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1.Introduction

Entanglement Entropy (EE) is the quantity which
measures the degree of entanglement.

Entanglement entropy (EE) is generally defined as the
von Neumann entropy
S, =-tryp,logp,

corresponding to the reduced density matrix
of a subsystem A.

The Renyi entropy is the generalization of EE and defined as

B
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Mutual Information (MI)

Mutual information (MI) measures the correlation
between two subsystems.
The mutual Renyi information is defined as,

1™ (4,B)= S +SJV- 5

I(4,B) = lim ™M (4, B)




Today’s talk

We consider the mutual (Renyi) information of distant
compact spatial regions A and B in the vacuum state of
a free scalar field. The distance r between A and B is
much greater than their sizesR, p .

It is known that the mutual information is proportional
to the square of the correlation function,

1™ (4, B) = C{7(0]¢p(r)p(0)]0)? T > Ryp




EEEE ————————.
I™ (A, B) ~ (0] (r)(0)]0)? r > Ryp

When both A and B are the spheres and the scalar field
1s massless, the coefficient Cﬁg) was calculated
analytically. Cardy, 2013
However, when both A and B are not the spheres or the
dispersion relation of the scalar field is general, it is
difficult to calculate the coefficient Clgg analytically.

In this work, we obtain the direct expression of C j’;)
for arbitrary regions A and B in free scalar fields which
have general dispersion relations.
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EE in free scalar fields can be calculated numerically by
the real time formalism.

e.g. Bombelli et al. 1986, Srednicki 1993
In order to calculate the coefficient by the real time
formalism, we have to plot the mutual information as a
function of r and extract the coefficient.

So we have to calculate numerically §, . many times
to plot the mutual information as a function of r.

On the other hand, in our method, we separate the r
dependence of the mutual information analytically and
obtain the direct expression of the coefficient.

So, it reduces significantly the amount of computation.
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We consider the general scalar field in (d+1) dimensional
spacetime and do not specify its Hamiltonian.

We consider n copies of the scalar fields and the j-th copy of

the scalar field is denoted by {¢ )}
Thus the total Hilbert space, H ‘", is the
S)r product of the n copies of the Hilbert space,

HX®H.---®H
Where H is the Hilbert space of ?lae scalar field.
We define the density matrix 0O M s

(n) _
prl=pp--Qp
where O isan arbitrary density matrixin H .
We can express Ty pQ“ as

Trp," =Tr(p™E,) Yy = () [) .. [P)
forapure state p = [P} Y| | Trpg™ = (Y™|Eq|p™)




Eq = / [[ I DIV @)DKD (@) exp [-ﬁ / dd;czj{i+1}{;t‘-)¢m{;c}]

j=1z€0 =1

X exp [1 /d‘iIZI‘{m{;{r}wm{I)] X exp [—i/dd;tz j“}{;}{”]
’ =1

=1

where 7Z'(X) is a conjugate momenta of ¢ (X) : Shiba 2014

[6(x), z(y)]=i5" (x—y) and
J (J:)(x) and K (J)(x) existonlyin () and J("% = g
J (J)(X) and KU (X) are auxiliary fields .

Thus EQ is an operator at (2 .

We call EQ as a glueing operator.



General properties of E,,

(1) Symmetry:
Ea(eWM, ..., 7 7ty = Eq(—¢M), ..., o™ x| —g(m)
(2) Locality: when Q= AUB and AnNB =0

En s =EAEs

From the locality, the mutual Renyi information in the vacuum
state can be expressed as the correlation function of E,

Trpave”  (0"|EpER|0™)
Trp,"Trpg™ (0 |EA|0YW0M|Eg|0)
Trpaus”

1
I (4,B) = In
n—1 Trp,"Trpg"




m\
ormal ordering and expanston-o

For free scalar fields, it is useful to represent the operator E,
as the normal ordered operator.

n— n—1
Eq = f H 1] D7V (2)DEY)(2) : expli Z / A2 ((JED — g0)pO* 4 070
7=0 z€)
+ (JEDx g0 4 KO*7 )]« exp[-9],
$=%7 f d%dd-y[éff“)(zr)A(xf ) KD (y) + %(J““) TO) (@)D, y) (JED* — O (y))
=1
+5 [ A (KO (@) (D 4 0% () 4 KO () (T 4 JO) ()],
dip 1 . 1
Ol o(x)o(y) |0 ePT=Y) = ~D(x.1).
dp E, 1
0| 7 ) 10 Pe(@=y) = ~ A(x. ).
(O] w(x)m(y) [0) = /(%)d : LA(r.y)

Here, ¢ O (X) is a free complex scalar field.

We consider a complex scalar field because it is useful for later calculation.



We use the following Fourier transformation,
n—1

[ 1 Z o2kl /n §(F)

Then, we rewrlte the operator as,

n—1
Eq = H EY
E(a) /H DJI® () DE® (2) : expliQ®] : exp|—S®)]

re)

Q(k) — /ddx[(eﬂfrik/n. B l)j(k)(;(k}* 4+ (e—Qwik/n o 1)j(h}*<5(k) 4 Rr(k}ﬁ_(k)* n Er(lz)*ﬁ_(k)]

Sk = / dad? ul KM (2)A(x,y) KP* (y) + iu—mb(z k))J”‘}( D (2, y) J®* ()]
T
—I—;/dd (( —QWzﬁ.;’n_i_l)Bf(k)( )j(k)*(,r) (szﬁ.,/n_I_l)}"i*(k)*(r)j(k)(r))



By expanding the exponential in the norma\ or!ere! pro!uct

and performing the Gauss integral of J and K,
we can rewrite the EQ as a series of operators.

(k)
<0| ES(_ZFE) ‘0> pmt 1— . rlj}(h)*(m[])fﬁ}(h)([I’.D) : CTE(_;U) —I_
Q

T

cl) = (zgm(%k)) /ddrdduu(“( )T F* ()

[ TLieqo DJ® (2) DK®) (2) exp[—SFNTE) (2) TR (y)
[Tl.eq DJ®) () DK ®)(z) exp[—S®)]

_ (A + D + cos (Zﬂ“ ) (A1 D)) B ()

(TP () TP (y)) =

T



.

—: ¢W*(20) o™ ()

In order to separate the n dependence of ( ~, (k)

we use the following matrices,

X=A"1+D)12 vy=X(D-4A"HX

Y =0"AO, A = diag(\;)
C(k)

Then, we can rewrite

C(k) (ZQCUE(ZTA))> > 3 Zhl}\(iq( )sz

[

Z = 0X



3. Application to the mutual (Renyi) information
of distant compact spatial regions

1 Tr n
1™ (4,B) = In——AVE__
n—1 Trp,"Trpg

n—1
A, 0 )
n—1 4 7B
k=0

f(r) =] : 6M*(@4)0™ (24) 2 6W*(25)0™ (25) 1) |0)

= (0l¢(r)¢(0)]0)?



1<”>(A, B) ~ <"><0|¢(r>¢<o>|o>2 T > Ryp
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4.Conclusion
1™ (4, B) ~ C{M(0|p(r)p(0)]0)?2 r > Rap

In this work, we obtain the direct expression of C /Eg)
for arbitrary regions A and B in free scalar fields which

have general dispersion relations.

The direct expression is useful for the numerical
computation.

It reduces significantly the amount of computation
in comparison with the computation by the real time
formalism.

Application to fermionic fields, negativity, and so on.



