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Motivation for HEP (Part I) 

bulk-boundary correspondence via entanglement

HEP (e.g., AdS/CFT):

geometry/gravity at bulk

= correlations/complexity

at boundary 

QI (e.g., MBQC):

lattice geometry/symmetry at bulk

= correlations/space-time complexity/

computational universality at boundary 

Measurement-based quantum computation (MBQC) is a systematic 
way to connect entanglement to computational complexity. 

• analogy with Page-Wooters’s timeless construction of time (Part II)

• complexity = entanglement + classical communication (Part III)



2D cluster states and graph states
1.  For a graph G, 

vertices = qubits,  edges = Ising-type interaction pattern.
degree is the number of edges from a vertex.

3. stabilizer states = graph state, up to local unitaries (not local Clifford).

[ review: Hein et al., quant-ph/0602096]

2. joint eigenstate of N commuting correlation operators for N qubits. 
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two CZs are commuting !

Simple example: 1D cluster state

GHZ state

cluster state
(not GHZ)

Bell state
(max. entangled state)



Key idea of MBQC

Steering quantum information by quantum 
correlation (entanglement)

local measurement by angle  
measurement outcome (with equal probability 1/2)  
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logical rotation around z axis 

single-qubit gate on the cluster state!
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Motivation for HEP (Part II) 

Page-Wootters’s timeless construction of time (1983): precursor of Feynman clock

relative state using a hidden U(1) degree of freedom     in cluster state

Wheeler-DeWitt equation: wavefunction of universe is static.

Entropic time endowed in quantum correlations

Akimasa Miyake
Perimeter Institute for Theoretical Physics, 31 Caroline St. N., Waterloo ON, N2L 2Y5, Canada

(Dated: November 11, 2011)

A possible mechanism of time is formulated by developing an idea of time replaced by quantum
correlations, with the aid of modern quantum information theory. We invent a microscopic model,
where correlations of a closed system are steadily read out as internal, quantum clocks that define
time via their relative phases. The model could realize emergent time evolutions which exhibit
unitarity of quantum theory, while its underlying process is driven entropically. The key quantity
turns out to be the amount of accessible information about the clocks recording past events. By
postulating the so-called data-processing inequality (or strong subadditivity of entropy) as a fun-
damental, physical limitation about how information decays, we propose that conditional entropy
about this past information should be constrained to be a positive constant. The proposal implies
a holographic property of this conditional entropy in an analogous manner with the area law of
entanglement entropy.

I. INTRODUCTION

“Time is what the constant flow of bits of sand in an
hourglass measures,” one says. Although time has been
the most fundamental notion to us from ancient days, it
could not have been treated satisfactorily in the modern
physics. Time is not an ordinary observable (dynamical
variable) in quantum theory, nor thus quantized. The
time evolution generated by the Einstein equation is a
mere di↵eomorphism of the spacetime, and in this regard
it can be said timeless in relativistic theory.

A timeless approach to quantum theory [1, 2] has
showed conceptually how an “evolution” of the system
can be observed in a stationary total state | i. Imag-
ine the universe consists of two parts: a hypothetical
system A which refers to the coordinate time and a reg-
ular system B (which includes the observer). They are
assumed to be constrained to be stationary under a non-
interacting Hamiltonian H = h

A⌦1B�1A⌦h
B ; namely,

the Wheeler-DeWitt like equation H | iAB = 0 is satis-
fied. We define a clock time when the clock A points its
time as t by |tiA = e

ihAt |oiA, with a fiducial zero-time

state |oiA. (Hereafter, the time t should be distinguished
from the ±1 eigenstates, |0µi and |1µi, of the Pauli oper-
ator �µ, which appear with the superscript for an axis µ.)
Then, the state ht| i of the system at the time t obeys
the standard unitary time evolution (with i =

p
�1):

i
@

@t
ht| i = ht|hA⌦1 | i = ht|H +1⌦h

B | i = h
Bht| i.

(1)
In other words, formally the quantum correlation be-
tween the clock and the system is described as

| i =
Z

dt e
ihAt |oiA ⌦ e

�ihBtho| iB . (2)

This can be interpreted as time emerges from the com-
parison (i.e. a relative phase) between two “precessing”
spins.

However, this is not totally satisfactory in several man-
ners. First of all, the clock is not treated operationally

in the framework of quantum theory. Its reference to
the time t is not supposed to be monitored quantum-
mechanically, nor is treated to create information (or en-
tropy) associate with it. The time flow is rather consid-
ered to be absolute (una↵ected from any disturbance),
by ticking steadily, globally and deterministically. Ob-
viously, this is a remote cause to a long-standing puzzle
about the nature of macroscopically-observed time, such
as the second law of thermodynamics.

Here we develop the above idea of time replaced by
quantum correlations [2], according to recent progress of
quantum information and computation theory. We in-
vent an operational model, and scrutinize the changes
of (both quantum and classical) entropies in the elapse
of time which is intrinsically ruled by the correlations.
Our guiding rule is one of the most fundamental features
in information theory: the so-called data-processing in-
equality [3] (or mathematically the strong subadditivity
of entropy). It states conceptually that no correlation
between two parts can be strengthened if they are acted
separately. Our second key idea is to link this funda-
mental limitation on entropy changes with the common
feature of time in quantum theory. Namely, searched is
the condition that the unitary evolution of Eq. (1) is real-
izable steadily, despite the fact that seemingly the global
entropy is kept generating. This brings us an unexpected
constraint on certain conditional entropy, as a generalized
counterpart of the Wheeler-DeWitt constraint. Physi-
cally, it supports an “area law” of accessible information
about the past events, in that it su�ces to signal part of
the past history in compared with the naive “volume law”
that all the information should be accessible. Needless to
say, our area law is quite reminiscent of the conjectured
area law of entanglement entropy, which bases the holo-
graphic picture of our universe.

Finally, we note that our work might be complemen-
tarily helpful to understanding why quantum correlation
should be “limited” among other conceivable probabilis-
tic theories. In particular, it may have sounded, out of
the blue to physicists, that its Tsirelson bound on non-
locality could be related to communication complexity
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Consider a joint system by clock A and system B,

Schroedinger equation of B relative to clock A

hA = �z, hB = �x
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cluster-state example:



Universality in cluster-state MBQC model

proof: 
the universal set of gates {CNOT, SU(2)} is simulatable and 
composable as the circuit model. 
Note that there are no exponential overheads in numbers of qubits, 
local quantum operations, and classical communication (LOCC).

the family of 2D cluster states with various sizes is a universal resource 
in measurement-based quantum computation (MBQC). 

CNOT SU(2) with Euler angles

CNOT
LU

out iny y=iny

Raussendorf, Briegel, PRL 86, 5188 (2001)



Motivation for HEP (Part III) 

Measurement-based quantum computation (MBQC) allows to count space 
and time complexity in terms of entanglement and classical information

cluster model ~ Page-Wootters mechanism + classical communication
Miyake, arXiv:1111.2855 (2011)

Note Holevo theorem: 1 cbit out of 1 qubit

• simulate “time” direction

1 ebit + 2 parallel cbits (teleportation)

• simulate “space” direction

1 ebit + 2 opposite cbits (synchronization of 
local clocks)



(Incomplete) zoo of universal entanglement for MBQC
What kinds of entangled states are computationally universal under LOCC?  

other graph states, connection to graph theory

erations. To see this, let j i be an m-qubit state which is
convertible by LOCC into another m-qubit state j 0i. We
show that Ewd!j i" # Ewd!j 0i". Let T0 be a subcubic tree
such that !T0

!j i" $ Ewd!j i" and let e0 be an edge of T0

such that EAe0
T0

!j 0i" $ !T0
!j 0i". We then have

 Ewd!j i" $ !T0
!j i" # EAe0

T0

!j i" # EAe0
T0

!j 0i"

$ !T0
!j 0i" # Ewd!j 0i": (2)

Using this result, we will show that entanglement width
satisfies property (P1). Let j i and j"i be states onm and n
qubits (m # n), respectively, such that j i # LOCC j"i.
Equivalently, j i can be converted into j"ij% im& n by
means of LOCC and thus Ewd!j i" # Ewd!j"ij% im& n".
As the states j"ij% im& n and j"i have equal entanglement
width, one finds that Ewd!j i" # Ewd!j"i".

Regarding (P2), we show that Ewd!jCk' ki" # log2!k %
2" & 1 using a graph invariant called clique width cwd!G",
since cwd!Ck' k" $ k % 1 if k # 3 [14] and rwd #
log2!cwd % 1" & 1 [13]. Thus, Ewd!jCk' ki" diverges
when k tends to infinity. This leads to the following result.

Theorem 1.—Any universal resource for MQC must
have an unbounded entanglement width.

This result allows us to rule out several classes of graph
states as being nonuniversal resources, namely, all classes
having a bounded rank width. The list of nonuniversal
graph states includes (the reader is referred to the literature
for definitions) cycle graphs, cographs, graphs locally
equivalent to trees, graphs of bounded tree width, graphs
of bounded clique width, or distance-hereditary graphs. In
particular, 1D cluster states jCki are not universal, since
Ewd!jCki" $ 1 for every k [15]. More generally, all graph
states with bounded tree width twd!G" are not universal
[16], which follows from the inequality Ewd!jGi" ( 4 '
2twd!G"& 1 % 1 [17 ]. This also implies that the family of
GHZ states (which correspond to tree graphs) is not a
universal resource. These results support recent findings
that any one-way computation performed on 1D cluster
states or graph states with small tree width can efficiently
be simulated on a classical computer [9 ].

As a second example of a measure satisfying (P1) and
(P2), consider the localizable entanglement ELab!j i" (of an
arbitrary state j i) between pairs of qubits a and b mea-
sured by the concurrence [19 ]. This quantity is an entan-
glement monotone for 2 ' 2 ' l systems [20] and also
fulfills property (P1). As ELab!jCk' ki" $ 1 for every pair
of qubits a and b, deterministic generation of cluster states
by means of LOCC requires as a necessary (but by no
means sufficient) condition that there exists at least one
pair of qubits in the system having unit localizable entan-
glement. This simple condition already identifies numer-
ous nonuniversal resources, such as, e.g., the family of W
states. A stronger condition can be obtained by considering
the maximal size NLE!j i" of a subset of qubits in the
system in which all pairs of qubits have unit localizable

entanglement. AsNLE!j i" fulfills (P1) andNLE!jCk' ki" $
k2, it follows that the measure NLE!j i" must grow un-
boundedly on any universal resource. In particular, this
implies that any class of states associated with some ge-
ometry for which the localizable entanglement ELab exhib-
its a decay with the distance k xa & xb k cannot be
universal resource; e.g., ground states of strongly corre-
lated spin systems on any type of lattice where the above
decay of ELab is observed are not universal. Notice that even
a diverging entanglement length is not sufficient to guar-
antee universality.

Examples of universal resources.—We now turn to the
second main part of our analysis, where we obtain ex-
amples of families of states which are universal resources.
In particular, we show

Theorem 2.—The graph states corresponding to the hex-
agonal, triangular, and Kagome lattices are universal.

The proof is given in Fig. 1. We remark that other
universal resource states have been presented [8 ] based
on nonuniform lattice structures (see also [21] ), where
each gate in a universal set of unitary gates can be imple-
mented by local measurements on an elementary unit and
these units are combined (bottom-up approach). Here we
use a different approach, where we prove universality by
explicitly constructing LOCC protocols that yield the 2D
cluster state (top-down approach). The proofs are based on
successive applications of simple rules how to update a
graph when applying certain local operations on the cor-
responding graph state [11], where we only use local
complementation (inversion of neighborhood graph) and
vertex deletion, corresponding to #y and #z measure-

(a) (b)

(c)

3 21

(d)

FIG. 1 (color online). Graph states corresponding to
(a) hexagonal, (b) triangular, and (c) Kagome lattices are uni-
versal for MQC. LOCC transformation from (a) to (d) (2D
cluster) via (b) and (c) is indicated, where simple graph rules
can be used (#y and #z measurements are displayed by ! and ",
respectively).

PRL 97, 150504 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
13 OCTOBER 2006

150504-3

Van den Nest 
et al., 2006

AKLT states by two-body Hamiltonian (with 
exp. decaying two-point correlation)

Wei, Affleck, 
Raussendorf, 2011;
Miyake 2011

tensor network states

Gross, Eisert, 2007
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pared by mutually commuting unitaries (technically a quan-
tum cellular automaton (QCA) [12]). Commutativity enables
one to logically break down a QCC-calculation into small
parts corresponding to individual gates; however, it implies
severe restrictions, such as that the correlations vanish com-
pletely outside some neighborhood. Hence our framework can
prove universality for states not amenable to any QCA-based
technique. (ii) We treat a universal weighted graph state with
partly weakly entangled bonds. (iii) In the final part – using
different techniques – we present a family of states which are
universal, yet are locally arbitrarily close to a pure state.
Matrix product states. – Starting point in the 1-D setting

is the familiar notion of a matrix product state (MPS) [10].
We will first look at the simple case of a chain of n qubits.
Its state is specified by (i) an auxiliaryD-dimensional Hilbert
space, called correlation space, (ii) two operators A[0], A[1]
on CD , and (iii) two vectors |L⟩, |R⟩ representing boundary
conditions. One has explicitly

|Ψ⟩ =
∑

s1,...,sn=0,1

⟨R|A[sn] . . . A[s1]|L⟩ |s1, . . . , sn⟩. (1)

In order to generalize Eq. (1) to 2-D lattices, we need to
cast it into the form of a tensor network. Setting Li =
⟨i|L⟩, A[s]i,j = ⟨j|A|i⟩, we arrive at ⟨s1, . . . , sn|Ψ⟩ =
∑D

i0,...,in
Li0A[s1]i0,i1 . . . A[sn]in−1,in

R†
in
.

Computational tensor networks. –While the 1-D setting is
awkward enough, the 2-D equivalent is completely unintelli-
gible. To cure this problem, we introduce a graphical notation
[15] which enables an intuitive understanding beyond the 1-D
case. Tensors will be represented by boxes, indices by edges:

Lr = L , A[s]l,r = A[s] , R†
l = R† .

