散の困難を取り除く方法
が提唱された。これは摂動的繰り込みと呼ばれ、QED等の弱結合の物理で大き
な成功を収めている。しかしながら、一般に強結合の理論の場合は摂動論は使え
ないため意味をなさない。QCD等の強結合の物理を扱うためには、場の理論の
非摂動的解析手法は無くてはならないものである。
その後、繰り込みに関して大きな発展があったのは 1970年代のことである。

Wilsonらの仕事によって、繰り込み群の非摂動的な定式化が行われた。非摂動繰
り込み群、Wilson流繰り込み群などと呼ばれるこの方法は、単なる手法と思われ
ていた発散を取り除く繰り込み処方に物理的な意味付けをし、理論に対する強力
な物理的アプローチを与えることとなった。しかしながら、Wilson流繰り込み群
は、その正則化の方法としてカットオフを用いているため、ゲージ理論に適用す
るとゲージ対称性を破るという大きな問題点がある。そのため、ゲージ理論に対
する繰り込み群の非摂動的な解析は、現在のところ有効な手段は確立されていな
い。もし、ゲージ場の量子論を非摂動的扱う方法、具体的には、ゲージ対称性を
破らない形で繰り込み群を非摂動的に定式化できれば、QCDの解析的な計算や、
クォークの閉じ込め問題に対する研究の発展など、素粒子物理学に与えるインパ
クトは計り知れないであろう。
そのような中、近年、Martin Luscherによって興味深い研究が発表された。

Gradient Flowと呼ばれるある種の分散方程式に従うゲージ場は、その場で描か
れる観測量が、自然に繰り込まれた量になっているという主張である。本研究で
は Lusherの主張をレビューし、我々が知っている繰り込み群とどのような関係
になっているのかを明らかにしていくことを目標とする。

2 The Gradient Flow Equation

2.1 Gradient Flow Equationの定義
SU(N)ゲージ場 Bµ の gradient flowを以下の式で定義する。

Ḃµ = DνGνµ + α0Dµ∂νBν , Bµ|t=0 = Aµ. (2.1)

ただしここで、Aµは通常のゲージ場の理論の裸の場、SU(N)の随伴表現であり、
Gµν とDµ は

Gµν = ∂µBν − ∂νBµ + [Bµ, Bν ], (2.2)

Dµ = ∂µ + [Bµ, ·], (2.3)

2
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2

SYM =

Z
d

D
xTr[Fµ⌫(x)Fµ⌫(x)]
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10 Super Yang-Mills Theory

Following the toy model example in Sec. 9, we extend the gradient flow

equation to the case of super Yang-Mills theory. In the general gauge, the

flow equation contains infinite number of commutators so that it is very

difficult to solve it non-perturbatively. In order to obtain the flow equation

with finite number of terms, we choose the WZ gauge. However, generally

the time evolution from the flow equation can carry the system away from the

WZ gauge. Therefore, the most important question is whether there exists

a special α0 term, which keeps the WZ gauge. As a result, we find that such

a α0 term exists.

10.1 Derivation of Gradient Flow Equation for Super

Yang-Mills Theory

The gradient flow for super Yang-Mills theory is similar to the one for pure

Abelian supersymmetric theory in Sec. 9. The gauge fixing term is positive

and described by super gauge transformation δv. Then the most general

form of the supersymmetric gradient flow equation is

∂va

∂t
=
δSSYM

δva
+ α0δva. (10.1)

In what follows we call the first term of R.H.S. as the gauge covariant term,

the second term of R.H.S. as the α0 term.

At first, we derive the gauge covariant term of the super Yang-Mills the-

ory. The action of the super Yang-Mills theory is

S =

∫
d4x(WαWα|θθ + W̄α̇W̄ α̇|θ̄θ̄). (10.2)

The action is rewritten as

S =

∫
d8zTr[W αe−V DαeV ] + h.c., (10.3)

where d8z ≡ d4xd2θd2θ̄ and Wα is defined as

Wα = −D̄2(e−V DαeV ). (10.4)

37

SSYM =

Z
d

4
xTr[W↵

W↵|✓✓ + W̄↵̇W̄
↵̇|✓̄✓̄]

v|t=0 = V

The	  general	  form	  of	  gradient	  flow	  equa/on	  
of	  super	  Yang-‐Mills	  theory.	

