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Lieb-Schultz-Mattis (LSM) type theorem

�E = O(1)NO HALDANE GAP!!
No-go theorem which states that certain quantum many-
body systems CANNNOT have a gapped unique ground state

the original theorem

Ĥ =
PL
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gradual non-uniform rotation to g.s.
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uniform rotation about z

(1) variational estimate

from an elementary estimate
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Lieb-Schultz-Mattis (LSM) type theorem
No-go theorem which states that certain quantum many-
body systems CANNNOT have a gapped unique ground state

the original theorem and its extensions

U(1) invariance is essential

Lieb, Shultz, Mattis 1961, Affleck, Lieb 1986
Oshikawa, Yamanaka, Affleck 1997

Oshikawa 2000, Hastings 2004, Nachtergaele, Sims 2007

Chen, Gu, Wen 2011 Watanabe, Po, Vishwanath, Zaletel 2013 

recent “extensions”

projective representation of the symmetry is inconsistent 
with the existence of unique disordered state

Matsui 2001 

similar no-go statements for models without continuous 
symmetry, but with some discrete symmetry

the argument appears already in
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Ŝz
j ! Ŝz
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transformation

invariant Hamiltonian (an example)

THEOREM 1: Consider a quantum spin chain with 
                       and a short-ranged Hamiltonian that is 
invariant under translation and          
transformation.  Then it can never be the case that 
the corresponding ground state is unique and 
accompanied by a nonzero gap. 
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A Typical Theorem
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û↵ = exp[�i⇡ ˆS↵
]

<latexit sha1_base64="+B71zaX5YxsShUfgVUMy9FzIosw="></latexit>

↵ = x, y, z
<latexit sha1_base64="8oRqSte2pP1ZctXcxFnfRRs/HyQ=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYRdLbQRgjaWCZgHJEuYncwmQ2YfzMyK65JSG7/DzsZCCbb+gZ3f4E84eRSaeOAyZ865l5l73IgzqSzry8jMzS8sLmWXcyura+sb5uZWVYaxILRCQh6Kuosl5SygFcUUp/VIUOy7nNbc3uXQr91QIVkYXKskoo6POwHzGMFKS6FpwhNg4BBBV5/n+ibABwS3cASJrruWmbcK1gholtgTki/uDsrf93uDUsv8bLZDEvs0UIRjKRu2FSknxUIxwmk/14wljTDp4Q5taBpgn0onHW3SRwdaaSMvFLoChUbq74kU+1Imvqs7fay6ctobiv95jVh5Z07KgihWNCDjh7yYIxWiYSyozQQliieaYCKY/isiXSwwUTq8nA7Bnl55llSPC/ZJwSrrNC5gjCzswD4cgg2nUIQrKEEFCDzAM7zCm/FovBgD433cmjEmM9vwB8bHDwnll+M=</latexit>

û
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<latexit sha1_base64="qRTKGGPJh+clM2Pr5Ciog8I8blU=">AAACRXicfVC5TgMxFHwbrpBwBChpLAISVbQLBTRIETSUQSKHFFaR1/EmVryHbG/Essrn5Bf4ACjo6fgDGgoQpAXnKCABRrI8b+Y9PXuckDOpTPPJSM3NLywupZcz2ZXVtfXcxmZFBpEgtEwCHoiagyXlzKdlxRSntVBQ7DmcVp3O2dCvdqmQLPAvVRxS28Mtn7mMYKWlIFeAPrQBg4IEIuhBQ999EOABgljXf7s3uj75x7+GXiOXNwvmCGiWWBOSL+5+3N53s4NSI/d41QxI5FFfEY6lrFtmqOwEC8UIp73MVSRpiEkHt2hdUx97VNrJKIUe2tNKE7mB0MdXaKR+n0iwJ2XsObrTw6otp72h+JtXj5R7bCfMDyNFfTJe5EYcqQANI0VNJihRPNYEE8H0WxFpY4GJ0sFndAjW9JdnSeWgYB0WzAudximMkYZt2IF9sOAIinAOJSgDgTt4hld4Mx6MF+PdGIxbU8ZkZgt+wPj8AkBrqPI=</latexit>

û
z

û
x

= û
y

<latexit sha1_base64="6HprY41W0FXiLe0+fkLaAcW6F04=">AAACRXicfVC5TgMxFHwbrpBwBChpLAISVbQLBTRIETSUQSKHFFaR1/EmVryHbG/Essrn5Bf4ACjo6fgDGgoQpAXnKCABRrI8b+Y9PXuckDOpTPPJSM3NLywupZcz2ZXVtfXcxmZFBpEgtEwCHoiagyXlzKdlxRSntVBQ7DmcVp3O2dCvdqmQLPAvVRxS28Mtn7mMYKWlIFeAPrQBg4IEIuhBQ999EOABghtd/+1e6/rkHz+GXiOXNwvmCGiWWBOSL+5+3N53s4NSI/d41QxI5FFfEY6lrFtmqOwEC8UIp73MVSRpiEkHt2hdUx97VNrJKIUe2tNKE7mB0MdXaKR+n0iwJ2XsObrTw6otp72h+JtXj5R7bCfMDyNFfTJe5EYcqQANI0VNJihRPNYEE8H0WxFpY4GJ0sFndAjW9JdnSeWgYB0WzAudximMkYZt2IF9sOAIinAOJSgDgTt4hld4Mx6MF+PdGIxbU8ZkZgt+wPj8AkBpqPI=</latexit>

π-rotation about the   -axis↵
<latexit sha1_base64="7JPOQpg8DxhCw5kPw6YTxPsSrDc=">AAAB83icbVDJSgNBEK2JWxy3qEcvg0HwFGb0oBcx6MVjBLNAMoSaTk/SpKen6e4RQshvePGguBz9Du9exL+xsxw0+qDg8V4VVfUiyZk2vv/l5BYWl5ZX8qvu2vrG5lZhe6em00wRWiUpT1UjQk05E7RqmOG0IRXFJOK0HvUvx379lirNUnFjBpKGCXYFixlBY6UYXgGBg4QeYLtQ9Ev+BN5fEsxI8fzdPZPPn26lXfhodVKSJVQYwlHrZuBLEw5RGUY4HbmtTFOJpI9d2rRUYEJ1OJzcPPIOrNLx4lTZEsabqD8nhphoPUgi25mg6el5byz+5zUzE5+GQyZkZqgg00Vxxj2TeuMAvA5TlBg+sASJYvZWj/RQITE2JteGEMy//JfUjkrBccm/9ovlC5giD3uwD4cQwAmU4QoqUAVig72DB3h0MufeeXJepq05ZzazC7/gvH0DUHyS5g==</latexit>

û
z

û
y

û
x

= 1̂
<latexit sha1_base64="C0FcwccR3bGJnipAq+wCna7SWqw=">AAACU3icfVFNTwIxFHy7oiKKoh69NBITT2QXNXoxIXrxiIl8JEBItxRo6G43bdeIm/05/B9j4sE/4sWDFtgDgjpJ03kz76Xt1As5U9px3i17LbO+sZndym3v5Hf3CvsHdSUiSWiNCC5k08OKchbQmmaa02YoKfY9Thve6HbqNx6pVEwED3oc0o6PBwHrM4K1kUThAiYwBAwaYoggga7ZJyDBBwTPpv7bHf/rPpn6esF3IekWik7JmQGtEjclRUhR7RZe2z1BIp8GmnCsVMt1Qt2JsdSMcJrk2pGiISYjPKAtQwPsU9WJZ5kk6MQoPdQX0qxAo5m6OBFjX6mx75lOH+uhWvam4m9eK9L9q07MgjDSNCDzg/oRR1qgacCoxyQlmo8NwUQyc1dEhlhios035EwI7vKTV0m9XHLPSuX782LlJo0jC0dwDKcmyEuowB1UoQYEXuADviyw3qxP27Yz81bbSmcO4Qfs/DfqHqRD</latexit>

Ŝx, Ŝy, Ŝz

<latexit sha1_base64="WCv7NH5cFDPQnxC+UsXVpGD8I/M=">AAACR3ichVC7TsMwFL0pr1JeAUYWiwqJAZWkIMFYwcJYBH1Ibakc122tOnFkO4gS5XP6JyysbPwCCwMIMeI+BmgRHMm6x+fcK/seL+RMacd5tlJz8wuLS+nlzMrq2vqGvblVViKShJaI4EJWPawoZwEtaaY5rYaSYt/jtOL1zod+5ZZKxURwrfshbfi4E7A2I1gbSdiHMIAuYNAQwxUkcGPqACT4gODO3A/+8Pv/+PeQNO2sk3NGQLPEnZAsTFBs2k/1liCRTwNNOFaq5jqhbsRYakY4TTL1SNEQkx7u0JqhAfapasSjHBK0Z5QWagtpTqDRSP0+EWNfqb7vmU4f666a9obib14t0u3TRsyCMNI0IOOH2hFHWqBhqKjFJCWa9w3BRDLzV0S6WGKiTfQZE4I7vfIsKedz7lEuf3mcLZxN4kjDDuzCPrhwAgW4gCKUgMADvMAbvFuP1qv1YX2OW1PWZGYbfiBlfQFSuaN1</latexit> (2S + 1)⇥ (2S + 1)
<latexit sha1_base64="Df/C2ie/UgxH4yh9g103fIXQWVc=">AAACDXicbVA9SwNBEJ3zM8avM5Y2h0FQhHAXBS2DNpYRzQckR9jb7CVLdm+P3T0hHPkDNv4KexsLRWzt7fw3bpIrYuKDgcd7M8zMC2JGlXbdH2tpeWV1bT23kd/c2t7ZtfcKdSUSiUkNCyZkM0CKMBqRmqaakWYsCeIBI41gcD32Gw9EKiqiez2Mic9RL6IhxUgbSdgFOIYy3MEpeHACz6CBAgcCalbv2EW35E7gLBIvI0XIUO3Y3+2uwAknkcYMKdXy3Fj7KZKaYkZG+XaiSIzwAPVIy9AIcaL8dPLNyDkyStcJhTQVaWeizk6kiCs15IHp5Ej31bw3Fv/zWokOL/2URnGiSYSni8KEOVo442icLpUEazY0BGFJza0O7iOJsDYB5k0I3vzLi6ReLnlnpfLtebFylcWRgwM4NHF6cAEVuIEq1ADDI7zAG7xbT9ar9WF9TluXrGxmH/7A+voF58KTQA==</latexit>

su(2)
<latexit sha1_base64="WIjz1Q6JSIrASQ56s3QhsSJ1jlA=">AAACCXicbZC7SgNBFIbPeo3xtmppMxgEbcJuFLQM2lhGMBdIljA7mU2GzOwsM7NCWNLa+Bx2NhaK2PoGdr6Nk2QLTfxh4OM/53Dm/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPLVBFaJ5JL1QqxppzFtG6Y4bSVKIpFyGkzHF5P6s17qjST8Z0ZJTQQuB+ziBFsrCVdF55AAAYDA4hAWRpCBhpSGMMJVOC065a8sjcVWgQ/hxLkqnXdr05PklTQ2BCOtW77XmKCDCvDCKfjYifVNMFkiPu0bTHGguogm14yRsfW6aFIKvtig6bu74kMC61HIrSdApuBnq9NzP9q7dREl0HG4iQ1NCazRVHKkZFoEgvqMUWJ4SMLmChm/4rIACtMjA2vaEPw509ehEal7J+VK7fnpepVHkcBDuHIBunDBVThBmpQBwIP8Ayv8OY8Oi/Ou/Mxa11y8pkD+CPn8wcssJRF</latexit>

S = 1/2
<latexit sha1_base64="x42E5TdlUbe+ULU0M0GIF3VqUX4=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU92tgl6EohePFd220C4lm2bb0GyyJFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NQyVYT6RHKp2iHWlDNBfcMMp+1EURyHnLbC0e3Ubz1RpZkUj2ac0CDGA8EiRrCxkv9w7Z3VeuWKW3VnQMvEy0kFcjR65a9uX5I0psIQjrXueG5iggwrwwink1I31TTBZIQHtGOpwDHVQTY7doJOrNJHkVS2hEEz9fdEhmOtx3FoO2NshnrRm4r/eZ3URFdBxkSSGirIfFGUcmQkmn6O+kxRYvjYEkwUs7ciMsQKE2PzKdkQvMWXl0mzVvXOq7X7i0r9Jo+jCEdwDKfgwSXU4Q4a4AMBBs/wCm+OcF6cd+dj3lpw8plD+APn8wd/fY3S</latexit>

S = 1/2
<latexit sha1_base64="x42E5TdlUbe+ULU0M0GIF3VqUX4=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU92tgl6EohePFd220C4lm2bb0GyyJFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NQyVYT6RHKp2iHWlDNBfcMMp+1EURyHnLbC0e3Ubz1RpZkUj2ac0CDGA8EiRrCxkv9w7Z3VeuWKW3VnQMvEy0kFcjR65a9uX5I0psIQjrXueG5iggwrwwink1I31TTBZIQHtGOpwDHVQTY7doJOrNJHkVS2hEEz9fdEhmOtx3FoO2NshnrRm4r/eZ3URFdBxkSSGirIfFGUcmQkmn6O+kxRYvjYEkwUs7ciMsQKE2PzKdkQvMWXl0mzVvXOq7X7i0r9Jo+jCEdwDKfgwSXU4Q4a4AMBBs/wCm+OcF6cd+dj3lpw8plD+APn8wd/fY3S</latexit>

ûx = �iX
<latexit sha1_base64="WmqQrb1phEPOr3jwFYodn8aiiw4=">AAACD3icbVC7SgNBFL3rM4mv1ZQ2g0GwMezGQhshaGMZwTwwWcPsZDYZMvtgZlYSlvyBjaUfkFqwsVDE1tbOr9HJo9DEA8OcOede7tzjRpxJZVlfxsLi0vLKaiqdWVvf2Nwyt3cqMowFoWUS8lDUXCwpZwEtK6Y4rUWCYt/ltOp2z0d+9ZYKycLgSvUj6vi4HTCPEay0FJpZGEIHMChIIIYB3Oh7CAJ8QNDT71M4BAa1ppmz8tYYaJ7YU5IrpqOH68fed6lpfjZaIYl9GijCsZR124qUk2ChGOF0kGnEkkaYdHGb1jUNsE+lk4z3GaB9rbSQFwp9AoXG6u+OBPtS9n1XV/pYdeSsNxL/8+qx8k6chAVRrGhAJoO8mCMVolE4qMUEJYr3NcFEMP1XRDpYYKJ0hBkdgj278jypFPL2Ub5wqdM4gwlSsAt7cAA2HEMRLqAEZSBwB0/wAq/GvfFsvBnvk9IFY9qThT8wPn4AvpaZ4g==</latexit>

ûy = �iY
<latexit sha1_base64="OLzZcgAY+HVTgtR+Ttob1d3vHkU=">AAACD3icbVC5TgMxFHzLmYRrISWNRYREQ7QbCmiQImgog0QOSJbI6ziJFe8h24tYrfIHNJR8QGokGgoQoqWl42vAOQpIGMnyeOY9Pb9xQ86ksqwvY25+YXFpOZXOrKyurW+Ym1sVGUSC0DIJeCBqLpaUM5+WFVOc1kJBsedyWnV7p0O/ekOFZIF/oeKQOh7u+KzNCFZaCswsDKALGBQkEEEfrvU9AAEeIIj1+xj2gcFl08xZeWsENEvsCckV0+HD1ePtd6lpfjZaAYk86ivCsZR12wqVk2ChGOG0n2lEkoaY9HCH1jX1sUelk4z26aNdrbRQOxD6+AqN1N8dCfakjD1XV3pYdeW0NxT/8+qRah85CfPDSFGfjAe1I45UgIbhoBYTlCgea4KJYPqviHSxwETpCDM6BHt65VlSKeTtg3zhXKdxAmOkYBt2YA9sOIQinEEJykDgDp7gBV6Ne+PZeDPex6VzxqQnC39gfPwAwaiZ5A==</latexit>

ûz = �iZ
<latexit sha1_base64="Cu24OFSclFKswUTv6+sTkwAJPZQ=">AAACD3icbVC7TgJBFL2LL8DXKqXNRGJiI9nFQhsToo0lJvIIsJLZYYAJs4/MzBpxwx/YWPoB1CY2Fhpja2vn1+jwKBQ8yWTOnHNv7tzjhpxJZVlfRmJhcWl5JZlKr66tb2yaW9tlGUSC0BIJeCCqLpaUM5+WFFOcVkNBsedyWnF7ZyO/ck2FZIF/qfohdTzc8VmbEay0FJgZGEIXMCiIIYIBXOl7CAI8QHCr3ydwAAxqTTNr5awx0DyxpyRbSIUPtceb72LT/Gy0AhJ51FeEYynrthUqJ8ZCMcLpIN2IJA0x6eEOrWvqY49KJx7vM0B7WmmhdiD08RUaq787YuxJ2fdcXelh1ZWz3kj8z6tHqn3sxMwPI0V9MhnUjjhSARqFg1pMUKJ4XxNMBNN/RaSLBSZKR5jWIdizK8+Tcj5nH+byFzqNU5ggCTuwC/tgwxEU4ByKUAICd/AEL/Bq3BvPxpvxPilNGNOeDPyB8fEDxLqZ5g==</latexit>

(representation of the ) generators of
matrices

Ŝx =
X

2
=

✓
0 1

2

1

2

0

◆

<latexit sha1_base64="Ce9AlkrUAD5iiglm3CBY6cDH6mw="></latexit>

Ŝy =
Y

2
=

✓
0 � i

2
i
2 0

◆

<latexit sha1_base64="XBgFcpfQoLRKYKoQe1fkbp3CtsQ="></latexit>

Ŝz =
Z

2
=

✓
1
2 0
1 � 1

2

◆

<latexit sha1_base64="lKQFjidQm/Ri8KZvayqLXSzzLpo="></latexit>

the simplest (but an important) case with

for              we have

S = 1
2 , 1,

3
2 , . . .

<latexit sha1_base64="s/wXgFkLHpD4vZWnei2wuc6Iqo4="></latexit>



transformation of a single spinZ2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

(û↵)
2 = 1̂

<latexit sha1_base64="Gl05AWeBRKZtahOQKoVBjzq3dTY=">AAACHXicbVDLSsNAFL2pr1pfUXe6CS2CIpSkLnQjFN24rGAf0MYymU7aoZMHMxMhhPyFKzeu/A83LhRx4Ub6N07TLmrrgYEz55zLzD1OyKiQpjnSckvLK6tr+fXCxubW9o6+u9cQQcQxqeOABbzlIEEY9UldUslIK+QEeQ4jTWd4PfabD4QLGvh3Mg6J7aG+T12KkVRSoB/AMbzAABBISCCCFLrqjoBBmKkncA8VuJzJWJB29ZJZNjMYi8SaklK12Dl9HFXjWlf/7vQCHHnEl5ghIdqWGUo7QVxSzEha6ESChAgPUZ+0FfWRR4SdZNulxpFSeoYbcHV8aWTq7ESCPCFiz1FJD8mBmPfG4n9eO5LuhZ1QP4wk8fHkITdihgyMcVVGj3KCJYsVQZhT9VcDDxBHWKpCC6oEa37lRdKolK2zsnmr2riCCfJwCEVVuwXnUIUbqEEdMDzBK7zDh/asvWmf2tckmtOmM/vwB9rPLxX9nDg=</latexit>

û↵û� = û� û↵
<latexit sha1_base64="szUobgIVkMtXQrPqxsEDwHBUauc=">AAACV3icfVG7TgJBFL27ICL4AC1tNqKJFdnVAhsToo0lJvJIgJC7wwATZh+ZmSUhGz7HX/AH/ANjw4doYaPDQqFgOMkk555z7zzOuCFnUtn23DBT6Z3MbnYvl98/ODwqFI8bMogEoXUS8EC0XJSUM5/WFVOctkJB0XM5bbrj+4XfnFAhWeA/qWlIux4OfTZgBJWWgkIFnmEECApiiGAGPV0jcAgTddNzgeoa4XaLt2XHXqFkl+0E1iZxVqRUPf94eZ3kP2u9wlunH5DIo74iHKVsO3aoujEKxQins1wnkjREMsYhbWvqo0dlN05ymVkXWulbg0Do5SsrUX9PxOhJOfVc3emhGsl1byH+57UjNbjpxswPI0V9sjxoEHFLBdYiZKvPBCWKTzVBIpi+q0VGKJAo/RU5HYKz/uRN0rgqO9dl+1GncQdLZOEUzuASHKhAFR6gBnUg8A5fRspIG3Pj28yY2WWraaxmTuAPzOIPVcuo6Q==</latexit>

û↵û� = �û� û↵
<latexit sha1_base64="n6dGGrB47iieXXqoIrDcYcQ+qX0=">AAACWXicfVG7SgNBFL27Go0bH9GUNotRsDHsamEaIWhjGcE8IFnC3ckkGTL7YGY2EJZ8jr/gD/gHFoL4HVpZOHkUmkgODJx7zr3zOOPHnEnlOO+GubGZ2drO7li53b39g/zhUV1GiSC0RiIeiaaPknIW0ppiitNmLCgGPqcNf3g39RsjKiSLwkc1jqkXYD9kPUZQaSnKl+EJBoCgIIUEJtDRNQKHeKauej5QXSPcwMUad82enXzRKTkz2KvEXZBi5fTz+WWU+6p28q/tbkSSgIaKcJSy5Tqx8lIUihFOJ1Y7kTRGMsQ+bWkaYkCll86SmdhnWunavUjoFSp7pv6eSDGQchz4ujNANZDL3lT8z2slqlf2UhbGiaIhmR/US7itInsas91lghLFx5ogEUzf1SYDFEiU/gxLh+AuP3mV1C9L7lXJedBp3MIcWTiGEzgHF66hAvdQhRoQeINvI2NsGR+mYWZNa95qGouZAvyBWfgB4SeoKg==</latexit>

(û↵)
2 = �1̂

<latexit sha1_base64="+XglZKJz0tjtTB2pX4Z3x6kJwBA=">AAACH3icbVDLSsNAFL2pr1pfUZfdhBZBEUtSF7oRim5cVrAPaGOZTCft0MmDmYkQQv7CpRsX/ogbF4qIu/6N07SL2npg4Mw55zJzjxMyKqRpjrXcyura+kZ+s7C1vbO7p+8fNEUQcUwaOGABbztIEEZ90pBUMtIOOUGew0jLGd1M/NYj4YIG/r2MQ2J7aOBTl2IklRToRTiGVxgCAgkJRJBCT90RMAgz9QQeoApXcDaXsiDt6WWzYmYwlok1I+VaqXv6NK7F9Z7+0+0HOPKILzFDQnQsM5R2grikmJG00I0ECREeoQHpKOojjwg7yfZLjSOl9A034Or40sjU+YkEeULEnqOSHpJDsehNxP+8TiTdSzuhfhhJ4uPpQ27EDBkYk7KMPuUESxYrgjCn6q8GHiKOsFSVFlQJ1uLKy6RZrVjnFfNOtXENU+ShCCVVvAUXUINbqEMDMDzDG3zAp/aivWtf2vc0mtNmM4fwB9r4F7SbnHg=</latexit>

↵ 6= �
<latexit sha1_base64="1JLukjNCl/tjL3Kj65ks6MbCQeA=">AAACA3icbVC7SgNBFL0bXzG+opaKLAbBKuxqoWXQxjIB84BkCbOTSTJkdnaZuSuEJWCTT4mNhSIWafwJO7/Bn3DyKDTxwNw5nHMvM/f4keAaHefLSq2srq1vpDczW9s7u3vZ/YOKDmNFWZmGIlQ1n2gmuGRl5ChYLVKMBL5gVb93O/GrD0xpHsp77EfMC0hH8janBI0kYQQEBETQNfcIJDBTfVMRSDObc/LOFPYyceckVzgel76HJ+NiM/vZaIU0DphEKojWddeJ0EuIQk4FG2QasWYRoT3SYXVDJQmY9pLpDgP7zCgtux0qcyTaU/X3REICrfuBbzoDgl296E3E/7x6jO1rL+EyipFJOnuoHQsbQ3sSiN3iilEUfUMIVdz81aZdoghFE1vGhOAurrxMKhd59zLvlEwaNzBDGo7gFM7BhSsowB0UoQwUHuEJXuDVGlrP1pv1PmtNWfOZQ/gD6+MHDcCXoQ==</latexit>

integer S (S = 1, 2, . . .)
<latexit sha1_base64="wwcMxUs8o6WVw1eDKxsQAHBz2Dg=">AAACA3icbVDLSgNBEOyNrxhfUY9elgRBUcJuPOhFCHrxGNE8IFnC7OwkGTI7s8zMCssS8OIf+At68aCIV3/CW/7GyeOg0YKGoqqb7i4/YlRpxxlZmYXFpeWV7GpubX1jcyu/vVNXIpaY1LBgQjZ9pAijnNQ01Yw0I0lQ6DPS8AeXY79xR6Sigt/qJCJeiHqcdilG2kgcDuAGzsGFYyibegIGAQjQoOCwky86JWcC+y9xZ6RYKbSPHkeVpNrJf7UDgeOQcI0ZUqrlOpH2UiQ1xYwMc+1YkQjhAeqRlqEchUR56eSHob1vlMDuCmmKa3ui/pxIUahUEvqmM0S6r+a9sfif14p198xLKY9iTTieLurGzNbCHgdiB1QSrFliCMKSmltt3EcSYW1iy5kQ3PmX/5J6ueSelJxrk8YFTJGFPSiYeF04hQpcQRVqgOEenuEV3qwH68V6tz6mrRlrNrMLv2B9fgMUZZUI</latexit>

half-odd-integer S (S = 1
2 ,

3
2 , . . .)

<latexit sha1_base64="XtCA3v5JBbX4kmZICxKBD7PFxfY="></latexit>

give a genuine representation of Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

give a projective representation of Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

û↵ = exp[�i⇡ ˆS↵
]

<latexit sha1_base64="+B71zaX5YxsShUfgVUMy9FzIosw="></latexit>

↵ = x, y, z
<latexit sha1_base64="8oRqSte2pP1ZctXcxFnfRRs/HyQ=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYRdLbQRgjaWCZgHJEuYncwmQ2YfzMyK65JSG7/DzsZCCbb+gZ3f4E84eRSaeOAyZ865l5l73IgzqSzry8jMzS8sLmWXcyura+sb5uZWVYaxILRCQh6Kuosl5SygFcUUp/VIUOy7nNbc3uXQr91QIVkYXKskoo6POwHzGMFKS6FpwhNg4BBBV5/n+ibABwS3cASJrruWmbcK1gholtgTki/uDsrf93uDUsv8bLZDEvs0UIRjKRu2FSknxUIxwmk/14wljTDp4Q5taBpgn0onHW3SRwdaaSMvFLoChUbq74kU+1Imvqs7fay6ctobiv95jVh5Z07KgihWNCDjh7yYIxWiYSyozQQliieaYCKY/isiXSwwUTq8nA7Bnl55llSPC/ZJwSrrNC5gjCzswD4cgg2nUIQrKEEFCDzAM7zCm/FovBgD433cmjEmM9vwB8bHDwnll+M=</latexit>

û
x

û
y

= û
z

<latexit sha1_base64="MU8RhJUjYaBxYxLRgG3NyP22c/A=">AAACRXicfVC5TgMxFHwbrpBwBChpLAISVbQLBTRIETSUQSKHFFaR1/EmVryHbG/Essrn5Bf4ACjo6fgDGgoQpAXnKCABRrI8b+Y9PXuckDOpTPPJSM3NLywupZcz2ZXVtfXcxmZFBpEgtEwCHoiagyXlzKdlxRSntVBQ7DmcVp3O2dCvdqmQLPAvVRxS28Mtn7mMYKWlIFeAPrQBg4IEIuhBQ999EOABgmtd/+3Guj75x7+BXiOXNwvmCGiWWBOSL+5+3N53s4NSI/d41QxI5FFfEY6lrFtmqOwEC8UIp73MVSRpiEkHt2hdUx97VNrJKIUe2tNKE7mB0MdXaKR+n0iwJ2XsObrTw6otp72h+JtXj5R7bCfMDyNFfTJe5EYcqQANI0VNJihRPNYEE8H0WxFpY4GJ0sFndAjW9JdnSeWgYB0WzAudximMkYZt2IF9sOAIinAOJSgDgTt4hld4Mx6MF+PdGIxbU8ZkZgt+wPj8AkANqPI=</latexit>

û
y

û
z

= û
x

<latexit sha1_base64="qRTKGGPJh+clM2Pr5Ciog8I8blU=">AAACRXicfVC5TgMxFHwbrpBwBChpLAISVbQLBTRIETSUQSKHFFaR1/EmVryHbG/Essrn5Bf4ACjo6fgDGgoQpAXnKCABRrI8b+Y9PXuckDOpTPPJSM3NLywupZcz2ZXVtfXcxmZFBpEgtEwCHoiagyXlzKdlxRSntVBQ7DmcVp3O2dCvdqmQLPAvVRxS28Mtn7mMYKWlIFeAPrQBg4IEIuhBQ999EOABgljXf7s3uj75x7+GXiOXNwvmCGiWWBOSL+5+3N53s4NSI/d41QxI5FFfEY6lrFtmqOwEC8UIp73MVSRpiEkHt2hdUx97VNrJKIUe2tNKE7mB0MdXaKR+n0iwJ2XsObrTw6otp72h+JtXj5R7bCfMDyNFfTJe5EYcqQANI0VNJihRPNYEE8H0WxFpY4GJ0sFndAjW9JdnSeWgYB0WzAudximMkYZt2IF9sOAIinAOJSgDgTt4hld4Mx6MF+PdGIxbU8ZkZgt+wPj8AkBrqPI=</latexit>

û
z

û
x

= û
y

<latexit sha1_base64="6HprY41W0FXiLe0+fkLaAcW6F04=">AAACRXicfVC5TgMxFHwbrpBwBChpLAISVbQLBTRIETSUQSKHFFaR1/EmVryHbG/Essrn5Bf4ACjo6fgDGgoQpAXnKCABRrI8b+Y9PXuckDOpTPPJSM3NLywupZcz2ZXVtfXcxmZFBpEgtEwCHoiagyXlzKdlxRSntVBQ7DmcVp3O2dCvdqmQLPAvVRxS28Mtn7mMYKWlIFeAPrQBg4IEIuhBQ999EOABghtd/+1e6/rkHz+GXiOXNwvmCGiWWBOSL+5+3N53s4NSI/d41QxI5FFfEY6lrFtmqOwEC8UIp73MVSRpiEkHt2hdUx97VNrJKIUe2tNKE7mB0MdXaKR+n0iwJ2XsObrTw6otp72h+JtXj5R7bCfMDyNFfTJe5EYcqQANI0VNJihRPNYEE8H0WxFpY4GJ0sFndAjW9JdnSeWgYB0WzAudximMkYZt2IF9sOAIinAOJSgDgTt4hld4Mx6MF+PdGIxbU8ZkZgt+wPj8AkBpqPI=</latexit>