A single-index tensor can be interpreted as the expansion co-
efficients of either a “ket” or a “bra”. Sometimes, we will in-
dicate what interpretation we have in mind by placing arrows
on the edges: outgoing arrows designating “kets”, incoming
arrows “bras”. Connected arrows designate contractions of
the respective indices. If |φ⟩ is a general state vector in C2,
we abbreviate ⟨φ|0⟩A[0] + ⟨φ|1⟩A[1] by A[φ]. The overlap
of |Ψ⟩ with a local projection operator is easily derived:

(

n
⊗

i

⟨φi|
)

|Ψ⟩ = L !! A[φ1] !! . . . !! A[φn] !! R† . (2)

Eq. (2) should be read as follows: Initially, the correlation
system is in the state |L⟩. Subsequent measurements of local
observables with eigenvectors |φi⟩ at the i-th site induce the
evolution A[φi], thereby “processing” the state in the correla-
tion space. The probability of a certain sequence of measure-
ments to occur is given by the overlap of the resulting state
vector with |R⟩. An appealing perspective on MBC suggests
itself: Measurement-based computing takes place in corre-
lation space; the gates acting on the correlation systems are
determined by local measurements. The crucial new insight
compared to previous treatments of MPS and PEPS in the
context of many-body physics [10, 11] or MBC [8] is that

the matrices used in the parametrization of an MPS can be
directly understood as quantum gates on a logical space. We
will refer to this representation of MBC, as a computational
tensor network (CTN).
The graphical notation greatly facilitates the passage to 2-D

lattices. Here, the tensorsA[0/1] have four indicesA[s]l,d,r,u,
which will be contracted with the indices of the left, right,
upper and lower neighboring tensors respectively:

⟨s1,1, . . . , s2,2|Ψ⟩ =

U U

L !! A[s1,1]

""

!! A[s2,1]

""

!! R

L !! A[s1,2]

""

!! A[s2,2]

""

!! R

D

""

D

""

(3)

for various boundary conditions L, D, R, U . Notably, it is
known [11] that classical computers cannot efficiently per-
form the contraction appearing in Eq. (3). This fact is an
incarnation of the power of quantum computers and no prob-
lem to our approach. We will now describe several examples,
demonstrating the versatility of our framework and showing
how – surprisingly – many reasonable assumptions about uni-
versal resources turn out to be unnecessary. In what follows,
we use the standard notation X, Y, Z for the Pauli operators,
H for the Hadamard gate and S = diag(1, i) for the π/4-
gate. The controlled φ-phase gate is |0, 0⟩⟨0, 0|+|0, 1⟩⟨0, 1|+
|1, 0⟩⟨1, 0|+ eiφ|1, 1⟩⟨1, 1|. Lastly, |±⟩ = 2−1/2(|0⟩± |1⟩).
Two-point correlations. – Here we consider a resource with

exponentially decaying correlation functions, in a way as it
occurs in ground states, but not in states resulting from a QCA.
To be brief, we first describe a 1-D setting, turning to 2-D
structures later. Define G := exp(iπ/kX) for some integer
k > 2. The relations

!! A[s] !! = G|s⟩r⟨s|l, |L⟩ = |+⟩, |R⟩ = G−1|+⟩

define a state vector |Ψ⟩ for a chain of qubits. The two-point
correlations never vanish completely: One finds [10] that

⟨ZiZi+n+1⟩ − ⟨Zi⟩ ⟨Zi+n+1⟩ ∝ ξn,

where ξ = 2 sin2(π/k) − 1. Still, all single-qubit unitaries
on the correlation system can be realized by local physical
measurements. Ignoring global factors (as we will do when
possible), one computes:

!! A[+] !!= G, !! A[−] !!= GZ; !! A[X ] !!= GZx,

where the r.h.s. is a compact notation for the two equations
on the left: An observable as the argument to A[ ] denotes a
measurement in the corresponding eigenbasis. The outcome
of the measurement is assigned to a variable; here x = 0 in
case of the +1-eigenvalue and x = 1 in case of −1. Local
X-basis measurements hence cause the state of the correla-
tion system to be transported from left to right (up to local
unitaries). When measuring several consecutive sites in the
X-basis, the overall operator applied to the correlation system

symmetry-protected topologically ordered 
(SPTO) phase

Miyake 2010;
Else et al., 2012;
Miller, Miyake, 2015;
Stephen et al., 2017;
Raussendorf et al., 
2019 ß newly for 2Dboundarybulk



Motivations for HEP  

bulk-boundary correspondence via entanglement

HEP (e.g., AdS/CFT):

geometry/gravity at bulk

= correlations/complexity

at boundary 

QI (e.g., MBQC):

lattice geometry/symmetry at bulk

= correlations/space-time complexity/

computational universality at boundary 

Measurement-based quantum computation (MBQC) is a systematic 
way to connect entanglement to computational complexity. 

• analogy with Page-Wooters’s timeless construction of time (Part II)

• complexity = entanglement + classical communication (Part III)

What kinds of entangled states are computationally universal under LOCC?  



2D SPTO phase of cluster states by sublattice symmetry

working with

Austin Daniel
Rafael Alexander



Symmetry-protected topological order
• Symmetry
• Family of states with a common symmetry
• Generally consider finite abelian groups         such as copies of         .

• Global symmetries act in an “on-site” manner.

• -type symmetries of cluster states define SPTO.
• Want to do MBQC in a way that is compatible with symmetry.
• Mainly restrict to X- measurements. (non-network MBQC)

136/18/19
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<latexit sha1_base64="Hq/RVsoWQOndhZrugh9SUCogKkE=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrY0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2lzjc8=</latexit><latexit sha1_base64="Hq/RVsoWQOndhZrugh9SUCogKkE=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrY0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2lzjc8=</latexit><latexit sha1_base64="Hq/RVsoWQOndhZrugh9SUCogKkE=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrY0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2lzjc8=</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

u(g)
<latexit sha1_base64="Hq/RVsoWQOndhZrugh9SUCogKkE=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrY0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2lzjc8=</latexit><latexit sha1_base64="Hq/RVsoWQOndhZrugh9SUCogKkE=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrY0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2lzjc8=</latexit><latexit sha1_base64="Hq/RVsoWQOndhZrugh9SUCogKkE=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrY0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2lzjc8=</latexit>

S(g)
<latexit sha1_base64="SwYjsx4LTdTevaxu9g1GA3wNOTI=">AAACEnicbVDLSsNAFL3xWeur6tLNYBHqpiRV0GXRjcuK9gFtKJPJpB06yYSZiRJCf8GVoN/iTtz6A36KOydtF7b1wIXDOfdy7z1ezJnStv1trayurW9sFraK2zu7e/ulg8OWEokktEkEF7LjYUU5i2hTM81pJ5YUhx6nbW90k/vtRyoVE9GDTmPqhngQsYARrHPpvjI465fKdtWeAC0TZ0bKMEOjX/rp+YIkIY004ViprmPH2s2w1IxwOi72EkVjTEZ4QLuGRjikys0mt47RqVF8FAhpKtJoov6dyHCoVBp6pjPEeqgWvVz8z+smOrhyMxbFiaYRmS4KEo60QPnjyGeSEs1TQzCRzNyKyBBLTLSJZ26L5wnuz72RPWGVmqvGJitnMZll0qpVnfNq7e6iXL+epVaAYziBCjhwCXW4hQY0gcAQnuEV3qwX6936sD6nrSvWbOYI5mB9/QKggJ6f</latexit>

= Onsite representation

= Global representation

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>



Symmetry-protected topological order
• Topological
• For periodic boundary conditions the ground state is unique

invariant under global X’s (      ), or even-site X’s and odd-site X’s (                 ) 

• Degeneracy of ground states occurs for open boundary (fractionalized edge states)

H = �
NX

j=1

Zj�1XjZj+1

<latexit sha1_base64="IL77svgPSjp+ibZBgz4nGszLcMg=">AAACIHicbZDLSsNAFIYn9VbrLerSzWApCNKSVEE3haKbrqSCvWAbw2Q6baedXJiZCCXkCXwL38CtvoA7calrH8RJ2oVt/WHg4z/ncM78TsCokIbxpWVWVtfWN7Kbua3tnd09ff+gKfyQY9LAPvN520GCMOqRhqSSkXbACXIdRlrO+Dqptx4JF9T37uQkIJaLBh7tU4yksmy9UIMVWOyK0LWjUcWMH27gvaKiGcO2PUr51IxtPW+UjFRwGcwZ5MFMdVv/6fZ8HLrEk5ghITqmEUgrQlxSzEic64aCBAiP0YB0FHrIJcKK0u/EsKCcHuz7XD1PwtT9OxEhV4iJ66hOF8mhWKwl5n+1Tij7l1ZEvSCUxMPTRf2QQenDJBvYo5xgySYKEOZU3QrxEHGEpUpwbovj+KyXxGIuhrAMzXLJPCuVb8/z1atZQFlwBI7BCTDBBaiCGqiDBsDgCbyAV/CmPWvv2of2OW3NaLOZQzAn7fsXaOWh7A==</latexit>

H = �
N�1X

j=2

Zj�1XjZj+1

<latexit sha1_base64="ws/yvW9GuufufFCnOUpp+LulXGA="></latexit>

.  .  .

*Local Hamiltonian terms 
give complete set of 
commuting observables.
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Z2 ⇥ Z2
<latexit sha1_base64="2l/FfIxcTJmPWACC7A4dLwoE2Po=">AAACGXicbVDLSsNAFJ3UV62vqEtBgkVwVZIq6LLoxmUF+8AmhJnJpB06yYSZiVBCdv6Ff+BWf8CduHXl3g9x0mZhWw8MHM65l3PnoIRRqWz726isrK6tb1Q3a1vbO7t75v5BV/JUYNLBnHHRR1ASRmPSUVQx0k8EgRFipIfGN4XfeyRCUh7fq0lCvAgOYxpSDJWWfPPYjaAaIZQ95H7TVTQi8q/im3W7YU9hLROnJHVQou2bP27AcRqRWGEGpRw4dqK8DApFMSN5zU0lSSAewyEZaBpDHehl03/k1qlWAivkQr9YWVP170YGIyknEdKTxY1y0SvE/7xBqsIrL6NxkioS41lQmDJLcasoxQqoIFixiSYQC6pvtfAICoiVrm4uBSHOglzX4iyWsEy6zYZz3mjeXdRb12VBVXAETsAZcMAlaIFb0AYdgMETeAGv4M14Nt6ND+NzNloxyp1DMAfj6xcbDaGP</latexit>

Z2
<latexit sha1_base64="oVYu6iNKmYW3QqRLtQjMsWgihmE=">AAACBXicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oGdoSSZTBuaSYYkI5Sha//Arf6AO3Hrd7j3Q8y0s7CtBy4czrmXezg44Uwb1/12SmvrG5tb5e3Kzu7e/kH18KijZaoIbRPJpephpClngrYNM5z2EkVRjDnt4vFt7nefqNJMigczSWgQo6FgESPIWMn3Y2RGGGeP00FjUK25dXcGuEq8gtRAgdag+uOHkqQxFYZwpHXfcxMTZEgZRjidVvxU0wSRMRrSvqUCxVQH2SzzFJ5ZJYSRVHaEgTP170WGYq0nMbabeUa97OXif14/NdF1kDGRpIYKMn8UpRwaCfMCYMgUJYZPLEFEMZsVkhFSiBhb08IXjCUPp7YWb7mEVdJp1L2LeuP+sta8KQoqgxNwCs6BB65AE9yBFmgDAhLwAl7Bm/PsvDsfzud8teQUN8dgAc7XLxF0mX8=</latexit>

XL = X1Z2 ' ⌦jX2j+1
<latexit sha1_base64="dYrFphqRcRCYN1vCJDpzfeDrCz0=">AAACDHicbVC7SgNBFL3rM8ZX1NJmMAqCEHbTaCMEbSwsIphkMRuX2clsMsnsw5lZISz5ABt/xUZEEcHKD7DzQ+ydPApNvDDM4ZxzufceL+ZMKtP8MmZm5+YXFjNL2eWV1bX13MZmVUaJILRCIh4J28OSchbSimKKUzsWFAcepzWvezrQa7dUSBaFl6oX00aAWyHzGcFKU24ub1+fH9uudeUWkSNZQG+cSOlPuh1ku2mxc2D1tcssmMNC08Aag3xp9/vpHQDKbu7TaUYkCWioCMdS1i0zVo0UC8UIp/2sk0gaY9LFLVrXMMR6XiMdHtNHe5ppIj8S+oUKDdnfHSkOpOwFnnYGWLXlpDYg/9PqifKPGikL40TRkIwG+QlHKkKDZFCTCUoU72mAiWB6V0TaWGCidH5ZHYI1efI0qBYLllmwLnQaJzCqDGzDDuyDBYdQgjMoQwUI3MEDPMOLcW88Gq/G28g6Y4x7tuBPGR8/mxSc/g==</latexit><latexit sha1_base64="UZyrzjqx2ry8rokXaVdHqGd8ako=">AAACDHicbVDLSgMxFM3UV219VF26CVZBEMqkG90IRTcuXFSw7WCnDpk006bNPEwyhTL0A9z4K25EFHEl+AHu/BBdmz4W2noh5HDOudx7jxtxJpVpfhqpufmFxaX0cia7srq2ntvYrMowFoRWSMhDYblYUs4CWlFMcWpFgmLf5bTmdk+Heq1HhWRhcKn6EW34uBUwjxGsNOXk8tb1+bHloCunCG3JfHpjh0p/0ulAy0mKnQM00C6zYI4KzgI0AfnS7tfjWy/7XXZyH3YzJLFPA0U4lrKOzEg1EiwUI5wOMnYsaYRJF7doXcMA63mNZHTMAO5ppgm9UOgXKDhif3ck2Jey77va6WPVltPakPxPq8fKO2okLIhiRQMyHuTFHKoQDpOBTSYoUbyvASaC6V0haWOBidL5ZXQIaPrkWVAtFpBZQBc6jRMwrjTYBjtgHyBwCErgDJRBBRBwC+7BE3g27owH48V4HVtTxqRnC/wp4/0Hk7SeeA==</latexit><latexit sha1_base64="UZyrzjqx2ry8rokXaVdHqGd8ako=">AAACDHicbVDLSgMxFM3UV219VF26CVZBEMqkG90IRTcuXFSw7WCnDpk006bNPEwyhTL0A9z4K25EFHEl+AHu/BBdmz4W2noh5HDOudx7jxtxJpVpfhqpufmFxaX0cia7srq2ntvYrMowFoRWSMhDYblYUs4CWlFMcWpFgmLf5bTmdk+Heq1HhWRhcKn6EW34uBUwjxGsNOXk8tb1+bHloCunCG3JfHpjh0p/0ulAy0mKnQM00C6zYI4KzgI0AfnS7tfjWy/7XXZyH3YzJLFPA0U4lrKOzEg1EiwUI5wOMnYsaYRJF7doXcMA63mNZHTMAO5ppgm9UOgXKDhif3ck2Jey77va6WPVltPakPxPq8fKO2okLIhiRQMyHuTFHKoQDpOBTSYoUbyvASaC6V0haWOBidL5ZXQIaPrkWVAtFpBZQBc6jRMwrjTYBjtgHyBwCErgDJRBBRBwC+7BE3g27owH48V4HVtTxqRnC/wp4/0Hk7SeeA==</latexit><latexit sha1_base64="0C7ttT80wnRsbrzTPb+F+iz7ZpY=">AAACDHicbVC7TsMwFHV4lvIqMLJYVEhISFXcBRakChYGhiLRNqIJkeM6rVsnDraDVEX9ABZ+hYUBhFj5ADb+BrfNAC1Xsnx0zrm6954g4Uxp2/62FhaXlldWC2vF9Y3Nre3Szm5TiVQS2iCCC+kEWFHOYtrQTHPqJJLiKOC0FQwuxnrrgUrFRHyjhwn1ItyNWcgI1obyS2Xn7urM8dGtX4WuYhG9d4U2n/L70PGzav8YjYzLrtiTgvMA5aAM8qr7pS+3I0ga0VgTjpVqIzvRXoalZoTTUdFNFU0wGeAubRsYYzPPyybHjOChYTowFNK8WMMJ+7sjw5FSwygwzgjrnprVxuR/WjvV4amXsThJNY3JdFCYcqgFHCcDO0xSovnQAEwkM7tC0sMSE23yK5oQ0OzJ86BZrSC7gq7tcu08j6MA9sEBOAIInIAauAR10AAEPIJn8ArerCfrxXq3PqbWBSvv2QN/yvr8AdCkmi8=</latexit>

