
YITP, Kyoto 18th October 2022

Third Kyoto Workshop on Quantum Information, 
Computation, and Foundations 

Causal and compositional structure of  
higher order quantum maps

Alessandro Bisio

quantum information
theory group

AB, L. Apadula, P. Perinotti arXiv:2202.10214



Prelude

The “best” state trasformations allowed by quantum theory ?

Quantum states as carriers of information

'⇢ R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

⇢

⇢

cloningstate 
estimation

Pk̂
⇢k

k̂

information-disturbance 
tradeoff

⇢k Tk̂ ' ⇢k

k̂



Prelude

The “best” state trasformations allowed by quantum theory ?

Quantum states as carriers of information

Admissibility conditions

complete positivity

=⇢in ⇢out
R

<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

normalization

⇢ = 1IR
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

linearity
p + (1� p)( )

p + (1� p)

=

=

⇢
<latexit sha1_base64="Ucgl/nHZn/oQhUiCkJrp0wvVqIM="></latexit>

�
<latexit sha1_base64="R8PRmjjO+PPPv76RmEUejj2yQUM="></latexit>

�
<latexit sha1_base64="R8PRmjjO+PPPv76RmEUejj2yQUM="></latexit>

⇢
<latexit sha1_base64="Ucgl/nHZn/oQhUiCkJrp0wvVqIM="></latexit>

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

'⇢ R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

⇢

⇢

cloningstate 
estimation

Pk̂
⇢k

k̂

information-disturbance 
tradeoff

⇢k Tk̂ ' ⇢k

k̂



Prelude
Admissibility conditions

The most general (deterministic) transformation

Choi representation

Realisation theorem

Stinespring dilation 

complete positivity

=⇢in ⇢out
R

<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

normalization

⇢ = 1IR
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

linearity
p + (1� p)( )

p + (1� p)

=

=

⇢
<latexit sha1_base64="Ucgl/nHZn/oQhUiCkJrp0wvVqIM="></latexit>

�
<latexit sha1_base64="R8PRmjjO+PPPv76RmEUejj2yQUM="></latexit>

�
<latexit sha1_base64="R8PRmjjO+PPPv76RmEUejj2yQUM="></latexit>

⇢
<latexit sha1_base64="Ucgl/nHZn/oQhUiCkJrp0wvVqIM="></latexit>

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

⇢
<latexit sha1_base64="Ucgl/nHZn/oQhUiCkJrp0wvVqIM="></latexit>

U
<latexit sha1_base64="j5nV1jRYoDK9xeJMuDal1Bgzfhk="></latexit>

R 2 L(H0 ⌦H0)
<latexit sha1_base64="s15/CyTQ3kmntEHyKS5aJLdbnuc="></latexit>

R > 0
<latexit sha1_base64="zqPFS8qEH0/EkVJmSnyfuwbIpGI="></latexit>

Tr1[R] = I0
<latexit sha1_base64="+iGvwDVSzBGY79N5NTkwP6cQPxY="></latexit>

, ,

0
<latexit sha1_base64="d3+leuPfFzgmPoOMnXfefjM/s5c="></latexit>

1
<latexit sha1_base64="ObhPlrfzTGTIZgLhTCrkGEpJAHo="></latexit>

I

=



Prelude

Quantum transformations as carriers of information
Channel estimation

Sk̂

k̂

Rk
<latexit sha1_base64="CrTFrxiwBRZaIsQVHJuoS7vN5qw="></latexit>

Cloning

S
'

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

Programmable channel

⇢i ' Ri
<latexit sha1_base64="JftoloRXsmlIlAhsY4t7kPLMt8w="></latexit>

S



Prelude

Quantum transformations as carriers of information
Channel estimation

Sk̂

k̂

Rk
<latexit sha1_base64="CrTFrxiwBRZaIsQVHJuoS7vN5qw="></latexit>

Cloning

S
'

