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§I.  2D IIA superstrings and"
Kuroki-Sugino SUSY matrix model"



2D IIA superstrings" Kutasov-Seiberg ’90"

X µ =
x
ϕ

!
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!compactified to selfdual R =1  
!noncompact, linear dilaton b.g.

,   Ψµ =
ψx

ψϕ

!

"
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              →           

ψx ± iψϕ

2
= exp ∓iH( )

target space	

T (z) = − 1
2

(∂x)2 −
1
2

(∂ϕ )2 +∂2ϕ −
1
2
ψx∂ψx −

1
2
ψϕ∂ψϕ   −2b∂c−∂bc

conformal ghost
! "# $#   − 3

2
β∂γ −

1
2
∂βγ

superconformal ghost
! "## $##

    →     
γ = eφη     
β = ∂ξ  e−φ

stress tensor	

Q+ =
dz

2πi!∫  V−1
− (z)        Q− =

dz
2πi!∫  V1

+(z )               Q+
2 =Q−

2 = Q+,Q−{ }= 0

supercharge	

NS :    Tk (z) = exp −φ + ikx + pϕ( )               

R :    Vk
±(z) = exp −

1
2
φ ±

i
2
H + ikx + pϕ

"

#
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&
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   →    
Tk (z) = exp −φ + ikx + (1− k )ϕ( )                                  

Vk
±(z) = exp −

1
2
φ ±

i
2
H + ikx + (1− k )ϕ

"

#
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&
'      ±k > 0( )

vertex op.                                                        physical vertex op.	

bosonize	

SCFT =
d 2z
2π∫ ∂x∂x +∂ϕ∂ϕ + 1

2
R̂ϕ +∂H∂H  +ghosts

#

$%
&

'(

action	

scale inv.,"
Seiberg bnd."

I.  2D IIA superstrings & KS SUSY MM"

bosonize	



2D IIA superstrings" Ita-Nieder-Oz ’05"

spectrum of winding b.g. 	

(NS,NS) :      Tk (z)T−k (z )     k ∈ Z+ 1
2

(R+,R−) :      Vk
+(z)V−k

− (z )     k ∈ N+ 1
2

(R−,R+) :      V−k
− (z)Vk

+(z )     k ∈ N

(NS,R−) :      Tk (z)Vk
−(z )      k ∈ N+ 1

2

(R+,NS) :      Vk
+(z)Tk (z )      k ∈ N+ 1

2

: tachyon [wind.]	

: RR 2-form strength [wind.]	

: fermion(-)  [momentum]	

: fermion(+)  [momentum]	

・locality w/supercurrent =GSO"
・mutual locality"
・superconformal inv."
・level matching"

‘Louville’ interaction	

!
(R−,R+)b.g.

:= D(x,ϕ,H,ghosts) exp −SCFT − SLiu −WRR( )∫ !          WRR = qRR ak
k∈Z
∑ ω k+1 d 2z∫  V−k

− (z)Vk
+(z )

SLiu =ω d 2z∫  T̂−1/2
(0) (z)T̂−1/2

(0) (z )

correlation function in (R-,R+) b.g.	

maximal set of (R-,R+) vertex op."
preserving TS SUSY, incl. non-local (Seiberg)"

I.  2D IIA superstrings & KS SUSY MM"



Double-well SUSY Matrix Model"
I.  2D IIA superstrings & KS SUSY MM"

Kuroki-Sugino ’10~13"

quest for a nonperturbative definition of 2D IIA superstring"
"
⇒  directly simulate TS SUSY on Matrix Model,  identical spectrum	

φ,ψ,B( ) :   0D superfield,  N ×N  hermitian
   and try the simplest, non-random-triang.-motivated

W (φ) = 1
3
φ 3 −µ 2φ :   superpotential  →   V φ( ) = φ 2 −µ 2( )

2
:   double-well potential

SMM = N  tr 1
2
B2 + iB(φ 2 −µ 2 )+ψφψ +ψψφ

$

%&
'

()

      = N  tr 1
2
φ 2 −µ 2( )

2
− logdet φ ⊗1N +1N ⊗φ( )