Replacement	

1 Introduction

2 Conclusion

• Yang-Mills action SYM → Super Yang-Mills action SSYM.

• New gauge field Ba → New superfield va.

• Gauge transformation δBa→ Super gauge transformation δva.

• Metric δab → gab(v)

[] [] [?]

Acknowledgments

2

@B

a(x)

@t

= �

ab �SYM

�B

b(x)
+ ↵0�B

a(x)
@va(z)

@t
= gab(v(z))

�SSYM

�vb(z)
+ ↵0�v

a(z)
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Explicit	  Form	  of	  Super	  Yang-‐Mills	  
Gradient	  Flow	  Equa/on	

General	  form	  of	  gradient	  flow	  equa/on	  of	  super	  Yang-‐Mills	  theory.	
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We	  subs/tute	  the	  explicit	  form	  of	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  into	  the	  gradient	  flow	  equa/on	  	

Explicit	  form	  of	  super	  Yang-‐Mills	  gradient	  flow	  equa/on	

5. We regard the derivative of Ba
µ(t, x) with respect to t as L.H.S. of the

gradient flow equation.

Thus, we obtain the gradient flow equation in Yang-Mills theory as Eqs. (2.1)

and (2.2).

To obtain the gradient flow equation to super Yang-Mills theory, we re-

place the statement partly as follows:

• Yang-Mills action SYM → Super Yang-Mills action SSYM.

• Gauge field Aµ(x) → Superfield V .

• New gauge field Bµ(t, x) → New superfield v.

• Gauge transformation → Super gauge transformation.

• Metric δab(Aµ) → gab(V )

Thus we propose a general form of the supersymmetric extension of the

gradient flow equation.

Gradient Flow Equation for Super Yang-Mills theory! "
∂va

∂t
= gab(v)

δSSYM

δvb
+ α0δv

a. (4.1)

# $
When we substitute the explicit form of gab(v), δSSYM

δvb , δva, which are given in

Appendix C, we can obtain more explicit form as follows:

Explicit Form of Super Yang-Mills Gradient Flow Equation! "
∂v

∂t
=

Lv

1− e−Lv
(F + α0Φv) + h.c. (4.2)

where

F = Dαwα + {e−vDαev, wα}. (4.3)# $
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where	

@va(z)

@t
= gab(v(z))

�SSYM

�vb(z)
+ ↵0�v

a(z)

gab,
�SSYM

�v
, �v

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  We	  can	  also	  rewrite	  this	  equa/on	  in	  terms	  of	  ev	  as	  a	  nonlinear	  field.	  	

where Φv is a chiral field, v = vaT a and T a is a representation matrix. The

Lv is defined by

Lv · ≡ [v, · ]. (4.4)

We can also rewrite Eq. (4.2) more simply using ev as a basic variable.

Super Yang-Mills Gradient Flow Equation in Other Variable! "
∂ev

∂t
= ev(F + α0Φv) + h.c. (4.5)

# $
It corresponds to taking local Lorentz coordinates.

4.2 Flow Time dependence of Super Gauge Symmetry

of Gradient Flow Equation

It is important to examine the condition that the gradient flow equation has

super gauge symmetry at any flow time. Taking the minimal super gauge

transformation for both sides of the gradient flow equation, we obtain the

condition for Φ and Φ†

∂Φ

∂t
= α0(δΦV + [Φ, ΦV ]) (4.6)

∂Φ†

∂t
= α0(δΦ

†
V + [Φ†, Φ†

V ]) (4.7)

If the Φ and Φ†, which is chiral field giving the super gauge transformation,

satisfy the condition, the gradient flow equation is invariant for super gauge

transformation at any flow time.

5 Gradient Flow Equation in Super Yang-

Mills Theory under Wess-Zumino Gauge

In this section, we determine the form of the gradient flow equation for super

Yang-Mills theory under the WZ gauge. Because Eq. (4.2) have infinite
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Ⅳ.	  Flow	  Equa/on	  Closed	  under	  Wess	  
Zumino	  Gauge	



Can	  We	  Reduced	  to	  Wess	  Zumino	  
Gauge?	