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

Programmable channel

⇢i ' Ri
<latexit sha1_base64="JftoloRXsmlIlAhsY4t7kPLMt8w="></latexit>

S

Admissibility conditions

p + (1� p)( ) =

= p (1� p)+

A
<latexit sha1_base64="lWgkUm944H0pGRqBCzAe/+EX/DE="></latexit> B

<latexit sha1_base64="93Hps9mFLc16qJQhfQxxazC7QRo="></latexit>

A
<latexit sha1_base64="lWgkUm944H0pGRqBCzAe/+EX/DE="></latexit>

B
<latexit sha1_base64="93Hps9mFLc16qJQhfQxxazC7QRo="></latexit>

linearity

=Rin
<latexit sha1_base64="E7hTbkDfeSdo9CWxycWDeCmdNsw="></latexit> Rout

<latexit sha1_base64="BOOOpQ0gCp/zxb+F0JQb9oIA4uE="></latexit>

complete 
positivity

I = IR
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit> normalization



Prelude
Admissibility conditions

p + (1� p)( ) =

= p (1� p)+

A
<latexit sha1_base64="lWgkUm944H0pGRqBCzAe/+EX/DE="></latexit> B

<latexit sha1_base64="93Hps9mFLc16qJQhfQxxazC7QRo="></latexit>

A
<latexit sha1_base64="lWgkUm944H0pGRqBCzAe/+EX/DE="></latexit>

B
<latexit sha1_base64="93Hps9mFLc16qJQhfQxxazC7QRo="></latexit>

linearity

=Rin
<latexit sha1_base64="E7hTbkDfeSdo9CWxycWDeCmdNsw="></latexit> Rout

<latexit sha1_base64="BOOOpQ0gCp/zxb+F0JQb9oIA4uE="></latexit>

complete positivity

I = IR
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

normalization

The most general supermap

3O

i=0
<latexit sha1_base64="0hFm6nKyPUeJkTRIJCnFtQB1kCY="></latexit>

S 2 L
⇣

<latexit sha1_base64="Nt/JYfoh3A6618SSKiUKgwji8g4="></latexit>

Hi

⌘

<latexit sha1_base64="csFF1nmYaK6vwgiZEAmNfglpxF4="></latexit>

Choi representation

S > 0
<latexit sha1_base64="nZCdg79OemyTsJEMISBfSPk+/J4="></latexit>

Tr3 S = I2 ⌦ S0
<latexit sha1_base64="N0uxOKp5pcjcdhpU4Hjx44aNBQk="></latexit>

,
<latexit sha1_base64="8631WOl6+4dPdxVsOQFoz1YcczM="></latexit>

,
<latexit sha1_base64="8631WOl6+4dPdxVsOQFoz1YcczM="></latexit>

,
<latexit sha1_base64="8631WOl6+4dPdxVsOQFoz1YcczM="></latexit>

Tr1 S
0 = I0

<latexit sha1_base64="HAz2qvnSMXDMJmxVxb30wvrxNSA="></latexit>

0
<latexit sha1_base64="tPv0Fgsh1xJV6jlgpvhmgcziWWE="></latexit>

1
<latexit sha1_base64="pNxiZv1oNYRG58tueJA1ugFreGE="></latexit>

2
<latexit sha1_base64="glhTS73guVcuxIsJ0gYzgcETsIA="></latexit>

3
<latexit sha1_base64="VdekNd9El+Yi6szegJLalgmYhOA="></latexit>

S

Realisation theorem

=

S

Quantum circuit 
with a open slot 

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>

R
<latexit sha1_base64="NuR7dsKRkinm8JH3JkDK8kcZ01o="></latexit>



S

T
S

The hierarchy of higher order quantum maps



Higher order  maps

user’s guide

The hierarchy of higher order quantum maps

Type system

x = y ! z
<latexit sha1_base64="Xv4u+k1EiDq2ZKj0k1f7khVwR1I="></latexit>

input output



quantum systems

The hierarchy of higher order quantum maps

A ! B
<latexit sha1_base64="elqBwPf8oy2hBWRYoSpo0IBF2aA="></latexit>

(A ! B) ! (C ! D)
<latexit sha1_base64="M4JQ/IuUrMSYGSmLe42EI/Jz8U4="></latexit>

Type system

elementary types

:
<latexit sha1_base64="Zz6QzU7+Ff8zk1WLXjZ5h6IoUu4="></latexit> 7!

<latexit sha1_base64="Ed+saU3kDsJbnqXGzmwTRN6oDYI="></latexit>

:=
<latexit sha1_base64="+dCkuP644InFq0KqeFpMmym026Q="></latexit>

((A ! B) ! (C ! D)) ! (E ! F )
<latexit sha1_base64="Fm9tiMcxr1xSkxtu0jpiKrJsTKg="></latexit>

x = y ! z
<latexit sha1_base64="Xv4u+k1EiDq2ZKj0k1f7khVwR1I="></latexit>

input output

B
<latexit sha1_base64="QS+nr0EmaW6qJnGvZJSoxItSPi4="></latexit>

A
<latexit sha1_base64="7YqotusAsrYtYGf4FS4fuiebGf8="></latexit>

C
<latexit sha1_base64="9XLkHWSRlRp0wwg7rRw9qfseZaM="></latexit>

D
<latexit sha1_base64="jIlrS7DulmeweRqzj2O+XX4Aoys="></latexit>

A
<latexit sha1_base64="7YqotusAsrYtYGf4FS4fuiebGf8="></latexit>



quantum systems

The hierarchy of higher order quantum maps

A ! B
<latexit sha1_base64="elqBwPf8oy2hBWRYoSpo0IBF2aA="></latexit>

(A ! B) ! (C ! D)
<latexit sha1_base64="M4JQ/IuUrMSYGSmLe42EI/Jz8U4="></latexit>

Type system

Type extension: 

elementary types

:
<latexit sha1_base64="Zz6QzU7+Ff8zk1WLXjZ5h6IoUu4="></latexit> 7!