ZL = Z1 ' ⌦jX2j
<latexit sha1_base64="ujATPpRnbeQMjEfsj7Y20crqgFg=">AAACB3icbVC7SgNBFL0bXzG+opaCDEbBKuym0UYI2lhYRDAPkl2X2ckkmWT24cysEJZ0Nv6KjYUSLPUX7PwQeyePQhMPDHM4517uvceLOJPKNL+M1MLi0vJKejWztr6xuZXd3qnIMBaElknIQ1HzsKScBbSsmOK0FgmKfY/Tqte7GPnVeyokC4Mb1Y+o4+N2wFqMYKUlN7tfv706q7sWsiXz6Z0dKv1Jt4tqblLoDtxszsybY6B5Yk1Jrnj4PXwHgJKb/bSbIYl9GijCsZQNy4yUk2ChGOF0kLFjSSNMerhNG5oGWE9zkvEdA3SklSZqhUK/QKGx+rsjwb6Ufd/TlT5WHTnrjcT/vEasWqdOwoIoVjQgk0GtmCMVolEoqMkEJYr3NcFEML0rIh0sMFE6uowOwZo9eZ5UCnnLzFvXOo1zmCANe3AAx2DBCRThEkpQBgIP8AQv8Go8Gs/G0HiblKaMac8u/IHx8QPDtJuJ</latexit><latexit sha1_base64="VUM6RW18AD4C0gyLlkrjtC4BCTk=">AAACB3icbVC7TsMwFHV4lpZHgBEJWRQkpirpAgtSBQsDQ5HoQ21C5Lhu69Zxgu1UqqJuLPwKCwOoYkX8ARsfAjPuY4CWI1k+Oude3XuPHzEqlWV9GguLS8srq6m1dGZ9Y3PL3N4pyzAWmJRwyEJR9ZEkjHJSUlQxUo0EQYHPSMXvXoz8So8ISUN+o/oRcQPU4rRJMVJa8sz92u3VWc2zoSNpQO6cUOlPeh1Y9ZJ8Z+CZWStnjQHniT0l2cLh1/C9l/kueuaH0whxHBCuMENS1m0rUm6ChKKYkUHaiSWJEO6iFqlrypGe5ibjOwbwSCsN2AyFflzBsfq7I0GBlP3A15UBUm05643E/7x6rJqnbkJ5FCvC8WRQM2ZQhXAUCmxQQbBifU0QFlTvCnEbCYSVji6tQ7BnT54n5XzOtnL2tU7jHEyQAnvgABwDG5yAArgERVACGNyDR/AMXowH48kYGq+T0gVj2rML/sB4+wG8VJ0D</latexit><latexit sha1_base64="VUM6RW18AD4C0gyLlkrjtC4BCTk=">AAACB3icbVC7TsMwFHV4lpZHgBEJWRQkpirpAgtSBQsDQ5HoQ21C5Lhu69Zxgu1UqqJuLPwKCwOoYkX8ARsfAjPuY4CWI1k+Oude3XuPHzEqlWV9GguLS8srq6m1dGZ9Y3PL3N4pyzAWmJRwyEJR9ZEkjHJSUlQxUo0EQYHPSMXvXoz8So8ISUN+o/oRcQPU4rRJMVJa8sz92u3VWc2zoSNpQO6cUOlPeh1Y9ZJ8Z+CZWStnjQHniT0l2cLh1/C9l/kueuaH0whxHBCuMENS1m0rUm6ChKKYkUHaiSWJEO6iFqlrypGe5ibjOwbwSCsN2AyFflzBsfq7I0GBlP3A15UBUm05643E/7x6rJqnbkJ5FCvC8WRQM2ZQhXAUCmxQQbBifU0QFlTvCnEbCYSVji6tQ7BnT54n5XzOtnL2tU7jHEyQAnvgABwDG5yAArgERVACGNyDR/AMXowH48kYGq+T0gVj2rML/sB4+wG8VJ0D</latexit><latexit sha1_base64="o/clBCTuau+dsI7M2s339ENjPZo=">AAACB3icbVC7TsMwFHXKq5RXgBEJWVRITFXSBRakChYGhiLRh9qGyHGd1q1jB9tBqqJuLPwKCwMIsfILbPwNbpsBWo5k+eice3XvPUHMqNKO823llpZXVtfy64WNza3tHXt3r65EIjGpYcGEbAZIEUY5qWmqGWnGkqAoYKQRDC8nfuOBSEUFv9WjmHgR6nEaUoy0kXz7sHV3fd7yXdhRNCL3HaHNp/wBbPppeTD27aJTcqaAi8TNSBFkqPr2V6crcBIRrjFDSrVdJ9ZeiqSmmJFxoZMoEiM8RD3SNpQjM81Lp3eM4bFRujAU0jyu4VT93ZGiSKlRFJjKCOm+mvcm4n9eO9HhmZdSHieacDwbFCYMagEnocAulQRrNjIEYUnNrhD3kURYm+gKJgR3/uRFUi+XXKfk3jjFykUWRx4cgCNwAlxwCirgClRBDWDwCJ7BK3iznqwX6936mJXmrKxnH/yB9fkD+USYug==</latexit>

bulk-boundary correspondence 
in MBQC:
universality at boundary in 
terms of bulk entanglement 



Symmetry-protected topological order

• Topological considerations of symmetry

• For 1D SPTO the symmetry is represented projectively at the boundary

• The only non-trivial projective representation of                  is equivalent to the 
Pauli matrices.
• For each copy of                  we get a qubit degree of freedom at the edge!
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Linear Representation

Projective Representation

u(g)u(h) = u(gh)
<latexit sha1_base64="n74D/IStDlYMXWyj9PGM4ROkBgs=">AAAB+XicbZDJSgNBEIZr4hbjNurRS5MgJAhhRg96EYJePEYwCyRD6On0JE16FnoJDEPewqMXD4p49U285W3sLAdN/KHh468qqvr3E86kcpypldvY3Nreye8W9vYPDo/s45OmjLUgtEFiHou2jyXlLKINxRSn7URQHPqctvzR/azeGlMhWRw9qTShXogHEQsYwcpYPdvW5UFFl4cVdIsMDis9u+RUnbnQOrhLKNWK3YvnaS2t9+zvbj8mOqSRIhxL2XGdRHkZFooRTieFrpY0wWSEB7RjMMIhlV42v3yCzo3TR0EszIsUmru/JzIcSpmGvukMsRrK1drM/K/W0Sq48TIWJVrRiCwWBZojFaNZDKjPBCWKpwYwEczcisgQC0yUCatgQnBXv7wOzcuqe1V1H00ad7BQHs6gCGVw4Rpq8AB1aACBMbzAG7xbmfVqfVifi9actZw5hT+yvn4AxeSUxg==</latexit>

V (g)V (h) = !(g, h)V (gh)
<latexit sha1_base64="Udg+W+qq6mOt6eQnh/krzkFynaA=">AAACBHicbVDLSsNAFJ3UV62vqMtuhhYhRSmJLnQjFN24rGDTQhPKZDpJhk4ezEyEELpw4xf4D25cKOLWj3DXv3H6WGj1wIXDOfdy7z1eyqiQpjnRSiura+sb5c3K1vbO7p6+f2CLJOOYdHDCEt7zkCCMxqQjqWSkl3KCIo+Rrje6nvrde8IFTeI7mafEjVAQU59iJJU00Ku2ETRsI2zAS+gkEQmQEZyESgnCxkCvm01zBviXWAtSb9Wc46dJK28P9C9nmOAsIrHEDAnRt8xUugXikmJGxhUnEyRFeIQC0lc0RhERbjF7YgyPlDKEfsJVxRLO1J8TBYqEyCNPdUZIhmLZm4r/ef1M+hduQeM0kyTG80V+xqBM4DQROKScYMlyRRDmVN0KcYg4wlLlVlEhWMsv/yX2adM6a1q3Ko0rMEcZVEENGMAC56AFbkAbdAAGD+AZvII37VF70d61j3lrSVvMHIJf0D6/Aap1mIg=</latexit>

where !(g, h) 2 U(1)
<latexit sha1_base64="3aKkTWbqExhxg49tx2LZOqUWeck=">AAACDnicbVA9SwNBEN3z2/gVtbRZEoSIEu600DJoY6lgVMiFsLeZJIu7e8funBqO+AdsLPwjNhaK2Frb+W/cfBRqfDDweG+GmXlRIoVF3//yJianpmdm5+ZzC4tLyyv51bVzG6eGQ5XHMjaXEbMghYYqCpRwmRhgKpJwEV0d9f2LazBWxPoMuwnUFWtr0RKcoZMa+c0Q4RaNym46YIDS3l0YK2izUnuns0VDoWm1FGw18kW/7A9Ax0kwIsVKIdx+/Kp0Txr5z7AZ81SBRi6ZtbXAT7CeMYOCS+jlwtRCwvgVa0PNUc0U2Ho2eKdHN53SpK3YuNJIB+rPiYwpa7sqcp2KYcf+9frif14txdZBPRM6SRE0Hy5qpZJiTPvZ0KYwwFF2HWHcCHcr5R1mGEeXYM6FEPx9eZyc75aDvXJw6tI4JEPMkQ1SICUSkH1SIcfkhFQJJ/fkibyQV+/Be/bevPdh64Q3mlknv+B9fANjOJ33</latexit>

•

→

→

Z2 ⇥ Z2
<latexit sha1_base64="2l/FfIxcTJmPWACC7A4dLwoE2Po=">AAACGXicbVDLSsNAFJ3UV62vqEtBgkVwVZIq6LLoxmUF+8AmhJnJpB06yYSZiVBCdv6Ff+BWf8CduHXl3g9x0mZhWw8MHM65l3PnoIRRqWz726isrK6tb1Q3a1vbO7t75v5BV/JUYNLBnHHRR1ASRmPSUVQx0k8EgRFipIfGN4XfeyRCUh7fq0lCvAgOYxpSDJWWfPPYjaAaIZQ95H7TVTQi8q/im3W7YU9hLROnJHVQou2bP27AcRqRWGEGpRw4dqK8DApFMSN5zU0lSSAewyEZaBpDHehl03/k1qlWAivkQr9YWVP170YGIyknEdKTxY1y0SvE/7xBqsIrL6NxkioS41lQmDJLcasoxQqoIFixiSYQC6pvtfAICoiVrm4uBSHOglzX4iyWsEy6zYZz3mjeXdRb12VBVXAETsAZcMAlaIFb0AYdgMETeAGv4M14Nt6ND+NzNloxyp1DMAfj6xcbDaGP</latexit>

XY = iZ
<latexit sha1_base64="R84NoeZGQKeEHv3k4Wp7ILRYuq8=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0ItQ9OKxgmmrbSibzaZdutkNuxuhhIL/wKv+AW/i1b/i3R/its3Btj4YeLw3w8y8IGFUacf5tgorq2vrG8XN0tb2zu5eef+gqUQqMfGwYEK2A6QIo5x4mmpG2okkKA4YaQXDm4nfeiJSUcHv9Sghfoz6nEYUI20kr/1wRR975YpTdaawl4mbkwrkaPTKP91Q4DQmXGOGlOq4TqL9DElNMSPjUjdVJEF4iPqkYyhHMVF+Nj12bJ8YJbQjIU1xbU/VvxMZipUaxYHpjJEeqEVvIv7ndVIdXfoZ5UmqCcezRVHKbC3syed2SCXBmo0MQVhSc6uNB0girE0+c1uCQLBwbGJxF0NYJs1a1T2r1u7OK/XrPKAiHMExnIILF1CHW2iABxgovMArvFnP1rv1YX3OWgtWPnMIc7C+fgE7BJY9</latexit>

xy = z
<latexit sha1_base64="wQCryW4c+RBU64abYHxinQM4YSM=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZIq6EYounFZwT6gDWUymbRDJzNhZiLGUPwDt/oD7sSt3+LeD3HSdmFbD1w4nHMv997jx4wq7TjfVmFldW19o7hZ2tre2d0r7x+0lEgkJk0smJAdHynCKCdNTTUjnVgSFPmMtP3RTe63H4hUVPB7ncbEi9CA05BipHPpMb166pcrTtWZwF4m7oxUYIZGv/zTCwROIsI1ZkipruvE2suQ1BQzMi71EkVihEdoQLqGchQR5WWTW8f2iVECOxTSFNf2RP07kaFIqTTyTWeE9FAtern4n9dNdHjpZZTHiSYcTxeFCbO1sPPH7YBKgjVLDUFYUnOrjYdIIqxNPHNbfF+wYGxicRdDWCatWtU9q9buziv161lARTiCYzgFFy6gDrfQgCZgGMILvMKb9Wy9Wx/W57S1YM1mDmEO1tcvBwuWKg==</latexit>

Linear Rep.

Projective Rep.

Z2 ⇥ Z2
<latexit sha1_base64="2l/FfIxcTJmPWACC7A4dLwoE2Po=">AAACGXicbVDLSsNAFJ3UV62vqEtBgkVwVZIq6LLoxmUF+8AmhJnJpB06yYSZiVBCdv6Ff+BWf8CduHXl3g9x0mZhWw8MHM65l3PnoIRRqWz726isrK6tb1Q3a1vbO7t75v5BV/JUYNLBnHHRR1ASRmPSUVQx0k8EgRFipIfGN4XfeyRCUh7fq0lCvAgOYxpSDJWWfPPYjaAaIZQ95H7TVTQi8q/im3W7YU9hLROnJHVQou2bP27AcRqRWGEGpRw4dqK8DApFMSN5zU0lSSAewyEZaBpDHehl03/k1qlWAivkQr9YWVP170YGIyknEdKTxY1y0SvE/7xBqsIrL6NxkioS41lQmDJLcasoxQqoIFixiSYQC6pvtfAICoiVrm4uBSHOglzX4iyWsEy6zYZz3mjeXdRb12VBVXAETsAZcMAlaIFb0AYdgMETeAGv4M14Nt6ND+NzNloxyp1DMAfj6xcbDaGP</latexit>

6/18/19



Phase of symmetry-protected topological order
• Symmetry-protected
• No symmetry respecting perturbation can lift the degeneracy.
• Ground states in same phase related by a symmetric local unitary (SLU).

• No intrinsic topological order!
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{
constant-depth local quantum circuit

X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 82,
1555138 (2010).6/18/19



Symmetries of 2D cluster states
• Cluster states have many fancy symmetries
• Biggest symmetry group is full stabilizer group.