0

ψ 0

φ B

ψ 0

0

Q

Q

Q

Q

Q

Q

Q

Q
‘SUSY’	 Q2 =Q2 = Q,Q{ }= 0

tr Bk =Q tr iBk−1ψ( ) =Q tr iBk−1ψ( )     ⇒     1
N

tr Bk = 0   if SUSY preserved     
≠ 0   if SUSY spont.broken

$
%
&

'&

SUSY order parameter 	



Identifying the spectra"
I.  2D IIA superstrings & KS SUSY MM"

Kuroki-Sugino ’10~13"

matrix   　　　IIA string	



Double-well SUSY Matrix Model"
I.  2D IIA superstrings & KS SUSY MM"

ZMM (µ) = dN 2

φ∫  exp −
N
2

tr φ 2 −µ 2( )
2
− logdet φ ⊗1N +1N ⊗φ( )

$

%
&

'

(
)

            ∝ dNλ  exp −
N
2
λi

2 −µ 2( )
2$
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'

(
)

i=1

N

∏
from potential

! "#### $####
λ j −λk( )

2

j>k

N

∏
from measure (Jacobian)
! "## $##

−∞

∞

∫ λ j +λk( )
2

j>k

N

∏ λl
l=1

N

∏
from fermion det ψ,ψ

! "### $###

            = dNλ  λi  exp −
N
2
λi

2 −µ 2( )
2$

%
&

'

(
)   

i=1

N

∏ λ j
2 −λk

2( )
2

j>k

N

∏
−∞

∞

∫    = N!
ν+N!ν−N!ν++ν−=1

∑ Z ν+,ν−( )(µ)

               xi := µ 2 −λi
2./ 01

Z 1,0( )(µ) = dN x  exp −
N
2
xi

2$

%
&

'

(
)

i=1

N

∏  x j − xk( )
2

j>k

N

∏
−∞

µ2

∫    = Prob all GUE-EV xi ≤ µ
2./ 01

⇒ 2 phases in the large-N limit  .... MM computation in  ⇩　phase	

Kuroki-Sugino ’10~13"

µ2 < 2                         µ2 = 2                        µ2 > 2	

filling fraction of R, L well"
⇨ consider as fixed free parmeter              	

ν+,ν−( )



Identifying the correlators"
I.  2D IIA superstrings & KS SUSY MM"

RR b.g. is treated"
perturbatively	

Kuroki-Sugino ’10~13"

4ω  = µ2 -2	

Liouville coupling	

DWMM coupling	

gs  = N-1	

string coupling	

Matrix rank	

N −1tr (−iB)
disk

= 0

           !

gs
2 T−1

2
T1

2
∫

disk
= 0

... SUSY unbroken perturbatively in gs	

various other correlators agree	



Double-scaling limit"

I.  2D IIA superstrings & KS SUSY MM"

[from now on]  SMN-Sugino ’14"

Z 1,0( )(µ) =C dNx  e
−
N
2

 tr xi
2

i=1

N

∏ x j − xk( )
2

j>k

N

∏
−∞

µ2

∫

            = Prob all xi ≤ µ
2&' ()

4ω  = µ2 -2	

Liouville coupling	

DWMM coupling	

gs  = N-1	

string coupling	

Matrix rank	

   gs
-2/3 4ω  =  N2/3 (µ2 -2) = s   :fixed	

 	

ZMM  N→∞,  N 2/3 (µ2−2)=s$ →$$$$$  det 1− K̂[s,∞)
Airy( ) = exp − dx(x − s)qHM (x)2

s

∞

∫( )

but Tracy & Widom already gave the answer back in 1993!"
"
"
"
"
"
"
…just need to ‘reinterpret’ TW result in terms of String Theory	

should capture all perturbative"
& nonperturbative contributions"



§II. Tracy-Widom distribution 



Spectral kernel for GUE"

dµ(H ) = dN 2

H e−tr H2
∝ dλi

i
∏ e−λi

2
det λi

j−1$% &'i, j=1

N

! "### $###

2

det ψk (λi )ψk (λ j )
k=0

N−1

∑
#

$
%

&

'
(
i, j=1

N

:= det K(λi,λ j )#$ &'i, j=1
N

dλk∫ det K(λi,λ j )"# $%i, j=1
k

= (N − k +1)det K(λi,λ j )"# $%i, j=1
k−1

⇒ Rp(λ1,…,λp ) :=
N!