<latexit sha1_base64="Ed+saU3kDsJbnqXGzmwTRN6oDYI="></latexit>

:=
<latexit sha1_base64="+dCkuP644InFq0KqeFpMmym026Q="></latexit>

((A ! B) ! (C ! D)) ! (E ! F )
<latexit sha1_base64="Fm9tiMcxr1xSkxtu0jpiKrJsTKg="></latexit>

x = y ! z
<latexit sha1_base64="Xv4u+k1EiDq2ZKj0k1f7khVwR1I="></latexit>

input output

B
<latexit sha1_base64="QS+nr0EmaW6qJnGvZJSoxItSPi4="></latexit>

A
<latexit sha1_base64="7YqotusAsrYtYGf4FS4fuiebGf8="></latexit>

C
<latexit sha1_base64="9XLkHWSRlRp0wwg7rRw9qfseZaM="></latexit>

D
<latexit sha1_base64="jIlrS7DulmeweRqzj2O+XX4Aoys="></latexit>

A
<latexit sha1_base64="7YqotusAsrYtYGf4FS4fuiebGf8="></latexit>

(A ! B) ! (C ! D) k E
<latexit sha1_base64="Y9oyiQlQrjlDtuiE10/WVlvu+Cc="></latexit>

= (A ! B) ! (C ! DE)
<latexit sha1_base64="h6hLj6y75ayh6L434tgBvXH5u4M="></latexit>

B
<latexit sha1_base64="QS+nr0EmaW6qJnGvZJSoxItSPi4="></latexit>

A
<latexit sha1_base64="7YqotusAsrYtYGf4FS4fuiebGf8="></latexit>

C
<latexit sha1_base64="9XLkHWSRlRp0wwg7rRw9qfseZaM="></latexit>

D
<latexit sha1_base64="jIlrS7DulmeweRqzj2O+XX4Aoys="></latexit>

E
<latexit sha1_base64="cowLJIjW+Ekyol68sjp6OdOjU44="></latexit>

(y ! z) k E = y ! z k E
<latexit sha1_base64="9sdhiOsQxq9R88R+YvqFnzWRngE="></latexit>

E
<latexit sha1_base64="cowLJIjW+Ekyol68sjp6OdOjU44="></latexit> (A ! B) k E

<latexit sha1_base64="jL8zb7LRsKv2OYpqtV+ihwxriq0="></latexit>

= A ! B k E
<latexit sha1_base64="YPiz2HR08gIXwgtxXIh4fWf7w44="></latexit>

A
<latexit sha1_base64="7YqotusAsrYtYGf4FS4fuiebGf8="></latexit>

E
<latexit sha1_base64="cowLJIjW+Ekyol68sjp6OdOjU44="></latexit>

A k E = AE
<latexit sha1_base64="rFLT9f/UGYygKPqARFjXImXLzaw="></latexit>



quantum systems

The hierarchy of higher order quantum maps

A ! B
<latexit sha1_base64="elqBwPf8oy2hBWRYoSpo0IBF2aA="></latexit>

(A ! B) ! (C ! D)
<latexit sha1_base64="M4JQ/IuUrMSYGSmLe42EI/Jz8U4="></latexit>

Type system

Type extension: 

elementary typesx = y ! z
<latexit sha1_base64="Xv4u+k1EiDq2ZKj0k1f7khVwR1I="></latexit>

input output

B
<latexit sha1_base64="QS+nr0EmaW6qJnGvZJSoxItSPi4="></latexit>

A
<latexit sha1_base64="7YqotusAsrYtYGf4FS4fuiebGf8="></latexit>

C
<latexit sha1_base64="9XLkHWSRlRp0wwg7rRw9qfseZaM="></latexit>

D
<latexit sha1_base64="jIlrS7DulmeweRqzj2O+XX4Aoys="></latexit>

A
<latexit sha1_base64="7YqotusAsrYtYGf4FS4fuiebGf8="></latexit>

(y ! z) k E = y ! z k E
<latexit sha1_base64="9sdhiOsQxq9R88R+YvqFnzWRngE="></latexit>

E
<latexit sha1_base64="cowLJIjW+Ekyol68sjp6OdOjU44="></latexit> (A ! B) k E

<latexit sha1_base64="jL8zb7LRsKv2OYpqtV+ihwxriq0="></latexit>

= A ! B k E
<latexit sha1_base64="YPiz2HR08gIXwgtxXIh4fWf7w44="></latexit>

A
<latexit sha1_base64="7YqotusAsrYtYGf4FS4fuiebGf8="></latexit>

E
<latexit sha1_base64="cowLJIjW+Ekyol68sjp6OdOjU44="></latexit>

A k E = AE
<latexit sha1_base64="rFLT9f/UGYygKPqARFjXImXLzaw="></latexit>

Admissibility conditions

x k E
<latexit sha1_base64="58FrdW2RuhmblSja1HUq2fCa9vM="></latexit>

y k E
<latexit sha1_base64="peorv0vdg2FJU2YPmdGKD24Hz10="></latexit>

     (Generalised complete positivity)                