• Smallest is global        symmetry.
• Apply all stabilizers!
• One symmetry generator

176/18/19

S = h{Xv

O

l2N (v)

Zl |8v}i
<latexit sha1_base64="AviGzYzArZ0GmhqgQz8RpGd/RaY="></latexit>

Z2
<latexit sha1_base64="oVYu6iNKmYW3QqRLtQjMsWgihmE=">AAACBXicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oGdoSSZTBuaSYYkI5Sha//Arf6AO3Hrd7j3Q8y0s7CtBy4czrmXezg44Uwb1/12SmvrG5tb5e3Kzu7e/kH18KijZaoIbRPJpephpClngrYNM5z2EkVRjDnt4vFt7nefqNJMigczSWgQo6FgESPIWMn3Y2RGGGeP00FjUK25dXcGuEq8gtRAgdag+uOHkqQxFYZwpHXfcxMTZEgZRjidVvxU0wSRMRrSvqUCxVQH2SzzFJ5ZJYSRVHaEgTP170WGYq0nMbabeUa97OXif14/NdF1kDGRpIYKMn8UpRwaCfMCYMgUJYZPLEFEMZsVkhFSiBhb08IXjCUPp7YWb7mEVdJp1L2LeuP+sta8KQoqgxNwCs6BB65AE9yBFmgDAhLwAl7Bm/PsvDsfzud8teQUN8dgAc7XLxF0mX8=</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>Z<latexit sha1_base64="hh3Fg6RWJKKJ/IkYwJ9j+pswSCE=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfWAbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CFLCU5A==</latexit>

Z<latexit sha1_base64="hh3Fg6RWJKKJ/IkYwJ9j+pswSCE=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfWAbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CFLCU5A==</latexit>

Z<latexit sha1_base64="hh3Fg6RWJKKJ/IkYwJ9j+pswSCE=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfWAbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CFLCU5A==</latexit>

Z<latexit sha1_base64="hh3Fg6RWJKKJ/IkYwJ9j+pswSCE=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfWAbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CFLCU5A==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

Z<latexit sha1_base64="hh3Fg6RWJKKJ/IkYwJ9j+pswSCE=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfWAbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CFLCU5A==</latexit>

Z<latexit sha1_base64="hh3Fg6RWJKKJ/IkYwJ9j+pswSCE=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfWAbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CFLCU5A==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

Z<latexit sha1_base64="hh3Fg6RWJKKJ/IkYwJ9j+pswSCE=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfWAbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CFLCU5A==</latexit>

Z<latexit sha1_base64="hh3Fg6RWJKKJ/IkYwJ9j+pswSCE=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfWAbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CFLCU5A==</latexit>

Z<latexit sha1_base64="hh3Fg6RWJKKJ/IkYwJ9j+pswSCE=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfWAbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CFLCU5A==</latexit>

Z<latexit sha1_base64="hh3Fg6RWJKKJ/IkYwJ9j+pswSCE=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfWAbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CFLCU5A==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit> X

<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>X

<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit> X

<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

*Note for odd degree lattice the action is a global       .Y<latexit sha1_base64="LHt8Yre4mzNSpzPwsTyPQeos0BU=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfUgbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CExmU4w==</latexit>



lattice (subsystem) symmetry in 2D lattices

Consider all SPTO states
which commute with these
subsystem symmetry.

All are connected to 
the cluster state on 
a corresponding lattice 
by SLU circuits.

Note: most of following 
explanations can be done 
on the cluster state



Symmetries of cluster states
• 1/k-Fractional symmetry.
• On a k-colorable graph, apply stabilizers on each vertex of a given color.
• Well studied symmetry.  Common for defining symmetric phases of matter.
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Z2 ⇥ Z2 ⇥ Z2
<latexit sha1_base64="gVYyCwAtQC/8StGiWcIApYNfqgQ=">AAACK3icfVDLSsNAFJ3UV62vqEs3wSK4KkkVdFl047KCfWATwsxk0g6dTMLMRCghv+Ff+Adu9QdcKS71P5y0WdhWPDBwOOdezp2DEkalsu13o7Kyura+Ud2sbW3v7O6Z+wddGacCkw6OWSz6CErCKCcdRRUj/UQQGCFGemh8Xfi9ByIkjfmdmiTEi+CQ05BiqLTkm7YbQTVCKLvP/aaraETk/4pv1u2GPYW1TJyS1EGJtm9+uUGM04hwhRmUcuDYifIyKBTFjOQ1N5UkgXgMh2SgKYc60MumP8utE60EVhgL/biypurvjQxGUk4ipCeLG+WiV4h/eYNUhZdeRnmSKsLxLChMmaViq6jJCqggWLGJJhALqm+18AgKiJUucy4FoZgFua7FWSxhmXSbDees0bw9r7euyoKq4Agcg1PggAvQAjegDToAg0fwDF7Aq/FkvBkfxudstGKUO4dgDsb3Dy6uqW4=</latexit>

Z2 ⇥ Z2
<latexit sha1_base64="2l/FfIxcTJmPWACC7A4dLwoE2Po=">AAACGXicbVDLSsNAFJ3UV62vqEtBgkVwVZIq6LLoxmUF+8AmhJnJpB06yYSZiVBCdv6Ff+BWf8CduHXl3g9x0mZhWw8MHM65l3PnoIRRqWz726isrK6tb1Q3a1vbO7t75v5BV/JUYNLBnHHRR1ASRmPSUVQx0k8EgRFipIfGN4XfeyRCUh7fq0lCvAgOYxpSDJWWfPPYjaAaIZQ95H7TVTQi8q/im3W7YU9hLROnJHVQou2bP27AcRqRWGEGpRw4dqK8DApFMSN5zU0lSSAewyEZaBpDHehl03/k1qlWAivkQr9YWVP170YGIyknEdKTxY1y0SvE/7xBqsIrL6NxkioS41lQmDJLcasoxQqoIFixiSYQC6pvtfAICoiVrm4uBSHOglzX4iyWsEy6zYZz3mjeXdRb12VBVXAETsAZcMAlaIFb0AYdgMETeAGv4M14Nt6ND+NzNloxyp1DMAfj6xcbDaGP</latexit>

k-colorable)
<latexit sha1_base64="62wEzLaJtFTCngnYiPicidunl3Q=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx6jmAdsljA7O5sMmZ1ZZmaVEHL2C7zqF3gTr36HH+B/OEn2YBILGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4vJn67UeqNJPiwYxSGiS4L1jMCDZW8rv3rD8wWCn51CtX3Ko7A1olXk4qkKPRK/90I0myhApDONba99zUBGOsDCOcTkrdTNMUkyHuU99SgROqg/Hs5Ak6s0qEYqlsCYNm6t+JMU60HiWh7UywGehlbyr+5/mZia+DMRNpZqgg80VxxpGRaPo/ipiixPCRJZgoZm9FZIAVJsamtLAlDCWPJiWbi7ecwipp1areRbV2d1mpd/KEinACp3AOHlxBHW6hAU0gIOEFXuHNeXbenQ/nc95acPKZY1iA8/ULPPmZcw==</latexit>

Zk
2

<latexit sha1_base64="s2hfnVUhr8DVMlz3LtZ0GMwF2m8=">AAACB3icbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oHttCSZTBuaSYYkI5ShH+AfuNUfcCdu/Qz3foiZdha29cCFwzn3cg8Hx5xp47rfTmFtfWNzq7hd2tnd2z8oHx61tEwUoU0iuVQdjDTlTNCmYYbTTqwoijCnbTy+zfz2E1WaSfFgJjH1IzQULGQEGSv1exEyI4zTx+mg1h8PyhW36s4AV4mXkwrI0RiUf3qBJElEhSEcad313Nj4KVKGEU6npV6iaYzIGA1p11KBIqr9dJZ6Cs+sEsBQKjvCwJn69yJFkdaTCNvNLKVe9jLxP6+bmPDaT5mIE0MFmT8KEw6NhFkFMGCKEsMnliCimM0KyQgpRIwtauELxpIHU1uLt1zCKmnVqt5FtXZ/Wanf5AUVwQk4BefAA1egDu5AAzQBAQq8gFfw5jw7786H8zlfLTj5zTFYgPP1C6Qbmlw=</latexit>



Symmetries of cluster states
• Subsystem symmetry
• Apply stabilizer on some site.  Try to add as few more to cancel all      ’s.
• Periodic structure for periodic boundaries.  This is the main topic of this work.

206/18/19

Z<latexit sha1_base64="hh3Fg6RWJKKJ/IkYwJ9j+pswSCE=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfWAbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CFLCU5A==</latexit>

X

X

X

X

X

X

X

X

X

X X X X X

X

X

X

X

X

X

X

XX X X

X X X

X

X

X

XXX

X

X

X

X X

X

X

X

X

X X X X

X

X

X X X

X

X

X

XXX

X

X

X

X X X X X

X

X

X

X

X

X

X

X

Z2n
2

<latexit sha1_base64="BwyBpvMAjf2l3ooeMAXbpvmJIbE=">AAACDHicbVDLSsNAFJ34rPWV6tLNYBFclSQKuiy6cVnBPrCNYWYyaYdOJmFmopSQX/AP3OoPuBO3/oN7P8SkzcK2HrhwOOde7uHgmDOlLevbWFldW9/YrGxVt3d29/bN2kFHRYkktE0iHskeRopyJmhbM81pL5YUhZjTLh5fF373kUrFInGnJzF1QzQULGAE6VzyzNogRHqEcXqfec5D6ojMM+tWw5oCLhO7JHVQouWZPwM/IklIhSYcKdW3rVi7KZKaEU6z6iBRNEZkjIa0n1OBQqrcdBo9gye54sMgkvkIDafq34sUhUpNQpxvFkHVoleI/3n9RAeXbspEnGgqyOxRkHCoI1j0AH0mKdF8khNEJMuzQjJCEhGdtzX3BeOI+0Ut9mIJy6TjNOyzhnN7Xm9elQVVwBE4BqfABhegCW5AC7QBAU/gBbyCN+PZeDc+jM/Z6opR3hyCORhfv3xhm9g=</latexit>

*Symmetry group 
is subextensively
large.



Symmetries of cluster states
• 1-form symmetry.
• Closed loops of       - operators.
• Deformable = Product of two loops is a bigger loop

216/18/19

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>
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S *Symmetry group is 
extensively large.
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2

<latexit sha1_base64="kT1FOEIKB7dGm8hRO6cTLLXCYpo=">AAACGXicbVDLSsNAFJ34rPUVdSlIsAh1U5Iq6LLoxpVWsA9sY5iZTNqhk0mYmQglZOdf+Adu9QfciVtX7v0QkzQL23pg4Nxz7uXeOShkVCrT/NYWFpeWV1ZLa+X1jc2tbX1nty2DSGDSwgELRBdBSRjlpKWoYqQbCgJ9xEgHjS4zv/NIhKQBv1PjkNg+HHDqUQxVKjn6Qd+HaohQfJ849Yc4rzBk8U1SvebHiaNXzJqZw5gnVkEqoEDT0X/6boAjn3CFGZSyZ5mhsmMoFMWMJOV+JEkI8QgOSC+lHPpE2nH+j8Q4ShXX8AKRPq6MXP07EUNfyrGP0s7sTjnrZeJ/Xi9S3rkdUx5GinA8WeRFzFCBkYViuFQQrNg4JRALmt5q4CEUEKs0uqktCAXMzWKxZkOYJ+16zTqp1W9PK42LIqAS2AeHoAoscAYa4Ao0QQtg8ARewCt40561d+1D+5y0LmjFzB6Ygvb1C6JpoUQ=</latexit>



• Embed a 2D lattice cluster state on a torus and group together an 
!×! block of sites.

From 2D to quasi-1D

• Periodic structure of        subsystem 
symmetry contained within each 
tensor!
• Capable of encoding ! qubits at the 

edge and is universal for MBQC.

2n
2

<latexit sha1_base64="YgfXYRX/EQlnT8Z4QhcFqu8bHjs=">AAACC3icbVC7TsMwFHV4lvIKZWSxWiF1qpIylLGChbFI9CHaEDmu01p1nMh2EFWUT+ALkFhhZ0OsDHwCgokvwWk70JYjXenonHt1j44XMSqVZX0aK6tr6xubua389s7u3r55UGjJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xudZ377lghJQ36lxhFxAjTg1KcYKS25ZqEXIDX0vCC5Tt3qTVLlqWuWrIo1AVwm9oyU6sXy91ft46Hhmj+9fojjgHCFGZKya1uRchIkFMWMpPleLEmE8AgNSFdTjgIinWSSPYXHWulDPxR6uIIT9e9FggIpx4GnN7OkctHLxP+8bqz8UyehPIoV4Xj6yI8ZVCHMioB9KghWbKwJwoLqrBAPkUBY6brmvuh2slLsxQqWSatasU8q9qVu5wxMkQNHoAjKwAY1UAcXoAGaAIM78AiewLNxb7wYr8bbdHXFmN0cgjkY779BNZ9I</latexit>
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Tensor Networks and MBQC
• The matrix product state description of the 1D cluster state is useful.
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|+i
<latexit sha1_base64="h9TmUbFEAjmzVfvuVQUAWmRIamM=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBAEIexGQY8BLx4jmIckS5id7U2GzM4sM7NCWHP0C7zqF3gTr36IH+B/OEn2YBILGoqqbrq7goQzbVz321lZXVvf2CxsFbd3dvf2SweHTS1TRaFBJZeqHRANnAloGGY4tBMFJA44tILhzcRvPYLSTIp7M0rAj0lfsIhRYqz08HTeVUT0OfRKZbfiToGXiZeTMspR75V+uqGkaQzCUE607nhuYvyMKMMoh3Gxm2pICB2SPnQsFSQG7WfTg8f41CohjqSyJQyeqn8nMhJrPYoD2xkTM9CL3kT8z+ukJrr2MyaS1ICgs0VRyrGRePI9DpkCavjIEkIVs7diOiCKUGMzmtsSBJKH46LNxVtMYZk0qxXvolK9uyzX2nlCBXSMTtAZ8tAVqqFbVEcNRFGMXtArenOenXfnw/mcta44+cwRmoPz9QtFf5hW</latexit>

|+i
<latexit sha1_base64="h9TmUbFEAjmzVfvuVQUAWmRIamM=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBAEIexGQY8BLx4jmIckS5id7U2GzM4sM7NCWHP0C7zqF3gTr36IH+B/OEn2YBILGoqqbrq7goQzbVz321lZXVvf2CxsFbd3dvf2SweHTS1TRaFBJZeqHRANnAloGGY4tBMFJA44tILhzcRvPYLSTIp7M0rAj0lfsIhRYqz08HTeVUT0OfRKZbfiToGXiZeTMspR75V+uqGkaQzCUE607nhuYvyMKMMoh3Gxm2pICB2SPnQsFSQG7WfTg8f41CohjqSyJQyeqn8nMhJrPYoD2xkTM9CL3kT8z+ukJrr2MyaS1ICgs0VRyrGRePI9DpkCavjIEkIVs7diOiCKUGMzmtsSBJKH46LNxVtMYZk0qxXvolK9uyzX2nlCBXSMTtAZ8tAVqqFbVEcNRFGMXtArenOenXfnw/mcta44+cwRmoPz9QtFf5hW</latexit>