π-rotation about the   -axis↵
<latexit sha1_base64="7JPOQpg8DxhCw5kPw6YTxPsSrDc=">AAAB83icbVDJSgNBEK2JWxy3qEcvg0HwFGb0oBcx6MVjBLNAMoSaTk/SpKen6e4RQshvePGguBz9Du9exL+xsxw0+qDg8V4VVfUiyZk2vv/l5BYWl5ZX8qvu2vrG5lZhe6em00wRWiUpT1UjQk05E7RqmOG0IRXFJOK0HvUvx379lirNUnFjBpKGCXYFixlBY6UYXgGBg4QeYLtQ9Ev+BN5fEsxI8fzdPZPPn26lXfhodVKSJVQYwlHrZuBLEw5RGUY4HbmtTFOJpI9d2rRUYEJ1OJzcPPIOrNLx4lTZEsabqD8nhphoPUgi25mg6el5byz+5zUzE5+GQyZkZqgg00Vxxj2TeuMAvA5TlBg+sASJYvZWj/RQITE2JteGEMy//JfUjkrBccm/9ovlC5giD3uwD4cQwAmU4QoqUAVig72DB3h0MufeeXJepq05ZzazC7/gvH0DUHyS5g==</latexit>

û
z

û
y

û
x

= 1̂
<latexit sha1_base64="C0FcwccR3bGJnipAq+wCna7SWqw=">AAACU3icfVFNTwIxFHy7oiKKoh69NBITT2QXNXoxIXrxiIl8JEBItxRo6G43bdeIm/05/B9j4sE/4sWDFtgDgjpJ03kz76Xt1As5U9px3i17LbO+sZndym3v5Hf3CvsHdSUiSWiNCC5k08OKchbQmmaa02YoKfY9Thve6HbqNx6pVEwED3oc0o6PBwHrM4K1kUThAiYwBAwaYoggga7ZJyDBBwTPpv7bHf/rPpn6esF3IekWik7JmQGtEjclRUhR7RZe2z1BIp8GmnCsVMt1Qt2JsdSMcJrk2pGiISYjPKAtQwPsU9WJZ5kk6MQoPdQX0qxAo5m6OBFjX6mx75lOH+uhWvam4m9eK9L9q07MgjDSNCDzg/oRR1qgacCoxyQlmo8NwUQyc1dEhlhios035EwI7vKTV0m9XHLPSuX782LlJo0jC0dwDKcmyEuowB1UoQYEXuADviyw3qxP27Yz81bbSmcO4Qfs/DfqHqRD</latexit>

1̂, û
x

, û
y

, û
z

<latexit sha1_base64="peiWcSohTPnQRabWUnbExer65zM=">AAACV3ichVFNTwIxEJ1dEBG/QI9eGomJB0N20QSPRC8eMZGPBAjpli40tLubtmvEzf4c/pDxwl/xouXjgGLCJE3fvDeTad94EWdKO87csjPZvdx+/qBweHR8closnbVUGEtCmyTkoex4WFHOAtrUTHPaiSTFwuO07U0eF3r7lUrFwuBFTyPaF3gUMJ8RrA0VFmswgzFg0JCACyncbOSxyQfmnoEEAQjedujTHfo7pINi2ak4y0DbwF2DMqyjMSh+9IYhiQUNNOFYqa7rRLqfYKkZ4TQt9GJFI0wmeES7BgZYUNVPlr6k6MowQ+SH0pxAoyW72ZFgodRUeKZSYD1Wf7UF+Z/WjbV/309YEMWaBmQ1yI850iFamIyGTFKi+dQATCQzb0VkjCUm2qyiYExw/355G7SqFfe2Un2+K9cf1nbk4QIu4dosqgZ1eIIGNIHAJ3xZGStrza1vO2fnV6W2te45h19hl34A4iWjsQ==</latexit>

1̂, û
x

, û
y

, û
z

<latexit sha1_base64="peiWcSohTPnQRabWUnbExer65zM=">AAACV3ichVFNTwIxEJ1dEBG/QI9eGomJB0N20QSPRC8eMZGPBAjpli40tLubtmvEzf4c/pDxwl/xouXjgGLCJE3fvDeTad94EWdKO87csjPZvdx+/qBweHR8closnbVUGEtCmyTkoex4WFHOAtrUTHPaiSTFwuO07U0eF3r7lUrFwuBFTyPaF3gUMJ8RrA0VFmswgzFg0JCACyncbOSxyQfmnoEEAQjedujTHfo7pINi2ak4y0DbwF2DMqyjMSh+9IYhiQUNNOFYqa7rRLqfYKkZ4TQt9GJFI0wmeES7BgZYUNVPlr6k6MowQ+SH0pxAoyW72ZFgodRUeKZSYD1Wf7UF+Z/WjbV/309YEMWaBmQ1yI850iFamIyGTFKi+dQATCQzb0VkjCUm2qyiYExw/355G7SqFfe2Un2+K9cf1nbk4QIu4dosqgZ1eIIGNIHAJ3xZGStrza1vO2fnV6W2te45h19hl34A4iWjsQ==</latexit>

ûx = �iX
<latexit sha1_base64="WmqQrb1phEPOr3jwFYodn8aiiw4=">AAACD3icbVC7SgNBFL3rM4mv1ZQ2g0GwMezGQhshaGMZwTwwWcPsZDYZMvtgZlYSlvyBjaUfkFqwsVDE1tbOr9HJo9DEA8OcOede7tzjRpxJZVlfxsLi0vLKaiqdWVvf2Nwyt3cqMowFoWUS8lDUXCwpZwEtK6Y4rUWCYt/ltOp2z0d+9ZYKycLgSvUj6vi4HTCPEay0FJpZGEIHMChIIIYB3Oh7CAJ8QNDT71M4BAa1ppmz8tYYaJ7YU5IrpqOH68fed6lpfjZaIYl9GijCsZR124qUk2ChGOF0kGnEkkaYdHGb1jUNsE+lk4z3GaB9rbSQFwp9AoXG6u+OBPtS9n1XV/pYdeSsNxL/8+qx8k6chAVRrGhAJoO8mCMVolE4qMUEJYr3NcFEMP1XRDpYYKJ0hBkdgj278jypFPL2Ub5wqdM4gwlSsAt7cAA2HEMRLqAEZSBwB0/wAq/GvfFsvBnvk9IFY9qThT8wPn4AvpaZ4g==</latexit>

ûy = �iY
<latexit sha1_base64="OLzZcgAY+HVTgtR+Ttob1d3vHkU=">AAACD3icbVC5TgMxFHzLmYRrISWNRYREQ7QbCmiQImgog0QOSJbI6ziJFe8h24tYrfIHNJR8QGokGgoQoqWl42vAOQpIGMnyeOY9Pb9xQ86ksqwvY25+YXFpOZXOrKyurW+Ym1sVGUSC0DIJeCBqLpaUM5+WFVOc1kJBsedyWnV7p0O/ekOFZIF/oeKQOh7u+KzNCFZaCswsDKALGBQkEEEfrvU9AAEeIIj1+xj2gcFl08xZeWsENEvsCckV0+HD1ePtd6lpfjZaAYk86ivCsZR12wqVk2ChGOG0n2lEkoaY9HCH1jX1sUelk4z26aNdrbRQOxD6+AqN1N8dCfakjD1XV3pYdeW0NxT/8+qRah85CfPDSFGfjAe1I45UgIbhoBYTlCgea4KJYPqviHSxwETpCDM6BHt65VlSKeTtg3zhXKdxAmOkYBt2YA9sOIQinEEJykDgDp7gBV6Ne+PZeDPex6VzxqQnC39gfPwAwaiZ5A==</latexit>

ûz = �iZ
<latexit sha1_base64="Cu24OFSclFKswUTv6+sTkwAJPZQ=">AAACD3icbVC7TgJBFL2LL8DXKqXNRGJiI9nFQhsToo0lJvIIsJLZYYAJs4/MzBpxwx/YWPoB1CY2Fhpja2vn1+jwKBQ8yWTOnHNv7tzjhpxJZVlfRmJhcWl5JZlKr66tb2yaW9tlGUSC0BIJeCCqLpaUM5+WFFOcVkNBsedyWnF7ZyO/ck2FZIF/qfohdTzc8VmbEay0FJgZGEIXMCiIIYIBXOl7CAI8QHCr3ydwAAxqTTNr5awx0DyxpyRbSIUPtceb72LT/Gy0AhJ51FeEYynrthUqJ8ZCMcLpIN2IJA0x6eEOrWvqY49KJx7vM0B7WmmhdiD08RUaq787YuxJ2fdcXelh1ZWz3kj8z6tHqn3sxMwPI0V9MhnUjjhSARqFg1pMUKJ4XxNMBNN/RaSLBSZKR5jWIdizK8+Tcj5nH+byFzqNU5ggCTuwC/tgwxEU4ByKUAICd/AEL/Bq3BvPxpvxPilNGNOeDPyB8fEDxLqZ5g==</latexit>S = 1/2

<latexit sha1_base64="x42E5TdlUbe+ULU0M0GIF3VqUX4=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU92tgl6EohePFd220C4lm2bb0GyyJFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NQyVYT6RHKp2iHWlDNBfcMMp+1EURyHnLbC0e3Ubz1RpZkUj2ac0CDGA8EiRrCxkv9w7Z3VeuWKW3VnQMvEy0kFcjR65a9uX5I0psIQjrXueG5iggwrwwink1I31TTBZIQHtGOpwDHVQTY7doJOrNJHkVS2hEEz9fdEhmOtx3FoO2NshnrRm4r/eZ3URFdBxkSSGirIfFGUcmQkmn6O+kxRYvjYEkwUs7ciMsQKE2PzKdkQvMWXl0mzVvXOq7X7i0r9Jo+jCEdwDKfgwSXU4Q4a4AMBBs/wCm+OcF6cd+dj3lpw8plD+APn8wd/fY3S</latexit>

for              we have

Ŝ = (Ŝx, Ŝy, Ŝz)
<latexit sha1_base64="YY8xo9VuWoD+Q1Br5mVkZwpwemI="></latexit>

Ŝ
2
= S(S + 1)

<latexit sha1_base64="vJ/TPrASQdg0bOYCo+lmiMpFRX4="></latexit>

spin operator S = 1
2 , 1,

3
2 , . . .

<latexit sha1_base64="s/wXgFkLHpD4vZWnei2wuc6Iqo4="></latexit>



Theorem for  
Matrix Product States 

(MPS)
Watanabe, Po, Vishwanath, Zaletel 2013



Matrix Product States (MPS)
Fannes, Nachtergaele, Werner 1991, 1992

quantum spin system with spin    on {1, 2, . . . , L}
<latexit sha1_base64="obMYcR8c7PDLsJOlcaxNQW7zAp0=">AAACCXicbVC7SgNBFL0bXzG+Vi1tlgRBUMJuLLQM2lhYRDAPSJYwOzubDJndWWZmhWVJa2PrL6SzsVDE1j+wy984eRSaeODCuefcy8w9XsyoVLY9NnIrq2vrG/nNwtb2zu6euX/QkDwRmNQxZ1y0PCQJoxGpK6oYacWCoNBjpOkNrid+84EISXl0r9KYuCHqRTSgGCktcdOEEWTgwBlUdI2AgQ8cFEjd3ep+2DVLdtmewlomzpyUqsXO6fO4mta65nfH5zgJSaQwQ1K2HTtWboaEopiRYaGTSBIjPEA90tY0QiGRbja9ZGgda8W3Ai50Rcqaqr83MhRKmYaengyR6stFbyL+57UTFVy6GY3iRJEIzx4KEmYpbk1isXwqCFYs1QRhQfVfLdxHAmGlwyvoEJzFk5dJo1J2zsuVO53GFcyQhyMowokO+AKqcAM1qAOGR3iBN3g3noxX48P4nI3mjPnOIfyB8fUDFZuXOg==</latexit>

S
<latexit sha1_base64="GaAj9CggsiMSYT4U81avqCQzmek=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdWGgjBm0sEzQXSJYwOzmbjJm9MDMrhJAnsLFQxFYfxt5GfBsnl0ITfxj4+P9zmHOOnwiutON8W5ml5ZXVtey6vbG5tb2T292rqTiVDKssFrFs+FSh4BFWNdcCG4lEGvoC637/apzX71EqHke3epCgF9JuxAPOqDZW5aadyzsFZyKyCO4M8hcf9nny/mWX27nPVidmaYiRZoIq1XSdRHtDKjVnAkd2K1WYUNanXWwajGiIyhtOBh2RI+N0SBBL8yJNJu7vjiENlRqEvqkMqe6p+Wxs/pc1Ux2ceUMeJanGiE0/ClJBdEzGW5MOl8i0GBigTHIzK2E9KinT5ja2OYI7v/Ii1IoF96RQrDj50iVMlYUDOIRjcOEUSnANZagCA4QHeIJn6856tF6s12lpxpr17MMfWW8/DwmQGA==</latexit>

Ŝz|�i = �|�i
<latexit sha1_base64="uWkFyX1pW3/bilrdAPMCuDR5gSQ="></latexit>

standard basis states
D ⇥D

<latexit sha1_base64="Z1WpvYhVUntjG8KQYecvH2JEXNI=">AAAB+XicbVC7SgNBFL3rM4mvqKXNYBCswm4stAyawjKCeWCyhNnJbDJkZnaZmQ2GJR8i2FgoYmPhn9j5NTp5FJp44MLhnHu5954g5kwb1/1yVlbX1jc2M9nc1vbO7l5+/6Cuo0QRWiMRj1QzwJpyJmnNMMNpM1YUi4DTRjC4mviNIVWaRfLWjGLqC9yTLGQEGysxqMAzGGAggIIGBJVOvuAW3SnQMvHmpFDOxg937/ff1U7+s92NSCKoNIRjrVueGxs/xcowwuk41040jTEZ4B5tWSqxoNpPp5eP0YlVuiiMlC1p0FT9PZFiofVIBLZTYNPXi95E/M9rJSa88FMm48RQSWaLwoQjE6FJDKjLFCWGjyzBRDF7KyJ9rDAxNqycDcFbfHmZ1EtF76xYurFpXMIMGTiCYzgFD86hDNdQhRoQGMKjjfnFSZ0n59V5m7WuOPOZQ/gD5+MHI36Udg==</latexit>

matrices      withM�
<latexit sha1_base64="lKvKV/2WwXb14u073iUn/MrsR8s=">AAACC3icbVA9SwNBEJ3zM55fFy1tDoNgFe5ioY0YtLERIpgPSM6wt9lLluztHbt7QjjS2/grxNbGQhFbsbcR/417SQpNfDDweG+GmXl+zKhUjvNtzM0vLC4t51bM1bX1jU0rv1WTUSIwqeKIRaLhI0kY5aSqqGKkEQuCQp+Rut8/y/z6DRGSRvxKDWLihajLaUAxUlqKrDw8QAgIFPRAQgApXMAQrrUqgUI389pWwSk6I9izxJ2QwsmHeRzff5mVtvXZ6kQ4CQlXmCEpm64TKy9FQlHMyNBsJZLECPdRlzQ15Sgk0ktHvwztPa107CASuriyR+rviRSFUg5CX3eGSPXktJeJ/3nNRAVHXkp5nCjC8XhRkDBbRXYWjN2hgmDFBpogLKi+1cY9JBBWOj5Th+BOvzxLaqWie1AsXTqF8imMkYMd2IV9cOEQynAOFagChlt4hGd4Me6MJ+PVeBu3zhmTmW34A+P9B6q/mMA=</latexit>

� = �S, . . . , S
<latexit sha1_base64="fQwONZdzaos84r7Bk2c8gJRH36k=">AAACDXicbVC7SgNBFL0bXzG+1lgqshgEixh2Y6GNELSxTIh5QBLC7OwkGTK7s8zMCmFJaWPjV9jbCFHE1t7Ob/AnnDwKjR64cDjnXu69xw0Zlcq2P43EwuLS8kpyNbW2vrG5ZW6nq5JHApMK5oyLuoskYTQgFUUVI/VQEOS7jNTc/uXYr90QISkPrtUgJC0fdQPaoRgpLXEzDQ8ggUIXfEBwDsdQhqzWGHjAQWkvC+W2mbFz9gTWX+LMSKawNyp93e6Pim3zo+lxHPkkUJghKRuOHapWjISimJFhqhlJEiLcR13S0DRAPpGtePLN0DrUimd1uNAVKGui/pyIkS/lwHd1p49UT857Y/E/rxGpzlkrpkEYKRLg6aJOxCzFrXE0lkcFwYoNNEFYUH2rhXtIIKx0gCkdgjP/8l9Szeeck1y+pNO4gCmSsAsHcAQOnEIBrqAIFcBwB4/wDC/GvfFkvBpv09aEMZvZgV8w3r8Bm0yYpQ==</latexit>

|�1, . . . ,�Li =
NL

j=1 |�jij
<latexit sha1_base64="jK6GXnCwFW1+Dv6N+g+cNAb8pdM="></latexit>

|�i =
PS

�1,...,�L=�S Tr[M�1 . . .M�L ] |�1, . . . ,�Li
<latexit sha1_base64="0UOS4G6dqgoIUDiwxqSVS2u7BlI="></latexit>

translation invariant state (MPS)

it is known that disordered states (area-law states)  
can be approximated by MPS

|�i
<latexit sha1_base64="AEEQxm8mRZG3lVwC6dwkLAZF9ak=">AAAB/3icbVDLSsNAFL3xWeur6tJNaBEEoSR1ocugG5cV7APaUibTm3boZBJmJkKIXfgPfoEgLhRx62+46984fSy09cDlHs65l7lz/JgzpR1nbK2srq1vbOa28ts7u3v7hYPDuooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PCH1xO/cY9SsUjc6TTGTkj6ggWMEm0kDg/wAlUYADNdAgEBfeCA3ULJKTtT2MvEnZOSV2yfPY29tNotfLd7EU1CFJpyolTLdWLdyYjUjHIc5duJwpjQIeljy1BBQlSdbHr/yD4xSs8OImlKaHuq/t7ISKhUGvpmMiR6oBa9ifif10p0cNnJmIgTjYLOHgoSbuvInoRh95hEqnlqCKGSmVttOiCSUG0iy5sQ3MUvL5N6peyelyu3bsm7ghlycAxFOAUXLsCDGxNwDaiJ+hne4N16tF6tD+tzNrpizXeO4A+srx8JZJXe</latexit>

PS
�=�S M�(M�)† = I

<latexit sha1_base64="bMT2YMp0+mR0TwfjZzvBrmiQ1AM="></latexit>

|�i
<latexit sha1_base64="AEEQxm8mRZG3lVwC6dwkLAZF9ak=">AAAB/3icbVDLSsNAFL3xWeur6tJNaBEEoSR1ocugG5cV7APaUibTm3boZBJmJkKIXfgPfoEgLhRx62+46984fSy09cDlHs65l7lz/JgzpR1nbK2srq1vbOa28ts7u3v7hYPDuooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PCH1xO/cY9SsUjc6TTGTkj6ggWMEm0kDg/wAlUYADNdAgEBfeCA3ULJKTtT2MvEnZOSV2yfPY29tNotfLd7EU1CFJpyolTLdWLdyYjUjHIc5duJwpjQIeljy1BBQlSdbHr/yD4xSs8OImlKaHuq/t7ISKhUGvpmMiR6oBa9ifif10p0cNnJmIgTjYLOHgoSbuvInoRh95hEqnlqCKGSmVttOiCSUG0iy5sQ3MUvL5N6peyelyu3bsm7ghlycAxFOAUXLsCDGxNwDaiJ+hne4N16tF6tD+tzNrpizXeO4A+srx8JZJXe</latexit>

is said to be injective if , and 

span the whole space of           matricesD ⇥D
<latexit sha1_base64="Z1WpvYhVUntjG8KQYecvH2JEXNI=">AAAB+XicbVC7SgNBFL3rM4mvqKXNYBCswm4stAyawjKCeWCyhNnJbDJkZnaZmQ2GJR8i2FgoYmPhn9j5NTp5FJp44MLhnHu5954g5kwb1/1yVlbX1jc2M9nc1vbO7l5+/6Cuo0QRWiMRj1QzwJpyJmnNMMNpM1YUi4DTRjC4mviNIVWaRfLWjGLqC9yTLGQEGysxqMAzGGAggIIGBJVOvuAW3SnQMvHmpFDOxg937/ff1U7+s92NSCKoNIRjrVueGxs/xcowwuk41040jTEZ4B5tWSqxoNpPp5eP0YlVuiiMlC1p0FT9PZFiofVIBLZTYNPXi95E/M9rJSa88FMm48RQSWaLwoQjE6FJDKjLFCWGjyzBRDF7KyJ9rDAxNqycDcFbfHmZ1EtF76xYurFpXMIMGTiCYzgFD86hDNdQhRoQGMKjjfnFSZ0n59V5m7WuOPOZQ/gD5+MHI36Udg==</latexit>

is injective if it is disordered, and not a “cat”
heuristic

there is   such that                        with all possible M�1M�2 · · ·M�`
<latexit sha1_base64="WMLVbsEI8zUN7NGA5ila8igLxNg="></latexit>

�1, . . . ,�`
<latexit sha1_base64="AeddnLe9rlhZaJpaaGCD//0vBZI=">AAACH3icbZC7SgNBFIbPxluMt1XLiCwGwSKE3VhoGbSxTMBcIFnC7OwkGTK7s8zMCmFJ6VvYWOQdUttYKCJ2eQZfwsml0MQDAz//dw5nzu9FjEpl2xMjtba+sbmV3s7s7O7tH5iHRzXJY4FJFXPGRcNDkjAakqqiipFGJAgKPEbqXv92yusPREjKw3s1iIgboG5IOxQjpS1uZmEEEih0IQAEbXAgrx0GPnBQmuSX+AiIpqxt5uyCPStrVTgLkSudjCvfj6fjctv8avkcxwEJFWZIyqZjR8pNkFAUMzLMtGJJIoT7qEuaWoYoINJNZvcNrXPt+FaHC/1CZc3c3xMJCqQcBJ7uDJDqyWU2Nf9jzVh1rt2EhlGsSIjnizoxsxS3pmFZPhUEKzbQAmFB9V8t3EMCYaUjzegQnOWTV0WtWHAuC8WKkyvdwLzSkIUzuNBhX0EJ7qAMVcDwBC/wBu/Gs/FqfBif89aUsZg5hj9lTH4Am5adyA==</latexit>

<̀latexit sha1_base64="RPyH4CmM5HvzBnDXIxj1ByH+cS8=">AAAB93icbVDLSgNBEOz1GeMr6tHLYBA8SNiNgh6DXjxGMA9IljA725sMmX0wMyssS37Cq4Inxaufo1/jJNmDJhY0FNVddHd5ieBK2/aXtbK6tr6xWdoqb+/s7u1XDg7bKk4lwxaLRSy7HlUoeIQtzbXAbiKRhp7Ajje+nfY7jygVj6MHnSXohnQY8YAzqo3kwxsgCBCDStWu2TOQZeIUpAoFmoPKd9+PWRpipJmgSvUcO9FuTqXmTOCk3E8VJpSN6RB7hkY0ROXms3sn5NQoPgliaSrSZKb+duQ0VCoLvfM0GUrEsXGEVI/U4sxU/K/XS3Vw7eY8SlKNEZsvDFJBdEymIRCfS2RaZIZQJrm5mbARlZRpE1XZhOEsvr5M2vWac1Gr319WGzdFLCU4hhM4AweuoAF30IQWMBPvEzzDi5VZr9a79TEfXbEKzxH8gfX5A8Pzkgs=</latexit>



Theorem for MPS

THEOREM 1’: There cannot be a translation 
invariant and               invariant injective MPS for                       Z2 ⇥ Z2

<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

S = 1
2 ,

3
2 ,

5
2 , . . .

<latexit sha1_base64="ZhW2WS+CyP2QBxzzu6GcZX+r6lc="></latexit>

|�i =
PS

�1,...,�L=�S Tr[M�1 . . .M�L ] |�1, . . . ,�Li
<latexit sha1_base64="0UOS4G6dqgoIUDiwxqSVS2u7BlI="></latexit>

|�i
<latexit sha1_base64="AEEQxm8mRZG3lVwC6dwkLAZF9ak=">AAAB/3icbVDLSsNAFL3xWeur6tJNaBEEoSR1ocugG5cV7APaUibTm3boZBJmJkKIXfgPfoEgLhRx62+46984fSy09cDlHs65l7lz/JgzpR1nbK2srq1vbOa28ts7u3v7hYPDuooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PCH1xO/cY9SsUjc6TTGTkj6ggWMEm0kDg/wAlUYADNdAgEBfeCA3ULJKTtT2MvEnZOSV2yfPY29tNotfLd7EU1CFJpyolTLdWLdyYjUjHIc5duJwpjQIeljy1BBQlSdbHr/yD4xSs8OImlKaHuq/t7ISKhUGvpmMiR6oBa9ifif10p0cNnJmIgTjYLOHgoSbuvInoRh95hEqnlqCKGSmVttOiCSUG0iy5sQ3MUvL5N6peyelyu3bsm7ghlycAxFOAUXLsCDGxNwDaiJ+hne4N16tF6tD+tzNrpizXeO4A+srx8JZJXe</latexit>

PS
�=�S M�(M�)† = I

<latexit sha1_base64="bMT2YMp0+mR0TwfjZzvBrmiQ1AM="></latexit>

|�i
<latexit sha1_base64="AEEQxm8mRZG3lVwC6dwkLAZF9ak=">AAAB/3icbVDLSsNAFL3xWeur6tJNaBEEoSR1ocugG5cV7APaUibTm3boZBJmJkKIXfgPfoEgLhRx62+46984fSy09cDlHs65l7lz/JgzpR1nbK2srq1vbOa28ts7u3v7hYPDuooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PCH1xO/cY9SsUjc6TTGTkj6ggWMEm0kDg/wAlUYADNdAgEBfeCA3ULJKTtT2MvEnZOSV2yfPY29tNotfLd7EU1CFJpyolTLdWLdyYjUjHIc5duJwpjQIeljy1BBQlSdbHr/yD4xSs8OImlKaHuq/t7ISKhUGvpmMiR6oBa9ifif10p0cNnJmIgTjYLOHgoSbuvInoRh95hEqnlqCKGSmVttOiCSUG0iy5sQ3MUvL5N6peyelyu3bsm7ghlycAxFOAUXLsCDGxNwDaiJ+hne4N16tF6tD+tzNrpizXeO4A+srx8JZJXe</latexit>

is said to be injective if , and 

span the whole space of           matricesD ⇥D
<latexit sha1_base64="Z1WpvYhVUntjG8KQYecvH2JEXNI=">AAAB+XicbVC7SgNBFL3rM4mvqKXNYBCswm4stAyawjKCeWCyhNnJbDJkZnaZmQ2GJR8i2FgoYmPhn9j5NTp5FJp44MLhnHu5954g5kwb1/1yVlbX1jc2M9nc1vbO7l5+/6Cuo0QRWiMRj1QzwJpyJmnNMMNpM1YUi4DTRjC4mviNIVWaRfLWjGLqC9yTLGQEGysxqMAzGGAggIIGBJVOvuAW3SnQMvHmpFDOxg937/ff1U7+s92NSCKoNIRjrVueGxs/xcowwuk41040jTEZ4B5tWSqxoNpPp5eP0YlVuiiMlC1p0FT9PZFiofVIBLZTYNPXi95E/M9rJSa88FMm48RQSWaLwoQjE6FJDKjLFCWGjyzBRDF7KyJ9rDAxNqycDcFbfHmZ1EtF76xYurFpXMIMGTiCYzgFD86hDNdQhRoQGMKjjfnFSZ0n59V5m7WuOPOZQ/gD5+MHI36Udg==</latexit>

is injective if it is disordered, and not a “cat”
heuristic

there is   such that                        with all possible M�1M�2 · · ·M�`
<latexit sha1_base64="WMLVbsEI8zUN7NGA5ila8igLxNg="></latexit>

�1, . . . ,�`
<latexit sha1_base64="AeddnLe9rlhZaJpaaGCD//0vBZI=">AAACH3icbZC7SgNBFIbPxluMt1XLiCwGwSKE3VhoGbSxTMBcIFnC7OwkGTK7s8zMCmFJ6VvYWOQdUttYKCJ2eQZfwsml0MQDAz//dw5nzu9FjEpl2xMjtba+sbmV3s7s7O7tH5iHRzXJY4FJFXPGRcNDkjAakqqiipFGJAgKPEbqXv92yusPREjKw3s1iIgboG5IOxQjpS1uZmEEEih0IQAEbXAgrx0GPnBQmuSX+AiIpqxt5uyCPStrVTgLkSudjCvfj6fjctv8avkcxwEJFWZIyqZjR8pNkFAUMzLMtGJJIoT7qEuaWoYoINJNZvcNrXPt+FaHC/1CZc3c3xMJCqQcBJ7uDJDqyWU2Nf9jzVh1rt2EhlGsSIjnizoxsxS3pmFZPhUEKzbQAmFB9V8t3EMCYaUjzegQnOWTV0WtWHAuC8WKkyvdwLzSkIUzuNBhX0EJ7qAMVcDwBC/wBu/Gs/FqfBif89aUsZg5hj9lTH4Am5adyA==</latexit>

<̀latexit sha1_base64="RPyH4CmM5HvzBnDXIxj1ByH+cS8=">AAAB93icbVDLSgNBEOz1GeMr6tHLYBA8SNiNgh6DXjxGMA9IljA725sMmX0wMyssS37Cq4Inxaufo1/jJNmDJhY0FNVddHd5ieBK2/aXtbK6tr6xWdoqb+/s7u1XDg7bKk4lwxaLRSy7HlUoeIQtzbXAbiKRhp7Ajje+nfY7jygVj6MHnSXohnQY8YAzqo3kwxsgCBCDStWu2TOQZeIUpAoFmoPKd9+PWRpipJmgSvUcO9FuTqXmTOCk3E8VJpSN6RB7hkY0ROXms3sn5NQoPgliaSrSZKb+duQ0VCoLvfM0GUrEsXGEVI/U4sxU/K/XS3Vw7eY8SlKNEZsvDFJBdEymIRCfS2RaZIZQJrm5mbARlZRpE1XZhOEsvr5M2vWac1Gr319WGzdFLCU4hhM4AweuoAF30IQWMBPvEzzDi5VZr9a79TEfXbEKzxH8gfX5A8Pzkgs=</latexit>

translation invariant state (MPS)



Proof of Theorem 1’
THEOREM 1’: There cannot be a translation 
invariant and               invariant injective MPS for                       Z2 ⇥ Z2

<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

S = 1
2 ,

3
2 ,

5
2 , . . .