     (Normalisation)                     

(Linearity)

admissible to admissible 
for any extension

!
<latexit sha1_base64="eyKHMkAKOHsQC1ymZHJbID8lo5s="></latexit>



T1(x)

�(x)

T(x)

positive operators

0
<latexit sha1_base64="d3+leuPfFzgmPoOMnXfefjM/s5c="></latexit>

The most general higher 
order map of type x

T1(x)
<latexit sha1_base64="NZXvIJAD1I50RFNavyfPAtDHbgs="></latexit>

T(x)
<latexit sha1_base64="0CGhKJk+pziIOPXrTovtAcqArxU="></latexit>

probabilistic maps of 
type x

deterministic maps of 
type x

�(x)

linear constraint

The hierarchy of higher order quantum maps



Causal structure

Quantum circuits with open slots (quantum network)

H

H

H

H

H

HT

Z

T

T

Z

Z



Causal structure

Quantum circuits with open slots (quantum network)

free input

free output



Causal structure

Quantum circuits with open slots (quantum network)

free input

free output



Causal structure

Quantum circuits with open slots (quantum network)

: 7!
input output

=

causal order



Causal structure

Quantum circuits with open slots (quantum network)

causal order

260

NATURE PHYSICS | VOL 10 | APRIL 2014 | www.nature.com/naturephysics

relativity, as, for example, the measurements on two systems may be 

‘time-like’ separated in the relativistic sense and still be described

by a tensor product of Hilbert spaces. Here, for simplicity, I will 

use ‘causally related’ and ‘time-like’, as well as ‘acausally related’ 

and ‘space-like’, interchangeably.) Very much at the focus of recent

research on causality in quantum theory is the objective of finding 

a unified way of representing correlations between space-like and

time-like regions. Once such a representation is found, we may be

able to use it for the description of general quantum correlations, 

for which the causal ordering of events and whether they take place

between space-like or time-like regions is not fixed.

Various results in the past have indicated that a unified quan-

tum description may be possible for experiments involving distinct 

systems at one time and those involving a single system at distinct

times. For example, it has been shown that there is an isomor-

phism between spatial and temporal quantum correlations17–20. This

has conceptual and practical implications for the correspondence

between quantum bounds on violation of the Bell inequality 21, and

its temporal analogue, the Leggett–Garg inequality 22–25. The cor-

respondence between the communication costs in the classical 

simulation of spatial correlations and the memory costs in the simu-

lation of temporal correlations is an example of this17,26. Eventually 

all these developments led to several approaches towards a caus-

ally neutral formulation of quantum theory: the causaloid5 already 

mentioned above, and further developments in terms of duoten-

sors27, the quantum combs28, quantum processes13 and quantum 

conditional states14.Notwithstanding the differences among the approaches, they all 

make use of the Choi–Jamiolkowski (CJ) isomorphism29,30 to pro-

vide a unified framework for representing a composition of opera-

tions as well as tensor products of system states. If an operation is

performed on a quantum state described by a density matrix ρ, M(MM ρ) 

describes the updated state after the operation (up to normaliza-

tion), where M is a completely positive (CP), trace-non-increasing

Mmap (because we want our maps to lead to positive probabilities not

larger than one) from the space of matrices over the input Hilbert

space A to the one over the output Hilbert space B, which we 

write as M:MM L (A) → L (B) (the two Hilbert spaces can have differ-

ent dimensions, as the operation may involve additional quantum

systems). The CJ isomorphism enables us to represent the opera-

tions by operators rather than maps. It associates a bipartite state

MABMM ∈ L (A ⊗ B) to a CP map, as given by MABMM  = J ⊗M(|MM ϕ+〉〈ϕ+|),

where ⊗ indicates tensor product, |Φ+〉 = Σ dA
j=1|jj|| 〉 ∈ A ⊗ B is a (non-

normalized) maximally entangled state, the set of states {|j|| 〉 dA
j=1} is an

orthonormal basis of A with dimension dAd , and J is the iden
J

tity map.

In the comb28 and duotensor27 framework, one associates CJ 

operators with arbitrary regions of space–time in which an observer 

might possibly perform a quantum operation. These operators can 

be combined to obtain the operator for a bigger, composite, region,

using methods that are motivated in part by the graphical repre-

sentation of categorical quantum mechanics31. In the framework of 

quantum conditional states, Matt Leifer and Rob Spekkens14 have 

developed a causally neutral formulation of quantum theory using 

a quantum generalization of Bayesian conditioning 32. They intro-

duce a conditional state ρB|A, playing an analogous role to condi-

tional probability P(B|A) in classical probability theory. If A and B

are space-like separated regions, their joint state ρAB is inferred from 

the conventional formalism, and the conditional state is derived

from the joint, whereas if they are time-like separated it is the con-

ditional state ρB|A that is inferred from the conventional formalism 

(for example through a map ρB|A = M(MM ρA)), and the joint state is

derived. In either case the relation between the conditional and joint

state is given by ρAB = ρB|A*ρA where the *-product is a particular

product (defined by ρB|A*ρA ≡ √—√√ρ√√ Aρρ ρB|A √—√√ρ√√ Aρρ , where I have dropped the

identity operators and tensor products), which is analogous to the 

Bayes relation in classical probability theory, P(AB) = P(B|A)P(A).