|+i
<latexit sha1_base64="h9TmUbFEAjmzVfvuVQUAWmRIamM=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBAEIexGQY8BLx4jmIckS5id7U2GzM4sM7NCWHP0C7zqF3gTr36IH+B/OEn2YBILGoqqbrq7goQzbVz321lZXVvf2CxsFbd3dvf2SweHTS1TRaFBJZeqHRANnAloGGY4tBMFJA44tILhzcRvPYLSTIp7M0rAj0lfsIhRYqz08HTeVUT0OfRKZbfiToGXiZeTMspR75V+uqGkaQzCUE607nhuYvyMKMMoh3Gxm2pICB2SPnQsFSQG7WfTg8f41CohjqSyJQyeqn8nMhJrPYoD2xkTM9CL3kT8z+ukJrr2MyaS1ICgs0VRyrGRePI9DpkCavjIEkIVs7diOiCKUGMzmtsSBJKH46LNxVtMYZk0qxXvolK9uyzX2nlCBXSMTtAZ8tAVqqFbVEcNRFGMXtArenOenXfnw/mcta44+cwRmoPz9QtFf5hW</latexit>

| i
<latexit sha1_base64="i5sQTKBp4c10tzykenuq01Ebwh0=">AAACBXicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoYxnBPCC7hNnZ2WTI7OwwMyuEmNo/sNUfsBNbv8PeD3GSbGESD1w4nHMv53JCyZk2rvvtFNbWNza3itulnd29/YPy4VFLp5kitElSnqpOiDXlTNCmYYbTjlQUJyGn7XB4O/Xbj1RplooHM5I0SHBfsJgRbKzkP/lSM19h0ee0V664VXcGtEq8nFQgR6NX/vGjlGQJFYZwrHXXc6UJxlgZRjidlPxMU4nJEPdp11KBE6qD8eznCTqzSoTiVNkRBs3UvxdjnGg9SkK7mWAz0MveVPzP62Ymvg7GTMjMUEHmQXHGkUnRtAAUMUWJ4SNLMFHM/orIACtMjK1pISUMUx5NbC3ecgmrpFWrehfV2v1lpX6TF1SEEziFc/DgCupwBw1oAgEJL/AKb86z8+58OJ/z1YKT3xzDApyvX4sZmcs=</latexit>

|+
i

<latexit sha1_base64="h9TmUbFEAjmzVfvuVQUAWmRIamM=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBAEIexGQY8BLx4jmIckS5id7U2GzM4sM7NCWHP0C7zqF3gTr36IH+B/OEn2YBILGoqqbrq7goQzbVz321lZXVvf2CxsFbd3dvf2SweHTS1TRaFBJZeqHRANnAloGGY4tBMFJA44tILhzcRvPYLSTIp7M0rAj0lfsIhRYqz08HTeVUT0OfRKZbfiToGXiZeTMspR75V+uqGkaQzCUE607nhuYvyMKMMoh3Gxm2pICB2SPnQsFSQG7WfTg8f41CohjqSyJQyeqn8nMhJrPYoD2xkTM9CL3kT8z+ukJrr2MyaS1ICgs0VRyrGRePI9DpkCavjIEkIVs7diOiCKUGMzmtsSBJKH46LNxVtMYZk0qxXvolK9uyzX2nlCBXSMTtAZ8tAVqqFbVEcNRFGMXtArenOenXfnw/mcta44+cwRmoPz9QtFf5hW</latexit>

|+
i

<latexit sha1_base64="h9TmUbFEAjmzVfvuVQUAWmRIamM=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBAEIexGQY8BLx4jmIckS5id7U2GzM4sM7NCWHP0C7zqF3gTr36IH+B/OEn2YBILGoqqbrq7goQzbVz321lZXVvf2CxsFbd3dvf2SweHTS1TRaFBJZeqHRANnAloGGY4tBMFJA44tILhzcRvPYLSTIp7M0rAj0lfsIhRYqz08HTeVUT0OfRKZbfiToGXiZeTMspR75V+uqGkaQzCUE607nhuYvyMKMMoh3Gxm2pICB2SPnQsFSQG7WfTg8f41CohjqSyJQyeqn8nMhJrPYoD2xkTM9CL3kT8z+ukJrr2MyaS1ICgs0VRyrGRePI9DpkCavjIEkIVs7diOiCKUGMzmtsSBJKH46LNxVtMYZk0qxXvolK9uyzX2nlCBXSMTtAZ8tAVqqFbVEcNRFGMXtArenOenXfnw/mcta44+cwRmoPz9QtFf5hW</latexit>

|+
i

<latexit sha1_base64="h9TmUbFEAjmzVfvuVQUAWmRIamM=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBAEIexGQY8BLx4jmIckS5id7U2GzM4sM7NCWHP0C7zqF3gTr36IH+B/OEn2YBILGoqqbrq7goQzbVz321lZXVvf2CxsFbd3dvf2SweHTS1TRaFBJZeqHRANnAloGGY4tBMFJA44tILhzcRvPYLSTIp7M0rAj0lfsIhRYqz08HTeVUT0OfRKZbfiToGXiZeTMspR75V+uqGkaQzCUE607nhuYvyMKMMoh3Gxm2pICB2SPnQsFSQG7WfTg8f41CohjqSyJQyeqn8nMhJrPYoD2xkTM9CL3kT8z+ukJrr2MyaS1ICgs0VRyrGRePI9DpkCavjIEkIVs7diOiCKUGMzmtsSBJKH46LNxVtMYZk0qxXvolK9uyzX2nlCBXSMTtAZ8tAVqqFbVEcNRFGMXtArenOenXfnw/mcta44+cwRmoPz9QtFf5hW</latexit>

| i
<latexit sha1_base64="i5sQTKBp4c10tzykenuq01Ebwh0=">AAACBXicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoYxnBPCC7hNnZ2WTI7OwwMyuEmNo/sNUfsBNbv8PeD3GSbGESD1w4nHMv53JCyZk2rvvtFNbWNza3itulnd29/YPy4VFLp5kitElSnqpOiDXlTNCmYYbTjlQUJyGn7XB4O/Xbj1RplooHM5I0SHBfsJgRbKzkP/lSM19h0ee0V664VXcGtEq8nFQgR6NX/vGjlGQJFYZwrHXXc6UJxlgZRjidlPxMU4nJEPdp11KBE6qD8eznCTqzSoTiVNkRBs3UvxdjnGg9SkK7mWAz0MveVPzP62Ymvg7GTMjMUEHmQXHGkUnRtAAUMUWJ4SNLMFHM/orIACtMjK1pISUMUx5NbC3ecgmrpFWrehfV2v1lpX6TF1SEEziFc/DgCupwBw1oAgEJL/AKb86z8+58OJ/z1YKT3xzDApyvX4sZmcs=</latexit>

H<latexit sha1_base64="uyfkH0f3WAKJhg17aCDDA92p94c=">AAAB+XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgJccEzAOSJcxOepMhM7vLzKwQlnyBV/0Ab+LVr/HsjzhJ9mASCxqKqm66u4JEcG1c99vZ2t7Z3dsvHBQPj45PTktn520dp4phi8UiVt2AahQ8wpbhRmA3UUhlILATTB7nfucZleZx9GSmCfqSjiIeckaNlZr1QansVtwFyCbxclKGHI1B6ac/jFkqMTJMUK17npsYP6PKcCZwVuynGhPKJnSEPUsjKlH72eLQGbm2ypCEsbIVGbJQ/05kVGo9lYHtlNSM9bo3F//zeqkJH/yMR0lqMGLLRWEqiInJ/Gsy5AqZEVNLKFPc3krYmCrKjM1mZUsQyFnRpuKtZ7BJ2tWKd1upNu/KtW6eTwEu4QpuwIN7qEEdGtACBggv8ApvTua8Ox/O57J1y8lnLmAFztcvhbKT9A==</latexit>

H<latexit sha1_base64="uyfkH0f3WAKJhg17aCDDA92p94c=">AAAB+XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgJccEzAOSJcxOepMhM7vLzKwQlnyBV/0Ab+LVr/HsjzhJ9mASCxqKqm66u4JEcG1c99vZ2t7Z3dsvHBQPj45PTktn520dp4phi8UiVt2AahQ8wpbhRmA3UUhlILATTB7nfucZleZx9GSmCfqSjiIeckaNlZr1QansVtwFyCbxclKGHI1B6ac/jFkqMTJMUK17npsYP6PKcCZwVuynGhPKJnSEPUsjKlH72eLQGbm2ypCEsbIVGbJQ/05kVGo9lYHtlNSM9bo3F//zeqkJH/yMR0lqMGLLRWEqiInJ/Gsy5AqZEVNLKFPc3krYmCrKjM1mZUsQyFnRpuKtZ7BJ2tWKd1upNu/KtW6eTwEu4QpuwIN7qEEdGtACBggv8ApvTua8Ox/O57J1y8lnLmAFztcvhbKT9A==</latexit>

H<latexit sha1_base64="uyfkH0f3WAKJhg17aCDDA92p94c=">AAAB+XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgJccEzAOSJcxOepMhM7vLzKwQlnyBV/0Ab+LVr/HsjzhJ9mASCxqKqm66u4JEcG1c99vZ2t7Z3dsvHBQPj45PTktn520dp4phi8UiVt2AahQ8wpbhRmA3UUhlILATTB7nfucZleZx9GSmCfqSjiIeckaNlZr1QansVtwFyCbxclKGHI1B6ac/jFkqMTJMUK17npsYP6PKcCZwVuynGhPKJnSEPUsjKlH72eLQGbm2ypCEsbIVGbJQ/05kVGo9lYHtlNSM9bo3F//zeqkJH/yMR0lqMGLLRWEqiInJ/Gsy5AqZEVNLKFPc3krYmCrKjM1mZUsQyFnRpuKtZ7BJ2tWKd1upNu/KtW6eTwEu4QpuwIN7qEEdGtACBggv8ApvTua8Ox/O57J1y8lnLmAFztcvhbKT9A==</latexit> H<latexit sha1_base64="uyfkH0f3WAKJhg17aCDDA92p94c=">AAAB+XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgJccEzAOSJcxOepMhM7vLzKwQlnyBV/0Ab+LVr/HsjzhJ9mASCxqKqm66u4JEcG1c99vZ2t7Z3dsvHBQPj45PTktn520dp4phi8UiVt2AahQ8wpbhRmA3UUhlILATTB7nfucZleZx9GSmCfqSjiIeckaNlZr1QansVtwFyCbxclKGHI1B6ac/jFkqMTJMUK17npsYP6PKcCZwVuynGhPKJnSEPUsjKlH72eLQGbm2ypCEsbIVGbJQ/05kVGo9lYHtlNSM9bo3F//zeqkJH/yMR0lqMGLLRWEqiInJ/Gsy5AqZEVNLKFPc3krYmCrKjM1mZUsQyFnRpuKtZ7BJ2tWKd1upNu/KtW6eTwEu4QpuwIN7qEEdGtACBggv8ApvTua8Ox/O57J1y8lnLmAFztcvhbKT9A==</latexit>

X
m1H| i

<latexit sha1_base64="L0Ku+PeZRa+LSe6/FpgmNZ9+9Fc=">AAACD3icbVDLSsNAFJ3UV62v+Ni5CRbBVUmqoMuimy4r2Ac0MUwmk3boZCbMTIQa8xH+gVv9AXfi1k9w74c4bbOwrQcuHM65l3M5QUKJVLb9bZRWVtfWN8qbla3tnd09c/+gI3kqEG4jTrnoBVBiShhuK6Io7iUCwziguBuMbiZ+9wELSTi7U+MEezEcMBIRBJWWfPOod5/FvpM3n9xEEldANqDYN6t2zZ7CWiZOQaqgQMs3f9yQozTGTCEKpew7dqK8DApFEMV5xU0lTiAawQHua8pgjKWXTb/PrVOthFbEhR6mrKn69yKDsZTjONCbMVRDuehNxP+8fqqiKy8jLEkVZmgWFKXUUtyaVGGFRGCk6FgTiATRv1poCAVEShc2lxIEnIa5rsVZLGGZdOo157xWv72oNq6LgsrgGJyAM+CAS9AATdACbYDAI3gBr+DNeDbejQ/jc7ZaMoqbQzAH4+sXChGdPw==</latexit>

,
<latexit sha1_base64="IGCV2Y7WdMw0ewDDx7JsYKydgB8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKooMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bxXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ86LiXVbc+lW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/c7OMsg==</latexit>

,
<latexit sha1_base64="IGCV2Y7WdMw0ewDDx7JsYKydgB8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKooMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bxXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ86LiXVbc+lW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/c7OMsg==</latexit>

Symmetries:

- measurement implements          X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit> H<latexit sha1_base64="uyfkH0f3WAKJhg17aCDDA92p94c=">AAAB+XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgJccEzAOSJcxOepMhM7vLzKwQlnyBV/0Ab+LVr/HsjzhJ9mASCxqKqm66u4JEcG1c99vZ2t7Z3dsvHBQPj45PTktn520dp4phi8UiVt2AahQ8wpbhRmA3UUhlILATTB7nfucZleZx9GSmCfqSjiIeckaNlZr1QansVtwFyCbxclKGHI1B6ac/jFkqMTJMUK17npsYP6PKcCZwVuynGhPKJnSEPUsjKlH72eLQGbm2ypCEsbIVGbJQ/05kVGo9lYHtlNSM9bo3F//zeqkJH/yMR0lqMGLLRWEqiInJ/Gsy5AqZEVNLKFPc3krYmCrKjM1mZUsQyFnRpuKtZ7BJ2tWKd1upNu/KtW6eTwEu4QpuwIN7qEEdGtACBggv8ApvTua8Ox/O57J1y8lnLmAFztcvhbKT9A==</latexit>

Construction of MPS

6/18/19

* TN equivalent 
of stabilizers



Convenient tensor networks for 2D cluster 
states

• Think of 2D cluster state as coupled 1D cluster states.

• - basis measurements turn the TN into a Clifford circuit.
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X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

6/18/19

/
<latexit sha1_base64="3WixV1NHVvuyo4aWxEc9jAfs7eM=">AAACFnicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWEYwH5AcYW9vL1myt3vs7hnCkT9hJehvsRNbW3+KnZvkCpP4YODx3gwz84KEM21c99tZW9/Y3Nou7BR39/YPDktHx00tU0Vog0guVTvAmnImaMMww2k7URTHAaetYHg39VtPVGkmxaMZJ9SPcV+wiBFsrNTuRkqOBKO9UtmtuDOgVeLlpAw56r3STzeUJI2pMIRjrTuemxg/w8owwumk2E01TTAZ4j7tWCpwTLWfze6doHOrhCiSypYwaKb+nchwrPU4DmxnjM1AL3tT8T+vk5roxs+YSFJDBZkvilKOjETT51HIFCWGjy3BRDF7KyIDrDAxNqKFLUEgebjwRjbCemyvmtisvOVkVkmzWvEuK9WHq3LtNk+tAKdwBhfgwTXU4B7q0AACHJ7hFd6cF+fd+XA+561rTj5zAgtwvn4BEgyhEg==</latexit>

As opposed to…



Quantum Cellular Automata
• QCA = Set of Hilbert spaces + translation invariant local update rules
• i.e. A quantum circuit applied iteratively in time.
• Evolution specified by transfer matrix.