The	  gradient	  flow	  equa/on	  has	  infinite	  number	  of	  commutators	  in	  general	  gauge	

16/23	

The	  /me	  evolu/on	  can	  carry	  the	  system	  away	  from	  the	  WZ	  gauge.	
 	

Problem	

Solu4on	

Find	  a	  special	  choice	  of	  α0	  term	  which	  keeps	  WZ	  gauge	  under	  /me	  evolu/on!	

Very	  difficult	  to	  solve	  it	

How	  about	  WZ	  gauge?	
In	  order	  to	  obtain	  the	  flow	  equa/on	  with	  finite	  number	  of	  terms,	  we	  choose	  
Wess-‐Zumino	  gauge.	



Determina/on	  of	  α0	  Term	  	

Does	  	  the	  α0	  term,	  which	  sa/sfies	  the	  following	  requirements,	  exist?	+↵0�v

•	  It	  is	  posi/ve.	  
•	  The	  mass	  dimension	  is	  two.	  
•	  It	  is	  described	  by	  the	  super	  gauge	  transforma/on.	  
•	  The	  flow	  of	  the	  vector	  field	  keeps	  the	  WZ	  gauge	  at	  any	  flow	  /me.	  	

The	  answer	  is	  “YES”!	  We	  found	  the	  special	  form,	  which	  sa/sfy	  the	  requirements.	

17/23	

↵0 = 1

number of terms, it is very difficult to solve it non-perturbatively. In order

to obtain the flow equation with finite number of terms, we choose the WZ

gauge.

However, generally the time evolution from the flow equation can carry

the system away from the WZ gauge. Therefore, the most important question

is whether there exists the special chiral field Φv which give the super gauge

transformation keeping the WZ gauge. As a result, we find that such a Φv

exists.

Here we discuss how to determine the form of the α0 term. We try to

find out the special form of the α0 term so that the gradient flow equation is

consistent within the WZ gauge. This means the α0 term has to satisfy the

following requirements.

• It is positive.

• The mass dimension is two.

• It is described by super gauge transformation δv.

• The flow of the vector field keeps the WZ gauge at any flow time.

As a result, we found out that there exists at least one example of the α0

term which satisfies these conditions. The form is δv, which consists of Φv

defined by

The α0 term under the WZ gauge! "
δv = Φv + Φ†

v +
1

2
[v, Φv − Φ†

v] +
1

12
[v, [v, Φv + Φ†

v]]. (5.1)

where

Φv = D̄2(D2v + [D2v, v]). (5.2)# $
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Gradient	  Flow	  Equa/on	  of	  Super	  Yang-‐Mills	  
Theory	  for	  Each	  Component	  of	  Vector	  Mul/plet	

Using this, we obtain δv in terms of (x, θ, θ̄) coordinates as

δv(x, θ, θ̄) = φ+ φ† +
1

2
[v,φ− φ†] +

1

12
[v, [v,φ+ φ†]]

= 16d− 16θσmDmλ̄+ 16θ̄σ̄mDmλ− 16θσkθ̄Dk∂mvm

−8iθθθ̄σ̄kσmDkDmλ̄− 8θθθ̄α̇[λ̄α̇, ∂mvm]

−8iθ̄θ̄θσkσ̄mDkDmλ− 8θ̄θ̄θα[λα, ∂mvm]

+4θθθ̄θ̄
(
!d + i{λ̄α̇, (σ̄mDmλ)α̇}− i{λα, (σmDmλ̄)α}

+i[d, ∂mvm] + i[vm, ∂md]− 1

6
[vm, [vm, d]]

)
. (10.16)

10.3 Gradient Flow Equation of Super Yang-Mills The-

ory for Each Component of Vector Multiplet

We substitute (10.12) and (10.16) into (10.1) under the WZ gauge. Because

a physical quantity does not depend on the form of the α0 term, we choose

a particular value α0 = 1. Then we obtain
(

eLv − 1

Lv
·
(
Dαwα + {e−vDαev}

))
+ h.c. + 1 · δv

= 16θσmθ̄Dkvmk + 16[θ̄λ̄, θλ]− 16θσkθ̄Dk∂mvm

−16iθθθ̄σ̄kσmDkDmλ̄+ 8iθθ[θ̄λ̄, d + i∂mvm]