(N − k)!
dλp+1!dλN∫ det K(λi,λ j )"# $%i, j=1

N
= det K(λi,λ j )"# $%i, j=1

p

・Recursion for p-point correlators	

・Christoffel-Dalboux formula	

K(λ, !λ ) = ψk (λ)ψk ( !λ )
k=0

N−1

∑ =
ψN

ψN−1

ψN (λ)ψN−1( !λ )−ψN−1(λ)ψN ( !λ )
λ − !λ

“det process”	

II.  TW distribution"

harmonic osc. WF (Hermite polyn.) 



€ 

2N

ψn(λ) : harmonic osc. WF	


€ 

2N ⇨	


Local EV distribution"

II.  TW distribution"

λ = 2N +
1
N1/6 x

⇒   ψn (x) ~ Ai(x)

KAiry (x, y) = Ai(x)A !i (y)−A !i (x)Ai(x)
x − y

soft edge unfolding "

ρ(λ): EV density	


TW: largest EV distribution"
described by Airy kernel	

YITP workshop on KPZ growth	



Gap probability	

= dλ1!dλN
R
∫ P {λ}( )− dλ1

I
∫ NC1 dλ2!dλN

R
∫ P {λ}( )

1-EV correlator  R1(λ1 )
! "#### $####

+ dλ1
I
∫ dλ2 NC2 dλ3!dλN

R
∫ P {λ}( )

2-EV correlator  R2 (λ1,λ2 )
! "#### $####

−%

=1− dλ1K(λ1,λ1)
I
∫ +

1
2!

dλ1
I
∫ dλ2

K(λ1,λ1) K(λ1,λ2 )
K(λ2,λ1) K(λ2,λ2 )

−
1
3!

dλ1
I
∫ dλ2dλ3

K(λ1,λ1) K(λ1,λ2 ) K(λ1,λ3)
K(λ2,λ1) K(λ2,λ2 ) K(λ2,λ3)
K(λ3,λ1) K(λ3,λ2 ) K(λ3,λ3)

+!

= det 1− K̂I( )               (K̂I ! f )(λ) := d "λ  
I
∫ K(λ, "λ ) f ( "λ )

τ I( ) := −
R
∫  dλ1

I
∫

#
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(! − 

R
∫ dλN

I
∫

#

$
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&

'
(P λ1,…,λN( )

II.  TW distribution"

plargest x( ) = d
dx

Prob no EV in [x,∞)[ ] = d
dx

det 1− K̂[ x,∞)( )

!8 !6 !4 !2 0 2 4 6
0.0

0.1

0.2

0.3

0.4

x

P!x""
dE
!x,#"

#dx GSE

GOE

GUE



Tracy-Widom method for Fredhom det	

satisfy a closed set of eqs"
inherited from (#)  	

K(x, y) = A(x)B(y)−B(x)A(y)
x − y

     s.t.      d
dx

A(x)
B(x)

"

#
$
$
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&
'
'=

* *
* *

"

#
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&
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rational func. in x
!"# $#

A(x)
B(x)

"

#
$
$

%

&
'
'

KAiry (x, y) = Ai(x)A !i (y)−A !i (x)Ai(y)
x − y

    :     d
dx

Ai(x)
A !i (x)

#

$
%
%

&

'
(
(=

0 1
x 0

#

$
%

&

'
(

Ai(x)
A !i (x)

#

$
%
%

&

'
(
(

)

*
+
+

,

-
.
.

q(x) = 1
1− K̂I

! A(x),   p(x) = 1
1− K̂I

!B(x)   ⇒   R(x, y) := x K̂I

1− K̂I

y =
q(x)p(y)− p(x)q(y)

x − y

for  I = [s,∞),     q(s),  p(s),  R(s, s) = d
ds

logdet 1− K̂[s,∞)( )#
$
%

&
'
(

(#)  integrable integral op. 	