• Clifford QCA are efficiently simulable! (Gottesmann Knill)

25

P (⇠) =
NO

j=1

X
⇠(x)
j

j Z
⇠(z)j

j

<latexit sha1_base64="Mrqy8Lgz9fGKeBiOLw7MUrORx/E="></latexit>

)
<latexit sha1_base64="62wEzLaJtFTCngnYiPicidunl3Q=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx6jmAdsljA7O5sMmZ1ZZmaVEHL2C7zqF3gTr36HH+B/OEn2YBILGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4vJn67UeqNJPiwYxSGiS4L1jMCDZW8rv3rD8wWCn51CtX3Ko7A1olXk4qkKPRK/90I0myhApDONba99zUBGOsDCOcTkrdTNMUkyHuU99SgROqg/Hs5Ak6s0qEYqlsCYNm6t+JMU60HiWh7UywGehlbyr+5/mZia+DMRNpZqgg80VxxpGRaPo/ipiixPCRJZgoZm9FZIAVJsamtLAlDCWPJiWbi7ecwipp1areRbV2d1mpd/KEinACp3AOHlxBHW6hAU0gIOEFXuHNeXbenQ/nc95acPKZY1iA8/ULPPmZcw==</latexit>

P (⇠) ⌘ ⇠ 2 F2n
2

<latexit sha1_base64="Dd5zuAAMZgMHPTcgHzYcYUjWZD8=">AAACInicbZDLSgMxFIYz9VbrrerSTbCIdVNmqqDLoiAuK9gLdGpJ0kwbmsmMSaZYhj6Cb+EbuNUXcCeuBJc+iJl2Frb1h8DHf87hnPw45Exp2/6yMkvLK6tr2fXcxubW9k5+d6+ugkgSWiMBD2QTI0U5E7Smmea0GUqKfMxpAw+uknpjSKVigbjTo5C2fdQTzGMEaWN18sfVovvITqBLHyI2hIahywR0faT7GMfX4075Pi6LcSdfsEv2RHARnBQKIFW1k/9xuwGJfCo04UiplmOHuh0jqRnhdJxzI0VDRAaoR1sGBfKpaseTD43hkXG60AukeULDift3Ika+UiMfm87kUDVfS8z/aq1IexftmIkw0lSQ6SIv4lAHMEkHdpmkRPORAUQkM7dC0kcSEW0ynNmCccC7SSzOfAiLUC+XnNNS+fasULlMA8qCA3AIisAB56ACbkAV1AABT+AFvII369l6tz6sz2lrxkpn9sGMrO9f+WCj9A==</latexit>

T 2 Aut(F2n
2 ) such that T⌃T> = ⌃

<latexit sha1_base64="Pv5QRKMBZRkiSJzZgAoEiCmvlkw="></latexit>

⌃ =

✓
0 1
1 0

◆

<latexit sha1_base64="AZEkalMLlsDreUP9Bp1QoJFQjmM="></latexit>

i.e.       is a binary matrixT<latexit sha1_base64="m1HBu6v+gs8CYAd442ts0ZWzCTM=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdlCX9CGMplM2qGTmTAzEUrIF7jVL3Anbv0YP8D/cNpmYVsPXDiccy/33hMknGnjut/O1vbO7t5+6aB8eHR8clo5O+9qmSpCO0RyqfoB1pQzQTuGGU77iaI4DjjtBdPHud97pkozKdpmllA/xmPBIkawsVKrPapU3Zq7ANokXkGqUKA5qvwMQ0nSmApDONZ64LmJ8TOsDCOc5uVhqmmCyRSP6cBSgWOq/WxxaI6urRKiSCpbwqCF+nciw7HWsziwnTE2E73uzcX/vEFqogc/YyJJDRVkuShKOTISzb9GIVOUGD6zBBPF7K2ITLDCxNhsVrYEgeRhXra5eOspbJJuvebd1uqtu2qjXyRUgku4ghvw4B4a8ARN6AABCi/wCm9O7rw7H87nsnXLKWYuYAXO1y8LJpTe</latexit>

H

0

BB@

0 1 1 0
0 1 0 0
1 0 0 0
1 0 0 1

1

CCA

<latexit sha1_base64="L3+KfneK+7SptOC11MCJ3BhQM8U=">AAACPnicbZBNS8NAEIY39avGr6pHL8GieCpJFfRY7MVjBfsBTSibzbRdutmE3Y1YQn+Q/8J/4NXexZt49egmLWJbZ1n24Z0ZZvb1Y0alsu2pUVhb39jcKm6bO7t7+welw6OWjBJBoEkiFomOjyUwyqGpqGLQiQXg0GfQ9kf1LN9+BCFpxB/UOAYvxANO+5RgpaVeqe76MKA8jUOsBH2amPa5o4/tujnZOeXvH3JMF3jw29Mrle2KnYe1Cs4cymgejV7p3Q0ikoTAFWFYyq5jx8pLsVCUMJiYbiIhxmSEB9DVyHEI0kvzz06sM60EVj8S+nJl5erfjhSHUo5DX1fq/YZyOZeJ/+W6ierfeCnlcaKAk9mgfsIsFVmZc1ZABRDFxhowEVTvapEhFpgo7e/CFN+PWJDZ4iybsAqtasW5rFTvr8q127lBRXSCTtEFctA1qqE71EBNRNAzekVvaGq8GB/Gp/E1Ky0Y855jtBDG9w/Q6Ko/</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

X1
<latexit sha1_base64="c+4QTat4b1MnOBE00yXyZHS3luk=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmgckS5idnU2GzM4sM7NCWOIfeNUf8CZe/RfvfoiTZA8msaChqOqmuytIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSpCm0RyqToB1pQzQZuGGU47iaI4DjhtB6Pbqd9+okozKR7NOKF+jAeCRYxgY6WHTt/rlytu1Z0BrRIvJxXI0eiXf3qhJGlMhSEca9313MT4GVaGEU4npV6qaYLJCA9o11KBY6r9bHbqBJ1ZJUSRVLaEQTP170SGY63HcWA7Y2yGetmbiv953dRE137GRJIaKsh8UZRyZCSa/o1CpigxfGwJJorZWxEZYoWJseksbAkCycOJjcVbDmGVtGpV76Jau7+s1G/ygIpwAqdwDh5cQR3uoAFNIDCAF3iFN+fZeXc+nM95a8HJZ45hAc7XL6/rlWA=</latexit>

X2
<latexit sha1_base64="Aj2+MoutMxHwbz30t1ggQgskkiM=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmgckS5idnU2GzM4sM7NCWOIfeNUf8CZe/RfvfoiTZA8msaChqOqmuytIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSpCm0RyqToB1pQzQZuGGU47iaI4DjhtB6Pbqd9+okozKR7NOKF+jAeCRYxgY6WHTr/WL1fcqjsDWiVeTiqQo9Ev//RCSdKYCkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUCx1T72ezUCTqzSogiqWwJg2bq34kMx1qP48B2xtgM9bI3Ff/zuqmJrv2MiSQ1VJD5oijlyEg0/RuFTFFi+NgSTBSztyIyxAoTY9NZ2BIEkocTG4u3HMIqadWq3kW1dn9Zqd/kARXhBE7hHDy4gjrcQQOaQGAAL/AKb86z8+58OJ/z1oKTzxzDApyvX7GBlWE=</latexit>

Z2
<latexit sha1_base64="hGAgpG03sMTZvVMhYFjLAjeOK0E=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE88BkCbOzs8mQ2ZllZlYIS/wDr/oD3sSr/+LdD3GS7MEkFjQUVd10dwUJZ9q47rezsrq2vrFZ2Cpu7+zu7ZcODptaporQBpFcqnaANeVM0IZhhtN2oiiOA05bwfBm4reeqNJMigczSqgf475gESPYWOn+sVftlcpuxZ0CLRMvJ2XIUe+VfrqhJGlMhSEca93x3MT4GVaGEU7HxW6qaYLJEPdpx1KBY6r9bHrqGJ1aJUSRVLaEQVP170SGY61HcWA7Y2wGetGbiP95ndREV37GRJIaKshsUZRyZCSa/I1CpigxfGQJJorZWxEZYIWJsenMbQkCycOxjcVbDGGZNKsV77xSvbso167zgApwDCdwBh5cQg1uoQ4NINCHF3iFN+fZeXc+nM9Z64qTzxzBHJyvX7SxlWM=</latexit>

Z1
<latexit sha1_base64="zG36ptnuKgAMjDqhAvZslffL6N8=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE88BkCbOzs8mQ2ZllZlYIS/wDr/oD3sSr/+LdD3GS7MEkFjQUVd10dwUJZ9q47rezsrq2vrFZ2Cpu7+zu7ZcODptaporQBpFcqnaANeVM0IZhhtN2oiiOA05bwfBm4reeqNJMigczSqgf475gESPYWOn+sef1SmW34k6BlomXkzLkqPdKP91QkjSmwhCOte54bmL8DCvDCKfjYjfVNMFkiPu0Y6nAMdV+Nj11jE6tEqJIKlvCoKn6dyLDsdajOLCdMTYDvehNxP+8TmqiKz9jIkkNFWS2KEo5MhJN/kYhU5QYPrIEE8XsrYgMsMLE2HTmtgSB5OHYxuIthrBMmtWKd16p3l2Ua9d5QAU4hhM4Aw8uoQa3UIcGEOjDC7zCm/PsvDsfzuesdcXJZ45gDs7XL7MblWI=</latexit>

*Binary representation is important for 
simulation

T | (t)i = | (t+ 1)i
<latexit sha1_base64="anEiQ3g7K8IQOIDJw6PV1rHb7mg=">AAACH3icbZDLSsNAFIYn9VbrLerSzWAVKkJJqqAboejGZYXeoAllMpm0QyeTMDMRSuwL+Ba+gVt9AXfitnsfxGkbwbb+MPDznXM4Z34vZlQqyxobuZXVtfWN/GZha3tnd8/cP2jKKBGYNHDEItH2kCSMctJQVDHSjgVBocdIyxvcTeqtRyIkjXhdDWPihqjHaUAxUhp1zZP6kxNLWlJnjkC8xwi8gRk5t39Z1yxaZWsquGzszBRBplrX/Hb8CCch4QozJGXHtmLlpkgoihkZFZxEkhjhAeqRjrYchUS66fQ3I3iqiQ+DSOjHFZzSvxMpCqUchp7uDJHqy8XaBP5X6yQquHZTyuNEEY5ni4KEQRXBSTTQp4JgxYbaICyovhXiPhIIKx3g3BbPi5g/0rHYiyEsm2albF+UKw+XxeptFlAeHIFjUAI2uAJVcA9qoAEweAav4A28Gy/Gh/FpfM1ac0Y2cwjmZIx/AHl6opw=</latexit>

6/18/19
Stephen, D. T., et. Al. R. (2018). ArXiv:1806.08780



Quantum Cellular Automata
• Clifford QCA can be classified into 3 types.                 

6/18/19

Periodic Glider

H

H

H

H

H

H

H

H

H

H

H

H

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

Z<latexit sha1_base64="hh3Fg6RWJKKJ/IkYwJ9j+pswSCE=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfWAbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CFLCU5A==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

Z<latexit sha1_base64="hh3Fg6RWJKKJ/IkYwJ9j+pswSCE=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfWAbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CFLCU5A==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

Z<latexit sha1_base64="hh3Fg6RWJKKJ/IkYwJ9j+pswSCE=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfWAbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CFLCU5A==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit> Z<latexit sha1_base64="hh3Fg6RWJKKJ/IkYwJ9j+pswSCE=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cdmCfWAbymQyaYdOZsLMRCghX+BWv8CduPVj/AD/w2mbhW09cOFwzr3ce0+QcKaN6347G5tb2zu7pb3y/sHh0XHl5LSjZaoIbRPJpeoFWFPOBG0bZjjtJYriOOC0G0zuZ373mSrNpHg004T6MR4JFjGCjZVaT8NK1a25c6B14hWkCgWaw8rPIJQkjakwhGOt+56bGD/DyjDCaV4epJommEzwiPYtFTim2s/mh+bo0iohiqSyJQyaq38nMhxrPY0D2xljM9ar3kz8z+unJrrzMyaS1FBBFouilCMj0exrFDJFieFTSzBRzN6KyBgrTIzNZmlLEEge5mWbi7eawjrp1Gveda3euqk2ekVCJTiHC7gCD26hAQ/QhDYQoPACr/Dm5M678+F8Llo3nGLmDJbgfP0CFLCU5A==</latexit>

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>
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• Period is constant and 
independent of 
system size

Fractal

• Supports gliders 
(eigenoperators up to 
translation)

• Period linear in system 
size

• Operator support is fractal
• Period varies wildly

Guetschow et al., JMP 51, 015203 (2010)



QCA and subsystem symmetries
• There is a 1-1 correspondence between QCA evolution and subsystem 

symmetries of cluster phases.
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X
<latexit sha1_base64="BcTwGRsCT3edOs/ytiuxGM/1u6U=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6QLGF2MpsMmZldZmaFuOQLbLUXLMTWn/ATxNYvcfIoTPTAhcM593LvPWHCmTae9+XklpZXVtfy6+7G5tb2TmF3r67jVBFaIzGPVTPEmnImac0ww2kzURSLkNNGOLge+407qjSL5a0ZJjQQuCdZxAg2Vqo2O4WiV/ImQH+JPyPFyw/3Inn5dCudwne7G5NUUGkIx1q3fC8xQYaVYYTTkdtONU0wGeAebVkqsaA6yCaHjtCRVbooipUtadBE/T2RYaH1UIS2U2DT14veWPzPa6UmOg8yJpPUUEmmi6KUIxOj8deoyxQlhg8twUQxeysifawwMTabuS1hKEY2FH8xgr+kflLyT0t+1SuWr2CKPBzAIRyDD2dQhhuoQA0IUHiAR3hy7p1n59V5m7bmnNnMPszBef8BoimXGg==</latexit>

Z
<latexit sha1_base64="PUq3sL3mvh4OADsZNliOc5Lbook=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6YLGF2MkmGzMwuM7NCXPIFttoLFmLrT/gJYuuXOHkUJvHAhcM593LvPWHMmTae9+1klpZXVtey6+7G5tb2Tm53r6qjRBFaIRGPVD3EmnImacUww2k9VhSLkNNa2L8e+bV7qjSL5K0ZxDQQuCtZhxFsrFS+a+XyXsEbAy0Sf0ryl5/uRfz65ZZauZ9mOyKJoNIQjrVu+F5sghQrwwinQ7eZaBpj0sdd2rBUYkF1kI4PHaIjq7RRJ1K2pEFj9e9EioXWAxHaToFNT897I/E/r5GYznmQMhknhkoyWdRJODIRGn2N2kxRYvjAEkwUs7ci0sMKE2OzmdkShmJoQ/HnI1gk1ZOCf1rwy16+eAUTZOEADuEYfDiDItxACSpAgMIjPMGz8+C8OG/O+6Q140xn9mEGzscvpVGXHA==</latexit>