<latexit sha1_base64="ZhW2WS+CyP2QBxzzu6GcZX+r6lc="></latexit>

↵ = x, y, z
<latexit sha1_base64="NvRZe4um2dVyvvDpvaoGHSWPvAw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYTdWGgjBG0sEzAPSJYwO5lNhsw+mJkV1yWlNn6HnY2FEmz9Azu/wZ9w8ig0euAyZ865l5l73IgzqSzr08jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/sXIr19TIVkYXKkkoo6PuwHzGMFKS6FpwiNg4BBBT59n+ibABwQ3cASJrtu2mbcK1hjoL7GnJF/aHVa+7vaG5bb50eqEJPZpoAjHUjZtK1JOioVihNNBrhVLGmHSx13a1DTAPpVOOt5kgA600kFeKHQFCo3VnxMp9qVMfFd3+lj15Kw3Ev/zmrHyTp2UBVGsaEAmD3kxRypEo1hQhwlKFE80wUQw/VdEelhgonR4OR2CPbvyX1IrFuzjQrFi50vnMEEWdmAfDsGGEyjBJZShCgTu4Qle4NV4MJ6NofE2ac0Y05lt+AXj/RsK2Zfm</latexit>

|�i =
PS

�1,...,�L=�S Tr[M�1 . . .M�L ] |�1, . . . ,�Li
<latexit sha1_base64="0UOS4G6dqgoIUDiwxqSVS2u7BlI="></latexit>

assume that
is injective, and               invariant, i.e.,

for
Z2 ⇥ Z2

<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

Watanabe, Po, Vishwanath, Zaletel 2013 (arranged by H.T.)

exp[�i⇡
P

j
ˆS↵
j ]|�i = const |�i

<latexit sha1_base64="3OKB1vldNNIrIdkfb114svkdZns="></latexit>

P
Tr[

˜M�1 . . . ˜M�L
] |�1, . . . ,�Li = const

P
Tr[M�1 . . .M�L

] |�1, . . . ,�Li
<latexit sha1_base64="QHRSUkKJFQ/2PtqQ1cjFbsBgRco="></latexit>

M̃� =
P

�0h�|û↵|�0iM�0

<latexit sha1_base64="glwj2S8H/OettugYrdEqw9rJu1A="></latexit>

with û↵ = exp[�i⇡ ˆS↵
]

<latexit sha1_base64="+B71zaX5YxsShUfgVUMy9FzIosw="></latexit>



there are           unitary matrices                which form a 
projective representation of               , and constants 
            with            for                , such that             

Proof of Theorem 1’

Fannes, Nachtergaele, Werner 1992  
Perez-Garcia, Wolf, Sanz, Verstraete, and Cirac 2008  
Pollmann, Turner, Berg, Oshikawa 2010

↵ = x, y, z
<latexit sha1_base64="NvRZe4um2dVyvvDpvaoGHSWPvAw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYTdWGgjBG0sEzAPSJYwO5lNhsw+mJkV1yWlNn6HnY2FEmz9Azu/wZ9w8ig0euAyZ865l5l73IgzqSzr08jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/sXIr19TIVkYXKkkoo6PuwHzGMFKS6FpwiNg4BBBT59n+ibABwQ3cASJrtu2mbcK1hjoL7GnJF/aHVa+7vaG5bb50eqEJPZpoAjHUjZtK1JOioVihNNBrhVLGmHSx13a1DTAPpVOOt5kgA600kFeKHQFCo3VnxMp9qVMfFd3+lj15Kw3Ev/zmrHyTp2UBVGsaEAmD3kxRypEo1hQhwlKFE80wUQw/VdEelhgonR4OR2CPbvyX1IrFuzjQrFi50vnMEEWdmAfDsGGEyjBJZShCgTu4Qle4NV4MJ6NofE2ac0Y05lt+AXj/RsK2Zfm</latexit>

P
Tr[

˜M�1 . . . ˜M�L
] |�1, . . . ,�Li = const

P
Tr[M�1 . . .M�L

] |�1, . . . ,�Li
<latexit sha1_base64="QHRSUkKJFQ/2PtqQ1cjFbsBgRco="></latexit>

M̃� =
P

�0h�|û↵|�0iM�0

<latexit sha1_base64="glwj2S8H/OettugYrdEqw9rJu1A="></latexit>

withuniqueness of 
injective MPS 

D ⇥D
<latexit sha1_base64="Z1WpvYhVUntjG8KQYecvH2JEXNI=">AAAB+XicbVC7SgNBFL3rM4mvqKXNYBCswm4stAyawjKCeWCyhNnJbDJkZnaZmQ2GJR8i2FgoYmPhn9j5NTp5FJp44MLhnHu5954g5kwb1/1yVlbX1jc2M9nc1vbO7l5+/6Cuo0QRWiMRj1QzwJpyJmnNMMNpM1YUi4DTRjC4mviNIVWaRfLWjGLqC9yTLGQEGysxqMAzGGAggIIGBJVOvuAW3SnQMvHmpFDOxg937/ff1U7+s92NSCKoNIRjrVueGxs/xcowwuk41040jTEZ4B5tWSqxoNpPp5eP0YlVuiiMlC1p0FT9PZFiofVIBLZTYNPXi95E/M9rJSa88FMm48RQSWaLwoQjE6FJDKjLFCWGjyzBRDF7KyJ9rDAxNqycDcFbfHmZ1EtF76xYurFpXMIMGTiCYzgFD86hDNdQhRoQGMKjjfnFSZ0n59V5m7WuOPOZQ/gD5+MHI36Udg==</latexit>

U
x

,U
y

,U
z

<latexit sha1_base64="m2fmrZuDBEHSopNJd3eTRxS/5YI="></latexit>

Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

⇣↵ 2 C
<latexit sha1_base64="gEe6VA1wYVwFEuvjshGp8eosypA="></latexit>

|⇣↵| = 1
<latexit sha1_base64="3Mr8AevR6Vzsdhje4S5HlgnfbFw=">AAACCXicbZC7TsMwFIZPyq2UW4CRJWqFhIRUJTDAghTBwlgkepHaqHJcp7XqOJHtIIW0Kwsrr8DGwgBCrLwBW98G9zJAy5Esf/r/c2Sf348Zlcq2R0ZuaXlldS2/XtjY3NreMXf3ajJKBCZVHLFINHwkCaOcVBVVjDRiQVDoM1L3+1djv35HhKQRv1VpTLwQdTkNKEZKS5FpwgCe4R4IKEDQ1oyAQQw9fQ/gApy2WbLL9qSsRXBmUHKLreOnkZtW2uZ3qxPhJCRcYYakbDp2rLwMCUUxI8NCK5EkRriPuqSpkaOQSC+bbDK0DrXSsYJI6MOVNVF/T2QolDINfd0ZItWT895Y/M9rJio49zLK40QRjqcPBQmzVGSNY7E6VBCsWKoBYUH1Xy3cQwJhpcMr6BCc+ZUXoXZSdk7L9o1Tci9hWnk4gCIcgQNn4MI1VKAKGB7gBd7g3Xg0Xo0P43PamjNmM/vwp4yvH/pLl8I=</latexit>

M̃� = ⇣↵ U†
↵M

�U↵
<latexit sha1_base64="RrQBP8zG5kKVB1+Tfgn1Q+ySUtc="></latexit>

thus the matrices satisfy nontrivial constraints
M� = ⇣↵

P
�0h�|û†

↵|�0iU†
↵M

�0
U↵

<latexit sha1_base64="62muYBchXOx1lbIfVE6jPV7r/UE="></latexit>

↵ = x, y, z
<latexit sha1_base64="NvRZe4um2dVyvvDpvaoGHSWPvAw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYTdWGgjBG0sEzAPSJYwO5lNhsw+mJkV1yWlNn6HnY2FEmz9Azu/wZ9w8ig0euAyZ865l5l73IgzqSzr08jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/sXIr19TIVkYXKkkoo6PuwHzGMFKS6FpwiNg4BBBT59n+ibABwQ3cASJrtu2mbcK1hjoL7GnJF/aHVa+7vaG5bb50eqEJPZpoAjHUjZtK1JOioVihNNBrhVLGmHSx13a1DTAPpVOOt5kgA600kFeKHQFCo3VnxMp9qVMfFd3+lj15Kw3Ev/zmrHyTp2UBVGsaEAmD3kxRypEo1hQhwlKFE80wUQw/VdEelhgonR4OR2CPbvyX1IrFuzjQrFi50vnMEEWdmAfDsGGEyjBJZShCgTu4Qle4NV4MJ6NofE2ac0Y05lt+AXj/RsK2Zfm</latexit>

for
û↵ = exp[�i⇡ ˆS↵

]

<latexit sha1_base64="+B71zaX5YxsShUfgVUMy9FzIosw="></latexit>



S is a half-odd integer

�1̂
<latexit sha1_base64="6jVdSep1RFZxU9YoFaM/eXM9gTQ=">AAAB93icbZDLSsNAFIZPvNZ6q7p0EyyCG0tSBV0W3bisYC/QhjKZTpqhk0mYORFC6Iu4ceEFt76KO9/GaZuFtv4w8POfczhnPj8RXKPjfFsrq2vrG5ulrfL2zu7efuXgsK3jVFHWorGIVdcnmgkuWQs5CtZNFCORL1jHH99O651HpjSP5QNmCfMiMpI84JSgiUI4hzcIgQBCDi5MBpWqU3NmspeNW5gqFGoOKl/9YUzTiEmkgmjdc50EvZwo5FSwSbmfapYQOiYj1jNWkohpL5/dPbFPTTK0g1iZJ9Gepb8nchJpnUW+6YwIhnqxNg3/q/VSDK69nMskRSbpfFGQChtjewrBHnLFKIrMGEIVN7faNCSKUDSoygaCu/jlZdOu19yLWv3+stq4KXCU4BhO4MyAvIIG3EETWkAN2id4gVcrs56td+tj3rpiFTNH8EfW5w9gDpBe</latexit>

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>

Proof of Theorem 1’

= ⇣
x

⇣
y

⇣
z

M�
<latexit sha1_base64="zJrc3usi3Xe+rxZgck7fbrTDt3M="></latexit>

(⇣↵)2 = �1
<latexit sha1_base64="R9RCx/0SSDoE9MTp3GkZQjfAG5M=">AAACD3icbZDLSgMxFIbP1Futt9Eu3YQWQRHLTF3oRii6cVnBXqAdSybNtKGZC0lGGIe+gRvBV/AF3LhQxK1bd30b08tCqwdCPv7/HJLzuxFnUlnWyMgsLC4tr2RXc2vrG5tb5vZOXYaxILRGQh6Kposl5SygNcUUp81IUOy7nDbcwcXYb9xSIVkYXKskoo6PewHzGMFKS6GZh314gjugoABDRzMGDhH09X0AN1CGMzgCu2MWrZI1KfQX7BkUK4X24eOoklQ75le7G5LYp4EiHEvZsq1IOSkWihFOh7l2LGmEyQD3aEtjgH0qnXSyzxDtaaWLvFDoEyg0UX9OpNiXMvFd3elj1Zfz3lj8z2vFyjt1UhZEsaIBmT7kxRypEI3DQV0mKFE80YCJYPqviPSxwETpCHM6BHt+5b9QL5fs45J1ZRcr5zCtLOxCQQdtwwlU4BKqUAMC9/AMr/BmPBgvxrvxMW3NGLOZPPwq4/MbEmuYEQ==</latexit>

⇣
x

⇣
y

⇣
z

= 1
<latexit sha1_base64="QMP6W75ng/LlKSQzTJQ/f5LDa8E=">AAACO3icdZC7TgJBFIbP4g3BC2ppMxFNtCG7WmhjQrSxxEQuCWzI7DALE2YvmZklwobH8RWMjZVvYGdjY6Extlg7XAoF+ZNJ/vm/czJzjhNyJpVpvhiJhcWl5ZXkaiq9tr6xmdnaLskgEoQWScADUXGwpJz5tKiY4rQSCoo9h9Oy074c8nKHCskC/0Z1Q2p7uOkzlxGsdBRkjuAOekBBAYY6xPomwAMEt9CfQ7pzSU+Tc7DqmayZM0dCs8aamGx+f3D/1El/F+qZ51ojIJFHfUU4lrJqmaGyYywUI5z2U7VI0hCTNm7SqrY+9qi049HsfXSgkwZyA6GPr9Ao/d0RY0/KrufoSg+rlpxmw/A/Vo2Ue2bHzA8jRX0yfsiNOFIBGi4SNZigRPGuNpgIpv+KSAsLTJRed0ovwZoeedaUjnPWSc68trL5CxgrCbuwB4dgwSnk4QoKUAQCD/AK7/BhPBpvxqfxNS5NGJOeHfgjY/AD+U6l4w==</latexit>

contradiction!

M�0
<latexit sha1_base64="UMLFfmKyzzY1GTHJljHxgCNMJKw=">AAACEXicbVC7TsMwFL3hWcorPDaWiArBVCUFCcYKFhakItGH1IbKcZ3Wqp1EtoNURfkFFr6hf8DCAEKsbGz8DW6aAVqOZPn4nHt1fY8XMSqVbX8bC4tLyyurhbXi+sbm1ra5s9uQYSwwqeOQhaLlIUkYDUhdUcVIKxIEcY+Rpje8mvjNByIkDYM7NYqIy1E/oD7FSGkpNPdhDBwQKBiABB8SuIEU7vU91m8K/cw9hrRrluyyncGaJ05OSpCj1jW/Or0Qx5wECjMkZduxI+UmSCiKGUmLnViSCOEh6pO2pgHiRLpJtlFqHWmlZ/mh0CdQVqb+7kgQl3LEPV3JkRrIWW8i/ue1Y+VfuAkNoliRAE8H+TGzVGhN4rF6VBCs2EgThAXVf7XwAAmElQ6xqENwZleeJ41K2TktV27PStXLPI4CHMAhnIAD51CFa6hBHTA8wjO8wpvxZLwY78bHtHTByHv24A+Mzx8Iq5bb</latexit>

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>
1̂

<latexit sha1_base64="y1iKw8v6jIU3nQUiB41IuGtK0j4=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbMLuRCmh/8OLB0W9+l+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXBtRKzucZxwP6IDJULBKFppAO8wBAoIGXgw6ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fja7ekJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm0whIX2jOUI4toUwLeythQ6opQxtU0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOLNBXkINbqEODWCg4Qle4NV5dJ6dN+dj3rri5DNH8AfO5w/Q2ZAe</latexit>

M�0
<latexit sha1_base64="UMLFfmKyzzY1GTHJljHxgCNMJKw=">AAACEXicbVC7TsMwFL3hWcorPDaWiArBVCUFCcYKFhakItGH1IbKcZ3Wqp1EtoNURfkFFr6hf8DCAEKsbGz8DW6aAVqOZPn4nHt1fY8XMSqVbX8bC4tLyyurhbXi+sbm1ra5s9uQYSwwqeOQhaLlIUkYDUhdUcVIKxIEcY+Rpje8mvjNByIkDYM7NYqIy1E/oD7FSGkpNPdhDBwQKBiABB8SuIEU7vU91m8K/cw9hrRrluyyncGaJ05OSpCj1jW/Or0Qx5wECjMkZduxI+UmSCiKGUmLnViSCOEh6pO2pgHiRLpJtlFqHWmlZ/mh0CdQVqb+7kgQl3LEPV3JkRrIWW8i/ue1Y+VfuAkNoliRAE8H+TGzVGhN4rF6VBCs2EgThAXVf7XwAAmElQ6xqENwZleeJ41K2TktV27PStXLPI4CHMAhnIAD51CFa6hBHTA8wjO8wpvxZLwY78bHtHTByHv24A+Mzx8Iq5bb</latexit>

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>

M� = (⇣↵)2
P

�0h�|(û†
↵)

2|�0i(U†
↵)

2M�0
(U↵)2 = �(⇣↵)2 M�

<latexit sha1_base64="VunvQhqfSakFD9X1df6NzAvBAnE="></latexit>

M� = ⇣
x

P
�0h�|û†

x

|�0iU†
x

M�0
U
x

<latexit sha1_base64="ndroE25Rm5Xf9SOq9l6zg9VYmuE="></latexit>

= ⇣
x

⇣
y

P
�0h�|(û

y

û
x

)†|�0i(U
y

U
x

)†M�0
U
y

U
x

<latexit sha1_base64="+suSdkPo01qHFndNLLdUvukA2p8="></latexit>

= ⇣
x

⇣
y

⇣
z

P
�0h�|(û

z

û
y

û
x

)†|�0i(U
z

U
y

U
x

)†M�0
U
z

U
y

U
x

<latexit sha1_base64="IH4nJ+FuocR5jMxNUnP+xJoLZM4="></latexit>

M� = ⇣↵
P

�0h�|û†
↵|�0iU†

↵M
�0
U↵

<latexit sha1_base64="62muYBchXOx1lbIfVE6jPV7r/UE="></latexit>

↵ = x, y, z
<latexit sha1_base64="NvRZe4um2dVyvvDpvaoGHSWPvAw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYTdWGgjBG0sEzAPSJYwO5lNhsw+mJkV1yWlNn6HnY2FEmz9Azu/wZ9w8ig0euAyZ865l5l73IgzqSzr08jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/sXIr19TIVkYXKkkoo6PuwHzGMFKS6FpwiNg4BBBT59n+ibABwQ3cASJrtu2mbcK1hjoL7GnJF/aHVa+7vaG5bb50eqEJPZpoAjHUjZtK1JOioVihNNBrhVLGmHSx13a1DTAPpVOOt5kgA600kFeKHQFCo3VnxMp9qVMfFd3+lj15Kw3Ev/zmrHyTp2UBVGsaEAmD3kxRypEo1hQhwlKFE80wUQw/VdEelhgonR4OR2CPbvyX1IrFuzjQrFi50vnMEEWdmAfDsGGEyjBJZShCgTu4Qle4NV4MJ6NofE2ac0Y05lt+AXj/RsK2Zfm</latexit>

for
thus the matrices satisfy nontrivial constraints

we then find

and

û↵ = exp[�i⇡ ˆS↵
]

<latexit sha1_base64="+B71zaX5YxsShUfgVUMy9FzIosw="></latexit>



Theorem for MPS
THEOREM 1’: There cannot be a translation 
invariant and               invariant injective MPS for                       Z2 ⇥ Z2

<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

S = 1
2 ,

3
2 ,

5
2 , . . .

<latexit sha1_base64="ZhW2WS+CyP2QBxzzu6GcZX+r6lc="></latexit>

Chen, Gu, Wen 2011 Watanabe, Po, Vishwanath, Zaletel 2013

nontrivial projective representation of the on-site 
              symmetry is inconsistent with the existence of 
an injective MPS

Matsui 2001

Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

M� = ⇣↵
P

�0h�|û†
↵|�0iU†

↵M
�0
U↵

<latexit sha1_base64="62muYBchXOx1lbIfVE6jPV7r/UE="></latexit>

projective  
representation

genuine  
representation

contradiction!
Z2 ⇥ Z2

<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

if S is an integer, there are translation and            
invariant injective MPS, such as the AKLT state



Toward the Full Theorem



From Theorem 1’ to Theorem 1

THEOREM 1’: There cannot be a translation 
invariant and               invariant injective MPS for                       Z2 ⇥ Z2

<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

S = 1
2 ,

3
2 ,

5
2 , . . .

<latexit sha1_base64="ZhW2WS+CyP2QBxzzu6GcZX+r6lc="></latexit>

THEOREM 1: Consider a quantum spin chain with 
                       and a short-ranged Hamiltonian that is 
invariant under translation and          
transformation.  Then it can never be the case that 
the corresponding ground state is unique and 
accompanied by a nonzero gap. 

Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

S = 1
2 ,

3
2 ,

5
2 , . . .

<latexit sha1_base64="ZhW2WS+CyP2QBxzzu6GcZX+r6lc="></latexit>

we have proved

this seems to imply the desired



From Theorem 1’ to Theorem 1
assume that the GS is unique and gapped

this contradicts Theorem 1’

this “proof” looks plausible, but does not work!!!
the approximation by MPS is not that precise

Hamiltonian has translation and              symmetryZ2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

the GS is disordered, and translationally and        
invariant

Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

there exists an injective MPS that is translationally and                  
              invariantZ2 ⇥ Z2

<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

disordered states can be approximated by MPS

the proof of Theorem 1 makes an essential use of 
operator algebraic formulation



 Opinions of a mathematical physicist on 
operator algebraic approaches to spin systems

mid 20’s (posdoc)

early 20’s (student)

In most cases physically interesting results are proved 
in finite systems without operator algebra…

It’s useful for formulating various concepts of 
infinite systems, but not for proving concrete 

results.  We can work within finite systems to prove 
important and interesting results!

Hey!  Here’s a formulation that allows us to treat 
infinite systems as they are!  Probably we can solve 

phase transitions, renormalization, and everything!



 Opinions of a mathematical physicist on 
operator algebraic approaches to spin systems

late 50’s (old guy)

WOW!   
IT’S USEFUL!!!!!

Ogata 2018, 2019
Ogata, Tasaki 2018

index theorems for SPT phases



projective  
representation

genuine  
representation

the core of the proof of Theorem 1

� = �S, . . . , S
<latexit sha1_base64="lSdf6G2x5u1SwOR3MuXflkL1EFk=">AAACDXicbVC7SgNBFL0bXzG+1lgqshgEixh2tdBGCNpYJsQ8IFnC7GSSDJndWWZmhbCktLHxK+xthChia2/nN/gTTh6FJh64cDjnXu69xwsZlcq2v4zEwuLS8kpyNbW2vrG5ZW6nK5JHApMy5oyLmockYTQgZUUVI7VQEOR7jFS93tXIr94SISkPblQ/JK6POgFtU4yUlriZhkeQQKEDPiC4gGMoQVZrDFrAQWkvC6WmmbFz9hjWPHGmJJPfGxa/7/aHhab52WhxHPkkUJghKeuOHSo3RkJRzMgg1YgkCRHuoQ6paxogn0g3Hn8zsA610rLaXOgKlDVWf0/EyJey73u600eqK2e9kfifV49U+9yNaRBGigR4sqgdMUtxaxSN1aKCYMX6miAsqL7Vwl0kEFY6wJQOwZl9eZ5UTnLOac4u6jQuYYIk7MIBHIEDZ5CHayhAGTDcwxO8wKvxYDwbb8b7pDVhTGd24A+Mjx+aqJij</latexit>

⇣↵ 2 C
<latexit sha1_base64="gEe6VA1wYVwFEuvjshGp8eosypA="></latexit>

|⇣↵| = 1
<latexit sha1_base64="3Mr8AevR6Vzsdhje4S5HlgnfbFw=">AAACCXicbZC7TsMwFIZPyq2UW4CRJWqFhIRUJTDAghTBwlgkepHaqHJcp7XqOJHtIIW0Kwsrr8DGwgBCrLwBW98G9zJAy5Esf/r/c2Sf348Zlcq2R0ZuaXlldS2/XtjY3NreMXf3ajJKBCZVHLFINHwkCaOcVBVVjDRiQVDoM1L3+1djv35HhKQRv1VpTLwQdTkNKEZKS5FpwgCe4R4IKEDQ1oyAQQw9fQ/gApy2WbLL9qSsRXBmUHKLreOnkZtW2uZ3qxPhJCRcYYakbDp2rLwMCUUxI8NCK5EkRriPuqSpkaOQSC+bbDK0DrXSsYJI6MOVNVF/T2QolDINfd0ZItWT895Y/M9rJio49zLK40QRjqcPBQmzVGSNY7E6VBCsWKoBYUH1Xy3cQwJhpcMr6BCc+ZUXoXZSdk7L9o1Tci9hWnk4gCIcgQNn4MI1VKAKGB7gBd7g3Xg0Xo0P43PamjNmM/vwp4yvH/pLl8I=</latexit>

↵ = x, y, z
<latexit sha1_base64="mu4/Z2oS2Z+pwvasCR2KIQoojXw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYRdLbQRgjaWCZgHJEuYncwmQ2YfzMyK65JSG7/DzsZCCbb+gZ3f4E84eRSaeOAyZ865l5l73IgzqSzry8jMzS8sLmWXcyura+sb5uZWVYaxILRCQh6Kuosl5SygFcUUp/VIUOy7nNbc3uXQr91QIVkYXKskoo6POwHzGMFKS6FpwhNg4BBBV5/n+ibABwS3cASJrruWmbcK1gholtgTki/uDsrf93uDUsv8bLZDEvs0UIRjKRu2FSknxUIxwmk/14wljTDp4Q5taBpgn0onHW3SRwdaaSMvFLoChUbq74kU+1Imvqs7fay6ctobiv95jVh5Z07KgihWNCDjh7yYIxWiYSyozQQliieaYCKY/isiXSwwUTq8nA7Bnl55llSPC/ZJwS7b+eIFjJGFHdiHQ7DhFIpwBSWoAIEHeIZXeDMejRdjYLyPWzPGZGYb/sD4+AEKh5fl</latexit>

transformation of Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

exactly the same transformation rule as in MPS!

the same argument leads to contradiction Matsui 2001

representation of the Cuntz algebra
if the g.s. is unique and accompanied by a gap, there is a

c� 2 B(H̃R)
<latexit sha1_base64="WgVuc3r5Wx+JfaC2HXBjI3b2di0="></latexit>

M� = ⇣↵
P

�0h�|û†
↵|�0iU†

↵M
�0
U↵

<latexit sha1_base64="62muYBchXOx1lbIfVE6jPV7r/UE="></latexit>

c� = ⇣↵
P

�0h�|û†
↵|�0iR̃↵(c�

0
)

<latexit sha1_base64="h58D5o07zRHq43QxyVXXL7Do/Ls="></latexit>

c�
<latexit sha1_base64="kBfk0KEbGWpZkDjK71gMXVr/tXw=">AAAB93icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkDbOTSTJkZneZ6RWWJT/ixYMPvPor3vwbJ8keNLGgoajqprsriKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmijRjDdYJCPdDqjhUoS8gQIlb8eaUxVI3grGN1O/9ci1EVF4j2nMfUWHoRgIRtFKI2DwAG9gQMAQFNBeqexW3BnIMvFyUoYc9V7pq9uPWKJ4iExSYzqeG6OfUY2CST4pdhPDY8rGdMg7loZUceNns7sn5NQqfTKItK0QyUz9PZFRZUyqAtupKI7MojcV//M6CQ6u/EyEcYI8ZPNFg0QSjMg0BNIXmjOUqSWUaWFvJWxENWVooyraELzFl5dJs1rxzivVu4ty7TqPowDHcAJn4MEl1OAW6tCwASM8wQu8Oqnz7Lw7H/PWFSefOYI/cD5/AMICkJ0=</latexit>

R̃
x

, R̃
y

, R̃
z

<latexit sha1_base64="xAdw9BUBzhHaILotwxUPQHHEGK4=">AAACdXiclVHLSgMxFL0zvmp9jboRRIitigupM1XQZVEQl1XsA9qhZDJpG5p5kGTEcejn+EPu/A03bk0fC60u9ELIOeeeS5ITL+ZMKtt+M8y5+YXFpdxyfmV1bX3D2tyqyygRhNZIxCPR9LCknIW0ppjitBkLigOP04Y3uB71G49USBaFDyqNqRvgXsi6jGClpci6gRdQwICDDxQyzQhgzRDcwxA6Y0VAoPmT5id6/6s//af/GYYdq2iX7HGhn8CZgiJMq9qxXtt+RJKAhopwLGXLsWPlZlgoRjgd5tuJpDEmA9yjLQ1DHFDpZuPUhuhQKz7qRkKvUKGx+nUiw4GUaeBpZ4BVX872RuJvvVaiupduxsI4UTQkk4O6CUcqQqMvQD4TlCieaoCJYPquiPSxwETpj8rrEJzZJ/8E9XLJOSuV786LlatpHDnYhQIcgwMXUIFbqEJNh/1u7Bj7RsH4MPfMA/NoYjWN6cw2fCvz9BNCLKfO</latexit>

B(H̃R)
<latexit sha1_base64="u9NTcijOpG9Ovnt8dK/0cD+q6qw=">AAACG3icbZDLSgMxFIbP1Futt1FX4iZYBN2UmSrostSNyyr2Au1QMplMG5q5kGSEMvQ93Lj0Ndy4UMSV4MK3MZ3OQlsPBP7/Pzkk53NjzqSyrG+jsLS8srpWXC9tbG5t75i7ey0ZJYLQJol4JDoulpSzkDYVU5x2YkFx4HLadkdX0377ngrJovBOjWPqBHgQMp8RrHQUmQdQhxN4AgUMOHhAIdWOANYOwTVMoJ8lAgLtb7U/7Ztlq2JlhRaFnYsy5NXom589LyJJQENFOJaya1uxclIsFCOcTkq9RNIYkxEe0K6WIQ6odNJstwk61omH/EjoEyqUpb8nUhxIOQ5cfTPAaijne9Pwv143Uf6lk7IwThQNyewhP+FIRWgKCnlMUKL4WAtMBNN/RWSIBSZK4yxpCPb8youiVa3YZ5XqzXm5Vs9xFOEQjjRyGy6gpgE3oKlxP8AzvMKb8Wi8GO/Gx+xqwchn9uFPGV8/goCYZg==</latexit>

*-automorphisms on 
give a genuine representation of Z2 ⇥ Z2

<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

c� = ⇣↵
P

�0h�|û†
↵|�0iR̃↵(c�

0
)

<latexit sha1_base64="h58D5o07zRHq43QxyVXXL7Do/Ls="></latexit>

û↵ = exp[�i⇡ ˆS↵
]

<latexit sha1_base64="+B71zaX5YxsShUfgVUMy9FzIosw="></latexit>



= |�,�1,�2,�3,�4, . . .i
<latexit sha1_base64="NtSdO5xbDVppB0/yFgJHD/ZZbDE="></latexit>

c� |�1,�2,�3,�4, . . .i
<latexit sha1_base64="FH+/C/cHPrn9lYIb1/IdnVqcPW8="></latexit>

 “infinite dimension version” of matrices for MPS(c�)�=�S,...,S

related to the shift in  
a half-finite chain

(c�)⇤c�
0
= ��,�0 1̂

<latexit sha1_base64="gyrXhLY5rNb3U4AY3Xm1VsZZeMY="></latexit>

⇡R(|�ih�0|⌦ 1̂[1,1)) = c�(c�
0
)⇤

<latexit sha1_base64="MGb0J7reNKMobAlGfM+nU0U0kRk="></latexit>P
� c

�⇡R(Â)(c�)⇤ = ⇡R(⌧(Â))
<latexit sha1_base64="X5zemFfZLrro0r2Vqfrb4fNTSBw="></latexit>

the core of the proof of Theorem 1

� = �S, . . . , S
<latexit sha1_base64="lSdf6G2x5u1SwOR3MuXflkL1EFk=">AAACDXicbVC7SgNBFL0bXzG+1lgqshgEixh2tdBGCNpYJsQ8IFnC7GSSDJndWWZmhbCktLHxK+xthChia2/nN/gTTh6FJh64cDjnXu69xwsZlcq2v4zEwuLS8kpyNbW2vrG5ZW6nK5JHApMy5oyLmockYTQgZUUVI7VQEOR7jFS93tXIr94SISkPblQ/JK6POgFtU4yUlriZhkeQQKEDPiC4gGMoQVZrDFrAQWkvC6WmmbFz9hjWPHGmJJPfGxa/7/aHhab52WhxHPkkUJghKeuOHSo3RkJRzMgg1YgkCRHuoQ6paxogn0g3Hn8zsA610rLaXOgKlDVWf0/EyJey73u600eqK2e9kfifV49U+9yNaRBGigR4sqgdMUtxaxSN1aKCYMX6miAsqL7Vwl0kEFY6wJQOwZl9eZ5UTnLOac4u6jQuYYIk7MIBHIEDZ5CHayhAGTDcwxO8wKvxYDwbb8b7pDVhTGd24A+Mjx+aqJij</latexit>

representation of the Cuntz algebra c� 2 B(H̃R)
<latexit sha1_base64="WgVuc3r5Wx+JfaC2HXBjI3b2di0="></latexit>

if the g.s. is unique and accompanied by a gap, there is a

non-rigorous picture!

reminds us of Hilbert’s hotel 

with infinitely many rooms!