+16iθ̄θ̄θσkσ̄mDkDmλ+ 8iθ̄θ̄[θλ, d− i∂mvm]

+θθθ̄θ̄
(
8!d + 8i[vm, ∂md] + iTr[σ̄mσlσ̄nσk − σ̄mσkσ̄nσl]DnDlvmk

+4i{λ̄α̇, (σ̄mDmλ)α̇}− 4i{λα, (σmDmλ̄)α}−
4

3
[vm, [vm, d]]

)
. (10.17)

Finally, we obtain the flow equations for the each component of the vector

multiplet as

ċ = 0, (10.18)

χ̇ = 0, (10.19)

˙̄χ = 0, (10.20)

ṁ = 0, (10.21)

ṁ∗ = 0, (10.22)

v̇m = −16Dkvmk + 16Dm∂kv
k − 8{λ̄α̇, (σ̄mλ)α̇}, (10.23)
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6.2 Gradient Flow Equation of Super Yang-Mills The-

ory for Each Component of Vector Multiplet

Because a physical quantity does not depend on the form of the α0 term, we

choose a particular value α0 = 1. Then we obtain
(

Lv

1− e−Lv
·
(
Dαwα + {e−vDαev, wα}

))
+ h.c. + 1 · δv

= 16θσmθ̄Dkvmk + 16[θ̄λ̄, θλ]− 16θσkθ̄Dk∂mvm

−16iθθθ̄σ̄kσmDkDmλ̄+ 8iθθ[θ̄λ̄, d + i∂mvm]

+16iθ̄θ̄θσkσ̄mDkDmλ+ 8iθ̄θ̄[θλ, d− i∂mvm]

+θθθ̄θ̄
(
8!d + 8i[vm, ∂md] + iTr[σ̄mσlσ̄nσk − σ̄mσkσ̄nσl]DnDlvmk

+4i{λ̄α̇, (σ̄mDmλ)α̇}− 4i{λα, (σmDmλ̄)α}− 2[vm, [vm, d]]
)
. (6.7)

Finally, we obtain the flow equations for the each component of the vector

multiplet as

ċ = 0, (6.8)

χ̇ = 0, (6.9)

˙̄χ = 0, (6.10)

ṁ = 0, (6.11)

ṁ∗ = 0, (6.12)

v̇m = −16Dkvmk + 16Dm∂kv
k − 8{λ̄α̇, (σ̄mλ)α̇}, (6.13)

˙̄λ = −16σ̄kσmDkDmλ̄+ 8[λ̄, d + i∂mvm], (6.14)

λ̇ = −16σkσ̄mDkDmλ− 8[λ, d− i∂mvm], (6.15)

ḋ = 16!d + 16i[vm, ∂md]

+2iTr[σ̄mσlσ̄nσk − σ̄mσkσ̄nσl]DnDlvmk

+8i{λ̄α̇, (σ̄mDmλ)α̇}− 8i{λα, (σmDmλ̄)α}
−4[vm, [vm, d]]. (6.16)

We find that the flow equations for each component are consistent with WZ

gauge. Here we choose initial conditions to satisfy the WZ gauge at t = 0 as

c|t=0 = 0, (6.17)
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Compare	  Our	  Results	  with	  Luscher’s	  One	

Gradient	  Flow	  Equa/on	  	

The	  flow	  of	  the	  maeer	  field	  	

˙̄λ = −16σ̄kσmDkDmλ̄+ 8[λ̄, d + i∂mvm], (10.24)

λ̇ = −16σkσ̄mDkDmλ− 8[λ, d− i∂mvm], (10.25)

ḋ = 16!d + 16i[vm, ∂md]

+2iTr[σ̄mσlσ̄nσk − σ̄mσkσ̄nσl]DnDlvmk

+8i{λ̄α̇, (σ̄mDmλ)α̇}− 8i{λα, (σmDmλ̄)α}

−8

3
[vm, [vm, d]]. (10.26)

We find that the flow equations for each component are consistent with WZ

gauge. Here we choose initial conditions to satisfy the WZ gauge at t = 0 as

c|t=0 = 0, (10.27)

