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Incompatibility of quantum devices

In this talk quantum devices are: Can be seen as: Notation of the set:
Channel = CPTP map one outcome instrument Ch(H, }C)
_>: POVM = Positive operator valued measure instrument with 1-dim out O(Q’ ’H)

- describes only outcome probabilities

Instrument = collection of CPTD maps summing up to a channel
- describes also post measurement state II]S(Q, /Hv }C)

Two quantum devices A and B are compatible if there exist a joint quantum device C, which
in each single experimental run produces (complete) output for each of the devices A,B.
Devices A,B are incompatible otherwise.




Compatibility conditions in different scenarios

Compatibility of POVMs A € O(Q,H) B e O(A,H) Compatibility of channels ® ¢ Ch(#,K) ¥ e Ch(H,V)
AoBe 3GeO(QxAH) PV I eCh(H,KV)
K
I D6y =A@ Veeo try [T'(0)] = ©(o0)
G e r
i > G(r.y)=B(y) Vyen vV tric [T'(0)] = ¥(0)

Compatibility of channel and POVM
$ e Ch(H,K) Aec O(Q,H)

oA IGelns(Q,H,K)

K
> Za(p) = ®(p) oY = o
T S
Tr(Z.(p)) = Tr(A(z)p)  AY = A

®Y induced channel of instrument g AY induced POVM of instrument G



Compatibility conditions in different scenarios

AecO(Q,H) BeOAH) ® e Ch(H,K) VeCh(H,V)
AoB&3GeO(QxAH) oV e IT eCh(H,LeV)
)
- L ZJ;\G(JU?y) = A(w) Ve trv [F(Q)] — (I)(Q)
G ye r
J > G(r.y)=B(y) Vyen v tric [T'(0)] = ¥(0)
Compatibility of instruments 7 ¢ Ins(Q, H, K)
® e Ch(H,K) AecO(Q,H) J € Ins(A,H, V)
d®A <3G elns(QH, K) IToJ<3Gelns(QxAH,LoV)
IC I
T.(p) = ® G _ :
> Za(p) = ©(p) N Y = z 2ty |Gy (0)]=T.(0) VzeQ
=L Tr(Z(p) = Tr(A(@)p) A9 = A yelt
; i
g 2t [Gay(0)] = Ty(0) VYyeA
zel)

Parallel compatibility defined in: A. Mitra, M. Farkas, On the compatibility of quantum instruments, Phys. Rev. A 105, 052202 (2022)



Compatibility of instruments — definition consequences

7 € Ins(2,H,K) Z try 0 Gy =Ly VYV €
yeA

J € Ins(A,H, V)
trcoGay=Jy YyeA
ToJ < 3Gens(QxAH,K®V) suchthat Ze;z VAN

ICD K

X $>

vy > IoJ=A oA’/ , P>/ IoJ =3 0d’
Y y>

AY induced POVM of instrument ®Y induced channel of instrument g




Compatibility of instruments — definition consequences

Proposition 1:

If a quantum device is compatible with an instrument then it is
compatible also with its induced channel and POVM

Compatibility of two
instruments implies:

AY induced POVM of instrument ®Y induced channel of instrument g




Compatibility of instruments — Attempted reduction

Hypotheses: ?
AZo A and L @@/ = T o J

Counterexample:

I(p) = p But if the joint instrument
exist then:

1

jy(P) = ZO'ypO'y Y = {0, Ve ,3}

AT {1} AT = (1D

o (p) = p ®7 (p) = trp &




Compatibility of instruments — Attempted reduction 2

Liders instrument for POVM A ¢ O(Q, H) Hypotheses: 5
AT AT
78(0) = VA@)oy/AQ) ToJ &I ©JF
Proof for <
Known fact: ~

Z T
G joint instrument for Z%and 7

Every instrument 7 can be realized as a
Liiders instrument of its induced POVM AZ

concatenated with conditional channels
that depend on the instrument outcome.

H K H H g(a:)£
T — T u
Counterexampleto 7 @ 7 = IAI ® JAJ

(o) =0 J(o) =tr[o]¢

Luders inst. for both is identity channel, so contradicts no cloning




Postprocessing of instruments

H K )% H V

J(0) =Y RV(Z(0))
y xeQ

R(CU) —
T —Y

Suppose that for Z, J instruments R (@) exist so that the above Eqg. hold,
then we denote it
J<1I

f H g K M 1 € -
Known fact A
from previous slide t 4@: <—

Leevi Leppajarvi, Michal Sedlak, Physical Review A 103, 022615 (2021)



Incompatibility vs. postprocessing of instruments

H 1% H K V.
J<I <> t — I R J@) =) RP (T ()
T y T :y xef2

Proposition 2:

If 7 <Zthen J o AT

Proof:
H )%
Set N (@) %
Gay) =Ry oLy =
and verify u €T

Leevi Leppajarvi, Michal Sedlak, Post-processing of quantum instruments, Physical Review A 103, 022615 (2021)



Dilation of an instrument

Dilation of instrument Z € Ins(Q2, H, K) is a triple (7 4, W, E):

Y K H e Hilbert space H 4
I | I t W :H — R K
r &= W ” sometry H—>Ha
>: POVM EcO(Q,Ha)

Z.(0) = try, [WoW" (E(z) ® Ix)]

Remarks:

('HA, W) must be a dilation of channel (I)I
Dilation (H 4, W, E) is minimal if channel dilation (# 4, W) is minimal




Complementary instrument

We define ZC € Ins(Q2,H,H 4) relative to a dilation (7{ 4, W, E) of instrument 7 € Ins(Q), H, K)as

ﬂ_ LD If(g) =ty [(w/E(ZL“)@)]IC) WoW* (,/E(a:) ®I;c)]

i EHA Ha :
| : or equivalently

. (‘EI)CE X C E 7\¢
................ I, =1, o0 (CI) )

Remarks:
For minimal dilation (H 4, W,E) POVM E ¢ O(Q,H,) isunique

Clearly, 7 ® 7¢ by definition




Complementary instrument

We define ZC € Ins(Q2,H,H 4) relative to a dilation (7{ 4, W, E) of instrument 7 € Ins(Q), H, K)as

= =D 7(0) = trc [ (VE@) ® I ) W oW (VE@) ® I )]

i i HA %A .
| i or equivalently

T | ((I)I)Oi X C E 7\¢
---------------- 1, =1, o0 (CD )

Proposition 3:

]
=

All complementary instruments of instrument 7 ¢ InS(Q, H, ]C) are postprocessing equivalent,

ie.let (Ha, W,E),(H',, W' E) be two dilations of Z,then Z¢ < 7% and ¢ <Z¢




Incompatibility of instruments — main result

Theorem 1:

-

-

Following three statements for instruments Z € Ins(€2, H,K) and 7 € Ins(A,H, V) are equivalent:
) ZToJ
i) Z<JC forany complementary instrument J¢ of J

iii) J <IC for any complementary instrument Z¢ of 7

~

Proof:

Set

Gy (0) = (R @idy) ((VE@) ® I ) Wo W* (VE@) @ Ix )

J<I¢ = ToJ

R ()

and verify




Incompatibility of instruments — main result

Sketch of proof: 7 @ 7 = 7 < I€
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Incompatibility of instruments — main result

Sketch of proof: 7 @ 7 = 7 < 7€ I/”




Incompatibility of instruments — main result

Sketch of proof: 7 @ 7 = 7 < I€
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Seeing this as dilation of 7 implies

A"V, EJ - unique POVM from
minimal dilation (Hz, W%, EZ)




Incompatibility of instruments — main result
Sketch of proof: 7 @ 7 = 7 < 7€
46{) ‘ e MI K Seeing this as dilation of 7 implies
_’/7___,_,__..’ Tﬂ 7/ A"V, EJ - unique POVM from
— / /‘/ — minimal dilation (Hz, W%, E)
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Incompatibility of instruments — main result

Sketch of proof: 7 @ 7 = 7 < I€
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Incompatibility of instruments — main result

Sketch of proof: 7 @ 7 = 7 < I€
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Incompatibility of instruments — main result

Sketch of proof: 7 @ 7 = 7 < I€

which concludes the proof!




Incompatibility of instruments

If a POVM A € O(Q2, H) is considered as an instrument with one dimensional output
space then its complementary instrument is Liders instrument 72 € Ins(Q,H)

Corrolary of Theorem 1:

( )

Let AcO(Q,H) and J e Ins(A,H,V) then

Ao J e J<IA

- J/

Thus,

H V H H v
— R(ﬁ) it
Y — =




Summary & Outlook

Presented results = to appear on ArXiv soon

Basic relations for incompatibility of instruments found

Complementary instruments introduced and their equivalences characterized

Compatibility of instruments shown to be equivalent to
postprocessing of complementary instruments

further results: Non-disturbance for instruments, particular classes of incompatible
instruments

Open questions & future work:

e Compatibility of binary qubit instruments
e Characterize Complementary instruments to indecomposable instrument

Thanks for your attention.