X
<latexit sha1_base64="BcTwGRsCT3edOs/ytiuxGM/1u6U=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6QLGF2MpsMmZldZmaFuOQLbLUXLMTWn/ATxNYvcfIoTPTAhcM593LvPWHCmTae9+XklpZXVtfy6+7G5tb2TmF3r67jVBFaIzGPVTPEmnImac0ww2kzURSLkNNGOLge+407qjSL5a0ZJjQQuCdZxAg2Vqo2O4WiV/ImQH+JPyPFyw/3Inn5dCudwne7G5NUUGkIx1q3fC8xQYaVYYTTkdtONU0wGeAebVkqsaA6yCaHjtCRVbooipUtadBE/T2RYaH1UIS2U2DT14veWPzPa6UmOg8yJpPUUEmmi6KUIxOj8deoyxQlhg8twUQxeysifawwMTabuS1hKEY2FH8xgr+kflLyT0t+1SuWr2CKPBzAIRyDD2dQhhuoQA0IUHiAR3hy7p1n59V5m7bmnNnMPszBef8BoimXGg==</latexit>

Z
<latexit sha1_base64="PUq3sL3mvh4OADsZNliOc5Lbook=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6YLGF2MkmGzMwuM7NCXPIFttoLFmLrT/gJYuuXOHkUJvHAhcM593LvPWHMmTae9+1klpZXVtey6+7G5tb2Tm53r6qjRBFaIRGPVD3EmnImacUww2k9VhSLkNNa2L8e+bV7qjSL5K0ZxDQQuCtZhxFsrFS+a+XyXsEbAy0Sf0ryl5/uRfz65ZZauZ9mOyKJoNIQjrVu+F5sghQrwwinQ7eZaBpj0sdd2rBUYkF1kI4PHaIjq7RRJ1K2pEFj9e9EioXWAxHaToFNT897I/E/r5GYznmQMhknhkoyWdRJODIRGn2N2kxRYvjAEkwUs7ci0sMKE2OzmdkShmJoQ/HnI1gk1ZOCf1rwy16+eAUTZOEADuEYfDiDItxACSpAgMIjPMGz8+C8OG/O+6Q140xn9mEGzscvpVGXHA==</latexit>

X
<latexit sha1_base64="BcTwGRsCT3edOs/ytiuxGM/1u6U=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6QLGF2MpsMmZldZmaFuOQLbLUXLMTWn/ATxNYvcfIoTPTAhcM593LvPWHCmTae9+XklpZXVtfy6+7G5tb2TmF3r67jVBFaIzGPVTPEmnImac0ww2kzURSLkNNGOLge+407qjSL5a0ZJjQQuCdZxAg2Vqo2O4WiV/ImQH+JPyPFyw/3Inn5dCudwne7G5NUUGkIx1q3fC8xQYaVYYTTkdtONU0wGeAebVkqsaA6yCaHjtCRVbooipUtadBE/T2RYaH1UIS2U2DT14veWPzPa6UmOg8yJpPUUEmmi6KUIxOj8deoyxQlhg8twUQxeysifawwMTabuS1hKEY2FH8xgr+kflLyT0t+1SuWr2CKPBzAIRyDD2dQhhuoQA0IUHiAR3hy7p1n59V5m7bmnNnMPszBef8BoimXGg==</latexit>

X
<latexit sha1_base64="BcTwGRsCT3edOs/ytiuxGM/1u6U=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6QLGF2MpsMmZldZmaFuOQLbLUXLMTWn/ATxNYvcfIoTPTAhcM593LvPWHCmTae9+XklpZXVtfy6+7G5tb2TmF3r67jVBFaIzGPVTPEmnImac0ww2kzURSLkNNGOLge+407qjSL5a0ZJjQQuCdZxAg2Vqo2O4WiV/ImQH+JPyPFyw/3Inn5dCudwne7G5NUUGkIx1q3fC8xQYaVYYTTkdtONU0wGeAebVkqsaA6yCaHjtCRVbooipUtadBE/T2RYaH1UIS2U2DT14veWPzPa6UmOg8yJpPUUEmmi6KUIxOj8deoyxQlhg8twUQxeysifawwMTabuS1hKEY2FH8xgr+kflLyT0t+1SuWr2CKPBzAIRyDD2dQhhuoQA0IUHiAR3hy7p1n59V5m7bmnNnMPszBef8BoimXGg==</latexit>

X
<latexit sha1_base64="BcTwGRsCT3edOs/ytiuxGM/1u6U=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6QLGF2MpsMmZldZmaFuOQLbLUXLMTWn/ATxNYvcfIoTPTAhcM593LvPWHCmTae9+XklpZXVtfy6+7G5tb2TmF3r67jVBFaIzGPVTPEmnImac0ww2kzURSLkNNGOLge+407qjSL5a0ZJjQQuCdZxAg2Vqo2O4WiV/ImQH+JPyPFyw/3Inn5dCudwne7G5NUUGkIx1q3fC8xQYaVYYTTkdtONU0wGeAebVkqsaA6yCaHjtCRVbooipUtadBE/T2RYaH1UIS2U2DT14veWPzPa6UmOg8yJpPUUEmmi6KUIxOj8deoyxQlhg8twUQxeysifawwMTabuS1hKEY2FH8xgr+kflLyT0t+1SuWr2CKPBzAIRyDD2dQhhuoQA0IUHiAR3hy7p1n59V5m7bmnNnMPszBef8BoimXGg==</latexit>

Z
<latexit sha1_base64="PUq3sL3mvh4OADsZNliOc5Lbook=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6YLGF2MkmGzMwuM7NCXPIFttoLFmLrT/gJYuuXOHkUJvHAhcM593LvPWHMmTae9+1klpZXVtey6+7G5tb2Tm53r6qjRBFaIRGPVD3EmnImacUww2k9VhSLkNNa2L8e+bV7qjSL5K0ZxDQQuCtZhxFsrFS+a+XyXsEbAy0Sf0ryl5/uRfz65ZZauZ9mOyKJoNIQjrVu+F5sghQrwwinQ7eZaBpj0sdd2rBUYkF1kI4PHaIjq7RRJ1K2pEFj9e9EioXWAxHaToFNT897I/E/r5GYznmQMhknhkoyWdRJODIRGn2N2kxRYvjAEkwUs7ci0sMKE2OzmdkShmJoQ/HnI1gk1ZOCf1rwy16+eAUTZOEADuEYfDiDItxACSpAgMIjPMGz8+C8OG/O+6Q140xn9mEGzscvpVGXHA==</latexit>

X
<latexit sha1_base64="BcTwGRsCT3edOs/ytiuxGM/1u6U=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6QLGF2MpsMmZldZmaFuOQLbLUXLMTWn/ATxNYvcfIoTPTAhcM593LvPWHCmTae9+XklpZXVtfy6+7G5tb2TmF3r67jVBFaIzGPVTPEmnImac0ww2kzURSLkNNGOLge+407qjSL5a0ZJjQQuCdZxAg2Vqo2O4WiV/ImQH+JPyPFyw/3Inn5dCudwne7G5NUUGkIx1q3fC8xQYaVYYTTkdtONU0wGeAebVkqsaA6yCaHjtCRVbooipUtadBE/T2RYaH1UIS2U2DT14veWPzPa6UmOg8yJpPUUEmmi6KUIxOj8deoyxQlhg8twUQxeysifawwMTabuS1hKEY2FH8xgr+kflLyT0t+1SuWr2CKPBzAIRyDD2dQhhuoQA0IUHiAR3hy7p1n59V5m7bmnNnMPszBef8BoimXGg==</latexit>

X
<latexit sha1_base64="BcTwGRsCT3edOs/ytiuxGM/1u6U=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6QLGF2MpsMmZldZmaFuOQLbLUXLMTWn/ATxNYvcfIoTPTAhcM593LvPWHCmTae9+XklpZXVtfy6+7G5tb2TmF3r67jVBFaIzGPVTPEmnImac0ww2kzURSLkNNGOLge+407qjSL5a0ZJjQQuCdZxAg2Vqo2O4WiV/ImQH+JPyPFyw/3Inn5dCudwne7G5NUUGkIx1q3fC8xQYaVYYTTkdtONU0wGeAebVkqsaA6yCaHjtCRVbooipUtadBE/T2RYaH1UIS2U2DT14veWPzPa6UmOg8yJpPUUEmmi6KUIxOj8deoyxQlhg8twUQxeysifawwMTabuS1hKEY2FH8xgr+kflLyT0t+1SuWr2CKPBzAIRyDD2dQhhuoQA0IUHiAR3hy7p1n59V5m7bmnNnMPszBef8BoimXGg==</latexit>

Z
<latexit sha1_base64="PUq3sL3mvh4OADsZNliOc5Lbook=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6YLGF2MkmGzMwuM7NCXPIFttoLFmLrT/gJYuuXOHkUJvHAhcM593LvPWHMmTae9+1klpZXVtey6+7G5tb2Tm53r6qjRBFaIRGPVD3EmnImacUww2k9VhSLkNNa2L8e+bV7qjSL5K0ZxDQQuCtZhxFsrFS+a+XyXsEbAy0Sf0ryl5/uRfz65ZZauZ9mOyKJoNIQjrVu+F5sghQrwwinQ7eZaBpj0sdd2rBUYkF1kI4PHaIjq7RRJ1K2pEFj9e9EioXWAxHaToFNT897I/E/r5GYznmQMhknhkoyWdRJODIRGn2N2kxRYvjAEkwUs7ci0sMKE2OzmdkShmJoQ/HnI1gk1ZOCf1rwy16+eAUTZOEADuEYfDiDItxACSpAgMIjPMGz8+C8OG/O+6Q140xn9mEGzscvpVGXHA==</latexit>

X
<latexit sha1_base64="BcTwGRsCT3edOs/ytiuxGM/1u6U=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6QLGF2MpsMmZldZmaFuOQLbLUXLMTWn/ATxNYvcfIoTPTAhcM593LvPWHCmTae9+XklpZXVtfy6+7G5tb2TmF3r67jVBFaIzGPVTPEmnImac0ww2kzURSLkNNGOLge+407qjSL5a0ZJjQQuCdZxAg2Vqo2O4WiV/ImQH+JPyPFyw/3Inn5dCudwne7G5NUUGkIx1q3fC8xQYaVYYTTkdtONU0wGeAebVkqsaA6yCaHjtCRVbooipUtadBE/T2RYaH1UIS2U2DT14veWPzPa6UmOg8yJpPUUEmmi6KUIxOj8deoyxQlhg8twUQxeysifawwMTabuS1hKEY2FH8xgr+kflLyT0t+1SuWr2CKPBzAIRyDD2dQhhuoQA0IUHiAR3hy7p1n59V5m7bmnNnMPszBef8BoimXGg==</latexit>

X
<latexit sha1_base64="BcTwGRsCT3edOs/ytiuxGM/1u6U=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6QLGF2MpsMmZldZmaFuOQLbLUXLMTWn/ATxNYvcfIoTPTAhcM593LvPWHCmTae9+XklpZXVtfy6+7G5tb2TmF3r67jVBFaIzGPVTPEmnImac0ww2kzURSLkNNGOLge+407qjSL5a0ZJjQQuCdZxAg2Vqo2O4WiV/ImQH+JPyPFyw/3Inn5dCudwne7G5NUUGkIx1q3fC8xQYaVYYTTkdtONU0wGeAebVkqsaA6yCaHjtCRVbooipUtadBE/T2RYaH1UIS2U2DT14veWPzPa6UmOg8yJpPUUEmmi6KUIxOj8deoyxQlhg8twUQxeysifawwMTabuS1hKEY2FH8xgr+kflLyT0t+1SuWr2CKPBzAIRyDD2dQhhuoQA0IUHiAR3hy7p1n59V5m7bmnNnMPszBef8BoimXGg==</latexit>

Z
<latexit sha1_base64="PUq3sL3mvh4OADsZNliOc5Lbook=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6YLGF2MkmGzMwuM7NCXPIFttoLFmLrT/gJYuuXOHkUJvHAhcM593LvPWHMmTae9+1klpZXVtey6+7G5tb2Tm53r6qjRBFaIRGPVD3EmnImacUww2k9VhSLkNNa2L8e+bV7qjSL5K0ZxDQQuCtZhxFsrFS+a+XyXsEbAy0Sf0ryl5/uRfz65ZZauZ9mOyKJoNIQjrVu+F5sghQrwwinQ7eZaBpj0sdd2rBUYkF1kI4PHaIjq7RRJ1K2pEFj9e9EioXWAxHaToFNT897I/E/r5GYznmQMhknhkoyWdRJODIRGn2N2kxRYvjAEkwUs7ci0sMKE2OzmdkShmJoQ/HnI1gk1ZOCf1rwy16+eAUTZOEADuEYfDiDItxACSpAgMIjPMGz8+C8OG/O+6Q140xn9mEGzscvpVGXHA==</latexit>

X
<latexit sha1_base64="BcTwGRsCT3edOs/ytiuxGM/1u6U=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6QLGF2MpsMmZldZmaFuOQLbLUXLMTWn/ATxNYvcfIoTPTAhcM593LvPWHCmTae9+XklpZXVtfy6+7G5tb2TmF3r67jVBFaIzGPVTPEmnImac0ww2kzURSLkNNGOLge+407qjSL5a0ZJjQQuCdZxAg2Vqo2O4WiV/ImQH+JPyPFyw/3Inn5dCudwne7G5NUUGkIx1q3fC8xQYaVYYTTkdtONU0wGeAebVkqsaA6yCaHjtCRVbooipUtadBE/T2RYaH1UIS2U2DT14veWPzPa6UmOg8yJpPUUEmmi6KUIxOj8deoyxQlhg8twUQxeysifawwMTabuS1hKEY2FH8xgr+kflLyT0t+1SuWr2CKPBzAIRyDD2dQhhuoQA0IUHiAR3hy7p1n59V5m7bmnNnMPszBef8BoimXGg==</latexit>

Z
<latexit sha1_base64="PUq3sL3mvh4OADsZNliOc5Lbook=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXa10EYM2lgmYB6YLGF2MkmGzMwuM7NCXPIFttoLFmLrT/gJYuuXOHkUJvHAhcM593LvPWHMmTae9+1klpZXVtey6+7G5tb2Tm53r6qjRBFaIRGPVD3EmnImacUww2k9VhSLkNNa2L8e+bV7qjSL5K0ZxDQQuCtZhxFsrFS+a+XyXsEbAy0Sf0ryl5/uRfz65ZZauZ9mOyKJoNIQjrVu+F5sghQrwwinQ7eZaBpj0sdd2rBUYkF1kI4PHaIjq7RRJ1K2pEFj9e9EioXWAxHaToFNT897I/E/r5GYznmQMhknhkoyWdRJODIRGn2N2kxRYvjAEkwUs7ci0sMKE2OzmdkShmJoQ/HnI1gk1ZOCf1rwy16+eAUTZOEADuEYfDiDItxACSpAgMIjPMGz8+C8OG/O+6Q140xn9mEGzscvpVGXHA==</latexit>
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QCA and subsystem symmetries
• There is a 1-1 correspondence between QCA evolution and subsystem 

symmetries of cluster phases.