But the approach has limitations, for example in treating multiple 

temporal correlations, mostly owing to the fact that the*-product is

non-commutative and non-associative. (The approaches12–14,27,28 dif-ff

fer among themselves in the insertion of partial transposes in the

definition of CJ operators.)
With the notable exception of ref. 14, which has an epistemo-

logical flavour, all other approaches are typically formulated opera-

tionally; instead of using the notions of ‘traditional’ physics such as 

position, momentum or energy, the focus lies on instrument set-

tings and the outcomes of measurements. The operational idea of 

a causal influence is best illustrated by considering two scientists,

Alice and Bob, who work in two separate laboratories. At every 

run of the experiment, each of them receives a physical system and 

performs an operation on it, after which they send their respective

system out of the laboratory. During the operations of each experi-

menter, the laboratory is shielded from the rest of the world — it is

only opened for the system to come in and to go out, but except for

these two events, it is kept closed and a signal can neither enter into 

nor leak out of the laboratory. Each laboratory features a device with

an input and an output connector. If input a is chosen on Alice’s side

(or, respectively, b on Bob’s side), she will perform an operation on 

the system and send it out of the laboratory. The device will output

measurement result x (respectively 
x

y) according to a certain prob-

ability distribution p(x(( ,y, |a,b). The operations a and b, for example,

could be the flip of a classical bit in the classical world or the unitary 

transformation, or in general a CP trace-non-increasing map in the

quantum world.The correlations are non-signalling if no observable change 

can take place in Alice’s laboratory as a consequence of any-

thing that may be done in Bob’s laboratory and vice versa. More

Future

or

Past
a

b
c

d

e

1≠0

B≤A

A≤B

A≤B

B≤A
1

0

0

0Figure 1 | Different causal relations between events in Alice's and

Bob’s laboratories. In a definite causal structure, a global background 

time determines whether a, Alice is before Bob, b, Bob is before Alice, or

c, the two are causally neutral. Whereas in a and b signalling is always 

one-way, from the past to the future, there is no signalling in c because 

the two laboratories are space-like separated. The latter is a typical

situation in tests of Bell’s inequalities on entangled states. d, In a closed 

time-like causal structure, the signalling is two-way, which gives rise to 

the grandfather paradox. To illustrate this paradox, consider the following 

example. Alice performs an identity operation on her input bit of value 0. 

The unchanged bit leaves her laboratory and is sent to Bob, who performs 

a bit flip and outputs a bit of value 1. The bit travels ‘backwards in time’ to 

enter Alice’s laboratory as her input. Hence, the logical contradiction 1 ≠ 0

for the value of Alice’s input arises. This can be seen as an instance of the 

grandfather paradox if the bit values 1 and 0 are taken to represent ‘killing

Alice’s grandfather’ and ‘not killing Alice’s grandfather’, respectively. e, In 

an indefinite causal structure, Bob can, by choosing his measurement basis, 

end up ‘before’ or ‘after’ Alice with a certain probability. The vector on 

the circle next to Bob’s laboratory represents a resource — a ‘process’ —

which gives rise to quantum correlations with indefinite causal order. If 

he performs a measurement in the ‘red’ (‘green’) basis, he ‘projects’ the 

process such that his actions occur after (before) Alice’s operations.
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relativity, as, for example, the measurements on two systems may be 

‘time-like’ separated in the relativistic sense and still be described

by a tensor product of Hilbert spaces. Here, for simplicity, I will 

use ‘causally related’ and ‘time-like’, as well as ‘acausally related’ 

and ‘space-like’, interchangeably.) Very much at the focus of recent

research on causality in quantum theory is the objective of finding 

a unified way of representing correlations between space-like and

time-like regions. Once such a representation is found, we may be

able to use it for the description of general quantum correlations, 

for which the causal ordering of events and whether they take place

between space-like or time-like regions is not fixed.

Various results in the past have indicated that a unified quan-

tum description may be possible for experiments involving distinct 

systems at one time and those involving a single system at distinct

times. For example, it has been shown that there is an isomor-

phism between spatial and temporal quantum correlations17–20. This

has conceptual and practical implications for the correspondence

between quantum bounds on violation of the Bell inequality21, and

its temporal analogue, the Leggett–Garg inequality22–25. The cor-

respondence between the communication costs in the classical 

simulation of spatial correlations and the memory costs in the simu-

lation of temporal correlations is an example of this17,26. Eventually 

all these developments led to several approaches towards a caus-

ally neutral formulation of quantum theory: the causaloid5 already 

mentioned above, and further developments in terms of duoten-

sors27, the quantum combs28, quantum processes13 and quantum 

conditional states14.

