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EPR = ER conjecture
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EPR pair

Einstein-Podolsky-Rosen pair [Einstein-Podolsky-Rosen, Phys.Rev. 47 (1935) 777]

A B

entangled two particles
e.g. a spin-0 particle decays to  
       two spin-1/2 particles.

A B

Separate them from each    other at long distance

A and B are still entangled.

|�⇧ = 1⌃
2
(|⇤⇧A ⇥ |⌅⇧B � |⌅⇧A ⇥ |⇤⇧B)

(If the state of A is observed, then the one of B is determined.)
SA = �tr(�A log �A) = log 2
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EPR = ER conjecture

[Maldacena-Susskind, Fortsch.Phys. 61 (2013) 781]

entangled two particles

A B
ER bridge (or wormhole)

entanglement two entangled systems are 
connected by ER bridge

geometric  
interpretation

Quantum mechanics Gravity

A B

Separate them from each    other at long distance
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• Accelerating quark and anti-quark 
 
          [Jensen-Karch, Phys.Rev.Lett. 111 (2013) 211602] 

• Scattering gluons 
 
          [SS-Sin, Phys.Lett. B735 (2014) 272]

From the viewpoint of AdS/CFT correspondence,  
let us see two examples supporting the EPR = ER conjecture.
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Entanglement Wormhole on world-sheet



Accelerating quark and anti-quark
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2

� � �! � � �!
World!volume!horizons!

anti2quark! quark!

FIG. 2. The holographic q-q̄ system entangled into a color-
neutral EPR pair.

quark in SYM is holographically dual to a fundamental
string stretching from the Poincare patch horizon to the
boundary of AdS. The string endpoint on the bound-
ary represents the quark. The action of the fundamental
string is proportional to (�0)�1 ⇤

⇧
⇥ where ⇥ is the ’t

Hooft coupling. Consequently its free energy, energy, and
entropy are all proportional to

⇧
⇥. Maybe most inter-

estingly, a single quark has a zero temperature entropy
of S =

⇧
⇥/2 [5]. Clearly these are not the properties of a

single quark in free SYM theory. In the strongly coupled
SYM the quark is really a colored quasiparticle formed
by the heavy test quark surrounded by a cloud of order⇧
⇥ gluons.

A color neutral state can be formed by making a quark
anti-quark (q-q̄) pair. By forcing the q-q̄ state to be
a color singlet, we automatically demand that the two
quasiparticles are entangled. In terms of the dual string,
such color singlet “meson” like states are described by a
single open string with both endpoints at the boundary.
String configurations dual to a separating q-q̄ had first
been numerically constructed in [6, 7]. Similar numer-
ical solutions for light quarks, this time dual to falling
strings, have been obtained in [8].

The string connecting the quasiparticles is the holo-
graphic dual of the color fluxtube between the two. Un-
like in a confining theory, in SYM the fluxtube does not
give rise to a linear potential. The force between the
q-q̄ falls o� with a Coulombic 1/r as demanded by the
scale invariance of that theory. The q-q̄ can separate
arbitrarily far despite the flux between them. The flux
tube connecting the two however enforces that the q-q̄ is
entangled into a color singlet state.

An analytic solution for an accelerating q-q̄ pair was
found in [9]. The geometry of this solution is depicted
schematically in Fig. 2. In this solution the quark and
anti-quark are accelerated so that their velocity asymp-

totically approaches the speed of light. This is a crucial
feature, insofar as the two entangled particles are out of
causal contact. This is a property this system shares with
the original EPR pair. No signal emitted from particle
Alice can reach particle Bob in a finite amount of time.
It is exactly in this situation that MS claimed that en-
tanglement is encoded in the geometry of an ER bridge.
Using Poincáre patch coordinates in which the back-

ground AdS5 metric is

ds2 =
R2

z2
�
�dt2 + dx2 + dz2

⇥
, (1)

the embedding of the string is given by the expanding
semicircle

x2 = t2 + b2 � z2 . (2)

The quark and anti-quark are located at x = ±
⇧
t2 + b2,

accelerating away from each other for all time. They
initially travel toward each other, until they turn around
at t = 0 at x = ±b, then fly away from each other. At
late times they go to x = ±⌅ near the speed of light.
For infinitely heavy test quarks, one can simply prescribe
their trajectory as an external boundary condition. If
the quarks are very heavy dynamical objects, the string
needs to end on a flavor probe brane [10] at a small but
finite zm < b, which is related to the quark mass by
m =