Outline of the 
Formulation and the 

Proof



Operator algebraic formulation of  
an infinite quantum spin chain 1/4

a state is a linear function

the set of all polynomials of 

states on 

C⇤
<latexit sha1_base64="VIz7p7H7QpaUyLaiZfe/OoKk+Y0=">AAAB6nicbZC7SgNBFIbPxltcb6uWNoNBEIuwq4U2YjCNZURzgWQNs5PZZMjs7DIzK4Qlj2BjoYilvou9jfg2Ti6FJv4w8PH/5zDnnCDhTGnX/bZyC4tLyyv5VXttfWNzy9neqak4lYRWScxj2QiwopwJWtVMc9pIJMVRwGk96JdHef2eSsVicasHCfUj3BUsZARrY92U747aTsEtumOhefCmULj4sM+Tty+70nY+W52YpBEVmnCsVNNzE+1nWGpGOB3arVTRBJM+7tKmQYEjqvxsPOoQHRing8JYmic0Gru/OzIcKTWIAlMZYd1Ts9nI/C9rpjo88zMmklRTQSYfhSlHOkajvVGHSUo0HxjARDIzKyI9LDHR5jq2OYI3u/I81I6L3knRvXYLpUuYKA97sA+H4MEplOAKKlAFAl14gCd4trj1aL1Yr5PSnDXt2YU/st5/AA8CkKI=</latexit>

-algebra
A

loc

<latexit sha1_base64="DNubGQKNmvd8+2e1m0bO1mPS1n0=">AAACFXicbZDLSgMxFIbPeK31VhXcuAkWwVWZqYIuq25cVrAXaIeSSTNtaDIZkoxQhnkJNz5B38GNC0XcCu58G9PLQlsPhHz8/zkk5w9izrRx3W9naXlldW09t5Hf3Nre2S3s7de1TBShNSK5VM0Aa8pZRGuGGU6bsaJYBJw2gsHN2G88UKWZjO7NMKa+wL2IhYxgYyVZOIQRCMBgoA8hKEsDSOEKMujYe2QVAQg4SCCQdQpFt+ROCi2CN4MizKraKXy1u5IkgkaGcKx1y3Nj46dYGUY4zfLtRNMYkwHu0ZbFCAuq/XSyVYZOrNJFoVT2RAZN1N8TKRZaD0VgOwU2fT3vjcX/vFZiwks/ZVGcGBqR6UNhwpGRaBwR6jJFieFDC5goZv+KSB8rTIwNMm9D8OZXXoR6ueSdlcp358XK9SyOHBzBMZyCBxdQgVuoQs2G+gjP8ApvzpPz4rw7H9PWJWc2cwB/yvn8AeSol8Y=</latexit>

Ŝ(↵)
j

<latexit sha1_base64="GP/ks9hXutX5JEEVoBh726kzQ7M=">AAACEXicbZC7TsMwFIZPuJZyC5eNJaJCgqVKChKMFSyMRdCL1IbKcd3W1LEj20Gqor4CC8/AG7AwgBArGxtvg5tmgJYjWf71/efIPn8QMaq0635bc/MLi0vLuZX86tr6xqa9tV1TIpaYVLFgQjYCpAijnFQ11Yw0IklQGDBSDwYXY79+T6Sigt/oYUT8EPU47VKMtEHC3oUn6AMCDQlcwwhuzX1oGAIGUeocGdqGu7ZdcItuWs6s8DJRgKwqbfur1RE4DgnXmCGlmp4baT9BUlPMyCjfihWJEB6gHmkayVFIlJ+kG42cA0M6TldIc7h2Uvp7IkGhUsMwMJ0h0n017Y3hf14z1t0zP6E8ijXhePJQN2aOFs44HqdDJcGaDY1AWFLzVwf3kURYmxDzJgRveuVZUSsVveNi6eqkUD7P4sjBHuybYD04hTJcQgWqgOEBnuEV3qxH68V6tz4mrXNWNrMDf8r6/AF9WpaD</latexit>

j 2 Z
<latexit sha1_base64="xLy8n5ifslXIcS1Ypnes7UMCCDQ=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae2Q8mkmTY2yQxJRihDwY2fohsXirj1J9z5N6btLLT1hFwO59xLck8Qc6aN6347uaXlldW1/HphY3Nre6e4u9fQUaIIrZOIR6oVYE05k7RumOG0FSuKRcBpMxheTvzmPVWaRfLGjGLqC9yXLGQEGytJuIMnYCBtFYDBwAACe1K4hXG3WHLL7hRokXgZKUGGWrf41elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n0x3G6MgqPRRGyl5p0FT9PZFiofVIBLZTYDPQ895E/M9rJyY891Mm48RQSWYPhQlHJkKTQFCPKUoMH1mCiWL2r4gMsMLE2NgKNgRvfuVF0qiUvZNy5fq0VL3I4sjDARzCMXhwBlW4ghrUgcADPMMrvDmPzovz7nzMWnNONrMPf+B8/gD7LpPj</latexit>

↵ = x, y, z
<latexit sha1_base64="NvRZe4um2dVyvvDpvaoGHSWPvAw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYTdWGgjBG0sEzAPSJYwO5lNhsw+mJkV1yWlNn6HnY2FEmz9Azu/wZ9w8ig0euAyZ865l5l73IgzqSzr08jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/sXIr19TIVkYXKkkoo6PuwHzGMFKS6FpwiNg4BBBT59n+ibABwQ3cASJrtu2mbcK1hjoL7GnJF/aHVa+7vaG5bb50eqEJPZpoAjHUjZtK1JOioVihNNBrhVLGmHSx13a1DTAPpVOOt5kgA600kFeKHQFCo3VnxMp9qVMfFd3+lj15Kw3Ev/zmrHyTp2UBVGsaEAmD3kxRypEo1hQhwlKFE80wUQw/VdEelhgonR4OR2CPbvyX1IrFuzjQrFi50vnMEEWdmAfDsGGEyjBJZShCgTu4Qle4NV4MJ6NofE2ac0Y05lt+AXj/RsK2Zfm</latexit>

A := A
loc

<latexit sha1_base64="qOuvk+ukCCz4Dh7TVzRu58jVF0A="></latexit>

A
<latexit sha1_base64="0s3NyOFBuunr3d39nAXIGRPs1+8=">AAAB/3icbZBNSwMxEIZn/az1q+rRS7AInspuFfRY9eKxgv2AtpRsmm1Dk90lmRXK2oN/RRAPinj1b3jz35i2e9DWFwIP78wwk9ePpTDout/O0vLK6tp6biO/ubW9s1vY26+bKNGM11gkI930qeFShLyGAiVvxppT5Uve8IfXk3rjnmsjovAORzHvKNoPRSAYRWtJeAYFFBAGEIC2NIQULmHcLRTdkjsVWQQvgyJkqnYLX+1exBLFQ2SSGtPy3Bg7KdUomOTjfDsxPKZsSPu8ZTGkiptOOr1/TI6t0yNBpO0LkUzd3xMpVcaMlG87FcWBma9NzP9qrQSDi04qwjhBHrLZoiCRBCMyCYP0hOYM5cgCZVrYWwkbUE0Z2sjyNgRv/suLUC+XvNNS+fasWLnK4sjBIRzBCXhwDhW4gSrUgMEDPMErvDmPzovz7nzMWpecbOYA/sj5/AGdipKe</latexit>

(completion w.r.t. the operator norm)

⇢ : A ! C
<latexit sha1_base64="y2skvSf7HbOTSLvpcVmDALpshsw=">AAACJXicbVDLSgMxFL3js9bXqEtBBovgqsxUQXFV7cZlBfuAtpRMmmlDM5MhuSOUoT8jiL/ixoVFBFf+iukD1NYTAifn3MvNPX4suEbX/bSWlldW19YzG9nNre2dXXtvv6ploiirUCmkqvtEM8EjVkGOgtVjxUjoC1bz+6WxX3tgSnMZ3eMgZq2QdCMecErQSNI+gidQ0AMJV4aFQADNKzAagT6kcA1Do6Pxf1zfnBRKMGzbOTfvTuAsEm9GcjBDuW2Pmh1Jk5BFSAXRuuG5MbZSopBTwYbZZqJZTGifdFnD0IiETLfSyZZD58QoHSeQytwInYn6uyMlodaD0DeVIcGenvfG4n9eI8HgspXyKE6QRXQ6KEiEg9IZR+Z0uGIUxcAQQhU3f3VojyhC0QSbNSF48ysvkmoh753lC3fnueLNLI4MHMIxnIIHF1CEWyhDBSg8wgu8wch6tl6td+tjWrpkzXoO4A+sr2+dJ5wj</latexit>

A
<latexit sha1_base64="0s3NyOFBuunr3d39nAXIGRPs1+8=">AAAB/3icbZBNSwMxEIZn/az1q+rRS7AInspuFfRY9eKxgv2AtpRsmm1Dk90lmRXK2oN/RRAPinj1b3jz35i2e9DWFwIP78wwk9ePpTDout/O0vLK6tp6biO/ubW9s1vY26+bKNGM11gkI930qeFShLyGAiVvxppT5Uve8IfXk3rjnmsjovAORzHvKNoPRSAYRWtJeAYFFBAGEIC2NIQULmHcLRTdkjsVWQQvgyJkqnYLX+1exBLFQ2SSGtPy3Bg7KdUomOTjfDsxPKZsSPu8ZTGkiptOOr1/TI6t0yNBpO0LkUzd3xMpVcaMlG87FcWBma9NzP9qrQSDi04qwjhBHrLZoiCRBCMyCYP0hOYM5cgCZVrYWwkbUE0Z2sjyNgRv/suLUC+XvNNS+fasWLnK4sjBIRzBCXhwDhW4gSrUgMEDPMErvDmPzovz7nzMWpecbOYA/sj5/AGdipKe</latexit>

⇢(1̂) = 1
<latexit sha1_base64="pVyNOOyEnK8aLPPkGmHzsYsd924=">AAACB3icbZC7SgNBFIbPeo3xklVLm8UgaBN2o6CNELSxjGAukCxhdjKbHTI7s8zMCmFJZ+OD2NhYKGLrK9j5Nk6SLTTxh4GP/5zDmfMHCaNKu+63tbS8srq2Xtgobm5t75Ts3b2mEqnEpIEFE7IdIEUY5aShqWaknUiC4oCRVjC8ntRb90QqKvidHiXEj9GA05BipI0l7BI8gYQIBBwbigCBhgw8GMMJXILXs8tuxZ3KWQQvhzLkqvfsr25f4DQmXGOGlOp4bqL9DElNMSPjYjdVJEF4iAakY5CjmCg/m94xdo6M03dCIc3j2pm6vycyFCs1igPTGSMdqfnaxPyv1kl1eOFnlCepJhzPFoUpc7RwJqE4fSoJ1mxkAGFJzV8dHCGJsDbRFU0I3vzJi9CsVrzTSvX2rFy7yuMowAEcmmA9OIca3EAdGoDhAZ7hFd6sR+vFerc+Zq1LVj6zD39kff4A5NaTlA==</latexit>

⇢(Â⇤Â) � 0
<latexit sha1_base64="l9Dwk/8bqp8lBeGWl3oRaP/LJwc=">AAACHXicbZC7TsMwFIZPyq2UW4ANlogKCRiqpCDBWGBhLBK9SG2oHNdprTp2ZDtIVdQXYWHiPVgYQIiBBfE2uG0GKPySpc//OUf2+YOYUaVd98vKzc0vLC7llwsrq2vrG/bmVl2JRGJSw4IJ2QyQIoxyUtNUM9KMJUFRwEgjGFyO6407IhUV/EYPY+JHqMdpSDHSxhL2DjyChD4IODDUBwQaUjiHEdzC0YxzaO49IOB27KJbcidy/oKXQREyVTv2R7srcBIRrjFDSrU8N9Z+iqSmmJFRoZ0oEiM8QD3SMshRRJSfTrYbOfvG6TqhkOZw7UzcnxMpipQaRoHpjJDuq9na2Pyv1kp0eOanlMeJJhxPHwoT5mjhjKNyulQSrNnQAMKSmr86uI8kwtoEWjAheLMr/4V6ueQdl8rXJ8XKRRZHHnZhz8TtwSlU4AqqUAMM9/AEL/BqPVjP1pv1Pm3NWdnMNvyS9fkNLgSZSw==</latexit>

Â 2 A
<latexit sha1_base64="1SPMVz+HqNeRSywU9/NbVpiPyVg=">AAACFXicbVDLSgMxFL1TX7W+RgU3bgaL4KrMVEGXVTcuK9gHtEPJpJk2NMkMSUYoQ3/CjV/gP7hxoYhbwZ1/YzqdhbYeSDg5515u7gliRpV23W+rsLS8srpWXC9tbG5t79i7e00VJRKTBo5YJNsBUoRRQRqaakbasSSIB4y0gtH11G/dE6loJO70OCY+RwNBQ4qRNlJkH8ATDAGBhhQuYWJeFIS5eaYNIQRp2Gjm9uyyW3EzOIvEy0kZctR79le3H+GEE6ExQ0p1PDfWfoqkppiRSambKBIjPEID0jFUIE6Un2ZbTZxjo/SdMJLmCO1k6u+OFHGlxjwwlRzpoZr3puJ/XifR4YWfUhEnmgg8GxQmzNGRM43I6VNJsGZjQxCW1PzVwUMkEdYmyJIJwZtfeZE0qxXvtFK9PSvXrvI4inAIR3ACHpxDDW6gDg3A8ADP8Apv1qP1Yr1bH7PSgpX37MMfWJ8/fOGYJA==</latexit>

such that and for any

the set of all local operators + a little bit more

⇢(Â)
<latexit sha1_base64="elpuGhPRXi2xYKUQcH+r3A2Ohhc=">AAACAXicbZDLSgMxFIbP1Futt6pLN8Ei6KbMVEGXVTcuK9gLtEPJpJk2NMkMSUYoQ934KrpwoYhb38Kdb2PazkJbfwh8/OccTs4fxJxp47rfTm5peWV1Lb9e2Njc2t4p7u41dJQoQusk4pFqBVhTziStG2Y4bcWKYhFw2gyG15N6854qzSJ5Z0Yx9QXuSxYygo21BDyDggFEcGxpABgMpHAJYzjpFktu2Z0KLYKXQQky1brFr04vIomg0hCOtW57bmz8FCvDCKfjQifRNMZkiPu0bVFiQbWfTi8YoyPr9FAYKfukQVP390SKhdYjEdhOgc1Az9cm5n+1dmLCCz9lMk4MlWS2KEw4MhGaxIF6TFFi+MgCJorZvyIywAoTY0Mr2BC8+ZMXoVEpe6flyu1ZqXqVxZGHAzi0oXpwDlW4gRrUgcADPMErvDmPzovz7nzMWnNONrMPf+R8/gA2G5Lf</latexit>

Â
<latexit sha1_base64="4ujTzdT7UyWrB0dge315ATWE6o0=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI+oF4+YyCOBDZkdBpgwO7uZ6dWQDf/hxYNGvfov3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+cC1EZG6x3HM/ZAOlOgLRtFKA3iHIVBASOEKJt1iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9nV0/IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItMISE9ozlCOLaFMC3srYUOqKUMbVMGG4C2+vEwalbJ3Vq7cnZeq11kceTiCYzgFDy6gCrdQgzow0PAEL/DqPDrPzpvzMW/NOdnMIfyB8/kD6TmQLg==</latexit>

the expectation value of    in the state
(Rem: the set of all states is weak-* compact)



Operator algebraic formulation of  
an infinite quantum spin chain 2/4

formal Hamiltonian
Hamiltonian and commutator

is well-defined for 

in a finite system

Ĥ =
P

j2Z ĥj
<latexit sha1_base64="QXOotaNvW+RyBWQ2GHNLOv2i4oU="></latexit>

Â 2 A
loc

<latexit sha1_base64="knVlNM594A6hDq6R0o6h4UXH1oQ=">AAACKXicbVDLSgMxFL3j2/oadekmWARXZUYFXfrYuFSwttAOJZNm2tA8hiQjlKGfoxt/xY2Com79EdNxFtp6IMnJOfeS3BOnnBkbBB/ezOzc/MLi0nJlZXVtfcPf3Lo1KtOE1oniSjdjbChnktYts5w2U02xiDltxIOLsd+4o9owJW/sMKWRwD3JEkawdZLyEdxDHzBYyOEMRu7GQLpdFFofEtCODUq34857pwhAwEEBgVHHrwa1oACaJmFJqlDiquO/tLuKZIJKSzg2phUGqY1yrC0jnI4q7czQFJMB7tGWoxILaqK8mHSE9pzSRYnSbkmLCvV3R46FMUMRu0qBbd9MemPxP6+V2eQkyplMM0sl+XkoyTiyCo1jQ12mKbF86Agmmrm/ItLHGhPrwq24EMLJkafJ7UEtPKwdXB9VT8/LOJZgB3ZhH0I4hlO4hCuou1Af4Ale4c179J69d+/zp3TGK3u24Q+8r2+ob50b</latexit>

[Ĥ, Â] = [
P`

j=�` ĥj , Â]
<latexit sha1_base64="/CY9tz9yPT5MhGZvaUkZrApsYeg="></latexit>

`
<latexit sha1_base64="6deDN1iCeGLoZAg0WpXRMvH6K3M=">AAAB73icbVDJSgNBEK1xjeMW9eilMQiewkw86EUMevEYwSyQhNDTU5M06Vns7hHCkJ/w4kERQTz4Jd69iH9jZzlo4oOCx3tVVNXzEsGVdpxva2FxaXllNbdmr29sbm3nd3ZrKk4lwyqLRSwbHlUoeIRVzbXARiKRhp7Aute/HPn1O5SKx9GNHiTYDmk34gFnVBvJhzdAECA6+YJTdMYg88SdksL5h32WvH7ZlU7+s+XHLA0x0kxQpZquk+h2RqXmTODQbqUKE8r6tItNQyMaompn43uH5NAoPgliaSrSZKz+nshoqNQg9ExnSHVPzXoj8T+vmergtJ3xKEk1RmyyKEgF0TEZPU98LpFpMTCEMsnNrYT1qKRMm4hsE4I7+/I8qZWK7nGxdO0WyhcwQQ724QCOwIUTKMMVVKAKzMR6D4/wZN1aD9az9TJpXbCmM3vwB9b7D4eCkfo=</latexit>

ground states
!(Â⇤[Ĥ, Â]) � 0

<latexit sha1_base64="ABrmGgGYBSpuBG6PCF8qp9IetMs="></latexit>

Â 2 A
loc

<latexit sha1_base64="knVlNM594A6hDq6R0o6h4UXH1oQ=">AAACKXicbVDLSgMxFL3j2/oadekmWARXZUYFXfrYuFSwttAOJZNm2tA8hiQjlKGfoxt/xY2Com79EdNxFtp6IMnJOfeS3BOnnBkbBB/ezOzc/MLi0nJlZXVtfcPf3Lo1KtOE1oniSjdjbChnktYts5w2U02xiDltxIOLsd+4o9owJW/sMKWRwD3JEkawdZLyEdxDHzBYyOEMRu7GQLpdFFofEtCODUq34857pwhAwEEBgVHHrwa1oACaJmFJqlDiquO/tLuKZIJKSzg2phUGqY1yrC0jnI4q7czQFJMB7tGWoxILaqK8mHSE9pzSRYnSbkmLCvV3R46FMUMRu0qBbd9MemPxP6+V2eQkyplMM0sl+XkoyTiyCo1jQ12mKbF86Agmmrm/ItLHGhPrwq24EMLJkafJ7UEtPKwdXB9VT8/LOJZgB3ZhH0I4hlO4hCuou1Af4Ale4c179J69d+/zp3TGK3u24Q+8r2+ob50b</latexit>

hGS|Â⇤[Ĥ, Â]|GSi = hGS|Â⇤ĤÂ|GSi � EGShGS|Â⇤Â|GSi � 0
<latexit sha1_base64="2EqymJfKE9bx11ltcnV2L86oANs="></latexit>

unique gapped ground states

!(Â⇤[Ĥ, Â]) � � !(Â⇤Â)
<latexit sha1_base64="OXfyFkYm2c6IjaQc7zPWbZDLfuQ="></latexit>

!(Â) = 0
<latexit sha1_base64="JE70CPx0/4SwDsmj8YQrIeN8wQM=">AAACC3icbVC7TsMwFL0pr1JeKYwsUSskEFKVlAEWpAALY5HoQ2qjynGd1qoTR7aDFEXdWdj4BVYWBhBi5QfY+je4LQO0HMny8Tn36voeP2ZUKtseG7ml5ZXVtfx6YWNza3vHLO42JE8EJnXMGRctH0nCaETqiipGWrEgKPQZafrDq4nfvCNCUh7dqjQmXoj6EQ0oRkpL3CzCE3AIgUAfEBzq10DfCjK4gBEcwTnYXbNsV+wprEXi/JCyW+ocP47dtNY1vzo9jpOQRAozJGXbsWPlZUgoihkZFTqJJDHCQ9QnbU0jFBLpZdNdRtaBVnpWwIU+kbKm6u+ODIVSpqGvK0OkBnLem4j/ee1EBWdeRqM4USTCs0FBwizFrUkwVo8KghVLNUFYUP1XCw+QQFjp+Ao6BGd+5UXSqFack0r1xim7lzBDHvahpIN14BRcuIYa1AHDPTzDK7wZD8aL8W58zEpzxk/PHvyB8fkN5MWXlQ==</latexit>

with
for sufficiently largecommutator

!
<latexit sha1_base64="u1xEpx5mGctvAeEg3QnHQS4Nx2g=">AAAB83icbVC7SgNBFL0bX3F9RS1tBoNgFXZjoY0YtLGMYB6QLGF2MpsMmZ0dZmaFsOQ3bCwUH6XfYW8j/o2TR6GJBy4czrmXe+8JJWfaeN63k1taXlldy6+7G5tb2zuF3b26TlJFaI0kPFHNEGvKmaA1wwynTakojkNOG+Hgauw37qjSLBG3ZihpEOOeYBEj2FgpgjdIIAYKPcCdQtEreROgReLPSPHiwz2XL19utVP4bHcTksZUGMKx1i3fkybIsDKMcDpy26mmEpMB7tGWpQLHVAfZ5OYROrJKF0WJsiUMmqi/JzIcaz2MQ9sZY9PX895Y/M9rpSY6CzImZGqoINNFUcqRSdA4ANRlihLDh5Zgopi9FZE+VpgYG5NrQ/DnX14k9XLJPymVb/xi5RKmyMMBHMIx+HAKFbiGKtSAgIR7eIQnJ3UenGfnddqac2Yz+/AHzvsPVkSS7A==</latexit>a state is a g.s. iff for any

a unique g.s.     is accompanied by a nonzero gap iff there 
exists          such that            � > 0

<latexit sha1_base64="L3fdfkWMmz5uuf5eAwZJUftfwVg=">AAAB93icbVDLSgMxFL3js9ZX1aUiwSK4KjN1oSspunHZgn1AO5RMmrahSWZIMsIwdOlPuHHhA7fu+h3u/AZ/wvSx0NZzuXA4515yc4KIM21c98tZWl5ZXVvPbGQ3t7Z3dnN7+zUdxorQKgl5qBoB1pQzSauGGU4bkaJYBJzWg8HN2K/fU6VZKO9MElFf4J5kXUawsVIfXqEHGIQtDFfgtnN5t+BOgBaJNyP50tGo8v1wPCq3c5+tTkhiQaUhHGvd9NzI+ClWhhFOh9lWrGmEyQD3aNNSiQXVfjq5e4hOrdJB3VDZlgZN1N8bKRZaJyKwkwKbvp73xuJ/XjM23Us/ZTKKDZVk+lA35siEaBwC6jBFieGJJZgoZm9FpI8VJsZGlbUhePNfXiS1YsE7LxQrXr50DVNk4BBO4Aw8uIAS3EIZqkDAwCM8w4uTOE/Om/M+HV1yZjsH8AfOxw8dH5Pk</latexit>

!
<latexit sha1_base64="u1xEpx5mGctvAeEg3QnHQS4Nx2g=">AAAB83icbVC7SgNBFL0bX3F9RS1tBoNgFXZjoY0YtLGMYB6QLGF2MpsMmZ0dZmaFsOQ3bCwUH6XfYW8j/o2TR6GJBy4czrmXe+8JJWfaeN63k1taXlldy6+7G5tb2zuF3b26TlJFaI0kPFHNEGvKmaA1wwynTakojkNOG+Hgauw37qjSLBG3ZihpEOOeYBEj2FgpgjdIIAYKPcCdQtEreROgReLPSPHiwz2XL19utVP4bHcTksZUGMKx1i3fkybIsDKMcDpy26mmEpMB7tGWpQLHVAfZ5OYROrJKF0WJsiUMmqi/JzIcaz2MQ9sZY9PX895Y/M9rpSY6CzImZGqoINNFUcqRSdA4ANRlihLDh5Zgopi9FZE+VpgYG5NrQ/DnX14k9XLJPymVb/xi5RKmyMMBHMIx+HAKFbiGKtSAgIR7eIQnJ3UenGfnddqac2Yz+/AHzvsPVkSS7A==</latexit>

Â 2 A
loc

<latexit sha1_base64="knVlNM594A6hDq6R0o6h4UXH1oQ=">AAACKXicbVDLSgMxFL3j2/oadekmWARXZUYFXfrYuFSwttAOJZNm2tA8hiQjlKGfoxt/xY2Com79EdNxFtp6IMnJOfeS3BOnnBkbBB/ezOzc/MLi0nJlZXVtfcPf3Lo1KtOE1oniSjdjbChnktYts5w2U02xiDltxIOLsd+4o9owJW/sMKWRwD3JEkawdZLyEdxDHzBYyOEMRu7GQLpdFFofEtCODUq34857pwhAwEEBgVHHrwa1oACaJmFJqlDiquO/tLuKZIJKSzg2phUGqY1yrC0jnI4q7czQFJMB7tGWoxILaqK8mHSE9pzSRYnSbkmLCvV3R46FMUMRu0qBbd9MemPxP6+V2eQkyplMM0sl+XkoyTiyCo1jQ12mKbF86Agmmrm/ItLHGhPrwq24EMLJkafJ7UEtPKwdXB9VT8/LOJZgB3ZhH0I4hlO4hCuou1Af4Ale4c179J69d+/zp3TGK3u24Q+8r2+ob50b</latexit>

for any with

ĥj 2 A
loc

<latexit sha1_base64="4aI4HCA/3VFc6liA1ijFcpOVdks=">AAACLXicbVDLSgMxFL3js9ZX1aWbYBFclRkVdFl147KCtYVaSibN2NhMMiQZoQz9HDdu/BURXFTErb/h7TgLXxeSezjnXJJ7wkQK63x/4s3Mzs0vLJaWyssrq2vrlY3NK6tTw3iTaalNO6SWS6F40wkneTsxnMah5K1weDbVW3fcWKHVpRslvBvTGyUiwahDSld24B4GQMFBhn0MPbhFRoDCO875AURgEA3RcZI7MtQMqgQkaGAw7lWqfs3Pi/wFQQGqUFSjV3m+7muWxlw5Jqm1ncBPXDejxgkm+bh8nVqeUDakN7yDUNGY226Wbzsmu8j0SaQNHuVIzn6fyGhs7SgO0RlTN7C/tSn5n9ZJXXTczYRKUscV+3ooSiVxmkyjI31hOHNyhIAyI/CvhA2oocxhwGUMIfi98l9wtV8LDmr7F4fV+mkRRwm2YQf2IIAjqMM5NKCJoT7AE0zg1Xv0Xrw37/3LOuMVM1vwo7yPT+OBnjE=</latexit>



Operator algebraic formulation of  
an infinite quantum spin chain 3/4

GNS (Gelfand-Naimark-Segal) construction
given a state   on    , one can defineA

<latexit sha1_base64="0s3NyOFBuunr3d39nAXIGRPs1+8=">AAAB/3icbZBNSwMxEIZn/az1q+rRS7AInspuFfRY9eKxgv2AtpRsmm1Dk90lmRXK2oN/RRAPinj1b3jz35i2e9DWFwIP78wwk9ePpTDout/O0vLK6tp6biO/ubW9s1vY26+bKNGM11gkI930qeFShLyGAiVvxppT5Uve8IfXk3rjnmsjovAORzHvKNoPRSAYRWtJeAYFFBAGEIC2NIQULmHcLRTdkjsVWQQvgyJkqnYLX+1exBLFQ2SSGtPy3Bg7KdUomOTjfDsxPKZsSPu8ZTGkiptOOr1/TI6t0yNBpO0LkUzd3xMpVcaMlG87FcWBma9NzP9qrQSDi04qwjhBHrLZoiCRBCMyCYP0hOYM5cgCZVrYWwkbUE0Z2sjyNgRv/suLUC+XvNNS+fasWLnK4sjBIRzBCXhwDhW4gSrUgMEDPMErvDmPzovz7nzMWpecbOYA/sj5/AGdipKe</latexit>