χ|t=0 = 0, (10.28)

χ̄|t=0 = 0, (10.29)

m|t=0 = 0, (10.30)

m∗|t=0 = 0, (10.31)

vm|t=0 = Vm, (10.32)

λ̄|t=0 = Λ̄, (10.33)

λ|t=0 = Λ, (10.34)

d|t=0 = D. (10.35)

Let us compare the flow equation for Yang-Mills theory proposed by Luscher

with our results for super Yang-Mills theory in Eqs (10.24) and (10.25). In

Ref. [7], Luscher claims that the gradient flow equations of the quark field

are given as

˙̄χ = χ̄
←−
∆ + α0χ̄∂νBν , (10.36)

χ̇ = ∆χ− α0∂νBνχ. (10.37)

On the other hand our results for the gradient flow equations of the gaugino

field in Eqs. (10.24) and (10.25) are given as

˙̄λ = −16σ̄kσmDkDmλ̄+ 8[λ̄, d + i∂mvm], (10.38)

λ̇ = −16σkσ̄mDkDmλ− 8[λ, d− i∂mvm]. (10.39)

42

Luscher’s	  one	

We	  find	  that	  if	  we	  regard	  Δ	  as	  	  	  	  	  	  	  ,	  Lucher’s	  one	  are	  almost	  similar	  to	  our	  results	  except	  for	  	  	  	  	  	  	  
terms	  and	  the	  point	  that	  α0	  terms	  are	  described	  in	  terms	  of	  commuta/on	  rela/ons.	  	

/D2 [�, d]
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Our	  results	



Comments	  on	  Symmetry	  of	  Gradient	  
Flow	  Equa/on	

20/23	

When	  we	  demand	  the	  super	  gauge	  symmetry	  of	  the	  gradient	  flow	  equa/on	  at	  any	  flow	  /me,　
Λ	  has	  to	  sa/sfy	  the	  following	  condi/on.	

This	  symmetry	  is	  a	  key	  to	  prove	  the	  Luscher-‐Weisz	  theorem	  in	  the	  case	  of	  super	  Yang-‐
Mills	  theory.	

Flow	  Time	  Dependence	  of	  Super	  Gauge	  Transforma/on	
	

Supersymmetry	  of	  the	  gradient	  flow	  equa/on	  	

i
@⇤

@t
= ↵0(��V + i[⇤,�V ])

Manifestly	  sa/sfied	



	  	  V.	  Summary	  and	  Discussion	



	  Summary	  and	  Discussion	  1	

•	  We	  proposed	  the	  general	  form	  of	  the	  gradient	  flow	  equa/on	  
for	  the	  QFT	  with	  nontrivial	  func/onal	  space.	  	  	  
	  
•	  Applying	  this	  equa/on	  to	  super	  Yang-‐Mills	  theory,	  we	  
obtained	  	  the	  gradient	  flow	  equa/on	  of	  the	  Super	  Yang-‐Mills	  
gradient	  flow,	  which	  has	  manifest	  supersymmetry	  and	  super	  
gauge	  symmetry.	  
	  
•	  We	  found	  the	  special	  α0	  term	  to	  keep	  the	  flow	  under	  the	  WZ	  
gauge	  consistently.	  
	  
•	  We	  derived	  the	  gradient	  flow	  equa/on	  of	  maeer	  field	  very	  
naturally.	  	

	  	  	

There	  are	  four	  important	  results.	
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	  Summary	  and	  Discussion	  2	

•	  Examining	  whether	  the	  gradient	  flow	  of	  super	  Yang-‐Mills	  
theory	  sa/sfies	  Lusche-‐Weisz	  theorem	  or	  not.	  
	  
•	  Studying	  whether	  the	  gradient	  flow	  of	  maeer	  field	  which	  is	  
obtained	  in	  this	  study	  has	  beeer	  property	  more	  than	  Luscher’s	  
one	  or	  not.	  
	  
•	  Appling	  the	  general	  gradient	  flow	  equa/on	  to	  other	  theories	  
such	  as	  the	  nonlinear	  sigma	  model.	  	  	  	

Future’s	  work	
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Thank	  you	  for	  your	  kind	  a.en0on.	