: Painleve IIα=0	

: Hastings-McLeod sol.	

logdet 1− K̂Airy
[s,∞)( ) = − dx(x − s)q(x)2

s

∞

∫  ,          $$q (x) = x  q(x)+ 2q(x)3

                                                                           q(x) x→∞& →&& Ai(x)

T-W ’93 

II.  TW distribution"



§III.   SUSY breaking &"
weak/strong coupling expansions"



Double-scaling limit"

III.  SUSY & weak/strong coupling exp"

Z 1,0( )(µ 2 )                                                ! →!!!!!!!  τ (s) = det 1− K̂[s,∞)
Airy( ) = exp −( dx(x − s)qHM (x)2

s

∞

∫
Free Energy  F (s)

! "### $###
)
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   gs
-2/3 4ω  =  N2/3 (µ2 -2) = s  :fixed	

gs
2 T−1

2
T1

2
∫ = N −1tr (−iB)  =  d

ds
F(s) ≠ 0    ⇒     TS-SUSY always spont. broken

smooth for all s      ⇒       3rd order transition: planar artifact,   CrossOver  in the DSL

 	



Strong coupling expansion"

III.  SUSY & weak/strong coupling exp"

F(s) = dx(x − s)qHM(x)
2

s

∞

∫

   gs
-2/3 4ω  =  N2/3 (µ2 -2) = s : fixed     ⇒     strong string-coupling:  s <<1	

: smooth at s=0	

numerical sol. to PII         	

F(s) =  0.0311059853 −  0.0690913807s +  0.0673670913s2

          −  0.0361399144s3  +  0.0102959400s4 − 0.000675999388s5

          −  0.000468453645s6  +  0.0000815342772s7   · · · 

strongest string coupling s=0 is nothing special	



Weak coupling expansion"

III.  SUSY & weak/strong coupling exp"

   gs
-2/3 4ω  =  N2/3 (µ2 -2) = s : fixed     ⇒     weak string-coupling:  s >>1	

substitute trans-series "
to PII & equate like terms"

F(s) = dx(x − s)qHM(x)
2

s

∞

∫

qHM (x) =   Qk (x) 
k≥0
∑ ,     Qk (x) = e

−
4k+2

3
s3/2

s
6k+1

4

an
(k )

s
3n
2n≥0

∑

Q0 (x) =Ai(x)               

$

%

&
&

'

&
&

F(s) =
k≥1
∑

　　⇩"
trans-series for F:  	

perturbative"
part absent"
"
"
expansion in N-1 

= open strings"



Weak coupling expansion"

III.  SUSY & weak/strong coupling exp"

   gs
-2/3 4ω  =  N2/3 (µ2 -2) = s : fixed     ⇒     weak string-coupling:  s >>1	

F(s) = dx(x − s)qHM(x)
2

s

∞

∫
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nonperturbative (=inst.) effects always break TS-SUSY,  even in the weak coupling	



“Negative weak” coupling expansion"

III.  SUSY & weak/strong coupling exp"

   gs
-2/3 4ω  =  N2/3 (µ2 -2) = s : fixed     ⇒     s <0 : no interpretation as 2D IIA strings	

F(s) = dx(x − s)qHM (x)2
s

∞

∫ = dy
s
∫ dx  qHM (x)2y

∫ 	
substitute trans-series "
to PII & equate like terms"

q(−z;C) = Ckqk (z) 
k≥0
∑ ,     

qk (z) =
e
−k2 2

3
z3/2

s
3k−2

4

bn
(k )

z
3n
2n≥0

∑

 q0 (z) ~ z / 2                

$

%

&
&

'

&
&

　　⇩"
H-M solution given as “median” Borel resum.	

qHM(−z) = q±(−z : ∓S / 2) =ℜe q0,±(z)−
S2

4
q2,±(z)+

5S4

16
q4,±(z)+"

#

$
%

&

'
(

　　⇩"
trans-series for F:  	

S = −i 2π : Stokes const for PII	 Kawai-Kuroki-Matsuo ’05 

←　perturbative, Ν-2 : closed"