⇢
<latexit sha1_base64="TXtkP1B8yO/RT1QXpfgT64oEh+o=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxjKC+YDkCHt7e8mSvd3L7p4QjvwJGwtFbCz8O3b+GzfJFZr4YODx3gwz84KEM21c99sprK1vbG4Vt0s7u3v7B+XDo5aWqSK0SSSXqhNgTTkTtGmY4bSTKIrjgNN2MLqd+e1HqjST4sFMEurHeCBYxAg2VgrhAxQMQfbLFbfqzoFWiZeTCuRo9MtfvVCSNKbCEI617npuYvwMK8MIp9NSL9U0wWSEB7RrqcAx1X42v3eKzqwSokgqW8Kgufp7IsOx1pM4sJ0xNkO97M3E/7xuaqJrP2MiSQ0VZLEoSjkyEs2eRyFTlBg+sQQTxeytiAyxwsTYiEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBAIcneIFXZ+w8O2/O+6K14OQzx/AHzucPOgeOyA==</latexit>

H
<latexit sha1_base64="FsN4O3CoBnpvgEKcEvKL3L8ej3k=">AAAB/XicbZDLSgMxFIbP1Futt6pLN8EiuCozVdBl0Y3LCvYC7VAyadqGZjJDckaoQ/FV3HShiFvfw51vY9rOQlsPhPz8/znk5AtiKQy67reTW1vf2NzKbxd2dvf2D4qHRw0TJZrxOotkpFsBNVwKxesoUPJWrDkNA8mbweh2ljcfuTYiUg84jrkf0oESfcEoWmsEUwiBAsIQmL0lpHAHk26x5JbdeZFV4WWiBFnVusWvTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqWjIjZ/Ot5+QM+v0SD/S9igkc/f3REpDY8ZhYDtDikOznM3M/7J2gv1rPxUqTpArtnion0iCEZmhID2hOUM5toIyLeyuhA2ppgwtsIKF4C1/eVU0KmXvoly5vyxVbzIceTiBUzgHD66ganHWoG7hPsELvMKb8+xMnXfnY9Gac7KZY/hTzucPpdOSHg==</latexit>a separable Hilbert space

a representation    of    on    , i.e.,                       s.t. ⇡
<latexit sha1_base64="wF8isoFFZDRzkbcx6qDWrrJEFCQ=">AAAB+XicbVBNSwMxEJ31s9avqkcvwSJ4kLJbBT0WvXisYD+gXUo2nW1Ds9klyQpl6b/wquBBEK/+Gv01pu0etPUNA483b8jkBYng2rjul7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U7nrUdUmsfywYwT9CM6kDzkjBorIbxBCokt3iuV3Yo7A1kmXk7KkKPeK313+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5tdPCGnVumTMFa2pSEz9fdGRiOtx1FgnRE1Q704m4rnaTJQiKP/PJ3UhNd+xmWSGpRs/mCYCmJiMo2B9LlCZsTYEsoUtzcTNqSKMmPDKtowvMWvL5NmteJdVKr3l+XaTR5LAY7hBM7AgyuowR3UoQEMJDzBM7w4mfPqvDsfc+uKk+8cwR84nz/W/pKf</latexit>

⇡ : A ! B(H)
<latexit sha1_base64="r9EA0fbJi2S2x2J5irhGHtYf79Y="></latexit>

H
<latexit sha1_base64="FsN4O3CoBnpvgEKcEvKL3L8ej3k=">AAAB/XicbZDLSgMxFIbP1Futt6pLN8EiuCozVdBl0Y3LCvYC7VAyadqGZjJDckaoQ/FV3HShiFvfw51vY9rOQlsPhPz8/znk5AtiKQy67reTW1vf2NzKbxd2dvf2D4qHRw0TJZrxOotkpFsBNVwKxesoUPJWrDkNA8mbweh2ljcfuTYiUg84jrkf0oESfcEoWmsEUwiBAsIQmL0lpHAHk26x5JbdeZFV4WWiBFnVusWvTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqWjIjZ/Ot5+QM+v0SD/S9igkc/f3REpDY8ZhYDtDikOznM3M/7J2gv1rPxUqTpArtnion0iCEZmhID2hOUM5toIyLeyuhA2ppgwtsIKF4C1/eVU0KmXvoly5vyxVbzIceTiBUzgHD66ganHWoG7hPsELvMKb8+xMnXfnY9Gac7KZY/hTzucPpdOSHg==</latexit>

A
<latexit sha1_base64="0s3NyOFBuunr3d39nAXIGRPs1+8=">AAAB/3icbZBNSwMxEIZn/az1q+rRS7AInspuFfRY9eKxgv2AtpRsmm1Dk90lmRXK2oN/RRAPinj1b3jz35i2e9DWFwIP78wwk9ePpTDout/O0vLK6tp6biO/ubW9s1vY26+bKNGM11gkI930qeFShLyGAiVvxppT5Uve8IfXk3rjnmsjovAORzHvKNoPRSAYRWtJeAYFFBAGEIC2NIQULmHcLRTdkjsVWQQvgyJkqnYLX+1exBLFQ2SSGtPy3Bg7KdUomOTjfDsxPKZsSPu8ZTGkiptOOr1/TI6t0yNBpO0LkUzd3xMpVcaMlG87FcWBma9NzP9qrQSDi04qwjhBHrLZoiCRBCMyCYP0hOYM5cgCZVrYWwkbUE0Z2sjyNgRv/suLUC+XvNNS+fasWLnK4sjBIRzBCXhwDhW4gSrUgMEDPMErvDmPzovz7nzMWpecbOYA/sj5/AGdipKe</latexit>

⇡(↵Â+ �B̂) = ↵⇡(Â) + � ⇡(B̂)
<latexit sha1_base64="+cUcUzHqCwb0PgNjbMDXcgTBfjc="></latexit>

⇡(ÂB̂) = ⇡(Â)⇡(B̂)
<latexit sha1_base64="yDu0KCl0V4MqZdVA4iSisa3zq48=">AAACWXicfVHLSgMxFL0dX3V8Vbt0M1gEC6XM1IJuhFo3LivYB7RDyaS3bWjmQZIRytDP8Xfcq7/hVjF9LGqr3hA499xzSHLiRZxJZduvKWNjc2t7J71r7u0fHB5ljk8aMowFxToNeShaHpHIWYB1xRTHViSQ+B7Hpje6m86bTygkC4NHNY7Q9ckgYH1GidJUmCnDM8QQ6cXgQuMhEFCQwC1Mlrqq7vJw8482r/vCH/OZu5vJ2UV7VtY6cBYgB4uqdTNvnV5IYx8DRTmRsu3YkXITIhSjHCdmJ5YYEToiA2xrGBAfpZvMEplY55rpWf1Q6B0oa8YuOxLiSzn2Pa30iRrK1dmULMTRQCCOftO0Y9W/dhMWRLHCgM4P7MfcUqE1jdnqMYFU8bEGhAqm72zRIRGEKv0Zpg7DWX36OmiUis5lsfRQzlWqi1jScApnOlwHrqAC91CDOlB4gQ/4hK/Uu5Ey0oY5lxqphScLP8rIfgNn+qWG</latexit>

⇡(Â⇤) = ⇡(Â)⇤
<latexit sha1_base64="zonES3pfyPj8raUOkxPk5cuyLNw=">AAACM3icfZDLSgMxFIbPeK31VnXpZrQIVqTMVEE3QtWNywr2Au1YMulpG5q5kGSEMvRxBF/A13DrbSdufQczbRfaiicEPv7zH5LzuyFnUlnWqzEzOze/sJhaSi+vrK6tZzY2KzKIBMUyDXggai6RyJmPZcUUx1ookHgux6rbu0z61TsUkgX+jeqH6Hik47M2o0RpKcjswD1EEOrDYF9zFwgoiOEcBnALB5CDs38cucTTzGStvDUscxrsMWRhXKVm5q3RCmjkoa8oJ1LWbStUTkyEYpTjIN2IJIaE9kgH6xp94qF04uGuA3NPKy2zHQh9fWUO1Z8TMfGk7HuudnpEdeVkLxEPo7AjEHt/eeqRap86MfPDSKFPRw+2I26qwEwCNFtMIFW8r4FQwfSfTdolglClY07rMOzJ1aehUsjbR/nC9XG2eDGOJQXbsKsDtuEEinAFJSgDhQd4gmd4MR6Nd+PD+BxZZ4zxzBb8KuPrGz7Bn2w=</latexit>

⇡(1̂) = 1̂
<latexit sha1_base64="sq4G7kMXSVgp7hxUGhiSwS7h7Kc=">AAACHXicbZDLSsNAFIZP6q3WW1Rw4yZYBAUpSRV0IxTduKxgL9CGMpmetEMnF2YmQgl9CV/Ale/gVsGduBV9GqdtFrb6DwMf/zmHmfN7MWdS2faXkVtYXFpeya8W1tY3NrfM7Z26jBJBsUYjHommRyRyFmJNMcWxGQskgcex4Q2ux/XGPQrJovBODWN0A9ILmc8oUdqKzD14ggRifRgcae4DAQUpODCCY7icdTpm0S7ZE1l/wcmgCJmqHfO73Y1oEmCoKCdSthw7Vm5KhGKU46jQTiTGhA5ID1saQxKgdNPJViPrUDtdy4+EvqGyJu7viZQEUg4DT3cGRPXlfG1sniRxTyAO/utpJcq/cFMWxonCkE4f9BNuqcgaR2V1mUCq+FADoYLpP1u0TwShSgda0GE486v/hXq55JyWyrdnxcpVFkse9uFAh+3AOVTgBqpQAwoP8Awv8Go8Gm/Gu/Exbc0Z2cwuzMj4/AEm35q3</latexit>

the set of all 
bounded operators

a vector           s.t.                              for any⌦ 2 H
<latexit sha1_base64="5YJDeRs8XtXMyaCdovl1eDzoKFA=">AAACD3icbZDLSgMxFIbP1Futl466dBMsggspM1XQZdFNd1awF2hLyaSnbWgmMyQZoZTufAEfwo1bBXfi1kfQpzG9LLT1h4SP/5xDcv4gFlwbz/tyUiura+sb6c3M1vbObtbd26/qKFEMKywSkaoHVKPgEiuGG4H1WCENA4G1YHA9qdfuUWkeyTszjLEV0p7kXc6osVbkZuEJbiAEhB5QyxykvZllAQRKbTfn5b2pyDL4c8jBXOW2+93sRCwJURomqNYN34tNa0SV4UzgONNMNMaUDWgPGxYlDVG3RtM9xuTYOh3SjZQ90pCp+3tiREOth2FgO0Nq+nqxNjFPk7inEAf/9TQS071sjbiME4OSzR7sJoKYiEzCIR2ukBkxtECZ4vbPhPWposzYCDM2DH9x9WWoFvL+Wb5we54rXs1jScMhHMEJ+HABRShBGSo24gd4hhd4dR6dN+fd+Zi1ppz5zAH8kfP5A4C0l3I=</latexit>

⇢(Â) = h⌦,⇡(Â)⌦i
<latexit sha1_base64="w9by/RISQeI+a+OWIALaW1Clhrk="></latexit>

Â 2 A
<latexit sha1_base64="7j/Stbn7DQSPajRVBOe6inswZnQ=">AAACHXicbVC7SgNBFL0bXzG+ooKNzWIQLCTsxkI7ozaWEcwDkhBmJ3eTIbOzy8ysEJb8hD9g5T/YKtiJreif2DnZpNDEAzOcOfdc7tzjRZwp7TifVmZhcWl5JbuaW1vf2NzKb+/UVBhLilUa8lA2PKKQM4FVzTTHRiSRBB7Huje4GtfrdygVC8WtHkbYDkhPMJ9Roo0U5vfgEfpAQEMCFzAyLwbC3EGq9cEHadhgUu3kC07RSWHPE3dKCufffopKJ//V6oY0DlBoyolSTdeJdDshUjPKcZRrxQojQgekh01DBQlQtZN0q5F9aJSu7YfSHKHtVP3dkZBAqWHgGWdAdF/N1sbicRz1JOLgP08z1v5ZO2EiijUKOhnox9zWoT2Oyu4yiVTzoSGESmb+bNM+kYRqE2jOhOHOrj5PaqWie1Is3TiF8iVMkIV9OIAjcOEUynANFagChXt4gmd4sR6sV+vNep9YM9a0Zxf+wPr4AVDEnws=</latexit>

(H⇢,⇡⇢,⌦⇢)
<latexit sha1_base64="A39fCU6BfXEXLO2t2/Z3hYTF9go="></latexit>

(H,⇡,⌦)
<latexit sha1_base64="wgFwWeIT2eIroG57+RiTIQKuGdI="></latexit>

or, more precisely                   , is the GNS triple
    is a physical Hilbert space that consists of the state      
(which is now     ) and other states “close” to it

⇢
<latexit sha1_base64="TXtkP1B8yO/RT1QXpfgT64oEh+o=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxjKC+YDkCHt7e8mSvd3L7p4QjvwJGwtFbCz8O3b+GzfJFZr4YODx3gwz84KEM21c99sprK1vbG4Vt0s7u3v7B+XDo5aWqSK0SSSXqhNgTTkTtGmY4bSTKIrjgNN2MLqd+e1HqjST4sFMEurHeCBYxAg2VgrhAxQMQfbLFbfqzoFWiZeTCuRo9MtfvVCSNKbCEI617npuYvwMK8MIp9NSL9U0wWSEB7RrqcAx1X42v3eKzqwSokgqW8Kgufp7IsOx1pM4sJ0xNkO97M3E/7xuaqJrP2MiSQ0VZLEoSjkyEs2eRyFTlBg+sQQTxeytiAyxwsTYiEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBAIcneIFXZ+w8O2/O+6K14OQzx/AHzucPOgeOyA==</latexit>

H
<latexit sha1_base64="FsN4O3CoBnpvgEKcEvKL3L8ej3k=">AAAB/XicbZDLSgMxFIbP1Futt6pLN8EiuCozVdBl0Y3LCvYC7VAyadqGZjJDckaoQ/FV3HShiFvfw51vY9rOQlsPhPz8/znk5AtiKQy67reTW1vf2NzKbxd2dvf2D4qHRw0TJZrxOotkpFsBNVwKxesoUPJWrDkNA8mbweh2ljcfuTYiUg84jrkf0oESfcEoWmsEUwiBAsIQmL0lpHAHk26x5JbdeZFV4WWiBFnVusWvTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqWjIjZ/Ot5+QM+v0SD/S9igkc/f3REpDY8ZhYDtDikOznM3M/7J2gv1rPxUqTpArtnion0iCEZmhID2hOUM5toIyLeyuhA2ppgwtsIKF4C1/eVU0KmXvoly5vyxVbzIceTiBUzgHD66ganHWoG7hPsELvMKb8+xMnXfnY9Gac7KZY/hTzucPpdOSHg==</latexit>

⌦
<latexit sha1_base64="T/Md4gEsmeP49njaayAHth1XUH8=">AAAB83icbVC7SgNBFL3rM66vqKXNYBCswm4stBGDNnZGMA9IljA7mU2GzM4OM7NCWPIbNhaKj9LvsLcR/8bJo9DEAxcO59zLvfeEkjNtPO/bWVhcWl5Zza256xubW9v5nd2aTlJFaJUkPFGNEGvKmaBVwwynDakojkNO62H/cuTX76jSLBG3ZiBpEOOuYBEj2Fgpgje4hhgodAG38wWv6I2B5ok/JYXzD/dMvny5lXb+s9VJSBpTYQjHWjd9T5ogw8owwunQbaWaSkz6uEublgocUx1k45uH6NAqHRQlypYwaKz+nshwrPUgDm1njE1Pz3oj8T+vmZroNMiYkKmhgkwWRSlHJkGjAFCHKUoMH1iCiWL2VkR6WGFibEyuDcGffXme1EpF/7hYuvEL5QuYIAf7cABH4MMJlOEKKlAFAhLu4RGenNR5cJ6d10nrgjOd2YM/cN5/ACTEksw=</latexit>

what is the Hilbert space of the model?
H1 :=

N
j2Z C2S+1

<latexit sha1_base64="VXdOyYBn99xrPYrR3O0tJpDKqUQ="></latexit>

is too large (physically and mathematically)



for             we define the representation by

Operator algebraic formulation of  
an infinite quantum spin chain 4/4

GNS (Gelfand-Naimark-Segal) construction

the idea of the construction

given a state   on    , one can defineA
<latexit sha1_base64="0s3NyOFBuunr3d39nAXIGRPs1+8=">AAAB/3icbZBNSwMxEIZn/az1q+rRS7AInspuFfRY9eKxgv2AtpRsmm1Dk90lmRXK2oN/RRAPinj1b3jz35i2e9DWFwIP78wwk9ePpTDout/O0vLK6tp6biO/ubW9s1vY26+bKNGM11gkI930qeFShLyGAiVvxppT5Uve8IfXk3rjnmsjovAORzHvKNoPRSAYRWtJeAYFFBAGEIC2NIQULmHcLRTdkjsVWQQvgyJkqnYLX+1exBLFQ2SSGtPy3Bg7KdUomOTjfDsxPKZsSPu8ZTGkiptOOr1/TI6t0yNBpO0LkUzd3xMpVcaMlG87FcWBma9NzP9qrQSDi04qwjhBHrLZoiCRBCMyCYP0hOYM5cgCZVrYWwkbUE0Z2sjyNgRv/suLUC+XvNNS+fasWLnK4sjBIRzBCXhwDhW4gSrUgMEDPMErvDmPzovz7nzMWpecbOYA/sj5/AGdipKe</latexit>

⇢
<latexit sha1_base64="TXtkP1B8yO/RT1QXpfgT64oEh+o=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxjKC+YDkCHt7e8mSvd3L7p4QjvwJGwtFbCz8O3b+GzfJFZr4YODx3gwz84KEM21c99sprK1vbG4Vt0s7u3v7B+XDo5aWqSK0SSSXqhNgTTkTtGmY4bSTKIrjgNN2MLqd+e1HqjST4sFMEurHeCBYxAg2VgrhAxQMQfbLFbfqzoFWiZeTCuRo9MtfvVCSNKbCEI617npuYvwMK8MIp9NSL9U0wWSEB7RrqcAx1X42v3eKzqwSokgqW8Kgufp7IsOx1pM4sJ0xNkO97M3E/7xuaqJrP2MiSQ0VZLEoSjkyEs2eRyFTlBg+sQQTxeytiAyxwsTYiEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBAIcneIFXZ+w8O2/O+6K14OQzx/AHzucPOgeOyA==</latexit>

define an inner product in     by hÂ, B̂i := ⇢(Â⇤B̂)
<latexit sha1_base64="g29kkeeQKm1PqQoudrHzvux7HOM="></latexit>

H
<latexit sha1_base64="FsN4O3CoBnpvgEKcEvKL3L8ej3k=">AAAB/XicbZDLSgMxFIbP1Futt6pLN8EiuCozVdBl0Y3LCvYC7VAyadqGZjJDckaoQ/FV3HShiFvfw51vY9rOQlsPhPz8/znk5AtiKQy67reTW1vf2NzKbxd2dvf2D4qHRw0TJZrxOotkpFsBNVwKxesoUPJWrDkNA8mbweh2ljcfuTYiUg84jrkf0oESfcEoWmsEUwiBAsIQmL0lpHAHk26x5JbdeZFV4WWiBFnVusWvTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqWjIjZ/Ot5+QM+v0SD/S9igkc/f3REpDY8ZhYDtDikOznM3M/7J2gv1rPxUqTpArtnion0iCEZmhID2hOUM5toIyLeyuhA2ppgwtsIKF4C1/eVU0KmXvoly5vyxVbzIceTiBUzgHD66ganHWoG7hPsELvMKb8+xMnXfnY9Gac7KZY/hTzucPpdOSHg==</latexit>a separable Hilbert space

a representation    of    on    , i.e.,                       s.t. ⇡
<latexit sha1_base64="wF8isoFFZDRzkbcx6qDWrrJEFCQ=">AAAB+XicbVBNSwMxEJ31s9avqkcvwSJ4kLJbBT0WvXisYD+gXUo2nW1Ds9klyQpl6b/wquBBEK/+Gv01pu0etPUNA483b8jkBYng2rjul7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U7nrUdUmsfywYwT9CM6kDzkjBorIbxBCokt3iuV3Yo7A1kmXk7KkKPeK313+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5tdPCGnVumTMFa2pSEz9fdGRiOtx1FgnRE1Q704m4rnaTJQiKP/PJ3UhNd+xmWSGpRs/mCYCmJiMo2B9LlCZsTYEsoUtzcTNqSKMmPDKtowvMWvL5NmteJdVKr3l+XaTR5LAY7hBM7AgyuowR3UoQEMJDzBM7w4mfPqvDsfc+uKk+8cwR84nz/W/pKf</latexit>

⇡ : A ! B(H)
<latexit sha1_base64="r9EA0fbJi2S2x2J5irhGHtYf79Y="></latexit>

H
<latexit sha1_base64="FsN4O3CoBnpvgEKcEvKL3L8ej3k=">AAAB/XicbZDLSgMxFIbP1Futt6pLN8EiuCozVdBl0Y3LCvYC7VAyadqGZjJDckaoQ/FV3HShiFvfw51vY9rOQlsPhPz8/znk5AtiKQy67reTW1vf2NzKbxd2dvf2D4qHRw0TJZrxOotkpFsBNVwKxesoUPJWrDkNA8mbweh2ljcfuTYiUg84jrkf0oESfcEoWmsEUwiBAsIQmL0lpHAHk26x5JbdeZFV4WWiBFnVusWvTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqWjIjZ/Ot5+QM+v0SD/S9igkc/f3REpDY8ZhYDtDikOznM3M/7J2gv1rPxUqTpArtnion0iCEZmhID2hOUM5toIyLeyuhA2ppgwtsIKF4C1/eVU0KmXvoly5vyxVbzIceTiBUzgHD66ganHWoG7hPsELvMKb8+xMnXfnY9Gac7KZY/hTzucPpdOSHg==</latexit>

A
<latexit sha1_base64="0s3NyOFBuunr3d39nAXIGRPs1+8=">AAAB/3icbZBNSwMxEIZn/az1q+rRS7AInspuFfRY9eKxgv2AtpRsmm1Dk90lmRXK2oN/RRAPinj1b3jz35i2e9DWFwIP78wwk9ePpTDout/O0vLK6tp6biO/ubW9s1vY26+bKNGM11gkI930qeFShLyGAiVvxppT5Uve8IfXk3rjnmsjovAORzHvKNoPRSAYRWtJeAYFFBAGEIC2NIQULmHcLRTdkjsVWQQvgyJkqnYLX+1exBLFQ2SSGtPy3Bg7KdUomOTjfDsxPKZsSPu8ZTGkiptOOr1/TI6t0yNBpO0LkUzd3xMpVcaMlG87FcWBma9NzP9qrQSDi04qwjhBHrLZoiCRBCMyCYP0hOYM5cgCZVrYWwkbUE0Z2sjyNgRv/suLUC+XvNNS+fasWLnK4sjBIRzBCXhwDhW4gSrUgMEDPMErvDmPzovz7nzMWpecbOYA/sj5/AGdipKe</latexit>

the set of all 
bounded operators

a vector           s.t.                              for any⌦ 2 H
<latexit sha1_base64="5YJDeRs8XtXMyaCdovl1eDzoKFA=">AAACD3icbZDLSgMxFIbP1Futl466dBMsggspM1XQZdFNd1awF2hLyaSnbWgmMyQZoZTufAEfwo1bBXfi1kfQpzG9LLT1h4SP/5xDcv4gFlwbz/tyUiura+sb6c3M1vbObtbd26/qKFEMKywSkaoHVKPgEiuGG4H1WCENA4G1YHA9qdfuUWkeyTszjLEV0p7kXc6osVbkZuEJbiAEhB5QyxykvZllAQRKbTfn5b2pyDL4c8jBXOW2+93sRCwJURomqNYN34tNa0SV4UzgONNMNMaUDWgPGxYlDVG3RtM9xuTYOh3SjZQ90pCp+3tiREOth2FgO0Nq+nqxNjFPk7inEAf/9TQS071sjbiME4OSzR7sJoKYiEzCIR2ukBkxtECZ4vbPhPWposzYCDM2DH9x9WWoFvL+Wb5we54rXs1jScMhHMEJ+HABRShBGSo24gd4hhd4dR6dN+fd+Zi1ppz5zAH8kfP5A4C0l3I=</latexit>

⇢(Â) = h⌦,⇡(Â)⌦i
<latexit sha1_base64="w9by/RISQeI+a+OWIALaW1Clhrk="></latexit>

Â 2 A
<latexit sha1_base64="7j/Stbn7DQSPajRVBOe6inswZnQ=">AAACHXicbVC7SgNBFL0bXzG+ooKNzWIQLCTsxkI7ozaWEcwDkhBmJ3eTIbOzy8ysEJb8hD9g5T/YKtiJreif2DnZpNDEAzOcOfdc7tzjRZwp7TifVmZhcWl5JbuaW1vf2NzKb+/UVBhLilUa8lA2PKKQM4FVzTTHRiSRBB7Huje4GtfrdygVC8WtHkbYDkhPMJ9Roo0U5vfgEfpAQEMCFzAyLwbC3EGq9cEHadhgUu3kC07RSWHPE3dKCufffopKJ//V6oY0DlBoyolSTdeJdDshUjPKcZRrxQojQgekh01DBQlQtZN0q5F9aJSu7YfSHKHtVP3dkZBAqWHgGWdAdF/N1sbicRz1JOLgP08z1v5ZO2EiijUKOhnox9zWoT2Oyu4yiVTzoSGESmb+bNM+kYRqE2jOhOHOrj5PaqWie1Is3TiF8iVMkIV9OIAjcOEUynANFagChXt4gmd4sR6sV+vNep9YM9a0Zxf+wPr4AVDEnws=</latexit>

A
<latexit sha1_base64="0s3NyOFBuunr3d39nAXIGRPs1+8=">AAAB/3icbZBNSwMxEIZn/az1q+rRS7AInspuFfRY9eKxgv2AtpRsmm1Dk90lmRXK2oN/RRAPinj1b3jz35i2e9DWFwIP78wwk9ePpTDout/O0vLK6tp6biO/ubW9s1vY26+bKNGM11gkI930qeFShLyGAiVvxppT5Uve8IfXk3rjnmsjovAORzHvKNoPRSAYRWtJeAYFFBAGEIC2NIQULmHcLRTdkjsVWQQvgyJkqnYLX+1exBLFQ2SSGtPy3Bg7KdUomOTjfDsxPKZsSPu8ZTGkiptOOr1/TI6t0yNBpO0LkUzd3xMpVcaMlG87FcWBma9NzP9qrQSDi04qwjhBHrLZoiCRBCMyCYP0hOYM5cgCZVrYWwkbUE0Z2sjyNgRv/suLUC+XvNNS+fasWLnK4sjBIRzBCXhwDhW4gSrUgMEDPMErvDmPzovz7nzMWpecbOYA/sj5/AGdipKe</latexit>

Â ⇠ B̂ , hÂ� B̂, Â� B̂i = 0
<latexit sha1_base64="fi6KOv0c7gLTkFVfikJJaP9lbP0="></latexit>

H := A/ ⇠
<latexit sha1_base64="XF2aFEdtTbXlfhxtLgJKwunQ/3U="></latexit>

 Â 2 H
<latexit sha1_base64="u1NBwRBcy5YblaVm8EzfVnZF5Jo="></latexit>

⇡(B̂) Â =  B̂Â
<latexit sha1_base64="404MmDzH+5ZOtGzogmygzCeAdKc="></latexit>

we already have    , which is a vector spaceA
<latexit sha1_base64="0s3NyOFBuunr3d39nAXIGRPs1+8=">AAAB/3icbZBNSwMxEIZn/az1q+rRS7AInspuFfRY9eKxgv2AtpRsmm1Dk90lmRXK2oN/RRAPinj1b3jz35i2e9DWFwIP78wwk9ePpTDout/O0vLK6tp6biO/ubW9s1vY26+bKNGM11gkI930qeFShLyGAiVvxppT5Uve8IfXk3rjnmsjovAORzHvKNoPRSAYRWtJeAYFFBAGEIC2NIQULmHcLRTdkjsVWQQvgyJkqnYLX+1exBLFQ2SSGtPy3Bg7KdUomOTjfDsxPKZsSPu8ZTGkiptOOr1/TI6t0yNBpO0LkUzd3xMpVcaMlG87FcWBma9NzP9qrQSDi04qwjhBHrLZoiCRBCMyCYP0hOYM5cgCZVrYWwkbUE0Z2sjyNgRv/suLUC+XvNNS+fasWLnK4sjBIRzBCXhwDhW4gSrUgMEDPMErvDmPzovz7nzMWpecbOYA/sj5/AGdipKe</latexit>

make    into a Hilbert space byA
<latexit sha1_base64="0s3NyOFBuunr3d39nAXIGRPs1+8=">AAAB/3icbZBNSwMxEIZn/az1q+rRS7AInspuFfRY9eKxgv2AtpRsmm1Dk90lmRXK2oN/RRAPinj1b3jz35i2e9DWFwIP78wwk9ePpTDout/O0vLK6tp6biO/ubW9s1vY26+bKNGM11gkI930qeFShLyGAiVvxppT5Uve8IfXk3rjnmsjovAORzHvKNoPRSAYRWtJeAYFFBAGEIC2NIQULmHcLRTdkjsVWQQvgyJkqnYLX+1exBLFQ2SSGtPy3Bg7KdUomOTjfDsxPKZsSPu8ZTGkiptOOr1/TI6t0yNBpO0LkUzd3xMpVcaMlG87FcWBma9NzP9qrQSDi04qwjhBHrLZoiCRBCMyCYP0hOYM5cgCZVrYWwkbUE0Z2sjyNgRv/suLUC+XvNNS+fasWLnK4sjBIRzBCXhwDhW4gSrUgMEDPMErvDmPzovz7nzMWpecbOYA/sj5/AGdipKe</latexit>

we set ⌦ :=  1̂
<latexit sha1_base64="qt1Wda1bQRikzxaZEeY4Apw6AQQ=">AAACFXicbZDLSgMxFIbP1Futl44KbtwMloKrMlMXiiAU3bizgr1AO5RMmrahmWRIMkIZ5iXcuHPnO7hxoYhbwZ1vY3pZaOsPgS//OYfk/EHEqNKu+21llpZXVtey67mNza3tvL2zW1cilpjUsGBCNgOkCKOc1DTVjDQjSVAYMNIIhpfjeuOOSEUFv9WjiPgh6nPaoxhpYwl7H57gGkIg0AcEZ3Bu7hEooNCBxPDAuNqQBymkHbvgltyJnEXwZlCoFBv55HHVrnbsr3ZX4DgkXGOGlGp5bqT9BElNMSNprh0rEiE8RH3SMshRSJSfTLZKnaJxuk5PSHO4dibu74kEhUqNwsB0hkgP1HxtbP5Xa8W6d+onlEexJhxPH+rFzNHCGUfkdKkkWLORAYQlNX918ABJhLUJMmdC8OZXXoR6ueQdl8o3XqFyAVNl4QAO4chEeQIVuIIq1ADDPTzDK7xZD9aL9W59TFsz1mxmD/7I+vwBcguZsA==</latexit>



depends only on        with

Setup for Theorem 1
spin operators Ŝ(↵)

j
<latexit sha1_base64="GP/ks9hXutX5JEEVoBh726kzQ7M=">AAACEXicbZC7TsMwFIZPuJZyC5eNJaJCgqVKChKMFSyMRdCL1IbKcd3W1LEj20Gqor4CC8/AG7AwgBArGxtvg5tmgJYjWf71/efIPn8QMaq0635bc/MLi0vLuZX86tr6xqa9tV1TIpaYVLFgQjYCpAijnFQ11Yw0IklQGDBSDwYXY79+T6Sigt/oYUT8EPU47VKMtEHC3oUn6AMCDQlcwwhuzX1oGAIGUeocGdqGu7ZdcItuWs6s8DJRgKwqbfur1RE4DgnXmCGlmp4baT9BUlPMyCjfihWJEB6gHmkayVFIlJ+kG42cA0M6TldIc7h2Uvp7IkGhUsMwMJ0h0n017Y3hf14z1t0zP6E8ijXhePJQN2aOFs44HqdDJcGaDY1AWFLzVwf3kURYmxDzJgRveuVZUSsVveNi6eqkUD7P4sjBHuybYD04hTJcQgWqgOEBnuEV3qxH68V6tz4mrXNWNrMDf8r6/AF9WpaD</latexit>

j 2 Z
<latexit sha1_base64="xLy8n5ifslXIcS1Ypnes7UMCCDQ=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae2Q8mkmTY2yQxJRihDwY2fohsXirj1J9z5N6btLLT1hFwO59xLck8Qc6aN6347uaXlldW1/HphY3Nre6e4u9fQUaIIrZOIR6oVYE05k7RumOG0FSuKRcBpMxheTvzmPVWaRfLGjGLqC9yXLGQEGytJuIMnYCBtFYDBwAACe1K4hXG3WHLL7hRokXgZKUGGWrf41elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n0x3G6MgqPRRGyl5p0FT9PZFiofVIBLZTYDPQ895E/M9rJyY891Mm48RQSWYPhQlHJkKTQFCPKUoMH1mCiWL2r4gMsMLE2NgKNgRvfuVF0qiUvZNy5fq0VL3I4sjDARzCMXhwBlW4ghrUgcADPMMrvDmPzovz7nzMWnNONrMPf+B8/gD7LpPj</latexit>