Notwithstanding the differences among the approaches, they all 

make use of the Choi–Jamiolkowski (CJ) isomorphism29,30 to pro-

vide a unified framework for representing a composition of opera-

tions as well as tensor products of system states. If an operation is

performed on a quantum state described by a density matrix ρ, M(MM ρ) 

describes the updated state after the operation (up to normaliza-

tion), where M is a completely positive (CP), trace-non-increasing

M

map (because we want our maps to lead to positive probabilities not

larger than one) from the space of matrices over the input Hilbert

space A to the one over the output Hilbert space B, which we 

write as M:MM L (A) → L (B) (the two Hilbert spaces can have differ-

ent dimensions, as the operation may involve additional quantum

systems). The CJ isomorphism enables us to represent the opera-

tions by operators rather than maps. It associates a bipartite state

MABMM ∈ L (A ⊗ B) to a CP map, as given by MABMM  = J ⊗ M(|MM ϕ+〉〈ϕ+|),

where ⊗ indicates tensor product, |Φ+〉 = ΣdA
j=1|jj|| 〉 ∈ A ⊗ B is a (non-

normalized) maximally entangled state, the set of states {|j|| 〉dA
j=1} is an

orthonormal basis of A with dimension dAd , and J is the idenJ tity map.

In the comb28 and duotensor27 framework, one associates CJ 

operators with arbitrary regions of space–time in which an observer 

might possibly perform a quantum operation. These operators can 

be combined to obtain the operator for a bigger, composite, region,

using methods that are motivated in part by the graphical repre-

sentation of categorical quantum mechanics31. In the framework of 

quantum conditional states, Matt Leifer and Rob Spekkens14 have 

developed a causally neutral formulation of quantum theory using 

a quantum generalization of Bayesian conditioning32. They intro-

duce a conditional state ρB|A, playing an analogous role to condi-

tional probability P(B|A) in classical probability theory. If A and B

are space-like separated regions, their joint state ρAB is inferred from 

the conventional formalism, and the conditional state is derived

from the joint, whereas if they are time-like separated it is the con-

ditional state ρB|A that is inferred from the conventional formalism 

(for example through a map ρB|A = M(MM ρA)), and the joint state is

derived. In either case the relation between the conditional and joint

state is given by ρAB = ρB|A*ρA where the *-product is a particular

product (defined by ρB|A*ρA ≡ √
—

√√ρ√√ Aρρ ρB|A √
—

√√ρ√√ Aρρ , where I have dropped the

identity operators and tensor products), which is analogous to the 

Bayes relation in classical probability theory, P(AB) = P(B|A)P(A).

But the approach has limitations, for example in treating multiple 

temporal correlations, mostly owing to the fact that the *-product is

non-commutative and non-associative. (The approaches12–14,27,28 dif-ff

fer among themselves in the insertion of partial transposes in the

definition of CJ operators.)

With the notable exception of ref. 14, which has an epistemo-

logical flavour, all other approaches are typically formulated opera-

tionally; instead of using the notions of ‘traditional’ physics such as 

position, momentum or energy, the focus lies on instrument set-

tings and the outcomes of measurements. The operational idea of 

a causal influence is best illustrated by considering two scientists,

Alice and Bob, who work in two separate laboratories. At every 

run of the experiment, each of them receives a physical system and 

performs an operation on it, after which they send their respective

system out of the laboratory. During the operations of each experi-

menter, the laboratory is shielded from the rest of the world — it is

only opened for the system to come in and to go out, but except for

these two events, it is kept closed and a signal can neither enter into 

nor leak out of the laboratory. Each laboratory features a device with

an input and an output connector. If input a is chosen on Alice’s side

(or, respectively, b on Bob’s side), she will perform an operation on 

the system and send it out of the laboratory. The device will output

measurement result x (respectively 
x

y) according to a certain prob-

ability distribution p(x(( ,y, |a,b). The operations a and b, for example,

could be the flip of a classical bit in the classical world or the unitary 

transformation, or in general a CP trace-non-increasing map in the

quantum world.

The correlations are non-signalling if no observable change 

can take place in Alice’s laboratory as a consequence of any-

thing that may be done in Bob’s laboratory and vice versa. More
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Figure 1 | Different causal relations between events in Alice's and

Bob’s laboratories. In a definite causal structure, a global background 

time determines whether a, Alice is before Bob, b, Bob is before Alice, or

c, the two are causally neutral. Whereas in a and b signalling is always 

one-way, from the past to the future, there is no signalling in c because 

the two laboratories are space-like separated. The latter is a typical

situation in tests of Bell’s inequalities on entangled states. d, In a closed 

time-like causal structure, the signalling is two-way, which gives rise to 

the grandfather paradox. To illustrate this paradox, consider the following 

example. Alice performs an identity operation on her input bit of value 0. 

