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Nahm construction is a complete construction of the caloron from "Nahm data”.

In the Nahm construction, we solve the Nahm equations which is quite easy to treat compared 

with ASD equations. The Nahm equations and the ASD equations constitute a dual structure. 

We are able to get the Nahm data in terms of solving the Nahm equations, which corresponds 

the gauge field on dual space.

After getting the Nahm data, we pull the data from dual space back to configuration space.

This transform is called "Nahm transform". 
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It is well known that calorons can be produced generally through the Nahm construction, in 

which the dual space description of the gauge fields, called the Nahm data, plays central role. 

The transformation from the dual space into the configuration space is called the Nahm

transform. 

The Nahm data of calorons have usually the monopole limit as well as the instanton limit. 

However, the Nahm data of 3-caloron with C3-symmetry (i.e. cyclic 3-caloron) does not have 

the monopole limit.

In this poster, we perform numerical Nahm transform and visualize the action densities of 

the cyclic 3-calorons.  We discuss the behavior of the cyclic 3-caloron on the configuration 

space.

Calorons are finite solutions to the anti-self dual Yang-Mills equations on             .

Caloron

Monopole

Instanton

Calorons satisfy the Anti-self dual equations.

The calorons are closely related to monopoles and instantons.

Now, let    be period of . When goes to infinity, is identified as , then in this limit 

caloron corresponds with instanton. This limit is called "instanton limit" of the calorons. 

On the other hand, when goes to zero, shrinks to a point, then in this limit caloron

corresponds with monopole. This limit is called "monopole limit" of the calorons.

Dual space

1:1

Nahm transform4-dimension 1-dimension

Calorons are solutions of the anti-self dual Yang-Mills theory in             .

It is supposed that the calorons give connection between the instantons and the monopoles.

Nahm transform

Usually it is impossible to perform the Nahm transform analytically, because we need to treat

the Weyl equation which is coupled system of the ordinary differential equations.

So we consider performing the Nahm transform numerically.

decompose

Next, we solve the boundary Weyl equations with use of a degree of 

freedom of the linear combinations of the bulk solutions.

Strategy of the numerical solution of the Weyl-eq.

First, we find solutions to the bulk Weyl equations.
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Monopole Nahm data

Monopole Nahm data        satisfy:

has simple poles at 

The matrix residues of                   at each 
pole form the irreducible k-dimensional 
representation of su(2).

Caloron Nahm data

Caloron Nahm data consists of two 
elements:bulk data

and boundary data    .

Bulk Nahm data satisfy:

Boundary Nahm data satisfy:

Caloron bulk Nahm data does not have to have simple pole at 

We are easily to expect that the condition of the caloron bulk data is equivalent to a part of the 

condition of the monopole data because the conditions for the bulk data are almost equivalent. 

So if we know a monopole Nahm data  , then it can directly be applied for caloron bulk Nahm

data.

Next, we introduce two types of the Nahm data. The first type has the monopole limit, which is 

called “symmetric 3-caloron”. And second type doesn’t have the monopole limit, which is called 

“cyclic 3-caloron”.

Here    is the Weierstrass p-function satisfying,

Bulk Nahm data

Fig: absolute value of 

Boundary Nahm data:

where

Bulk Nahm data

are the Jacobi theta functions (and now, we omit modulus parameter   ).

And .

The essential point of the numerical Nahm transform is the method to solve the Weyl equations.

A key point of the strategy is that we regard the boundary Weyl equations as boundary 

conditions for the bulk Weyl equations.

As is well-known that the caloron Nahm data and the monopole Nahm data has close relation, so 

it is useful to summarize now. 

In the massless calorons and monopoles Nahm data we are able to take by using the gauge 

transformation.

For simplicity, we consider the case of SU(2) gauge group and also calorons of the massless limit.

We introduce the Nahm data for the caloron, which is equivalent of the gauge field on dual space.

Caloron Nahm data usually consists of two elements; the bulk data and the boundary data, 

which each satisfy Nahm equations.

Once we obtain the Nahm data, we perform the Nahm transform by using such data to get 

the caloron gauge field.

The Nahm data of symmetric 3-caloron has the simple pole at and .

Calorons and the monopole limit



Figs: functions of the cyclic 3-caloron Nahm data for     .

Conditions that the boundary data are well-defined.

But now, we find that boundary 

data                                . 

Consequently, the cyclic 3-caloron 

Nahm data is not well-defined 

at

Boundary Nahm data:

Fig: the as a function of     .Fig: the as a function of     .