↵ = x, y, z
<latexit sha1_base64="NvRZe4um2dVyvvDpvaoGHSWPvAw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYTdWGgjBG0sEzAPSJYwO5lNhsw+mJkV1yWlNn6HnY2FEmz9Azu/wZ9w8ig0euAyZ865l5l73IgzqSzr08jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/sXIr19TIVkYXKkkoo6PuwHzGMFKS6FpwiNg4BBBT59n+ibABwQ3cASJrtu2mbcK1hjoL7GnJF/aHVa+7vaG5bb50eqEJPZpoAjHUjZtK1JOioVihNNBrhVLGmHSx13a1DTAPpVOOt5kgA600kFeKHQFCo3VnxMp9qVMfFd3+lj15Kw3Ev/zmrHyTp2UBVGsaEAmD3kxRypEo1hQhwlKFE80wUQw/VdEelhgonR4OR2CPbvyX1IrFuzjQrFi50vnMEEWdmAfDsGGEyjBJZShCgTu4Qle4NV4MJ6NofE2ac0Y05lt+AXj/RsK2Zfm</latexit>

⌧(Ŝ(↵)
j ) = Ŝ(↵)

j+1
<latexit sha1_base64="oWD7JWtTO7YzPI7zTFK8Gtu4xxc="></latexit>

translation automorphism

Hamiltonian Ĥ =
P

j2Z ĥj
<latexit sha1_base64="QXOotaNvW+RyBWQ2GHNLOv2i4oU="></latexit>

etc.

translation invariant:
short ranged: ĥj

<latexit sha1_base64="DAcp9MAuQS1XjlmuZceepVltYz0=">AAAB+XicbVBNTwIxEJ3FL8Qv1KOXRmLiieyiiR6JXjxiIkgCG9ItXah0u5t2loRs+CdePGiMV/+JN/+NBfag4Esm8/LeTDp9QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+WMwup35j2OujYjVA04S7kd0oEQoGEUrCXiFIVBAyGyfQg+eeuWKW3XnIKvEy0kFcjR65a9uP2ZpxBUySY3peG6CfkY1Cib5tNRNDU8oG9EB71iqaMSNn80vn5Izq/RJGGtbCslc/b2R0ciYSRTYyYji0Cx7M/E/r5NieO1nQiUpcsUWD4WpJBiTWQykLzRnKCeWUKaFvZWwIdWUoQ2rZEPwlr+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYw7MN+s3JnBfn3flYjBacfOcY/sD5/AH0J5FE</latexit>

Ŝ(↵)
i

<latexit sha1_base64="pJa3Z4oKoetUd89ZFTtQwkL3YrA=">AAACEXicbZC7TsMwFIZPyq2UW7hsLBYVEixVUpBgrGBhLIJepDZUjuu2Vp04sh2kKuorsPAMvAELAwixsrHxNrhpBmg5kuVf33+O7PP7EWdKO863lVtYXFpeya8W1tY3Nrfs7Z26ErEktEYEF7LpY0U5C2lNM81pM5IUBz6nDX94OfEb91QqJsJbPYqoF+B+yHqMYG2QsPfgCQaAQUMCNzCGO3MfGYaBQ5Q6x4Z2gHXsolNy0kLzws1EEbKqduyvdleQOKChJhwr1XKdSHsJlpoRTseFdqxohMkQ92nLyBAHVHlJutEYHRrSRT0hzQk1SunviQQHSo0C33QGWA/UrDeB/3mtWPfOvYSFUaxpSKYP9WKOtECTeFCXSUo0HxmBiWTmr4gMsMREmxALJgR3duV5US+X3JNS+fq0WLnI4sjDPhyYYF04gwpcQRVqQOABnuEV3qxH68V6tz6mrTkrm9mFP2V9/gB71paC</latexit>

|i� j|  r
<latexit sha1_base64="WXYu6iXt857ytUaVoQ5VFQRrOv0=">AAAB+3icbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT0GvXiMYB6QhDA76U3GzD6YmRXDml/xIqKIV3/Em3/jbLIHTSxouqjqZnrKjQRX2ra/rdzS8srqWn69sLG5tb1T3N1rqDCWDOssFKFsuVSh4AHWNdcCW5FE6rsCm+7oKvWb9ygVD4NbPY6w69NBwD3OqDbSHTwChxNI+wsIQCAge8WSXbanIIvEyUgJMtR6xa9OP2Sxj4FmgirVduxIdxMqNWcCJ4VOrDCibEQH2DY0oD6qbjK9fUKOjNInXihNBZpM1d8bCfWVGvuumfSpHqp5LxX/89qx9i66CQ+iWGPAZg95sSA6JGkQpM8lMi3GhlAmubmVsCGVlGkTV8GE4Mx/eZE0KmXntFy5OStVL7M48nAAh3AMDpxDFa6hBnVg8ABP8Apv1sR6tt6tj9lozsp29uEPrM8fLxKRTA==</latexit>

⌧(ĥj) = ĥj+1
<latexit sha1_base64="NLBj9OpO8t/czPJPR473OJA6nqs=">AAACI3icbZDLSsNAFIZPvNZ6i7oUIVgERShJFXQjFN24rGAv0IYymU7bsZMLMydCCXkXN30VNy6U4saF7+K0zUJbDwzz8f/nMHN+LxJcoW1/GUvLK6tr67mN/ObW9s6uubdfU2EsKavSUISy4RHFBA9YFTkK1ogkI74nWN0b3E38+jOTiofBIw4j5vqkF/AupwS1FJpHMAIEAjGcauprQkj0nUIbnuAMbhbUROvn4EDaNgt20Z6WtQhOBgXIqtI2x61OSGOfBUgFUarp2BG6CZHIqWBpvhUrFhE6ID3W1BgQnyk3me6YWida6VjdUOoToDVVf08kxFdq6Hu60yfYV/PeRPzPa8bYvXYTHkQxsoDOHurGwsLQmgRmdbhkFMVQA6GS679atE8koahjzesQnPmVF6FWKjoXxdLDZaF8m8WRg0M41qE7cAVluIcKVIHCC7zCO3wYI+PNGBufs9YlI5s5gD9lfP8AQiOazQ==</latexit>

j 2 Z
<latexit sha1_base64="xLy8n5ifslXIcS1Ypnes7UMCCDQ=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae2Q8mkmTY2yQxJRihDwY2fohsXirj1J9z5N6btLLT1hFwO59xLck8Qc6aN6347uaXlldW1/HphY3Nre6e4u9fQUaIIrZOIR6oVYE05k7RumOG0FSuKRcBpMxheTvzmPVWaRfLGjGLqC9yXLGQEGytJuIMnYCBtFYDBwAACe1K4hXG3WHLL7hRokXgZKUGGWrf41elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n0x3G6MgqPRRGyl5p0FT9PZFiofVIBLZTYDPQ895E/M9rJyY891Mm48RQSWYPhQlHJkKTQFCPKUoMH1mCiWL2r4gMsMLE2NgKNgRvfuVF0qiUvZNy5fq0VL3I4sjDARzCMXhwBlW4ghrUgcADPMMrvDmPzovz7nzMWnNONrMPf+B8/gD7LpPj</latexit>

for any
Z2 ⇥ Z2

<latexit sha1_base64="QGsH6AVHbdcoeQlURKgozyT3FBQ=">AAACJXicdVDLSgMxFL3js9bXqEtBBovgqsxUQZdFNy4r2Ae2Q8mkaRuazAzJHaEM/RlB/BU3LiwiuPJXTNtZaKsnBA7nnEtyTxALrtF1P62l5ZXVtfXcRn5za3tn197br+koUZRVaSQi1QiIZoKHrIocBWvEihEZCFYPBtcTv/7AlOZReIfDmPmS9ELe5ZSgkSL7CJ5AAgGEPgTmpHAPI2hDyegI3HgM9H+Ztl1wi+4UziLxMlKADJW2PW51IppIFiIVROum58bop0Qhp4KN8q1Es5jQAemxpqEhkUz76XTLkXNilI7TjZS5ITpT9edESqTWQxmYpCTY1/PeRPzLaybYvfRTHsYJspDOHuomwsHImVTmdLhiFMXQEEIVN391aJ8oQtEUmzclePMrL5JaqeidFUu354XyVVZHDg7hGE7Bgwsoww1UoAoUHuEF3mBsPVuv1rv1MYsuWdnMAfyC9fUN4KqbrA==</latexit>

R↵(ĥj) = ĥj
<latexit sha1_base64="Xd3HvP19z8wwGvW+cxd1h3IKmPU="></latexit>

invariant: j 2 Z
<latexit sha1_base64="xLy8n5ifslXIcS1Ypnes7UMCCDQ=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae2Q8mkmTY2yQxJRihDwY2fohsXirj1J9z5N6btLLT1hFwO59xLck8Qc6aN6347uaXlldW1/HphY3Nre6e4u9fQUaIIrZOIR6oVYE05k7RumOG0FSuKRcBpMxheTvzmPVWaRfLGjGLqC9yXLGQEGytJuIMnYCBtFYDBwAACe1K4hXG3WHLL7hRokXgZKUGGWrf41elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n0x3G6MgqPRRGyl5p0FT9PZFiofVIBLZTYDPQ895E/M9rJyY891Mm48RQSWYPhQlHJkKTQFCPKUoMH1mCiWL2r4gMsMLE2NgKNgRvfuVF0qiUvZNy5fq0VL3I4sjDARzCMXhwBlW4ghrUgcADPMMrvDmPzovz7nzMWnNONrMPf+B8/gD7LpPj</latexit>

for any ↵ = x, y, z
<latexit sha1_base64="NvRZe4um2dVyvvDpvaoGHSWPvAw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYTdWGgjBG0sEzAPSJYwO5lNhsw+mJkV1yWlNn6HnY2FEmz9Azu/wZ9w8ig0euAyZ865l5l73IgzqSzr08jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/sXIr19TIVkYXKkkoo6PuwHzGMFKS6FpwiNg4BBBT59n+ibABwQ3cASJrtu2mbcK1hjoL7GnJF/aHVa+7vaG5bb50eqEJPZpoAjHUjZtK1JOioVihNNBrhVLGmHSx13a1DTAPpVOOt5kgA600kFeKHQFCo3VnxMp9qVMfFd3+lj15Kw3Ev/zmrHyTp2UBVGsaEAmD3kxRypEo1hQhwlKFE80wUQw/VdEelhgonR4OR2CPbvyX1IrFuzjQrFi50vnMEEWdmAfDsGGEyjBJZShCgTu4Qle4NV4MJ6NofE2ac0Y05lt+AXj/RsK2Zfm</latexit>

Z2 ⇥ Z2
<latexit sha1_base64="QGsH6AVHbdcoeQlURKgozyT3FBQ=">AAACJXicdVDLSgMxFL3js9bXqEtBBovgqsxUQZdFNy4r2Ae2Q8mkaRuazAzJHaEM/RlB/BU3LiwiuPJXTNtZaKsnBA7nnEtyTxALrtF1P62l5ZXVtfXcRn5za3tn197br+koUZRVaSQi1QiIZoKHrIocBWvEihEZCFYPBtcTv/7AlOZReIfDmPmS9ELe5ZSgkSL7CJ5AAgGEPgTmpHAPI2hDyegI3HgM9H+Ztl1wi+4UziLxMlKADJW2PW51IppIFiIVROum58bop0Qhp4KN8q1Es5jQAemxpqEhkUz76XTLkXNilI7TjZS5ITpT9edESqTWQxmYpCTY1/PeRPzLaybYvfRTHsYJspDOHuomwsHImVTmdLhiFMXQEEIVN391aJ8oQtEUmzclePMrL5JaqeidFUu354XyVVZHDg7hGE7Bgwsoww1UoAoUHuEF3mBsPVuv1rv1MYsuWdnMAfyC9fUN4KqbrA==</latexit>

automorphism R↵(Ŝ
(�)
j ) =

(
Ŝ(�)
j ↵ = �

�Ŝ(�)
j ↵ 6= �

<latexit sha1_base64="oWzJTo7UuhRFU6xFNzk6KX03U0A="></latexit>

Ŝj = (Ŝ(x)

j , Ŝ(y)

j , Ŝ(z)

j )
<latexit sha1_base64="5a1EuFxDSxtYZknf0R1DTIxj+nY="></latexit>

(Ŝj)
2 = S(S + 1) 1̂

<latexit sha1_base64="iWk4eXkar0OFuZOeBzd5BYRLSDY="></latexit>

S = 1
2 ,

3
2 ,

5
2 , . . .

<latexit sha1_base64="ZhW2WS+CyP2QBxzzu6GcZX+r6lc="></latexit>

we only consider models with 

we assume that the g.s.     is unique and accompanied by a 
nonzero energy gap

!
<latexit sha1_base64="ikgU8pvgNP3u74Edg2wXPPSVsVw=">AAAB83icbVC7SgNBFL0bX3F9RS1tBoNgFXZjoY0YtLGMYB6QLGF2MpsMmZ0dZmaFsOQ3bCwUH6XfYW8j/o2TR6GJBy4czrmXe+8JJWfaeN63k1taXlldy6+7G5tb2zuF3b26TlJFaI0kPFHNEGvKmaA1wwynTakojkNOG+Hgauw37qjSLBG3ZihpEOOeYBEj2FgpgjdIIAYKPcCdQtEreROgReLPSPHiwz2XL19utVP4bHcTksZUGMKx1i3fkybIsDKMcDpy26mmEpMB7tGWpQLHVAfZ5OYROrJKF0WJsiUMmqi/JzIcaz2MQ9sZY9PX895Y/M9rpSY6CzImZGqoINNFUcqRSdA4ANRlihLDh5Zgopi9FZE+VpgYG5NrQ/DnX14k9XLJPymVb7xi5RKmyMMBHMIx+HAKFbiGKtSAgIR7eIQnJ3UenGfnddqac2Yz+/AHzvsPVfSS6w==</latexit>

(linear *-automorphism)

(linear *-automorphism)



we assume that the g.s.     is unique and accompanied by a 
nonzero energy gap

!
<latexit sha1_base64="ikgU8pvgNP3u74Edg2wXPPSVsVw=">AAAB83icbVC7SgNBFL0bX3F9RS1tBoNgFXZjoY0YtLGMYB6QLGF2MpsMmZ0dZmaFsOQ3bCwUH6XfYW8j/o2TR6GJBy4czrmXe+8JJWfaeN63k1taXlldy6+7G5tb2zuF3b26TlJFaI0kPFHNEGvKmaA1wwynTakojkNOG+Hgauw37qjSLBG3ZihpEOOeYBEj2FgpgjdIIAYKPcCdQtEreROgReLPSPHiwz2XL19utVP4bHcTksZUGMKx1i3fkybIsDKMcDpy26mmEpMB7tGWpQLHVAfZ5OYROrJKF0WJsiUMmqi/JzIcaz2MQ9sZY9PX895Y/M9rpSY6CzImZGqoINNFUcqRSdA4ANRlihLDh5Zgopi9FZE+VpgYG5NrQ/DnX14k9XLJPymVb7xi5RKmyMMBHMIx+HAKFbiGKtSAgIR7eIQnJ3UenGfnddqac2Yz+/AHzvsPVfSS6w==</latexit>

↵ = x, y, z
<latexit sha1_base64="mu4/Z2oS2Z+pwvasCR2KIQoojXw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYRdLbQRgjaWCZgHJEuYncwmQ2YfzMyK65JSG7/DzsZCCbb+gZ3f4E84eRSaeOAyZ865l5l73IgzqSzry8jMzS8sLmWXcyura+sb5uZWVYaxILRCQh6Kuosl5SygFcUUp/VIUOy7nNbc3uXQr91QIVkYXKskoo6POwHzGMFKS6FpwhNg4BBBV5/n+ibABwS3cASJrruWmbcK1gholtgTki/uDsrf93uDUsv8bLZDEvs0UIRjKRu2FSknxUIxwmk/14wljTDp4Q5taBpgn0onHW3SRwdaaSMvFLoChUbq74kU+1Imvqs7fay6ctobiv95jVh5Z07KgihWNCDjh7yYIxWiYSyozQQliieaYCKY/isiXSwwUTq8nA7Bnl55llSPC/ZJwS7b+eIFjJGFHdiHQ7DhFIpwBSWoAIEHeIZXeDMejRdjYLyPWzPGZGYb/sD4+AEKh5fl</latexit>

projective  
representation

genuine  
representation

c� = ⇣↵
P

�0h�|û†
↵|�0iR̃↵(c�

0
)

<latexit sha1_base64="h58D5o07zRHq43QxyVXXL7Do/Ls="></latexit>

contradiction!
THEOREM 1: Consider a quantum spin chain with 
                       and a short-ranged Hamiltonian that is 
invariant under translation and          
transformation.  Then it can never be the case that 
the corresponding ground state is unique and 
accompanied by a nonzero gap. 

Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

S = 1
2 ,

3
2 ,

5
2 , . . .

<latexit sha1_base64="ZhW2WS+CyP2QBxzzu6GcZX+r6lc="></latexit>

Setup for Theorem 1

we shall derive the transformation rule



algebras for the half-infinite chain
AR

<latexit sha1_base64="9xUemq7z3u5plpxIYvh0leT3b8o=">AAACEXicbZC7TsMwFIZPuJZyCxexsFhUSExVUgYYS1kYW0QvUltVjuu0Vu0ksh2kKuorsPAMHdlYGEAIsbGxsfAsuJcBWo5k+dP/nyP7/F7EmdKO82UtLC4tr6ym1tLrG5tb2/bObkWFsSS0TEIeypqHFeUsoGXNNKe1SFIsPE6rXu9y5FdvqVQsDG50P6JNgTsB8xnB2kihvQ9DEIBBQxd8kIZ6kMAFDKBl7qFRBCC4hkHLzjhZZ1xoHtwpZPIHpW/2UHgvtuzPRjsksaCBJhwrVXedSDcTLDUjnA7SjVjRCJMe7tC6wQALqprJeKMBOjZKG/mhNCfQaKz+nkiwUKovPNMpsO6qWW8k/ufVY+2fNxMWRLGmAZk85Mcc6RCN4kFtJinRvG8AE8nMXxHpYomJNiGmTQju7MrzUMll3dNsrmTSKMCkUnAIR3ACLpxBHq6gCGUgcAeP8Awv1r31ZL1ab5PWBWs6swd/yvr4AaiUmlE=</latexit>

!R
<latexit sha1_base64="X74VmaTzZzjVUu+igX+zl7ao08I=">AAACA3icbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFMxDwgCWF2MpsMmZldZmaFsARs/BRtRBSxtfML7Gz8FiePQhMPDJx7zr3cucePONPGdb+c1NLyyupaej2zsbm1vZPd3avpMFaEVknIQ9XwsaacSVo1zHDaiBTFwue07g8uxn79hirNQnlthhFtC9yTLGAEGytJuIcQBFDoAYYOJLZWtkZwBaNONufm3QnQIvFmJFc8qHyzp9JHuZP9bHVDEgsqDeFY66bnRqadYGUY4XSUacWaRpgMcI82LZVYUN1OJjeM0LFVuigIlX3SoIn6eyLBQuuh8G2nwKav572x+J/XjE1w3k6YjGJDJZkuCmKOTIjGgaAuU5QYPrQEE8XsXxHpY4WJsbFlbAje/MmLpFbIe6f5QsWmUYIp0nAIR3ACHpxBES6hDFUgcAsP8Awvzp3z6Lw6b9PWlDOb2Yc/cN5/AF3slzA=</latexit>

!
<latexit sha1_base64="ikgU8pvgNP3u74Edg2wXPPSVsVw=">AAAB83icbVC7SgNBFL0bX3F9RS1tBoNgFXZjoY0YtLGMYB6QLGF2MpsMmZ0dZmaFsOQ3bCwUH6XfYW8j/o2TR6GJBy4czrmXe+8JJWfaeN63k1taXlldy6+7G5tb2zuF3b26TlJFaI0kPFHNEGvKmaA1wwynTakojkNOG+Hgauw37qjSLBG3ZihpEOOeYBEj2FgpgjdIIAYKPcCdQtEreROgReLPSPHiwz2XL19utVP4bHcTksZUGMKx1i3fkybIsDKMcDpy26mmEpMB7tGWpQLHVAfZ5OYROrJKF0WJsiUMmqi/JzIcaz2MQ9sZY9PX895Y/M9rpSY6CzImZGqoINNFUcqRSdA4ANRlihLDh5Zgopi9FZE+VpgYG5NrQ/DnX14k9XLJPymVb7xi5RKmyMMBHMIx+HAKFbiGKtSAgIR7eIQnJ3UenGfnddqac2Yz+/AHzvsPVfSS6w==</latexit>

(HR,⇡R,⌦R)
<latexit sha1_base64="4mydYOopb9hHVByeUnzy9uqqFmA="></latexit>

M ⇢ B(H)
<latexit sha1_base64="52J7ozPh4EbXhllWdZ2TRvUb8mg="></latexit>

M0
:= { ˆA 2 B(H) | [ ˆA, ˆB] = 0 for any

ˆB 2 M}
<latexit sha1_base64="yJOyLpfmAe24EdcCwiZh67w/T8U="></latexit>

⇡R(AR)
<latexit sha1_base64="4GSbIV8ZXbT7zfhW9ALyT3SAz/o="></latexit>

⇡R(AR)
00 =: MR

<latexit sha1_base64="mQk/ceb2vceLaxL4csGrqbBTdbU="></latexit>bicommutant

Ŝ(↵)
j

<latexit sha1_base64="GP/ks9hXutX5JEEVoBh726kzQ7M=">AAACEXicbZC7TsMwFIZPuJZyC5eNJaJCgqVKChKMFSyMRdCL1IbKcd3W1LEj20Gqor4CC8/AG7AwgBArGxtvg5tmgJYjWf71/efIPn8QMaq0635bc/MLi0vLuZX86tr6xqa9tV1TIpaYVLFgQjYCpAijnFQ11Yw0IklQGDBSDwYXY79+T6Sigt/oYUT8EPU47VKMtEHC3oUn6AMCDQlcwwhuzX1oGAIGUeocGdqGu7ZdcItuWs6s8DJRgKwqbfur1RE4DgnXmCGlmp4baT9BUlPMyCjfihWJEB6gHmkayVFIlJ+kG42cA0M6TldIc7h2Uvp7IkGhUsMwMJ0h0n017Y3hf14z1t0zP6E8ijXhePJQN2aOFs44HqdDJcGaDY1AWFLzVwf3kURYmxDzJgRveuVZUSsVveNi6eqkUD7P4sjBHuybYD04hTJcQgWqgOEBnuEV3qxH68V6tz4mrXNWNrMDf8r6/AF9WpaD</latexit>

j = 0, 1, 2, . . .
<latexit sha1_base64="QcloosRm+HyZF+83B3vBoKcUMmM=">AAACA3icbVDLSgMxFL3js9ZX1aUig0VwIWWmLnQjFN24bME+oB1KJpO2sZlkSDJCGQpu+im6caGIi278CXd+gz9h+lho64EDh3PuJbnHjxhV2nG+rIXFpeWV1dRaen1jc2s7s7NbUSKWmJSxYELWfKQIo5yUNdWM1CJJUOgzUvW716O8ek+kooLf6l5EvBC1OW1RjLSxONzBJThwCq5h3vARGAQgQINqZrJOzhnDnhfuVGQLB8PS9+BwWGxmPhuBwHFIuMYMKVV3nUh7CZKaYkb66UasSIRwF7VJ3UiOQqK8ZHxD3z42TmC3hDTk2h67vzcSFCrVC30zGSLdUbPZyPwvq8e6deEllEexJhxPHmrFzNbCHhViB1QSrFnPCIQlNX+1cQdJhLWpLW1KcGdPnheVfM49y+VLpo0rmCAF+3AEJ6bYcyjADRShDBge4Ale4NUaWM/Wm/U+GV2wpjt78AfWxw8a0ZXI</latexit>

C⇤
<latexit sha1_base64="VIz7p7H7QpaUyLaiZfe/OoKk+Y0=">AAAB6nicbZC7SgNBFIbPxltcb6uWNoNBEIuwq4U2YjCNZURzgWQNs5PZZMjs7DIzK4Qlj2BjoYilvou9jfg2Ti6FJv4w8PH/5zDnnCDhTGnX/bZyC4tLyyv5VXttfWNzy9neqak4lYRWScxj2QiwopwJWtVMc9pIJMVRwGk96JdHef2eSsVicasHCfUj3BUsZARrY92U747aTsEtumOhefCmULj4sM+Tty+70nY+W52YpBEVmnCsVNNzE+1nWGpGOB3arVTRBJM+7tKmQYEjqvxsPOoQHRing8JYmic0Gru/OzIcKTWIAlMZYd1Ts9nI/C9rpjo88zMmklRTQSYfhSlHOkajvVGHSUo0HxjARDIzKyI9LDHR5jq2OYI3u/I81I6L3knRvXYLpUuYKA97sA+H4MEplOAKKlAFAl14gCd4trj1aL1Yr5PSnDXt2YU/st5/AA8CkKI=</latexit> -algebra generated from         with
restriction of the unique g.s.     onto AR

<latexit sha1_base64="9xUemq7z3u5plpxIYvh0leT3b8o=">AAACEXicbZC7TsMwFIZPuJZyCxexsFhUSExVUgYYS1kYW0QvUltVjuu0Vu0ksh2kKuorsPAMHdlYGEAIsbGxsfAsuJcBWo5k+dP/nyP7/F7EmdKO82UtLC4tr6ym1tLrG5tb2/bObkWFsSS0TEIeypqHFeUsoGXNNKe1SFIsPE6rXu9y5FdvqVQsDG50P6JNgTsB8xnB2kihvQ9DEIBBQxd8kIZ6kMAFDKBl7qFRBCC4hkHLzjhZZ1xoHtwpZPIHpW/2UHgvtuzPRjsksaCBJhwrVXedSDcTLDUjnA7SjVjRCJMe7tC6wQALqprJeKMBOjZKG/mhNCfQaKz+nkiwUKovPNMpsO6qWW8k/ufVY+2fNxMWRLGmAZk85Mcc6RCN4kFtJinRvG8AE8nMXxHpYomJNiGmTQju7MrzUMll3dNsrmTSKMCkUnAIR3ACLpxBHq6gCGUgcAeP8Awv1r31ZL1ab5PWBWs6swd/yvr4AaiUmlE=</latexit>

the corresponding GNS triple

representation of 
the C* algebra 

von Neumann 
algebra

⇡R(AR) ⇢ ⇡R(AR)
00 = MR ⇢ B(HR)

<latexit sha1_base64="7M4eInBKn6OTY1KGYWIZTurSq9U="></latexit>

⇡R(AR)
<latexit sha1_base64="7F1pU2ne5HCmkGkFPiBVyFqRGCY="></latexit>

closure of             w.r.t. the weak topology 
Def. of commutant



a unique gapped g.s.    satisfies the split property
shift on the von Neumann algebra

!
<latexit sha1_base64="ikgU8pvgNP3u74Edg2wXPPSVsVw=">AAAB83icbVC7SgNBFL0bX3F9RS1tBoNgFXZjoY0YtLGMYB6QLGF2MpsMmZ0dZmaFsOQ3bCwUH6XfYW8j/o2TR6GJBy4czrmXe+8JJWfaeN63k1taXlldy6+7G5tb2zuF3b26TlJFaI0kPFHNEGvKmaA1wwynTakojkNOG+Hgauw37qjSLBG3ZihpEOOeYBEj2FgpgjdIIAYKPcCdQtEreROgReLPSPHiwz2XL19utVP4bHcTksZUGMKx1i3fkybIsDKMcDpy26mmEpMB7tGWpQLHVAfZ5OYROrJKF0WJsiUMmqi/JzIcaz2MQ9sZY9PX895Y/M9rpSY6CzImZGqoINNFUcqRSdA4ANRlihLDh5Zgopi9FZE+VpgYG5NrQ/DnX14k9XLJPymVb7xi5RKmyMMBHMIx+HAKFbiGKtSAgIR7eIQnJ3UenGfnddqac2Yz+/AHzvsPVfSS6w==</latexit>