The unchanged bit leaves her laboratory and is sent to Bob, who performs 

a bit flip and outputs a bit of value 1. The bit travels ‘backwards in time’ to 

enter Alice’s laboratory as her input. Hence, the logical contradiction 1 ≠ 0

for the value of Alice’s input arises. This can be seen as an instance of the 

grandfather paradox if the bit values 1 and 0 are taken to represent ‘killing

Alice’s grandfather’ and ‘not killing Alice’s grandfather’, respectively. e, In 

an indefinite causal structure, Bob can, by choosing his measurement basis, 

end up ‘before’ or ‘after’ Alice with a certain probability. The vector on 

the circle next to Bob’s laboratory represents a resource — a ‘process’ —

which gives rise to quantum correlations with indefinite causal order. If 

he performs a measurement in the ‘red’ (‘green’) basis, he ‘projects’ the 

process such that his actions occur after (before) Alice’s operations.
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Quantum computation with higher order maps is 

powerful. But what are the rules of this computation?  

What are the rules 

for composing 

higher order maps? ?
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relativity, as, for example, the measurements on two systems may be 

‘time-like’ separated in the relativistic sense and still be described

by a tensor product of Hilbert spaces. Here, for simplicity, I will 

use ‘causally related’ and ‘time-like’, as well as ‘acausally related’ 

and ‘space-like’, interchangeably.) Very much at the focus of recent

research on causality in quantum theory is the objective of finding 

a unified way of representing correlations between space-like and

time-like regions. Once such a representation is found, we may be

able to use it for the description of general quantum correlations, 

for which the causal ordering of events and whether they take place

between space-like or time-like regions is not fixed.

Various results in the past have indicated that a unified quan-

tum description may be possible for experiments involving distinct 

systems at one time and those involving a single system at distinct

times. For example, it has been shown that there is an isomor-

phism between spatial and temporal quantum correlations17–20. This

has conceptual and practical implications for the correspondence

between quantum bounds on violation of the Bell inequality 21, and

its temporal analogue, the Leggett–Garg inequality 22–25. The cor-

respondence between the communication costs in the classical 

simulation of spatial correlations and the memory costs in the simu-

lation of temporal correlations is an example of this17,26. Eventually 

all these developments led to several approaches towards a caus-

ally neutral formulation of quantum theory: the causaloid5 already 

mentioned above, and further developments in terms of duoten-

sors27, the quantum combs28, quantum processes13 and quantum 

conditional states14.Notwithstanding the differences among the approaches, they all 

make use of the Choi–Jamiolkowski (CJ) isomorphism29,30 to pro-

vide a unified framework for representing a composition of opera-

tions as well as tensor products of system states. If an operation is

performed on a quantum state described by a density matrix ρ, M(MM ρ) 

describes the updated state after the operation (up to normaliza-

tion), where M is a completely positive (CP), trace-non-increasing

Mmap (because we want our maps to lead to positive probabilities not

larger than one) from the space of matrices over the input Hilbert

space A to the one over the output Hilbert space B, which we 

write as M:MM L (A) → L (B) (the two Hilbert spaces can have differ-

ent dimensions, as the operation may involve additional quantum

systems). The CJ isomorphism enables us to represent the opera-

tions by operators rather than maps. It associates a bipartite state

MABMM ∈ L (A ⊗ B) to a CP map, as given by MABMM  = J ⊗M(|MM ϕ+〉〈ϕ+|),

where ⊗ indicates tensor product, |Φ+〉 = Σ dA
j=1|jj|| 〉 ∈ A ⊗ B is a (non-

normalized) maximally entangled state, the set of states {|j|| 〉 dA
j=1} is an

orthonormal basis of A with dimension dAd , and J is the iden
J

tity map.

In the comb28 and duotensor27 framework, one associates CJ 

operators with arbitrary regions of space–time in which an observer 

might possibly perform a quantum operation. These operators can 

be combined to obtain the operator for a bigger, composite, region,

using methods that are motivated in part by the graphical repre-

sentation of categorical quantum mechanics31. In the framework of 

quantum conditional states, Matt Leifer and Rob Spekkens14 have 

developed a causally neutral formulation of quantum theory using 

a quantum generalization of Bayesian conditioning 32. They intro-

duce a conditional state ρB|A, playing an analogous role to condi-

tional probability P(B|A) in classical probability theory. If A and B

are space-like separated regions, their joint state ρAB is inferred from 

the conventional formalism, and the conditional state is derived

from the joint, whereas if they are time-like separated it is the con-

ditional state ρB|A that is inferred from the conventional formalism 

(for example through a map ρB|A = M(MM ρA)), and the joint state is

derived. In either case the relation between the conditional and joint

state is given by ρAB = ρB|A*ρA where the *-product is a particular

product (defined by ρB|A*ρA ≡ √—√√ρ√√ Aρρ ρB|A √—√√ρ√√ Aρρ , where I have dropped the

identity operators and tensor products), which is analogous to the 

Bayes relation in classical probability theory, P(AB) = P(B|A)P(A).