⇧
⇥/(2⇤zm). In this case, the boundary conditions

on the string require a constant electric field E = m/b
on the flavor brane. This electric field is responsible for
accelerating the quasiparticles.
The most important aspect of the worldsheet metric

for us is that it has two horizons located at z = b, as
indicated in Fig. 2. To understand the causal structure
on the string worldsheet, we have mapped out lightlike
geodesics in the two-dimensional universe living on the
string worldsheet in Fig. 3. One look at the picture shows
that this causal structure is identical to that of the eternal
AdS black hole pictured in Fig. 1. The holographic dual
of the EPR pair then has two horizons and an Einstein-
Rosen bridge connecting them. By an ER bridge here we
simply refer to a geometry with spacelike paths connect-
ing causally disconnected regions on the worldsheet.
For completeness, we elaborate briefly on the causal

structure. All lightlike geodesics on the worldsheet hit
either the left anti-quark or right quark exactly once at
a time we denote as t0. In terms of t0, the worldsheet
light rays are

x = ± t0t+ b2⇤
t20 + b2

, (3)

where we take the plus (minus) sign for a light ray which
hits the right (left) quark. One might worry that the
causal structure one obtains from the worldsheet is not
quite the causal structure one obtains from the bulk,

The holographic surface of accelerating quark and anti-quark

[Xiao, Phys.Lett. B 665 (2008) 173]

t

x

z
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x

2 = t

2 + b

2 � z

2

ds

2 =
1

z

2
(�dt

2 + dx

2 + dz

2)

AdS bulk metric

Minimal surface



ds2ws =
1

�2(⇥2 + b2 � �2)

⇥
�(b2 � �2)d⇥2 + (⇥2 + b2)d�2 � 2⇥�d⇥d�

⇤

t = ⇥, z = �

Static gauge

World-sheet induced metric
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[Jensen-Karch, Phys.Rev.Lett. 111 (2013) 211602]

The quark and anti-quark are entangled by the  
wormhole that the open string goes through.

The trajectories of quark and anti-quark are  
causally disconnected on the world-sheet.

t

x

z

x

2 = t

2 (z = b)

x

2 = t

2 + b

2

(z = 0)

wormhole



Are other interacting particles also related to a wormhole on world-sheet?

The entanglement of  
quark and anti-quark (EPR pair)

The interaction between  
quark and anti-quark

ER bridge (wormhole)  
on world-sheet

Fortunately, we know the minimal surface in AdS that describes a gluon-gluon 
scattering.
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We can naturally guess that the entanglement of final states is different from 
that of initial states due to interaction. Therefore the scattering process 
induces the entanglement entropy change.



Scattering gluons
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Minimal surface solution for gluon scattering

[Alday-Maldacena, JHEP 0706 (2007) 064]

ds2 =
R2

r2
(�µ�dyµdy� + dr2)

AdS5 (momentum space)

�yµ = 2�kµ

IR boundary conditionr = 0

y0 =
�
�

1 + ⇥2 sinhu1 sinhu2

coshu1 coshu2 + ⇥ sinhu1 sinhu2
,

y1 =
� sinhu1 coshu2

coshu1 coshu2 + ⇥ sinhu1 sinhu2
,

y2 =
� coshu1 sinhu2

coshu1 coshu2 + ⇥ sinhu1 sinhu2
,

y3 = 0 ,

r =
�

coshu1 coshu2 + ⇥ sinhu1 sinhu2
,

�s(2⇤)2 =
8�2

(1� ⇥)2
,

�t(2⇤)2 =
8�2

(1 + ⇥)2
.

The solution of Nambu-Goto action

Mandelstam variables: 
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kµ1
kµ2

kµ3kµ4



AdS5 (position space)

AdS5 (momentum space)

ds2 =
R2

z2
(�µ�dxµdx� + dz2)

“T-dual” transformation: ⇥myµ =
R2

z2
�mn⇥nx

µ , z =
R2

r

x0 = �R2

2�

p
1 + ⇥2

sinhu+ sinhu� ,

x+ :=

x1 + x2p
2

= � R2

2

p
2�

[(1 + ⇥)u� + (1� ⇥) coshu+ sinhu�] ,

x� :=

x1 � x2p
2

=

R2

2

p
2�

[(1� ⇥)u+ + (1 + ⇥) sinhu+ coshu�] ,

x3 = 0 ,

z =

R2

2�
[(1 + ⇥) coshu+ + (1� ⇥) coshu�]

u± := u1 ± u2where                        . For later convenience, we introduce

The Alday-Maldacena solution is mapped to

Xµ :=
�

R2
xµ (µ = 0,+,�, 3) , Z :=

�

R2
z (� 1)
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[Kallosh-Tseytlin, JHEP 9810 (1098) 016]



Causal structure on world-sheet

The induced metric on world-sheet

g++ =

4(1 + �)2 sinh2 u+ + 4(1 + �2
)� [(1 + �) coshu+ � (1� �) coshu�]

2

2 [(1 + �) coshu+ + (1� �) coshu�]
2 ,

g+� =

2(1� �2
) sinhu+ sinhu�

[(1 + �) coshu+ + (1� �) coshu�]
2 ,

g�� =

4(1� �)2 sinh2 u� + 4(1 + �2
)� [(1 + �) coshu+ � (1� �) coshu�]

2

2 [(1 + �) coshu+ + (1� �) coshu�]
2 .