“Wigner’s theorem” guarantees that there are operators 
                    such that                             for any⇥� X = c�X(c�)⇤

<latexit sha1_base64="Y980Akw8mBPYK5ecjPmYasAdjZ4="></latexit>

X 2 MR
<latexit sha1_base64="S/RQtt8/oeATn+KGRgwZPMy733Q="></latexit>

c� 2 B(H̃R)
<latexit sha1_base64="WgVuc3r5Wx+JfaC2HXBjI3b2di0="></latexit>

Hastings 2007, Matsui 2013

MR
<latexit sha1_base64="N0cghEQnKj4UFU9qrNh5HqjJERQ="></latexit>

this means the von Neumann algebra       is a type-I factor 
MR

⇠= B(H̃R)
<latexit sha1_base64="JBxxTrxAz+3heDQysAxsE2NekB4="></latexit>

H̃R
<latexit sha1_base64="vR16yMG2DGqKXSUOuAqKzzmSSKo="></latexit>

then there is a separable Hilbert space       and 

⇥�(⇡R(Â)) = ⇡R(|�ih�|⌦ ⌧(Â))
<latexit sha1_base64="6b7nDab3Gl0NUij6nNulphZ92QY="></latexit>

we defineÂ 2 AR
<latexit sha1_base64="lAOan8mNAiOX95wVLZR78Dka9IE="></latexit>

for � = �S, . . . , S
<latexit sha1_base64="lSdf6G2x5u1SwOR3MuXflkL1EFk=">AAACDXicbVC7SgNBFL0bXzG+1lgqshgEixh2tdBGCNpYJsQ8IFnC7GSSDJndWWZmhbCktLHxK+xthChia2/nN/gTTh6FJh64cDjnXu69xwsZlcq2v4zEwuLS8kpyNbW2vrG5ZW6nK5JHApMy5oyLmockYTQgZUUVI7VQEOR7jFS93tXIr94SISkPblQ/JK6POgFtU4yUlriZhkeQQKEDPiC4gGMoQVZrDFrAQWkvC6WmmbFz9hjWPHGmJJPfGxa/7/aHhab52WhxHPkkUJghKeuOHSo3RkJRzMgg1YgkCRHuoQ6paxogn0g3Hn8zsA610rLaXOgKlDVWf0/EyJey73u600eqK2e9kfifV49U+9yNaRBGigR4sqgdMUtxaxSN1aKCYMX6miAsqL7Vwl0kEFY6wJQOwZl9eZ5UTnLOac4u6jQuYYIk7MIBHIEDZ5CHayhAGTDcwxO8wKvxYDwbb8b7pDVhTGd24A+Mjx+aqJij</latexit>

, and
Â

<latexit sha1_base64="ozjQdsINdq+GDF/dlUkm0jNQlLs=">AAAB/XicbVDJSgNBEK1xjeMW9ehlMAgeJMzEg17EqBePEcwCyRB6OjWTJj0L3T1CGIK/4VUlN/HqJ/gJol9jZzlo4oOCx6t6VNXzEs6ksu0vY2FxaXllNbdmrm9sbm3nd3ZrMk4FxSqNeSwaHpHIWYRVxRTHRiKQhB7Hute7HvXr9ygki6M71U/QDUkQMZ9RorQUwBC6QEBBBpcwaOcLdtEew5onzpQULj7M8+Tl06y089+tTkzTECNFOZGy6diJcjMiFKMcB2YrlZgQ2iMBNjWNSIjSzcZXD6xDrXQsPxa6ImWN1d+OjIRS9kPvOE0CgdjTjpCorpydGYn/9Zqp8s/cjEVJqjCik4V+yi0VW6MorA4TSBXva0KoYPpmi3aJIFTpwEwdhjP7+jyplYrOSbF0axfKVzBBDvbhAI7AgVMoww1UoAoUBDzCEzwbD8bQeDXeJqMLxtSzB39gvP8ACQ6Wug==</latexit>

⌧(Â)
<latexit sha1_base64="6LVDCk5j/ALZ/SpRSfPwbWXuXB0=">AAACCXicbZDJSgNBEIZr4h63qEcvgyIoSpjRgx6jXjwqmAWSIfR0apImPQvdNUIY4gt49RH0qOBNvPoU+jR2loMm/tDw8VcV1fX7iRSaHOfLys3Mzs0vLC7ll1dW19YLG5sVHaeKY5nHMlY1n2mUIsIyCZJYSxSy0JdY9buXg3r1DpUWcXRLvQS9kLUjEQjOyFghPAMBgxT2DXUMEWRwDn04aBZ2naIzlD0N7hh2SzuNw8evUu+6WfhutGKehhgRl0zruusk5GVMkeAS+/lGqjFhvMvaWDcYsRC1lw0v6Nt7xmnZQazMi8geur8nMhZq3Qv9ozRpK8SumQgZdfRkz8D8r1ZPKTjzMhElKWHERwuDVNoU24NY7JZQyEn2DDCuhPmzzTtMMU4mvLwJw508fRoqx0X3pHh8Y1K5gJEWYRt2TLgunEIJruAaysDhHp7gBV6tB+vNerc+Rq05azyzBX9kff4AIzOZOg==</latexit>

|�ih�|
<latexit sha1_base64="Cuk1nnQRyCPhB4BC2+VJx6J5iYA=">AAACKXicbVDLTgIxFL2DL8TXqEtdTCAmJhoygwtdEt24xEQeCRDSKRdo6HQmbceEAH/h2p0rf8OtJu6ErT9ieSQKepM25557Ttp7/IgzpV13ZCVWVtfWN5Kbqa3tnd09e/+gpMJYUizSkIey4hOFnAksaqY5ViKJJPA5lv3uzWRefkCpWCjudS/CekDagrUYJdpQoX0MA3gGBQzaEAAxWJpbmI4Dmo4vdD+6QcPOuFl3Ws5f4M1BJp+unT2O8r1Cwx7XmiGNAxSacqJU1XMjXe8TqRnlOEzVYoURoV3SxqqBggSo6v3phkPnxDBNpxVKc4R2puxvR58ESvUC/zyO2hKxaxwB0R21rJmQ/82qsW5d1ftMRLFGQWcPtmLu6NCZxOY0mUSqec8AQiUzf3Zoh0hCtQk3ZcLwllf/C0q5rHeRzd2ZVK5hVkk4gjScggeXkIdbKEARKDzBK7zBu/VifVif1ngmTVhzzyEslPX1DS58occ=</latexit>

⇡R(Â) 2 ⇡R(AR) ⇢ MR
<latexit sha1_base64="eaSY3ZUhNWxT4wsD4svTzAL3x/Y="></latexit>

since
can be extended to a unital endomorphism on⇥�

<latexit sha1_base64="y9DA9llHuPac1EU8I/j0+EiNpLM=">AAACCXicbVDLSgNBEOz1GddX1KOXxSB4kLAbD3oRg148RsgLkhhmJ73JkJndZWZWCCH+gJ+hHhW8iVcPfoLo1zh5HDSxoKGmuovpLj/mTGnX/bLm5hcWl5ZTK/bq2vrGZnpru6yiRFIs0YhHsuoThZyFWNJMc6zGEonwOVb87sWwX7lBqVgUFnUvxoYg7ZAFjBJtJAGPUIQOIGggcG1eChi0QQBppjNu1h3BmSXehGTOPuzT+P7TLjTT3/VWRBOBoaacKFXz3Fg3+kRqRjkO7HqiMCa0S9pYMzQkAlWjP7pg4OwbpeUEkTQVamek/nb0iVCqJ/zDJG5LxK5xCKI7anpmKP7XqyU6OGn0WRgnGkM6/jBIuKMjZxiL02ISqeY9QwiVzOzs0A6RhGoTnm3C8KZPnyXlXNY7yuau3Ez+HMZIwS7swQF4cAx5uIQClIDCLTzAEzxbd9aL9Wq9jUfnrIlnB/7Aev8B63mZwA==</latexit>

MR
<latexit sha1_base64="VbrHN7nAWp3cfLdFlOKG1VPL1eM=">AAACGXicbZDLSgMxFIbPeLfexsvOTbAILqTMVEGXRTduBBWrQjuUTHqmDU1mhiQjlKGv4Au49g3cKrgTt670aUzrLNR6IOTjP+cnOX+YCq6N5304E5NT0zOzc/OlhcWl5RV3de1KJ5liWGeJSNRNSDUKHmPdcCPwJlVIZSjwOuwdD/vXt6g0T+JL008xkLQT84gzaqyUuBvwABIoGOhCBMpSD3I4hQG07P1gFQkELmDQcstexRsVGQe/gDIUddZyP5vthGUSY8ME1brhe6kJcqoMZwIHpWamMaWsRzvYsBhTiTrIRxsNyLZV2iRKlD2xISP1pyOnUuu+DHeztKMQe9YhqenqvzND8b9eIzPRYZDzOM0Mxuz7wSgTxCRkGBNpc4XMiL4FyhS3fyasSxVlxoZZsmH4f1cfh6tqxd+rVM/3y7WjIpY52IQt2AEfDqAGJ3AGdWBwB4/wBM/OvfPivDpv36MTTuFZh1/lvH8Br9uaDw==</latexit>

translation invariance is essential!



representation of the Cuntz algebra

= |�,�1,�2,�3,�4, . . .i
<latexit sha1_base64="NtSdO5xbDVppB0/yFgJHD/ZZbDE="></latexit>

c� |�1,�2,�3,�4, . . .i
<latexit sha1_base64="FH+/C/cHPrn9lYIb1/IdnVqcPW8="></latexit>

gives a representation of the Cuntz algebra

they roughly correspond to

“Wigner’s theorem” guarantees that there are operators 
                    such that                             for any⇥� X = c�X(c�)⇤

<latexit sha1_base64="Y980Akw8mBPYK5ecjPmYasAdjZ4="></latexit>

X 2 MR
<latexit sha1_base64="S/RQtt8/oeATn+KGRgwZPMy733Q="></latexit>

c� 2 B(H̃R)
<latexit sha1_base64="WgVuc3r5Wx+JfaC2HXBjI3b2di0="></latexit>

Â
<latexit sha1_base64="ozjQdsINdq+GDF/dlUkm0jNQlLs=">AAAB/XicbVDJSgNBEK1xjeMW9ehlMAgeJMzEg17EqBePEcwCyRB6OjWTJj0L3T1CGIK/4VUlN/HqJ/gJol9jZzlo4oOCx6t6VNXzEs6ksu0vY2FxaXllNbdmrm9sbm3nd3ZrMk4FxSqNeSwaHpHIWYRVxRTHRiKQhB7Hute7HvXr9ygki6M71U/QDUkQMZ9RorQUwBC6QEBBBpcwaOcLdtEew5onzpQULj7M8+Tl06y089+tTkzTECNFOZGy6diJcjMiFKMcB2YrlZgQ2iMBNjWNSIjSzcZXD6xDrXQsPxa6ImWN1d+OjIRS9kPvOE0CgdjTjpCorpydGYn/9Zqp8s/cjEVJqjCik4V+yi0VW6MorA4TSBXva0KoYPpmi3aJIFTpwEwdhjP7+jyplYrOSbF0axfKVzBBDvbhAI7AgVMoww1UoAoUBDzCEzwbD8bQeDXeJqMLxtSzB39gvP8ACQ6Wug==</latexit>

⌧(Â)
<latexit sha1_base64="6LVDCk5j/ALZ/SpRSfPwbWXuXB0=">AAACCXicbZDJSgNBEIZr4h63qEcvgyIoSpjRgx6jXjwqmAWSIfR0apImPQvdNUIY4gt49RH0qOBNvPoU+jR2loMm/tDw8VcV1fX7iRSaHOfLys3Mzs0vLC7ll1dW19YLG5sVHaeKY5nHMlY1n2mUIsIyCZJYSxSy0JdY9buXg3r1DpUWcXRLvQS9kLUjEQjOyFghPAMBgxT2DXUMEWRwDn04aBZ2naIzlD0N7hh2SzuNw8evUu+6WfhutGKehhgRl0zruusk5GVMkeAS+/lGqjFhvMvaWDcYsRC1lw0v6Nt7xmnZQazMi8geur8nMhZq3Qv9ozRpK8SumQgZdfRkz8D8r1ZPKTjzMhElKWHERwuDVNoU24NY7JZQyEn2DDCuhPmzzTtMMU4mvLwJw508fRoqx0X3pHh8Y1K5gJEWYRt2TLgunEIJruAaysDhHp7gBV6tB+vNerc+Rq05azyzBX9kff4AIzOZOg==</latexit>

|�ih�|
<latexit sha1_base64="Cuk1nnQRyCPhB4BC2+VJx6J5iYA=">AAACKXicbVDLTgIxFL2DL8TXqEtdTCAmJhoygwtdEt24xEQeCRDSKRdo6HQmbceEAH/h2p0rf8OtJu6ErT9ieSQKepM25557Ttp7/IgzpV13ZCVWVtfWN5Kbqa3tnd09e/+gpMJYUizSkIey4hOFnAksaqY5ViKJJPA5lv3uzWRefkCpWCjudS/CekDagrUYJdpQoX0MA3gGBQzaEAAxWJpbmI4Dmo4vdD+6QcPOuFl3Ws5f4M1BJp+unT2O8r1Cwx7XmiGNAxSacqJU1XMjXe8TqRnlOEzVYoURoV3SxqqBggSo6v3phkPnxDBNpxVKc4R2puxvR58ESvUC/zyO2hKxaxwB0R21rJmQ/82qsW5d1ftMRLFGQWcPtmLu6NCZxOY0mUSqec8AQiUzf3Zoh0hCtQk3ZcLwllf/C0q5rHeRzd2ZVK5hVkk4gjScggeXkIdbKEARKDzBK7zBu/VifVif1ngmTVhzzyEslPX1DS58occ=</latexit>

(c�)�=�S,...,S

(c�)⇤c�
0
= ��,�0 1̂

<latexit sha1_base64="gyrXhLY5rNb3U4AY3Xm1VsZZeMY="></latexit>

⇡R(|�ih�0|⌦ 1̂[1,1)) = c�(c�
0
)⇤

<latexit sha1_base64="MGb0J7reNKMobAlGfM+nU0U0kRk="></latexit>

one can show that

P
� c

�⇡R(Â)(c�)⇤ = ⇡R(⌧(Â))
<latexit sha1_base64="X5zemFfZLrro0r2Vqfrb4fNTSBw="></latexit>



transformation onZ2 ⇥ Z2
<latexit sha1_base64="QGsH6AVHbdcoeQlURKgozyT3FBQ=">AAACJXicdVDLSgMxFL3js9bXqEtBBovgqsxUQZdFNy4r2Ae2Q8mkaRuazAzJHaEM/RlB/BU3LiwiuPJXTNtZaKsnBA7nnEtyTxALrtF1P62l5ZXVtfXcRn5za3tn197br+koUZRVaSQi1QiIZoKHrIocBWvEihEZCFYPBtcTv/7AlOZReIfDmPmS9ELe5ZSgkSL7CJ5AAgGEPgTmpHAPI2hDyegI3HgM9H+Ztl1wi+4UziLxMlKADJW2PW51IppIFiIVROum58bop0Qhp4KN8q1Es5jQAemxpqEhkUz76XTLkXNilI7TjZS5ITpT9edESqTWQxmYpCTY1/PeRPzLaybYvfRTHsYJspDOHuomwsHImVTmdLhiFMXQEEIVN391aJ8oQtEUmzclePMrL5JaqeidFUu354XyVVZHDg7hGE7Bgwsoww1UoAoUHuEF3mBsPVuv1rv1MYsuWdnMAfyC9fUN4KqbrA==</latexit>

AR
<latexit sha1_base64="9xUemq7z3u5plpxIYvh0leT3b8o=">AAACEXicbZC7TsMwFIZPuJZyCxexsFhUSExVUgYYS1kYW0QvUltVjuu0Vu0ksh2kKuorsPAMHdlYGEAIsbGxsfAsuJcBWo5k+dP/nyP7/F7EmdKO82UtLC4tr6ym1tLrG5tb2/bObkWFsSS0TEIeypqHFeUsoGXNNKe1SFIsPE6rXu9y5FdvqVQsDG50P6JNgTsB8xnB2kihvQ9DEIBBQxd8kIZ6kMAFDKBl7qFRBCC4hkHLzjhZZ1xoHtwpZPIHpW/2UHgvtuzPRjsksaCBJhwrVXedSDcTLDUjnA7SjVjRCJMe7tC6wQALqprJeKMBOjZKG/mhNCfQaKz+nkiwUKovPNMpsO6qWW8k/ufVY+2fNxMWRLGmAZk85Mcc6RCN4kFtJinRvG8AE8nMXxHpYomJNiGmTQju7MrzUMll3dNsrmTSKMCkUnAIR3ACLpxBHq6gCGUgcAeP8Awv1r31ZL1ab5PWBWs6swd/yvr4AaiUmlE=</latexit>

!R
<latexit sha1_base64="X74VmaTzZzjVUu+igX+zl7ao08I=">AAACA3icbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFMxDwgCWF2MpsMmZldZmaFsARs/BRtRBSxtfML7Gz8FiePQhMPDJx7zr3cucePONPGdb+c1NLyyupaej2zsbm1vZPd3avpMFaEVknIQ9XwsaacSVo1zHDaiBTFwue07g8uxn79hirNQnlthhFtC9yTLGAEGytJuIcQBFDoAYYOJLZWtkZwBaNONufm3QnQIvFmJFc8qHyzp9JHuZP9bHVDEgsqDeFY66bnRqadYGUY4XSUacWaRpgMcI82LZVYUN1OJjeM0LFVuigIlX3SoIn6eyLBQuuh8G2nwKav572x+J/XjE1w3k6YjGJDJZkuCmKOTIjGgaAuU5QYPrQEE8XsXxHpY4WJsbFlbAje/MmLpFbIe6f5QsWmUYIp0nAIR3ACHpxBES6hDFUgcAsP8Awvzp3z6Lw6b9PWlDOb2Yc/cN5/AF3slzA=</latexit>

!
<latexit sha1_base64="ikgU8pvgNP3u74Edg2wXPPSVsVw=">AAAB83icbVC7SgNBFL0bX3F9RS1tBoNgFXZjoY0YtLGMYB6QLGF2MpsMmZ0dZmaFsOQ3bCwUH6XfYW8j/o2TR6GJBy4czrmXe+8JJWfaeN63k1taXlldy6+7G5tb2zuF3b26TlJFaI0kPFHNEGvKmaA1wwynTakojkNOG+Hgauw37qjSLBG3ZihpEOOeYBEj2FgpgjdIIAYKPcCdQtEreROgReLPSPHiwz2XL19utVP4bHcTksZUGMKx1i3fkybIsDKMcDpy26mmEpMB7tGWpQLHVAfZ5OYROrJKF0WJsiUMmqi/JzIcaz2MQ9sZY9PX895Y/M9rpSY6CzImZGqoINNFUcqRSdA4ANRlihLDh5Zgopi9FZE+VpgYG5NrQ/DnX14k9XLJPymVb7xi5RKmyMMBHMIx+HAKFbiGKtSAgIR7eIQnJ3UenGfnddqac2Yz+/AHzvsPVfSS6w==</latexit>

(HR,⇡R,⌦R)
<latexit sha1_base64="4mydYOopb9hHVByeUnzy9uqqFmA="></latexit>

Ŝ(↵)
j

<latexit sha1_base64="GP/ks9hXutX5JEEVoBh726kzQ7M=">AAACEXicbZC7TsMwFIZPuJZyC5eNJaJCgqVKChKMFSyMRdCL1IbKcd3W1LEj20Gqor4CC8/AG7AwgBArGxtvg5tmgJYjWf71/efIPn8QMaq0635bc/MLi0vLuZX86tr6xqa9tV1TIpaYVLFgQjYCpAijnFQ11Yw0IklQGDBSDwYXY79+T6Sigt/oYUT8EPU47VKMtEHC3oUn6AMCDQlcwwhuzX1oGAIGUeocGdqGu7ZdcItuWs6s8DJRgKwqbfur1RE4DgnXmCGlmp4baT9BUlPMyCjfihWJEB6gHmkayVFIlJ+kG42cA0M6TldIc7h2Uvp7IkGhUsMwMJ0h0n017Y3hf14z1t0zP6E8ijXhePJQN2aOFs44HqdDJcGaDY1AWFLzVwf3kURYmxDzJgRveuVZUSsVveNi6eqkUD7P4sjBHuybYD04hTJcQgWqgOEBnuEV3qxH68V6tz4mrXNWNrMDf8r6/AF9WpaD</latexit>

j = 0, 1, 2, . . .
<latexit sha1_base64="QcloosRm+HyZF+83B3vBoKcUMmM=">AAACA3icbVDLSgMxFL3js9ZX1aUig0VwIWWmLnQjFN24bME+oB1KJpO2sZlkSDJCGQpu+im6caGIi278CXd+gz9h+lho64EDh3PuJbnHjxhV2nG+rIXFpeWV1dRaen1jc2s7s7NbUSKWmJSxYELWfKQIo5yUNdWM1CJJUOgzUvW716O8ek+kooLf6l5EvBC1OW1RjLSxONzBJThwCq5h3vARGAQgQINqZrJOzhnDnhfuVGQLB8PS9+BwWGxmPhuBwHFIuMYMKVV3nUh7CZKaYkb66UasSIRwF7VJ3UiOQqK8ZHxD3z42TmC3hDTk2h67vzcSFCrVC30zGSLdUbPZyPwvq8e6deEllEexJhxPHmrFzNbCHhViB1QSrFnPCIQlNX+1cQdJhLWpLW1KcGdPnheVfM49y+VLpo0rmCAF+3AEJ6bYcyjADRShDBge4Ale4NUaWM/Wm/U+GV2wpjt78AfWxw8a0ZXI</latexit>

C⇤
<latexit sha1_base64="VIz7p7H7QpaUyLaiZfe/OoKk+Y0=">AAAB6nicbZC7SgNBFIbPxltcb6uWNoNBEIuwq4U2YjCNZURzgWQNs5PZZMjs7DIzK4Qlj2BjoYilvou9jfg2Ti6FJv4w8PH/5zDnnCDhTGnX/bZyC4tLyyv5VXttfWNzy9neqak4lYRWScxj2QiwopwJWtVMc9pIJMVRwGk96JdHef2eSsVicasHCfUj3BUsZARrY92U747aTsEtumOhefCmULj4sM+Tty+70nY+W52YpBEVmnCsVNNzE+1nWGpGOB3arVTRBJM+7tKmQYEjqvxsPOoQHRing8JYmic0Gru/OzIcKTWIAlMZYd1Ts9nI/C9rpjo88zMmklRTQSYfhSlHOkajvVGHSUo0HxjARDIzKyI9LDHR5jq2OYI3u/I81I6L3knRvXYLpUuYKA97sA+H4MEplOAKKlAFAl14gCd4trj1aL1Yr5PSnDXt2YU/st5/AA8CkKI=</latexit> -algebra generated from         with
restriction of the unique g.s.     onto AR

<latexit sha1_base64="9xUemq7z3u5plpxIYvh0leT3b8o=">AAACEXicbZC7TsMwFIZPuJZyCxexsFhUSExVUgYYS1kYW0QvUltVjuu0Vu0ksh2kKuorsPAMHdlYGEAIsbGxsfAsuJcBWo5k+dP/nyP7/F7EmdKO82UtLC4tr6ym1tLrG5tb2/bObkWFsSS0TEIeypqHFeUsoGXNNKe1SFIsPE6rXu9y5FdvqVQsDG50P6JNgTsB8xnB2kihvQ9DEIBBQxd8kIZ6kMAFDKBl7qFRBCC4hkHLzjhZZ1xoHtwpZPIHpW/2UHgvtuzPRjsksaCBJhwrVXedSDcTLDUjnA7SjVjRCJMe7tC6wQALqprJeKMBOjZKG/mhNCfQaKz+nkiwUKovPNMpsO6qWW8k/ufVY+2fNxMWRLGmAZk85Mcc6RCN4kFtJinRvG8AE8nMXxHpYomJNiGmTQju7MrzUMll3dNsrmTSKMCkUnAIR3ACLpxBHq6gCGUgcAeP8Awv1r31ZL1ab5PWBWs6swd/yvr4AaiUmlE=</latexit>

the corresponding GNS triple
Z2 ⇥ Z2

<latexit sha1_base64="45Gg98zcqmVv4QA875dMxIV80R8=">AAACLXicdVDJSgNBEK2JW4xb1KMgg0HwIGEmCnoMevEYwSyYhNDTqSRNeha6a4Qw5GcEz/6GVwUPinj1N+wsB020mobHW+iu50VSaHKcNyu1sLi0vJJezaytb2xuZbd3KjqMFccyD2Woah7TKEWAZRIksRYpZL4nser1L0d69Q6VFmFwQ4MImz7rBqIjOCNDhdl9eAAfGBD0wDMngVsYQgsKhicQRkPQ/3la2ZyTd8ZjzwN3CnIwnVIr+95ohzz2MSAumdZ114momTBFgkscZhqxxojxPuti3cCA+aibyXjLoX1omLbdCZW5Adlj9mciYb7WA987jqOuQuybhM+op2c9I/IvrR5T57yZiCCKCQM+ebATS5tCe1Sd3RYKOcmBAYwrYf5s8x5TjJMpOGPKcGdXnweVQt49yReuT3PFi2ktadiDAzgCF86gCFdQgjJwuIcneIYX69F6tT6sz4k1ZU0zu/BrrK9v1VGe+w==</latexit>

invariance of the g.s.
Â 2 AR

<latexit sha1_base64="+DB/5Pr+ubu2SylTHTubHv1W5E8=">AAACLXicbVDLSgMxFL3j2/qquhQkWAQXUmZU0KWPjUsV+4BaSia904YmmSHJCGXozwiu/Q23Ci4UcetvmNZZaPVAkpNz7iW5J0wEN9b3X72Jyanpmdm5+cLC4tLySnF1rWriVDOssFjEuh5Sg4IrrFhuBdYTjVSGAmth72zo125RGx6ra9tPsClpR/GIM2qdFBc34R66QMFCBicwcDcOyu1ypHUhAu1YL3db7rx3igQCVzBoFUt+2R+B/CVBTkqQ46JVfLtpxyyVqCwT1JhG4Ce2mVFtORM4KNykBhPKerSDDUcVlWia2WjKAdl2SptEsXZLWTJSf3ZkVBrTl+FumnQ0Ys91SGq7ZrxmKP7nNVIbHTUzrpLUomLfD0apIDYmw+hIm2tkVvQdoUxz92fCulRTZl3ABRdGMD76X1LdKwf75b3Lg9LxaR7LHGzAFuxAAIdwDOdwARVgcAeP8ATP3oP34r17H9+lE17esw6/4H1+AXKWn1g=</latexit>

↵ = x, y, z
<latexit sha1_base64="Q/vRWLX7Kqr6qisApC8syQM1IxI=">AAACEXicbVDLSgMxFL3js9bXqEs3wSK4KGWmCroRim5cVrAPaIeSSW/b0MyDJCPWoVt/wG9w51bBnbj1C/RrTB8LbT1wycm595Dc48eCK+04X9bC4tLyympmLbu+sbm1be/sVlWUSIYVFolI1n2qUPAQK5prgfVYIg18gTW/fznq125RKh6FN3oQoxfQbsg7nFFtpMi24QkoCIihZ85zc5MQAIE7yMPA1H3LzjkFZwwyT9wpycEU5Zb93WxHLAkw1ExQpRquE2svpVJzJnCYbSYKY8r6tIsNQ0MaoPLS8SZDcmiUNulE0lSoyVj97UhpoNQg8PNJ3JWIfeMIqO6p2ZmR+F+vkejOmZfyME40hmzyYCcRREdkFA9pc4lMi4EhlElu/kxYj0rKtAkxa8JwZ1efJ9ViwT0uFK9PcqWLaSwZ2IcDOAIXTqEEV1CGCjB4gGd4gVfr0Xqz3q2PyeiCNfXswR9Ynz/ekpeN</latexit>

for any and
the invariance of the GNS inner product

MR
<latexit sha1_base64="VbrHN7nAWp3cfLdFlOKG1VPL1eM=">AAACGXicbZDLSgMxFIbPeLfexsvOTbAILqTMVEGXRTduBBWrQjuUTHqmDU1mhiQjlKGv4Au49g3cKrgTt670aUzrLNR6IOTjP+cnOX+YCq6N5304E5NT0zOzc/OlhcWl5RV3de1KJ5liWGeJSNRNSDUKHmPdcCPwJlVIZSjwOuwdD/vXt6g0T+JL008xkLQT84gzaqyUuBvwABIoGOhCBMpSD3I4hQG07P1gFQkELmDQcstexRsVGQe/gDIUddZyP5vthGUSY8ME1brhe6kJcqoMZwIHpWamMaWsRzvYsBhTiTrIRxsNyLZV2iRKlD2xISP1pyOnUuu+DHeztKMQe9YhqenqvzND8b9eIzPRYZDzOM0Mxuz7wSgTxCRkGBNpc4XMiL4FyhS3fyasSxVlxoZZsmH4f1cfh6tqxd+rVM/3y7WjIpY52IQt2AEfDqAGJ3AGdWBwB4/wBM/OvfPivDpv36MTTuFZh1/lvH8Br9uaDw==</latexit>