Thus we require the condition:

In the case of In the case of 

Quaternion’s component 

Form Nahm data

1.Theta functions condition

2.Boundary data condition

Figs plot function

Figs plot functions of the boundary Nahm data

Cyclic 3-caloron

Fig: function of  the symmetric 3-caloron Nahm data

Nahm data of the caloron Nahm data of the monopole

The condition of bulk Nahm data at the monopole limit

has simple poles at    The matrix residues of                   at each pole form 
the irreducible k-dimensional representation of su(2).

Figs: functions of the cyclic 3-caloron Nahm data

is the lowest order in     for the boundary data.

ADHM data: ADHM data correspond to the Nahm data 

of the Instanton.

Symmetric 3-caloron Cyclic 3-caloron

Nahm data of the caloron
ADHM data of the instanton

Instanton limit Monopole limit

Action isosurface at 𝑥4 = 𝑡 = 0.0

Symmetric

3-caloron

Cyclic 

3-caloron

Cyclic 3-calorons

in more detail

Bulk data with pole Bulk data without pole

Does the caloron have the 

monopole limit?
Yes No

Does the caloron have the 

exterior sector?
No Yes

Range of the scale 

parameter:

Examples of the caloron Symmetric 3-caloron etc… Cyclic 3-caloron

Symmetric 3-caloron Cyclic 3-caloron

The range of regular on the fundamental interval 

We see a periodic behavior of the isosurfaces with fixed

and 
The action densities reduce gradually as    increases.

We expect the action density tends to vanish for

We applied the numerical Nahm transform to cyclic 3-caloron which doesn't have monopole 

limit and got some interesting result.

We showed that action density of the cyclic 3-caloron disappears at 

We have constructed a general scheme for numerical Nahm transform of k-caloron.

We plotted of the action density for larger values of     , called "exterior sector", and 

found the quasi-periodic behavior of the density as     varies.

We discuss the limiting behavior of the calorons from viewpoint of the difference of Nahm

data of symmetric 3-caloron and cyclic 3-caloron.

The instanton limit is a limit that the scale parameter and  simultaneously go to zero. 

In this limit, the Nahm data of caloron equal an ADHM data of the instanton.

In the both cases, the ADHM data exist. 

Therefore, from viewpoint of the Nahm data, 

we find that the both calorons have the instanton limits.

The monopole limit is a limit that scale parameter goes to one.

It is needed that the bulk Nahm data of the caloron should coincide with the monopole Nahm

data in this limit.

The symmetric 3-caloron Nahm data have the 

simple pole. So we find that the symmetric 3-

caloron have the monopole limit, too.

On the other hand, one can easily see that Nahm data of cyclic 3-caloron have no pole. 

Thus case of the cyclic 3-caloron, we conclude that the monopole limit does not exist.

We will discuss the behavior of limits on the configuration space by performing the numerical Nahm

transform for the Nahm data.

It is more easy and straightforward to see the existence of the limits of the solutions when we go to 

analysis in the configuration space, in addition to the dual space discussion. 

Well known caloron solutions, for example the symmetric 3-caloron exist in whole interval of  . 

On the other hand, the cyclic 3-caloron vanishes at  equal 0.5 and also 1.0. So this property is the 

notable feature of the cyclic 3-calorons. 

We find that the action density 

gradually shrinks as  grows and 

finally disappears at . 

After passing               , it appears 

again and increases the size as  

grows, and repeatedly it reduces 

and finally vanishes at .

As a concrete example of which the solution has a monopole limit, first we consdier the symmetric 

3-caloron.  The Nahm data have simple pole at . Hence, the scale parameter can be taken 

the values in the range from zero to one. In other words, it has upper bound which corresponds to 

the monopole limit.

For the cyclic 3-calorons considering here, however, the Nahm data is regular in dual space from 

zero to infinity because they do not have the pole in whole dual space. 

Consequently, can be taken the values from zero to infinity. So we can consider an external 

region where the has the value greater than 1.  We call it as "exterior sectors". 

Now we summarize this issue in the table.

This is a kind of mutation from the known Nahm data which have the monopole limit. Because 

the behavior of the caloron on the exterior sectors wasn’t known, so it is quite important to study 

such a new class of solutions. 

Next, we are able to discuss the behavior of the caloron on the exterior sectors in configuration 

space by performing the numerical Nahm transform for cyclic 3-caloron Nahm data.

Symmetric 3-caloron

Cyclic 3-caloron’s Nahm data does not have simple poles at 