“Horizons”

ds2ws = R2
�
g++du

2
+ + 2g+�du+du� + g��du

2
�
�

g++ = 0 : (1� �) coshu� = (1 + �) coshu+ + 2

q
(1 + �)2 sinh2 u+ + 1 + �2

g�� = 0 : (1 + �) coshu+ = (1� �) coshu� + 2

q
(1� �)2 sinh2 u� + 1 + �2

[SS-Sin, Phys.Lett. B735 (2014) 272]
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0  � < 1
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� = 0

� = 1/2

X̂± :=
2

�
arctanX± 2 [�1, 1]X± 2 (�1,+1)
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Z = 1

Z = 1
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thick red:              ,  
dashed red:              ,  
dotted blue: 
!
!
blue & red: constant 
green: constant

g++ = 0
g�� = 0

g++ = g��

Z
X0



� = 1 Regge limit:                with      fixed.�s ! 1 �t

X0 = � 1p
2

sinhu+ sinhu� , X+ = � 1p
2

u� , X� =

1p
2

sinhu+ coshu� ,

X3 = 0 , Z = coshu+ .
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While         is positive definite,        vanishes on                       .g++ g�� coshu+ =

p
2



EPR = ER in gluon scattering?

Incoming gluons:

Outgoing gluons:
!1.0 !0.5 0.5 1.0

!1.0

!0.5

0.5

1.0

|g1(t1)ii =
X

i,j

c(1)ij |ALi(t1)i ⌦ |ARj(t1)i

|g2(t1)ii =
X

i,j

c(2)ij |BLi(t1)i ⌦ |BRj(t1)i

|g3(t2)ii =
X

i,j

c(3)ij |ALi(t2)i ⌦ |BRj(t2)i

|g4(t2)ii =
X

i,j

c(4)ij |BLi(t2)i ⌦ |ARj(t2)i
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We can see two types of entanglement which are interpreted to wormholes.

{g1, g2} ! {g3, g4}



!1.0 !0.5 0.5 1.0

!1.0

!0.5

0.5

1.0

1. Internal entanglement

The open string endpoints in each gluon are 
entangled by the open string going through 
the wormhole.

This is in the same way as the entanglement of quark and anti-quark.

|g1(t1)ii =
X

i,j

c(1)ij |ALi(t1)i ⌦ |ARj(t1)i
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2. Entanglement of gluons

!1.0 !0.5 0.5 1.0

!1.0

!0.5

0.5

1.0

!1.0 !0.5 0.5 1.0

!1.0

!0.5

0.5

1.0

There are two channels.

18

!1.0 !0.5 0.5 1.0

!1.0

!0.5

0.5

1.0

Any paths connecting the gluons must go through the wormhole region.



2

�z1
R2

= (1 + ⇥) coshu+1 + 1� ⇥ = (1� ⇥) coshu�1 + 1 + ⇥

⇥+(�) = R

Z +u+1

�u+1

du+
p
g++

��
u�=0

, ⇥�(�) = R

Z +u�1

�u�1

du�
p
g��

��
u+=0

How can we measure the change of entanglement in gluon scattering process?

i ) (naively) log of scattering amplitude

ii) the length between boundaries at the contacting points

⇤±(⇥) = R

�
6 log

2�z�
R2

+

�
6 log

1

1± ⇥
+O

✓
1

z�

◆�

where we introduced the cutoff,                 .z1 (! 1)

�S ⇠ (`+(�)� `�(�))
2

19

diverges at the Regge limit,          , and vanishes at          .� = 1 � = 0�S

The scattering amplitude corresponds to the Wilson loop which is given by the 
area of minimal surface. And naively                                          .S = (1� n@n) loghW i|n!1

A ⇠ e�Area, �S ⇠ logA =

p
�

2⇡

✓
log

1 + �

1� �

◆2
s

t
=

✓
1 + �

1� �

◆2

[Lewkowycz-Maldacena, JHEP 1405 (2014) 025]



Scattering vs Entanglement

Scattering process S-matrix
{p1, p2} ! {k1, k2} |inii = |p1, p2i

|fini =
X

ki

|k1, k2ihk1, k2|S|inii

The entanglement of particles is changed from the initial state to the final one.

Problem: we need to understand the relation between S-matrix theory and 
entanglement entropy both in the quantum field theory directly and in 
holography. 
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ei(H0+Hint)t