←　“2”-instanton, Ν-1 : open"

←　“4”-instanton, Ν-1 : open"



§IV.   Instanton condensation"



Instanton fugacity"

F(  s) = tr log 1−   K̂[s,∞)
Airy( ) =  1 

k
dx1!s

∞

∫
k≥1
∑ dxkK

Airy x1, x2( )KAiry x2, x3( )!KAiry xk, x1( )

          = (x − s)qHM (x)2
s

∞

∫          qHM (x) ~   Ai(x)

          =    Fk -inst (s)
k≥1
∑

what if we include the spectral parameter ξ  ?	

IV.  Instanton condensation"

 	



Instanton fugacity"

F(ξ, s) = tr log 1−ξ K̂[s,∞)
Airy( ) =  ξ k

k
dx1!s

∞

∫
k≥1
∑ dxkK

Airy x1, x2( )KAiry x2, x3( )!KAiry xk, x1( )

          = (x − s)qξ (x)2
s

∞

∫             qξ (x) ~ ξAi(x)

          =  ξ kFk -inst (s)
k≥1
∑

IV.  Instanton condensation"

trans-series parameter ξ  = ‘Instanton Fugacity’, "
         at least for the weak-cpl. regime s>>1 
                 where individual instanton contributions are discernible	 	

for  I ⊆ R :        Spec K̂I( ) = (1>)Λ1 ≥ Λ2 ≥!(> 0){ }

        ⇒     τ ξ;s( ) = det 1−ξ K̂[s,∞)
Airy( ) = 1−ξ  Λn (s)( )

n
∏    vanishes when  ξ→ 1

Λ1(s)
>1

[log] ⇒     F eη;s( ) = − log 1− eη  Λn (s)( )
n
∑             diverges when  η→− logΛ1(s)> 0



Instanton condensation?"

|V.  Instanton condensation"

even at the weakest coupling  s>>1, 
turning on instanton chem. pot η >0 leads to singularity"
                                                                                   ⇒ condensation transition	

F eη;s( ) = − log 1− eη  Λn (s)( )
n
∑      diverges when     η→− logΛ1(s)> 0

                                                                                Λ1(s) =maxSpec K̂[s,∞)
Airy( )
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§V.   Conclusion"



V.  Conclusion"

SUMMARY"
・　DSL of 2D IIA superstrings at Rselfdual, in RR b.g. ⇦ KS SUSY MM"

    Z → TW distribution,  F”→ HM solution to Painleve II   ⇨　Trans-series = Instanton sum"

"

・　TS SUSY is always broken"

    by the Airy tail of EV’s WF,   planar : 3rd order GW transition → DSL : crossover"
"

"

"

"
・  2D U(Ν) YM                            weak [2-cut]                          ←→                     strong [1-cut]"
    KS SUSY MM                         planar SUSY ×                  ←→                     planar SUSY √"
    String Theory　          weak    ←    1D 0B strings                                                   1D 0A strings       →  weak "
                                                                                                                     strong   ←   2D IIA superstrings  →  weak"
"

・  Spectral parameter ξ  in                            = instanton fugacity"
    phase boundary of instanton condensation identified"

"

!F (s) = N −1tr(−iB) = 0 Q,*{ } 0 = 0 Q,*{ } 0 =O(e
−
4
3
s3/2

) ≠ 0

det 1−ξ K̂[s,∞)
Airy( )
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V.  Conclusion"

To-Do List"
"

・　construct a dual theory “offcritical M” which reproduces the strong couping exp. "

    as perturbative series"

"

"
・  correlators of other operators of IIA string theory, at higher genera "
"
・  GOE & GSE analogues vs non-oriented strings"
"
・　counterparts for PIIα≠0 , higher critical TW,..."
"
"
                               [AGT ’10]                      [Gamayun ’13] 
・　 2D Liouville                  4D N=2 SQCD                τ of PIII, PV, PVI"
     conformal block            instanton sum"
                                                                           [NS ’14] 
               ?                          2D IIA strings                 τ of PII 	

                                           instanton sum"