28

X

X

X

X

• 2n generators of Pauli group = 2n real-space 
symmetry generators.

• Subsystem symmetries define a SPT phase, cluster 
phase, universal for MBQC.

• We study cluster phases of Archimedean lattices.
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• Archimedean lattices are vertex translative (each vertex locally looks the same).

*
*

*
*Previously known

2D cluster SPTO phase by subsystem symmetry
Daniel, Alexander, Miyake, in preparation

All ground states (which are not necessarily stabilizer states) in 2D cluster phase on a 2D 
Archimedean lattice with Ribbon/Cone/Fractal subsystem symmetry are universal for MBQC.

Raussendorf et al., 
PRL 122, 090501 (2019)
Devakul, Williamson 
PRA 98, 022332 (2018)
Stephen et al., 
1806.08780 



Lattices supporting glider QCA

30

• Consider the                  lattice.  We first construct tensor network 
description.

(3, 4, 6, 4)
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Lattices supporting glider QCA
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• Gliders are operators whose support is translated by the QCA. 
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Lattices supporting glider QCA
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• Gliders are operators whose support is translated by the QCA. 
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Lattices supporting glider QCA

33

• Gliders are operators whose support is translated by the QCA. 

6/18/19 Note: line-like symmetry does not provide glider QCA in general. 



Lattices supporting glider QCA

34

• Defining symmetry for the SPTO (cluster phase) is the cone symmetry.
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6/18/19Note: line-like symmetry, subgroup of cone symmetry, does not provide glider QCA.



Lattices supporting glider QCA

35

• Universal gates achieved via measurement in (X,Y)-plane.

✓
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Lattices supporting glider QCA
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• Universal gates achieved via measurement in (X,Y)-plane.
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<latexit sha1_base64="a83pj4MIViROGM6q2BjW/r/8224=">AAACC3icbVDLTgJBEJzFF+Jr1aOXicTEi2QXTfRI9OIRE3kEWMns0MCE2UdmeknIhk/wD7zqD3gzXv0I736Iu7AHASvppFLVneqUG0qh0bK+jdza+sbmVn67sLO7t39gHh7VdRApDjUeyEA1XaZBCh9qKFBCM1TAPFdCwx3dpX5jDEqLwH/ESQiOxwa+6AvOMJG6pglP8YXo4BCQ0VazNe2aRatkzUBXiZ2RIslQ7Zo/nV7AIw985JJp3batEJ2YKRRcwrTQiTSEjI/YANoJ9ZkH2olnn0/pWaL0aD9QyfhIZ+rfi5h5Wk88N9n0GA71speK/3ntCPs3Tiz8MELw+TyoH0mKAU1roD2hgKOcJIRxJZJfKR8yxTgmZS2kuG4ge2kt9nIJq6ReLtmXpfLDVbFymxWUJyfklJwTm1yTCrknVVIjnIzJC3klb8az8W58GJ/z1ZyR3RyTBRhfvzC8mxo=</latexit>=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>
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Lattices supporting glider QCA

37

• By analogous argument we find the following gate set.

• Other lattices supporting glider QCA and cone symmetries.

Gates Measurement

e�i✓Zl (1, l)
e�i✓Xl (n, l)

e�i✓Z4lX4l+1Z4l+2 (2, 4l + 1)

6/18/19



Lattices supporting fractal QCA

38

• Fractal QCA are characterized by operators supported on a fractal 
subset of space-time points.

• QCA period varies spuriously
with system size.

6/18/19
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Lattices supporting fractal QCA

39

• The defining symmetry of the cluster phase is the fractal symmetry.

1 2 3 4 5 6

1

2

3

4

5

6
X

Y
Z

1
6/18/19

X
<latexit sha1_base64="I/CYL8yVn02Tw3nXWWW3R4eAfng=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtmOM3g==</latexit>

1<latexit sha1_base64="RlAybPXnMWPYuVpLKkCaoFSnahY=">AAACBHicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLgxmUF+8B2KEkm04ZmMkOSEcrQrV/gVr/Anbj1P/wA/8NMOwvbeiBwOOde7skhieDauO63s7a+sbm1Xdop7+7tHxxWjo7bOk4VZS0ai1h1CdZMcMlahhvBuoliOCKCdcj4Nvc7T0xpHssHM0mYH+Gh5CGn2FjpsR9hMyIk86aDStWtuTOgVeIVpAoFmoPKTz+IaRoxaajAWvc8NzF+hpXhVLBpuZ9qlmA6xkPWs1TiiGk/myWeonOrBCiMlX3SoJn6dyPDkdaTiNjJPKFe9nLxP6+XmvDGz7hMUsMknR8KU4FMjPLvo4ArRo2YWIKp4jYroiOsMDW2pIUrhMQimJZtL95yC6ukXa95l7X6/VW10S0aKsEpnMEFeHANDbiDJrSAgoQXeIU359l5dz6cz/nomlPsnMACnK9fLC+Y1w==</latexit>



Lattices supporting fractal QCA

40

• For the              lattice the following gate set can be derived.

• Other lattices supporting fractal QCA and fractal symmetries.

(4, 82)
<latexit sha1_base64="eFU8keT+ilm+J8827LSW+pHDXl8=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUpSC3ZZcOOygn1AG8tkMmmHTiZhZiKU0JVf4Fa/wJ249Uv8AP/DaZuFbT1w4XDOvdx7jxdzprRtf1u5jc2t7Z38bmFv/+DwqHh80lZRIgltkYhHsuthRTkTtKWZ5rQbS4pDj9OON76d+Z0nKhWLxIOexNQN8VCwgBGsjdQp167qj9XLQbFkV+w50DpxMlKCDM1B8afvRyQJqdCEY6V6jh1rN8VSM8LptNBPFI0xGeMh7RkqcEiVm87PnaILo/goiKQpodFc/TuR4lCpSeiZzhDrkVr1ZuJ/Xi/RQd1NmYgTTQVZLAoSjnSEZr8jn0lKNJ8Ygolk5lZERlhiok1CS1s8L+L+tGBycVZTWCftasW5rlTva6VGN0soD2dwDmVw4AYacAdNaAGBMbzAK7xZz9a79WF9LlpzVjZzCkuwvn4BvzmWPw==</latexit>

Gates Measurement

e�i✓Zl (1, l)
e�i✓Xl (⌧, l)

e�i✓Z2l�1X2l (2, 2l � 1)
e�i✓Z2lX2l+1 (⌧ � 1, 2l)



More fractal QCAs
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(33, 42)
<latexit sha1_base64="nv1spt5Vc68uYkFh+IWfbv5L4tM=">AAACA3icbVDLTgJBEJzFF+IL9ehlIjHBxJBdINEjiRePmMjDwEJmZweYMI/NzKwJ2XD0C7zqF3gzXv0QP8D/cIA9CFhJJ5Wq7nR3BRGj2rjut5PZ2Nza3snu5vb2Dw6P8scnTS1jhUkDSyZVO0CaMCpIw1DDSDtSBPGAkVYwvp35rSeiNJXiwUwi4nM0FHRAMTJWeixWepWraq982c8X3JI7B1wnXkoKIEW9n//phhLHnAiDGdK647mR8ROkDMWMTHPdWJMI4TEako6lAnGi/WR+8BReWCWEA6lsCQPn6t+JBHGtJzywnRyZkV71ZuJ/Xic2gxs/oSKKDRF4sWgQM2gknH0PQ6oINmxiCcKK2lshHiGFsLEZLW0JAsnCac7m4q2msE6a5ZJXKZXvq4VaO00oC87AOSgCD1yDGrgDddAAGHDwAl7Bm/PsvDsfzueiNeOkM6dgCc7XL+u8lt8=</latexit>

(34, 6)
<latexit sha1_base64="81IbU/oF98lBO7gX1qBcCwelttI=">AAACAXicbVDLSsNAFL3xWeur6tLNYBEqSEnaoi4LblxWsA9oY5lMJu3QySTMTIQSuvIL3OoXuBO3fokf4H84bbOwrQcuHM65l3vv8WLOlLbtb2ttfWNzazu3k9/d2z84LBwdt1SUSEKbJOKR7HhYUc4EbWqmOe3EkuLQ47TtjW6nfvuJSsUi8aDHMXVDPBAsYARrI7VL1cfa5dVFv1C0y/YMaJU4GSlChka/8NPzI5KEVGjCsVJdx461m2KpGeF0ku8lisaYjPCAdg0VOKTKTWfnTtC5UXwURNKU0Gim/p1IcajUOPRMZ4j1UC17U/E/r5vo4MZNmYgTTQWZLwoSjnSEpr8jn0lKNB8bgolk5lZEhlhiok1CC1s8L+L+JG9ycZZTWCWtStmpliv3tWK9kyWUg1M4gxI4cA11uIMGNIHACF7gFd6sZ+vd+rA+561rVjZzAguwvn4BvfmWPg==</latexit>

(63)
<latexit sha1_base64="AOeDgCtjnTSHV8bTMzxQCP7bEvg=">AAAB/3icbVDLTsJAFL31ifhCXbqZSExwQ1ow6pLEjUtMLJBAJdPpFCZMO83M1IQ0LPwCt/oF7oxbP8UP8D8coAsBT3KTk3Puzb33+AlnStv2t7W2vrG5tV3YKe7u7R8clo6OW0qkklCXCC5kx8eKchZTVzPNaSeRFEc+p21/dDv1209UKibiBz1OqBfhQcxCRrA2klu5eqxf9Etlu2rPgFaJk5My5Gj2Sz+9QJA0orEmHCvVdexEexmWmhFOJ8VeqmiCyQgPaNfQGEdUedns2Ak6N0qAQiFNxRrN1L8TGY6UGke+6YywHqplbyr+53VTHd54GYuTVNOYzBeFKUdaoOnnKGCSEs3HhmAimbkVkSGWmGiTz8IW3xc8mBRNLs5yCqukVas69Wrt/rLc6OQJFeAUzqACDlxDA+6gCS4QYPACr/BmPVvv1of1OW9ds/KZE1iA9fUL2OqVyg==</latexit>

(3, 4, 32, 4)
<latexit sha1_base64="xX3hQhDgFMN7BklyU6xbkZRjZmg=">AAACBXicbVDLSsNAFL3xWeur6tJNsAgVSknagi4LblxWsA9oY5lMJu3QyUyYmQgldO0XuNUvcCdu/Q4/wP9w2mZhWw9cOJxzL/fe48eMKu0439bG5tb2zm5uL79/cHh0XDg5bSuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen449uZ33kiUlHBH/QkJl6EhpyGFCNtpF6pVq6Xa4/Vcv1qUCg6FWcOe524GSlChuag8NMPBE4iwjVmSKme68TaS5HUFDMyzfcTRWKEx2hIeoZyFBHlpfOTp/alUQI7FNIU1/Zc/TuRokipSeSbzgjpkVr1ZuJ/Xi/R4Y2XUh4nmnC8WBQmzNbCnv1vB1QSrNnEEIQlNbfaeIQkwtqktLTF9wULpnmTi7uawjppVyturVK9rxcb3SyhHJzDBZTAhWtowB00oQUYBLzAK7xZz9a79WF9Llo3rGzmDJZgff0CgbOXIQ==</latexit>

(4, 6, 12)
<latexit sha1_base64="kcW8PGyZHcm9k8r883DiHFrqBXI=">AAACAnicbVDLSsNAFL2pr1pfVZduBotQoZSkFnVZcOOygn1AG8pkMmmHTjJhZiKU0J1f4Fa/wJ249Uf8AP/DaZuFbT1w4XDOvdx7jxdzprRtf1u5jc2t7Z38bmFv/+DwqHh80lYikYS2iOBCdj2sKGcRbWmmOe3GkuLQ47Tjje9mfueJSsVE9KgnMXVDPIxYwAjWRuqW65XrilO7HBRLdtWeA60TJyMlyNAcFH/6viBJSCNNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hEQ6pctP5vVN0YRQfBUKaijSaq38nUhwqNQk90xliPVKr3kz8z+slOrh1UxbFiaYRWSwKEo60QLPnkc8kJZpPDMFEMnMrIiMsMdEmoqUtnie4Py2YXJzVFNZJu1Z1rqq1h3qp0c0SysMZnEMZHLiBBtxDE1pAgMMLvMKb9Wy9Wx/W56I1Z2Uzp7AE6+sX4FmWRg==</latexit>
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Lattices with no QCA structure
• Lattices with 1-form symmetries prevent unital QCA.
• 1-form symmetries are closed loops of operators
• Symmetry operators are deformable as multiplying two together gives a 

larger loop.
• Pauli-X measurements at the edge implement YY parity measurements.

⇧(�1)j1+j2+j3Y Y

H X
j1

H X
j2

=
S

S

Measurement outcome tells 
us YY-parity of two qubits.

)
<latexit sha1_base64="x7BFjylTrMegfgW7WDEAG24Fws0=">AAACAnicbVC7SgNBFJ2Nr7i+opY2g0GwCrtaaCMGbSyjmAdsljA7mU2GzGOZmVXCks5fsNXCzk5s7f0EsfVLnDwKk3jgwuGce7n3nihhVBvP+3ZyC4tLyyv5VXdtfWNzq7C9U9MyVZhUsWRSNSKkCaOCVA01jDQSRRCPGKlHvcuhX78jSlMpbk0/ISFHHUFjipGxUtC8oZ2uQUrJ+1ah6JW8EeA88SekeP7pniUvX26lVfhptiVOOREGM6R14HuJCTOkDMWMDNxmqkmCcA91SGCpQJzoMBudPIAHVmnDWCpbwsCR+nciQ1zrPo9sJ0emq2e9ofifF6QmPg0zKpLUEIHHi+KUQSPh8H/Ypopgw/qWIKyovRXiLlIIG5vS1JYo4gMbij8bwTypHZX845J/7RXLF2CMPNgD++AQ+OAElMEVqIAqwECCR/AEnp0H59V5c97HrTlnMrMLpuB8/ALA+5ur</latexit>

*This lattice can teleport a single qubit encoded in a repetition code.
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Summary and Outlook for HEP

• bulk-boundary correspondence via entanglement

• Measurement-based quantum computation (MBQC) allows to count space 
and time complexity in terms of entanglement and classical information

All ground states (which are not necessarily stabilizer states) in 2D cluster phase on a 2D 
Archimedean lattice with Ribbon/Cone/Fractal subsystem symmetry are universal for MBQC.

Summary:

• universality -> scrambling in 3 classes of Clifford QCA

• 1-form symmetry, gauge theories, spurious topological entropy 

• QCA for quantum field theory 

• subsystem symmetries for non-Eucleadian lattices

Outlook:


