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Part I

Quantum state Discrimination
& Exclusion



Quantum state discrimination & exclusion

Discrimination Exclusion

• Ensemble { = { PH, px } • Ensemble { = { PH1A }

• Goal : correctly identify state
• Goal : correctly

'

exclude state

• Resource : Fixed measurement M= {Ma } • Resource : Fixed measurement IM= {Ma }
POVM : Ma > 0 [ Ma -- It POVM : Ma > 0 [ Ma -- It

• strategy :

• strategy :

> 1M f- plgla) -7g g=×
?

> IM ¥ pls /a) -39 g≠× ?
px µ

' P× M
'

• F. o.M.psncclE.IM/--maxIplHtrfM'g--xpx] • F. o.M.perrIE.IM/=min-plx)trfM'g=xpx]
MK1M ✗ IM4 1MF
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Quantification of usefulness in discrimination & exclusion

Q : How useful is a given measurement for state discrimination & exclusion ?

Discrimination Exclusion

Guess /GM) = 1 + RIM) min Per /E. 1M) = I - WIN)
Max

E my pH)
E

mijn pH)

• WL1M) = Weight of Measurement Informativeness• RIM ) - Generalised Robustness of
Measurement Informative ness

RIM ) = min r WIN) = min s

s .t. Ma + rNa = 91411 V. a St
.

s Na + Its)g /a) It = Ma ta
I + r

Na ≥ 0
, [ Na = Il

Na ≥ 0
, [ Na = 11
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Connection to Rangi entropic ?

• Above two results can be related to extremes of Rangi entropic

Ha / X) =
, _

'

a
log[ pH✗

the# = - log my pH

H.rs/X)---logmxinplHHxHIG)=,faIogIgplg)/Eplx/g)
×)
""

"
• (✗ /G) = -19¥

plglqaxplxlgjH.no/XlG)=-log-g-plg)mxinplxIg)
I

• log may psncclE.IM/--mgxHxlX)-HalXlG )
may plx)

in plx, g) = pHk[Mgpx]

• log min Park, M ) = min H→l!→
4m¥ plx)



Qi Is there a continuous family of tasks that

(1) connect discrimination & exclusion ?

Iii ) where the usefulness is quantified by Rangi - information ?

Yes
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Expected Utility theory
& Risk Averse Gamblers



• Consider betting on an ensemble of quantum states { = { pH , px }

- Bookmaker offers odds 0K) - for - 1 on state px

A £1 bet on state px will earn £0k) [ it correct state ]

(Quantum state) Betting .

.

• Consider betting on an ensemble of quantum states { = { pH , px }

- Bookmaker offers odds 0K) - for - 1 on state px
- Pays out to /x) on £1 bet if px is state

.

- Gambler will bet proportion
-

blx) of their wealth on state p×

- Expected wealth at end of bet is E1W] = [ P1H BH0H)

• Want to take into account risk aversion of gamblers
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Risk aversion

• Consider state belting on two states : plo) = ¥ , po

ph) = E
, P1

• Bookmaker offer odds : 010) = £100

011) = to

• Gambler bets all money on po , blot = I told = 0

• Expected wealth after bet IE1W] = Ex 1 ✗ £100 = £50

Question : If offered 740 would you walk away from bet ? £30 ? £20 ?

• Rational to have a preference for certain wealth over uncertain wealth

• the smallest amount of money a gambler would accept to walk away is a

measure of their risk aversion

lower figure = more risk averse

higher figure = less risk averse
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Expected utility Theory
• Model behaviour of gamblers by introducing concept of utility = happiness / satisfaction

- Renormalise value of wealth to account for risk tendencies

• ulw) - utility function • For risk averse gamblers , utility grows
slower than wealth .

ulw)
• certain - equivalent wealth w

" is the
ulloo)^. _ _

. . _ . . _ _ _ _ _ _
_ _ _ _ .

- - - - -

amount of wealth that has the same

i utility / happiness / satisfaction as
F-[ulw)] . _ .

_ _ _ _ _ _ . _ .
_ _ _ . . . .

i

"""
""

""""";; """" "" "" " "" ""
I \

into) --
- - - "

"

÷
,

.gg
,

, ,

WCE = u
-1 / Elulw)])

i
i

'

, i i • In expected utility theory agents aim to

0 / E1W] too w maximise expected utility (rather than

woe
Éo expected wealth)

- this is equivalent to maximising
certainty - equivalent wealth . 8



Risk averse gamblers
• Curvature of utility curve determines level of risk aversion

- Coefficient of Relative Risk Aversion Rlw) = - w
E

- invariant under
DW2

DT ulw) → ✗uh + p
Fw - dimensionless

• A gambler that has constant relative risk aversion R has

utility function satisfying R =
- wdI
dw2_

÷

solution : inelastic utility function u±r Iw) =

{VII.
R ≠ 1

In W R = I

• R = 0 : UÉ Iw) = W risk neutral

• R > 0 : UÉ Iw) grows slower than W
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Quantum state betting with
risk averse gamblers



(Quantum state) betting with risk-averse gamblers
• Consider betting on an ensemble of quantum states { = { pH , px }

- Bookmaker offers odds 0K) - for - 1 on state px

- Gambler will bet proportion
-

blx) of their wealth on state p×

- Expected utility of gambler w/ constant relative risk aversion

F- In: HI =

/ [
PH R≠ I

⇐ pH In / BH0H] R = I

- Certainty- equivalent wealth

WY1E, 01×1,61×1)=(uÉ )
"

/ E[uÉ Iw) ]) = {⇐ PH1H-1OH]
' - r)
""

R ≠ I

e. EP1H In [BH0H] R = 1
to



Quantum state betting with risk averse gamblers
• Ensemble : E = { pH , px}

• Odds : OH - for - I

• Resource : Measurement 1M = {Mg }
✗
'

→

• strategy :

> µ ¥
I 2 3 . - -

n

yw - place conditional bet blx '/g)
I - -

depending on side information
px blxtg )

g generated by measurement

• Figure of Merit : maximised certainty equivalent wealth

WE1E, 01×1, 1M) = Max

bag, ⇐PHtr[Mgpx] /bag)o /×))
"R

Recall : this is the amount of money
risk averse gambler would accept to walk

away from bet
.
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Quantification of usefulness in quantum state belting
rat ✗ ¥,

Q: How useful is a given measurement in quantum state betting? /normalised prob .

→ How much can a measurement increase certainty - equivalent wealth ? distribution)

•

log WE1E, OH , M) = DK1P /✗ Ig) It rlx) / plgl) - Dik / P1H 1KH)
Max WEE /E, OH, blx))
b4)

Renyi divergence of orderconditionaIRenyidwergenu~
~

of order ✗ = MR
✗ = 11k
"

✗

¥19TPHK-rkj-kx-k-log-g-plgf.JP1×191%1×1"]
- measure of how

'

far
'

the

bookmakers odds are from
- measure of how

'

far
'

the bookmakers
the true probabilities

odds are from the updated probabilities
given the side information

.

• Renyi parameter ✗ = I determines risk tendency of gambler 12



Constant odds
• In case of constant odds things simplify
- Bookmaker offers 01×1 = c = constant odds rewarded uniformly for guessing state

correctly .

↳ rlx) = nt uniform distribution

Dvr / plxlg ) 11 I / plgl) = ¥,
log[ pig ) /[ PK19 /

*↑ + log n
g

= Hurt / G) + log n

Dur / plx) 11Th ) = ¥, log[ pH£ + log n

= Him /X ) + log n

log WE1E, c ,
'M)

= Hurt ✗ / G) - Hype /× ) = In / ✗ : G)
Max WEE /E, C , blx))
by

Renyi - Arimoto ✗ - mutual
information 13



Risk - neutral gamblers

• R= 0 corresponds to risk neutral gambler

WF1E , ok) , 1M) = Max Tplx)tr[Mgpx] BK19 / 01×1
blxlg ) I

wi" / E, OH , blx)) = [ Pk) BH0H)

- with constant odds ok) = c. = constant

wi" / E
,
c
,
1M ) = c psucc /E, 1M ) success prob . in g. state

discrimination using M

Max WOKE / E. C, blx)) = cmax P1H Best classical
-

guess in 9.

by × state discrimination

→ wi" /E. c
,
1M )

= psncc /E
,
M ) Recovers discrimination

Max wi" / E. c , blx)) may pay
in limit of risk neutral

by players with constant

odds
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unit - risk gamblers
• R= 1 is a special gambler UE1W) = In w

- Equivalent to situation where gambler wants to maximise growth rate of wealth .

wi" /E, 01×1
,
M) = expgpHk[Mgpx] In /b /✗G) 01×1) )

wi" /E. 01×1
,
blx)) = exp [[ P1H In / BH0H))

log wi" / E, 01×1,117 ) = D / plx.gl/IrlHplgI)-DlpHlIrlx) )
Max WYE / E, OH, blx))b4)

= I / ✗ : G) called
'

Golden formula '

• Reaves result that increase in growth rate of wealth equals mutual information w/ side information .
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Negative Renyi parameters &
'

loss games
'

• So far have only considered ✗ ≥ o because R ≥ 0

• Can extend to negative ✗ by considering loss games

- As before ensemble of quantum states { = { pH , px }

- odds now represent losses : OH - for -1 with 01×1 < 0

Gambler must pay out
to /×) when unit stake is placed on slate px

- Gambler will bet proportion
-

blx) of their wealth on state p×

- Risk averse gambler will accept fixed loss W0E < IE1W] so to

walk away from bet

→ uÉlw) = {
_

IW1
""
- I R ≠ ,

I - R
W < 0

- In IW1 R=1

→ WE1E, 01×1, 1M) = Max ⑦ pk)tr[Mgpx] /blxlglolx))
"R < 0

blxtgxg
same as for

→ Risk averse now corresponds to R < O
'

goin
'

games 16



Quantification of usefulness in quantum state betting

• when 01×1 < 0 amount by which gambler can minimise certainty equivalent loss

•

10g WEEK, OH , 'M) = DK1P /⇒ Hrk)) - Dur / plx /g) HR1H / PL91)
Max WEE /E. OH

,
blx))

b4)

4×1 ✗ ¥ ,
≥ ◦

• R → 0 from below limit of risk neutral gambler if 01×1 = c s o

wi" / E, c, 1M ) = Parr /E. M )
Max wi" / E,c, blx)) 4in pH)
by
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Summary & Conclusions



Summary & Conclusions

• Introduced quantum state belting with risk averse gamblers
• shown that usefulness of a measurement in this task is quantified by Rangi - esque quantities
- Renyi parameter interpreted as risk aversion of gambler .

• Generalises previous results on state discrimination & state exclusion

• IDidn't show you) : Result hold for other betting tasks - channel & subchannel betting
- Results are ultimately about usefulness of (classical ) side information

Future work

- Explore more general gambles - i. e. alternative utility functions

- Fully quantum betting tasks ?

- More general investigation of utility theory & risk aversion in quantum information
.

Thank you !
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