But the approach has limitations, for example in treating multiple 

temporal correlations, mostly owing to the fact that the*-product is

non-commutative and non-associative. (The approaches12–14,27,28 dif-ff

fer among themselves in the insertion of partial transposes in the

definition of CJ operators.)
With the notable exception of ref. 14, which has an epistemo-

logical flavour, all other approaches are typically formulated opera-

tionally; instead of using the notions of ‘traditional’ physics such as 

position, momentum or energy, the focus lies on instrument set-

tings and the outcomes of measurements. The operational idea of 

a causal influence is best illustrated by considering two scientists,

Alice and Bob, who work in two separate laboratories. At every 

run of the experiment, each of them receives a physical system and 

performs an operation on it, after which they send their respective

system out of the laboratory. During the operations of each experi-

menter, the laboratory is shielded from the rest of the world — it is

only opened for the system to come in and to go out, but except for

these two events, it is kept closed and a signal can neither enter into 

nor leak out of the laboratory. Each laboratory features a device with

an input and an output connector. If input a is chosen on Alice’s side

(or, respectively, b on Bob’s side), she will perform an operation on 

the system and send it out of the laboratory. The device will output

measurement result x (respectively 
x

y) according to a certain prob-

ability distribution p(x(( ,y, |a,b). The operations a and b, for example,

could be the flip of a classical bit in the classical world or the unitary 

transformation, or in general a CP trace-non-increasing map in the

quantum world.The correlations are non-signalling if no observable change 

can take place in Alice’s laboratory as a consequence of any-

thing that may be done in Bob’s laboratory and vice versa. More

Future
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b
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1≠0

B≤A

A≤B

A≤B

B≤A
1

0
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0Figure 1 | Different causal relations between events in Alice's and

Bob’s laboratories. In a definite causal structure, a global background 

time determines whether a, Alice is before Bob, b, Bob is before Alice, or

c, the two are causally neutral. Whereas in a and b signalling is always 

one-way, from the past to the future, there is no signalling in c because 

the two laboratories are space-like separated. The latter is a typical

situation in tests of Bell’s inequalities on entangled states. d, In a closed 

time-like causal structure, the signalling is two-way, which gives rise to 

the grandfather paradox. To illustrate this paradox, consider the following 

example. Alice performs an identity operation on her input bit of value 0. 

The unchanged bit leaves her laboratory and is sent to Bob, who performs 

a bit flip and outputs a bit of value 1. The bit travels ‘backwards in time’ to 

enter Alice’s laboratory as her input. Hence, the logical contradiction 1 ≠ 0

for the value of Alice’s input arises. This can be seen as an instance of the 

grandfather paradox if the bit values 1 and 0 are taken to represent ‘killing

Alice’s grandfather’ and ‘not killing Alice’s grandfather’, respectively. e, In 

an indefinite causal structure, Bob can, by choosing his measurement basis, 

end up ‘before’ or ‘after’ Alice with a certain probability. The vector on 

the circle next to Bob’s laboratory represents a resource — a ‘process’ —

which gives rise to quantum correlations with indefinite causal order. If 

he performs a measurement in the ‘red’ (‘green’) basis, he ‘projects’ the 

process such that his actions occur after (before) Alice’s operations.
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relativity, as, for example, the measurements on two systems may be 

‘time-like’ separated in the relativistic sense and still be described

by a tensor product of Hilbert spaces. Here, for simplicity, I will 

use ‘causally related’ and ‘time-like’, as well as ‘acausally related’ 

and ‘space-like’, interchangeably.) Very much at the focus of recent
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describes the updated state after the operation (up to normaliza-

tion), where M is a completely positive (CP), trace-non-increasing
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Bob’s laboratories. In a definite causal structure, a global background 

time determines whether a, Alice is before Bob, b, Bob is before Alice, or

c, the two are causally neutral. Whereas in a and b signalling is always 

one-way, from the past to the future, there is no signalling in c because 

the two laboratories are space-like separated. The latter is a typical

situation in tests of Bell’s inequalities on entangled states. d, In a closed 

time-like causal structure, the signalling is two-way, which gives rise to 

the grandfather paradox. To illustrate this paradox, consider the following 

example. Alice performs an identity operation on her input bit of value 0. 

The unchanged bit leaves her laboratory and is sent to Bob, who performs 

a bit flip and outputs a bit of value 1. The bit travels ‘backwards in time’ to 

enter Alice’s laboratory as her input. Hence, the logical contradiction 1 ≠ 0

for the value of Alice’s input arises. This can be seen as an instance of the 

grandfather paradox if the bit values 1 and 0 are taken to represent ‘killing

Alice’s grandfather’ and ‘not killing Alice’s grandfather’, respectively. e, In 

an indefinite causal structure, Bob can, by choosing his measurement basis, 

end up ‘before’ or ‘after’ Alice with a certain probability. The vector on 

the circle next to Bob’s laboratory represents a resource — a ‘process’ —

which gives rise to quantum correlations with indefinite causal order. If 

he performs a measurement in the ‘red’ (‘green’) basis, he ‘projects’ the 

process such that his actions occur after (before) Alice’s operations.
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