!R(R↵(Â)) = !R(Â)
<latexit sha1_base64="KxNXsf+I0X2tinUb3TsgcbJS8JQ="></latexit>

h Â, B̂i = !R(Â
⇤B̂) = !R(R↵(Â

⇤)R↵(B̂)) = h R↵(Â), R↵(B̂)i
<latexit sha1_base64="ylZG+vaZVQ76S/981sQT38371uo="></latexit>

unitary      on      can be defined byHR
<latexit sha1_base64="QdgXfyBRrMSgXvpmn7bdqvLZ7Ro=">AAACC3icbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY9OIxinlAEsLspJMMmZ1dZmaFsAT8AT9DrwrexKsfoV/jJNmDJhYMVFd30dPlR4Jr47pfTmZpeWV1Lbue29jc2t7J7+7VdBgrhlUWilA1fKpRcIlVw43ARqSQBr7Auj+8mvTr96g0D+WdGUXYDmhf8h5n1FhJwhMwoCCAwDV0ILG1gsBWtzDu5Atu0Z2CLBIvJQVIUenkv1vdkMUBSsME1brpuZFpJ1QZzgSOc61YY0TZkPaxaamkAep2Mr1hTI6s0iW9UNknDZmqvx0JDbQeBf5JHPUV4tA6AmoGen5mIv7Xa8amd9FOuIxig5LNFvZiQUxIJsGQLlfIjBhZQpni9s+EDaiizNj4cjYMb/70RVIrFb3TYunmrFC+TGPJwgEcwjF4cA5lG3IFqjbyB3iGF3h1Hp035935mI1mnNSzD3/gfP4Aha6WcQ==</latexit>

invariance is essential!Z2 ⇥ Z2
<latexit sha1_base64="45Gg98zcqmVv4QA875dMxIV80R8=">AAACLXicdVDJSgNBEK2JW4xb1KMgg0HwIGEmCnoMevEYwSyYhNDTqSRNeha6a4Qw5GcEz/6GVwUPinj1N+wsB020mobHW+iu50VSaHKcNyu1sLi0vJJezaytb2xuZbd3KjqMFccyD2Woah7TKEWAZRIksRYpZL4nser1L0d69Q6VFmFwQ4MImz7rBqIjOCNDhdl9eAAfGBD0wDMngVsYQgsKhicQRkPQ/3la2ZyTd8ZjzwN3CnIwnVIr+95ohzz2MSAumdZ114momTBFgkscZhqxxojxPuti3cCA+aibyXjLoX1omLbdCZW5Adlj9mciYb7WA987jqOuQuybhM+op2c9I/IvrR5T57yZiCCKCQM+ebATS5tCe1Sd3RYKOcmBAYwrYf5s8x5TjJMpOGPKcGdXnweVQt49yReuT3PFi2ktadiDAzgCF86gCFdQgjJwuIcneIYX69F6tT6sz4k1ZU0zu/BrrK9v1VGe+w==</latexit>

Û↵
<latexit sha1_base64="c34xQTIHcxapPAmPym896MSu8Qk=">AAACC3icbVDLSsNAFL3xWeur6tJNsAgupCRV0GXRjcsK9gFtKJPpTTt0MgkzE6GEgj/gZ+hWwZ249SP0a5y0WWjrgQtnzr2Huff4MWdKO86XtbS8srq2Xtgobm5t7+yW9vabKkokxQaNeCTbPlHImcCGZppjO5ZIQp9jyx9dZ/3WPUrFInGnxzF6IRkIFjBKtJEEPMEQCGhIoQET6Jk3AQ5xpvZKZafiTGEvEjcnZchR75W+u/2IJiEKTTlRquM6sfZSIjWjHCfFbqIwJnREBtgxVJAQlZdOb5jYx0bp20EkTQltT9XfjpSESo1D/zSJBxJxZBwh0UM1P5OJ//U6iQ4uvZSJONEo6OzDIOG2juwsGLvPJFLNx4YQKpnZ2aZDIgnVJr6iCcOdP32RNKsV96xSvT0v167yWApwCEdwAi5cQA1uoG6CpvAAz/ACr9aj9Wa9Wx+z0SUr9xzAH1ifP53xlyA=</latexit>

Û↵ Â =  R↵(Â)
<latexit sha1_base64="77dmhu/l2Ri+inViZOGM9WqSp9o="></latexit>

Û
x

, Û
y

, Û
z

<latexit sha1_base64="+8YsnMhLf7bg+xKx32OzBklZfgI=">AAACS3ichVDLSgMxFL1Trdb6GnXpJlgEF1JmqqDLohuXFewD2lIyaaYNzTxIMuI4zOf0X9y4cedPuHGhiAvTdhbaKh4I9+Tcc7nJcULOpLKsZyO3tJxfWS2sFdc3Nre2zZ3dhgwiQWidBDwQLQdLyplP64opTluhoNhzOG06o8tJv3lLhWSBf6PikHY9PPCZywhWWgpMG8YwBAwKEqhDCj1dxyDAAwR3+n6s69+O+F/HPaQ9s2SVrSnQIrEzUoIMtZ751OkHJPKorwjHUrZtK1TdBAvFCKdpsRNJGmIywgPa1tTHHpXdZJpFig610kduIPTxFZqq3ycS7EkZe452elgN5XxvIv7Wa0fKPe8mzA8jRX0yW+RGHKkATYJFfSYoUTzWBBPB9FsRGWKBidLxF3UI9vyXF0mjUrZPypXr01L1IoujAPtwAEdgwxlU4QpqOmICD/ACb/BuPBqvxofxObPmjGxmD34gl/8CinCj5A==</latexit>

Z2 ⇥ Z2
<latexit sha1_base64="45Gg98zcqmVv4QA875dMxIV80R8=">AAACLXicdVDJSgNBEK2JW4xb1KMgg0HwIGEmCnoMevEYwSyYhNDTqSRNeha6a4Qw5GcEz/6GVwUPinj1N+wsB020mobHW+iu50VSaHKcNyu1sLi0vJJezaytb2xuZbd3KjqMFccyD2Woah7TKEWAZRIksRYpZL4nser1L0d69Q6VFmFwQ4MImz7rBqIjOCNDhdl9eAAfGBD0wDMngVsYQgsKhicQRkPQ/3la2ZyTd8ZjzwN3CnIwnVIr+95ohzz2MSAumdZ114momTBFgkscZhqxxojxPuti3cCA+aibyXjLoX1omLbdCZW5Adlj9mciYb7WA987jqOuQuybhM+op2c9I/IvrR5T57yZiCCKCQM+ebATS5tCe1Sd3RYKOcmBAYwrYf5s8x5TjJMpOGPKcGdXnweVQt49yReuT3PFi2ktadiDAzgCF86gCFdQgjJwuIcneIYX69F6tT6sz4k1ZU0zu/BrrK9v1VGe+w==</latexit>

form a genuine representation of



transformation onZ2 ⇥ Z2
<latexit sha1_base64="QGsH6AVHbdcoeQlURKgozyT3FBQ=">AAACJXicdVDLSgMxFL3js9bXqEtBBovgqsxUQZdFNy4r2Ae2Q8mkaRuazAzJHaEM/RlB/BU3LiwiuPJXTNtZaKsnBA7nnEtyTxALrtF1P62l5ZXVtfXcRn5za3tn197br+koUZRVaSQi1QiIZoKHrIocBWvEihEZCFYPBtcTv/7AlOZReIfDmPmS9ELe5ZSgkSL7CJ5AAgGEPgTmpHAPI2hDyegI3HgM9H+Ztl1wi+4UziLxMlKADJW2PW51IppIFiIVROum58bop0Qhp4KN8q1Es5jQAemxpqEhkUz76XTLkXNilI7TjZS5ITpT9edESqTWQxmYpCTY1/PeRPzLaybYvfRTHsYJspDOHuomwsHImVTmdLhiFMXQEEIVN391aJ8oQtEUmzclePMrL5JaqeidFUu354XyVVZHDg7hGE7Bgwsoww1UoAoUHuEF3mBsPVuv1rv1MYsuWdnMAfyC9fUN4KqbrA==</latexit>

X 2 ⇡R(AR)
<latexit sha1_base64="7zXl790iIYYlN4woqtzi+D+fZUY="></latexit>

for                    , we define

is then extended to
which satisfies

⇡R(AR)
00 = MR

<latexit sha1_base64="8sPr9NxqiV8TVuDvT/6eLc6TNxk="></latexit>

MR
<latexit sha1_base64="VbrHN7nAWp3cfLdFlOKG1VPL1eM=">AAACGXicbZDLSgMxFIbPeLfexsvOTbAILqTMVEGXRTduBBWrQjuUTHqmDU1mhiQjlKGv4Au49g3cKrgTt670aUzrLNR6IOTjP+cnOX+YCq6N5304E5NT0zOzc/OlhcWl5RV3de1KJ5liWGeJSNRNSDUKHmPdcCPwJlVIZSjwOuwdD/vXt6g0T+JL008xkLQT84gzaqyUuBvwABIoGOhCBMpSD3I4hQG07P1gFQkELmDQcstexRsVGQe/gDIUddZyP5vthGUSY8ME1brhe6kJcqoMZwIHpWamMaWsRzvYsBhTiTrIRxsNyLZV2iRKlD2xISP1pyOnUuu+DHeztKMQe9YhqenqvzND8b9eIzPRYZDzOM0Mxuz7wSgTxCRkGBNpc4XMiL4FyhS3fyasSxVlxoZZsmH4f1cfh6tqxd+rVM/3y7WjIpY52IQt2AEfDqAGJ3AGdWBwB4/wBM/OvfPivDpv36MTTuFZh1/lvH8Br9uaDw==</latexit>

R̃↵(X) := Û↵XÛ⇤
↵

<latexit sha1_base64="yrVIONHLQp9fauqAdGL5fgpPesU="></latexit>

R̃↵(⇡R(Â)) = ⇡R(R↵(Â))
<latexit sha1_base64="qqb4/6Jb/iSIdF/qLQJ3fjEf4ac="></latexit>

R̃↵
<latexit sha1_base64="rD0fn+KAYm/GcChDD11M05FXGeU=">AAACG3icbVDLSgNBEOz1GeMrKp68DAbBg4TdKOgx6MVjFPOAZAmzk95kyOyDmVkhLPkHf8Cjv+BVwZt49aBf4yTZgyY2DFRVd9HT5cWCK23bX9bC4tLyympuLb++sbm1XdjZrasokQxrLBKRbHpUoeAh1jTXApuxRBp4Ahve4Grcb9yjVDwK7/QwRjegvZD7nFFtpKiwD0+ggYOALiCkhjGghhG4hRF0DB+zGPpAO4WiXbInReaBk4EiZFXtFL7b3YglAYaaCapUy7Fj7aZUas4EjvLtRGFM2YD2sGVgSANUbjq5aUSOjNIlfiTNCzWZqL8dKQ2UGgbeSRL3JOLAOAKq+2p2Ziz+12sl2r9wUx7GicaQTRf6iSA6IuOgSJdLZFoMDaBMcvNnwvpUUqZNnHkThjN7+jyol0vOaal8c1asXGax5OAADuEYHDiHClxDFWom8gd4hhd4tR6tN+vd+piOLliZZw/+lPX5A8ksmp0=</latexit>

unitary      on      can be defined byHR
<latexit sha1_base64="QdgXfyBRrMSgXvpmn7bdqvLZ7Ro=">AAACC3icbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY9OIxinlAEsLspJMMmZ1dZmaFsAT8AT9DrwrexKsfoV/jJNmDJhYMVFd30dPlR4Jr47pfTmZpeWV1Lbue29jc2t7J7+7VdBgrhlUWilA1fKpRcIlVw43ARqSQBr7Auj+8mvTr96g0D+WdGUXYDmhf8h5n1FhJwhMwoCCAwDV0ILG1gsBWtzDu5Atu0Z2CLBIvJQVIUenkv1vdkMUBSsME1brpuZFpJ1QZzgSOc61YY0TZkPaxaamkAep2Mr1hTI6s0iW9UNknDZmqvx0JDbQeBf5JHPUV4tA6AmoGen5mIv7Xa8amd9FOuIxig5LNFvZiQUxIJsGQLlfIjBhZQpni9s+EDaiizNj4cjYMb/70RVIrFb3TYunmrFC+TGPJwgEcwjF4cA5lG3IFqjbyB3iGF3h1Hp035935mI1mnNSzD3/gfP4Aha6WcQ==</latexit>

invariance is essential!Z2 ⇥ Z2
<latexit sha1_base64="45Gg98zcqmVv4QA875dMxIV80R8=">AAACLXicdVDJSgNBEK2JW4xb1KMgg0HwIGEmCnoMevEYwSyYhNDTqSRNeha6a4Qw5GcEz/6GVwUPinj1N+wsB020mobHW+iu50VSaHKcNyu1sLi0vJJezaytb2xuZbd3KjqMFccyD2Woah7TKEWAZRIksRYpZL4nser1L0d69Q6VFmFwQ4MImz7rBqIjOCNDhdl9eAAfGBD0wDMngVsYQgsKhicQRkPQ/3la2ZyTd8ZjzwN3CnIwnVIr+95ohzz2MSAumdZ114momTBFgkscZhqxxojxPuti3cCA+aibyXjLoX1omLbdCZW5Adlj9mciYb7WA987jqOuQuybhM+op2c9I/IvrR5T57yZiCCKCQM+ebATS5tCe1Sd3RYKOcmBAYwrYf5s8x5TjJMpOGPKcGdXnweVQt49yReuT3PFi2ktadiDAzgCF86gCFdQgjJwuIcneIYX69F6tT6sz4k1ZU0zu/BrrK9v1VGe+w==</latexit>

Û↵
<latexit sha1_base64="c34xQTIHcxapPAmPym896MSu8Qk=">AAACC3icbVDLSsNAFL3xWeur6tJNsAgupCRV0GXRjcsK9gFtKJPpTTt0MgkzE6GEgj/gZ+hWwZ249SP0a5y0WWjrgQtnzr2Huff4MWdKO86XtbS8srq2Xtgobm5t7+yW9vabKkokxQaNeCTbPlHImcCGZppjO5ZIQp9jyx9dZ/3WPUrFInGnxzF6IRkIFjBKtJEEPMEQCGhIoQET6Jk3AQ5xpvZKZafiTGEvEjcnZchR75W+u/2IJiEKTTlRquM6sfZSIjWjHCfFbqIwJnREBtgxVJAQlZdOb5jYx0bp20EkTQltT9XfjpSESo1D/zSJBxJxZBwh0UM1P5OJ//U6iQ4uvZSJONEo6OzDIOG2juwsGLvPJFLNx4YQKpnZ2aZDIgnVJr6iCcOdP32RNKsV96xSvT0v167yWApwCEdwAi5cQA1uoG6CpvAAz/ACr9aj9Wa9Wx+z0SUr9xzAH1ifP53xlyA=</latexit>

Û↵ Â =  R↵(Â)
<latexit sha1_base64="77dmhu/l2Ri+inViZOGM9WqSp9o="></latexit>

Û
x

, Û
y

, Û
z

<latexit sha1_base64="+8YsnMhLf7bg+xKx32OzBklZfgI=">AAACS3ichVDLSgMxFL1Trdb6GnXpJlgEF1JmqqDLohuXFewD2lIyaaYNzTxIMuI4zOf0X9y4cedPuHGhiAvTdhbaKh4I9+Tcc7nJcULOpLKsZyO3tJxfWS2sFdc3Nre2zZ3dhgwiQWidBDwQLQdLyplP64opTluhoNhzOG06o8tJv3lLhWSBf6PikHY9PPCZywhWWgpMG8YwBAwKEqhDCj1dxyDAAwR3+n6s69+O+F/HPaQ9s2SVrSnQIrEzUoIMtZ751OkHJPKorwjHUrZtK1TdBAvFCKdpsRNJGmIywgPa1tTHHpXdZJpFig610kduIPTxFZqq3ycS7EkZe452elgN5XxvIv7Wa0fKPe8mzA8jRX0yW+RGHKkATYJFfSYoUTzWBBPB9FsRGWKBidLxF3UI9vyXF0mjUrZPypXr01L1IoujAPtwAEdgwxlU4QpqOmICD/ACb/BuPBqvxofxObPmjGxmD34gl/8CinCj5A==</latexit>

Z2 ⇥ Z2
<latexit sha1_base64="45Gg98zcqmVv4QA875dMxIV80R8=">AAACLXicdVDJSgNBEK2JW4xb1KMgg0HwIGEmCnoMevEYwSyYhNDTqSRNeha6a4Qw5GcEz/6GVwUPinj1N+wsB020mobHW+iu50VSaHKcNyu1sLi0vJJezaytb2xuZbd3KjqMFccyD2Woah7TKEWAZRIksRYpZL4nser1L0d69Q6VFmFwQ4MImz7rBqIjOCNDhdl9eAAfGBD0wDMngVsYQgsKhicQRkPQ/3la2ZyTd8ZjzwN3CnIwnVIr+95ohzz2MSAumdZ114momTBFgkscZhqxxojxPuti3cCA+aibyXjLoX1omLbdCZW5Adlj9mciYb7WA987jqOuQuybhM+op2c9I/IvrR5T57yZiCCKCQM+ebATS5tCe1Sd3RYKOcmBAYwrYf5s8x5TjJMpOGPKcGdXnweVQt49yReuT3PFi2ktadiDAzgCF86gCFdQgjJwuIcneIYX69F6tT6sz4k1ZU0zu/BrrK9v1VGe+w==</latexit>

form a genuine representation of

R̃
x

, R̃
y

, R̃
z

<latexit sha1_base64="xAdw9BUBzhHaILotwxUPQHHEGK4=">AAACdXiclVHLSgMxFL0zvmp9jboRRIitigupM1XQZVEQl1XsA9qhZDJpG5p5kGTEcejn+EPu/A03bk0fC60u9ELIOeeeS5ITL+ZMKtt+M8y5+YXFpdxyfmV1bX3D2tyqyygRhNZIxCPR9LCknIW0ppjitBkLigOP04Y3uB71G49USBaFDyqNqRvgXsi6jGClpci6gRdQwICDDxQyzQhgzRDcwxA6Y0VAoPmT5id6/6s//af/GYYdq2iX7HGhn8CZgiJMq9qxXtt+RJKAhopwLGXLsWPlZlgoRjgd5tuJpDEmA9yjLQ1DHFDpZuPUhuhQKz7qRkKvUKGx+nUiw4GUaeBpZ4BVX872RuJvvVaiupduxsI4UTQkk4O6CUcqQqMvQD4TlCieaoCJYPquiPSxwETpj8rrEJzZJ/8E9XLJOSuV786LlatpHDnYhQIcgwMXUIFbqEJNh/1u7Bj7RsH4MPfMA/NoYjWN6cw2fCvz9BNCLKfO</latexit>

form a genuine representation of Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

R̃↵ � R̃� = R̃� � R̃↵
<latexit sha1_base64="8n56IzEyFey874GOda6C6n4VA0E="></latexit>

R̃↵ � R̃↵ = id
<latexit sha1_base64="yCjSxeXd5Go38MheOinL6j0flGY="></latexit>

R̃
x

� R̃
y

= R̃
z

<latexit sha1_base64="g2EgarVpdEYr+dsnEhFDZceNoAw="></latexit>

R̃
y

� R̃
z

= R̃
x

<latexit sha1_base64="ZkKlUQmYmyjCOCa1YKxN74zgtu4="></latexit>

R̃
z

� R̃
x

= R̃
y

<latexit sha1_base64="qonJfT6qAMkVOK0TiQOVkQWGvVY="></latexit>



transformation of the Cuntz algebra

= |�,�1,�2,�3,�4, . . .i
<latexit sha1_base64="NtSdO5xbDVppB0/yFgJHD/ZZbDE="></latexit>

c� |�1,�2,�3,�4, . . .i
<latexit sha1_base64="FH+/C/cHPrn9lYIb1/IdnVqcPW8="></latexit>

fix                , and let

c� 2 B(H̃R) ⇠= MR = ⇡R(AR)
00

<latexit sha1_base64="ayZFxb37a38q/F+HfjhiyXDjOgo="></latexit>

(c�)⇤c�
0
= ��,�0 1̂

<latexit sha1_base64="gyrXhLY5rNb3U4AY3Xm1VsZZeMY="></latexit>

⇡R(|�ih�0|⌦ 1̂[1,1)) = c�(c�
0
)⇤

<latexit sha1_base64="MGb0J7reNKMobAlGfM+nU0U0kRk="></latexit>P
� c

�⇡R(Â)(c�)⇤ = ⇡R(⌧(Â))
<latexit sha1_base64="X5zemFfZLrro0r2Vqfrb4fNTSBw="></latexit>

↵ = x, y, z
<latexit sha1_base64="NvRZe4um2dVyvvDpvaoGHSWPvAw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYTdWGgjBG0sEzAPSJYwO5lNhsw+mJkV1yWlNn6HnY2FEmz9Azu/wZ9w8ig0euAyZ865l5l73IgzqSzr08jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/sXIr19TIVkYXKkkoo6PuwHzGMFKS6FpwiNg4BBBT59n+ibABwQ3cASJrtu2mbcK1hjoL7GnJF/aHVa+7vaG5bb50eqEJPZpoAjHUjZtK1JOioVihNNBrhVLGmHSx13a1DTAPpVOOt5kgA600kFeKHQFCo3VnxMp9qVMfFd3+lj15Kw3Ev/zmrHyTp2UBVGsaEAmD3kxRypEo1hQhwlKFE80wUQw/VdEelhgonR4OR2CPbvyX1IrFuzjQrFi50vnMEEWdmAfDsGGEyjBJZShCgTu4Qle4NV4MJ6NofE2ac0Y05lt+AXj/RsK2Zfm</latexit>

-π rotation in 
the spin space

π rotation in the 
operator space

t� =
P

�0h�|û†
↵|�0iR̃↵(c�

0
)

<latexit sha1_base64="GORLM3zNW7woiforXlI5dXrsqks="></latexit>

(t�)⇤t�
0
= ��,�0 1̂

<latexit sha1_base64="0DbeKiPT2dBh6fkxuh6aqzcg52M="></latexit>

⇡R(|�ih�0|⌦ 1̂[1,1)) = t�(t�
0
)⇤

<latexit sha1_base64="2o+Xg1sm6EXsMsVaUJEnlZjk0oM="></latexit>P
� t

�⇡R(Â)(t�)⇤ = ⇡R(⌧(Â))
<latexit sha1_base64="eMAcYNrPr6rsxDsAZlylkv8xmWM="></latexit>

the we can show

also gives a representation of the Cuntz algebra(t�)�=�S,...,S
<latexit sha1_base64="6NX8mT9SZj3icVVR+Aa6UlRYqpc="></latexit>

û↵ = exp[�i⇡ ˆS↵
]

<latexit sha1_base64="+B71zaX5YxsShUfgVUMy9FzIosw="></latexit>



transformation of the Cuntz algebra
fix                , and let
c� 2 B(H̃R) ⇠= MR = ⇡R(AR)

00
<latexit sha1_base64="ayZFxb37a38q/F+HfjhiyXDjOgo="></latexit>

↵ = x, y, z
<latexit sha1_base64="NvRZe4um2dVyvvDpvaoGHSWPvAw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYTdWGgjBG0sEzAPSJYwO5lNhsw+mJkV1yWlNn6HnY2FEmz9Azu/wZ9w8ig0euAyZ865l5l73IgzqSzr08jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/sXIr19TIVkYXKkkoo6PuwHzGMFKS6FpwiNg4BBBT59n+ibABwQ3cASJrtu2mbcK1hjoL7GnJF/aHVa+7vaG5bb50eqEJPZpoAjHUjZtK1JOioVihNNBrhVLGmHSx13a1DTAPpVOOt5kgA600kFeKHQFCo3VnxMp9qVMfFd3+lj15Kw3Ev/zmrHyTp2UBVGsaEAmD3kxRypEo1hQhwlKFE80wUQw/VdEelhgonR4OR2CPbvyX1IrFuzjQrFi50vnMEEWdmAfDsGGEyjBJZShCgTu4Qle4NV4MJ6NofE2ac0Y05lt+AXj/RsK2Zfm</latexit>

t� =
P

�0h�|û†
↵|�0iR̃↵(c�

0
)

<latexit sha1_base64="GORLM3zNW7woiforXlI5dXrsqks="></latexit>

also gives a representation of the Cuntz algebra(t�)�=�S,...,S
<latexit sha1_base64="6NX8mT9SZj3icVVR+Aa6UlRYqpc="></latexit>

from the uniqueness of representation of the Cuntz algebra
⇣↵ 2 C

<latexit sha1_base64="gEe6VA1wYVwFEuvjshGp8eosypA="></latexit>

|⇣↵| = 1
<latexit sha1_base64="3Mr8AevR6Vzsdhje4S5HlgnfbFw=">AAACCXicbZC7TsMwFIZPyq2UW4CRJWqFhIRUJTDAghTBwlgkepHaqHJcp7XqOJHtIIW0Kwsrr8DGwgBCrLwBW98G9zJAy5Esf/r/c2Sf348Zlcq2R0ZuaXlldS2/XtjY3NreMXf3ajJKBCZVHLFINHwkCaOcVBVVjDRiQVDoM1L3+1djv35HhKQRv1VpTLwQdTkNKEZKS5FpwgCe4R4IKEDQ1oyAQQw9fQ/gApy2WbLL9qSsRXBmUHKLreOnkZtW2uZ3qxPhJCRcYYakbDp2rLwMCUUxI8NCK5EkRriPuqSpkaOQSC+bbDK0DrXSsYJI6MOVNVF/T2QolDINfd0ZItWT895Y/M9rJio49zLK40QRjqcPBQmzVGSNY7E6VBCsWKoBYUH1Xy3cQwJhpcMr6BCc+ZUXoXZSdk7L9o1Tci9hWnk4gCIcgQNn4MI1VKAKGB7gBd7g3Xg0Xo0P43PamjNmM/vwp4yvH/pLl8I=</latexit>

t� = ⇣↵ c�
<latexit sha1_base64="xSKjVJkzNZ5rt7KyFX621zfaChg="></latexit>

with

projective  
representation

genuine  
representation

S is a half-odd integer

we finally get the desired transformation rule

contradiction!

↵ = x, y, z
<latexit sha1_base64="NvRZe4um2dVyvvDpvaoGHSWPvAw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYTdWGgjBG0sEzAPSJYwO5lNhsw+mJkV1yWlNn6HnY2FEmz9Azu/wZ9w8ig0euAyZ865l5l73IgzqSzr08jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/sXIr19TIVkYXKkkoo6PuwHzGMFKS6FpwiNg4BBBT59n+ibABwQ3cASJrtu2mbcK1hjoL7GnJF/aHVa+7vaG5bb50eqEJPZpoAjHUjZtK1JOioVihNNBrhVLGmHSx13a1DTAPpVOOt5kgA600kFeKHQFCo3VnxMp9qVMfFd3+lj15Kw3Ev/zmrHyTp2UBVGsaEAmD3kxRypEo1hQhwlKFE80wUQw/VdEelhgonR4OR2CPbvyX1IrFuzjQrFi50vnMEEWdmAfDsGGEyjBJZShCgTu4Qle4NV4MJ6NofE2ac0Y05lt+AXj/RsK2Zfm</latexit>

forc� = ⇣↵
P

�0h�|û†
↵|�0iR̃↵(c�

0
)

<latexit sha1_base64="h58D5o07zRHq43QxyVXXL7Do/Ls="></latexit>



S is a half-odd integer

�1̂
<latexit sha1_base64="6jVdSep1RFZxU9YoFaM/eXM9gTQ=">AAAB93icbZDLSsNAFIZPvNZ6q7p0EyyCG0tSBV0W3bisYC/QhjKZTpqhk0mYORFC6Iu4ceEFt76KO9/GaZuFtv4w8POfczhnPj8RXKPjfFsrq2vrG5ulrfL2zu7efuXgsK3jVFHWorGIVdcnmgkuWQs5CtZNFCORL1jHH99O651HpjSP5QNmCfMiMpI84JSgiUI4hzcIgQBCDi5MBpWqU3NmspeNW5gqFGoOKl/9YUzTiEmkgmjdc50EvZwo5FSwSbmfapYQOiYj1jNWkohpL5/dPbFPTTK0g1iZJ9Gepb8nchJpnUW+6YwIhnqxNg3/q/VSDK69nMskRSbpfFGQChtjewrBHnLFKIrMGEIVN7faNCSKUDSoygaCu/jlZdOu19yLWv3+stq4KXCU4BhO4MyAvIIG3EETWkAN2id4gVcrs56td+tj3rpiFTNH8EfW5w9gDpBe</latexit>

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>

Proof of Theorem 1

(⇣↵)2 = �1
<latexit sha1_base64="R9RCx/0SSDoE9MTp3GkZQjfAG5M=">AAACD3icbZDLSgMxFIbP1Futt9Eu3YQWQRHLTF3oRii6cVnBXqAdSybNtKGZC0lGGIe+gRvBV/AF3LhQxK1bd30b08tCqwdCPv7/HJLzuxFnUlnWyMgsLC4tr2RXc2vrG5tb5vZOXYaxILRGQh6Kposl5SygNcUUp81IUOy7nDbcwcXYb9xSIVkYXKskoo6PewHzGMFKS6GZh314gjugoABDRzMGDhH09X0AN1CGMzgCu2MWrZI1KfQX7BkUK4X24eOoklQ75le7G5LYp4EiHEvZsq1IOSkWihFOh7l2LGmEyQD3aEtjgH0qnXSyzxDtaaWLvFDoEyg0UX9OpNiXMvFd3elj1Zfz3lj8z2vFyjt1UhZEsaIBmT7kxRypEI3DQV0mKFE80YCJYPqviPSxwETpCHM6BHt+5b9QL5fs45J1ZRcr5zCtLOxCQQdtwwlU4BKqUAMC9/AMr/BmPBgvxrvxMW3NGLOZPPwq4/MbEmuYEQ==</latexit>

⇣
x

⇣
y

⇣
z

= 1
<latexit sha1_base64="QMP6W75ng/LlKSQzTJQ/f5LDa8E=">AAACO3icdZC7TgJBFIbP4g3BC2ppMxFNtCG7WmhjQrSxxEQuCWzI7DALE2YvmZklwobH8RWMjZVvYGdjY6Extlg7XAoF+ZNJ/vm/czJzjhNyJpVpvhiJhcWl5ZXkaiq9tr6xmdnaLskgEoQWScADUXGwpJz5tKiY4rQSCoo9h9Oy074c8nKHCskC/0Z1Q2p7uOkzlxGsdBRkjuAOekBBAYY6xPomwAMEt9CfQ7pzSU+Tc7DqmayZM0dCs8aamGx+f3D/1El/F+qZ51ojIJFHfUU4lrJqmaGyYywUI5z2U7VI0hCTNm7SqrY+9qi049HsfXSgkwZyA6GPr9Ao/d0RY0/KrufoSg+rlpxmw/A/Vo2Ue2bHzA8jRX0yfsiNOFIBGi4SNZigRPGuNpgIpv+KSAsLTJRed0ovwZoeedaUjnPWSc68trL5CxgrCbuwB4dgwSnk4QoKUAQCD/AK7/BhPBpvxqfxNS5NGJOeHfgjY/AD+U6l4w==</latexit>

contradiction!

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>
1̂

<latexit sha1_base64="y1iKw8v6jIU3nQUiB41IuGtK0j4=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbMLuRCmh/8OLB0W9+l+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXBtRKzucZxwP6IDJULBKFppAO8wBAoIGXgw6ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fja7ekJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm0whIX2jOUI4toUwLeythQ6opQxtU0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOLNBXkINbqEODWCg4Qle4NV5dJ6dN+dj3rri5DNH8AfO5w/Q2ZAe</latexit>

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>

↵ = x, y, z
<latexit sha1_base64="NvRZe4um2dVyvvDpvaoGHSWPvAw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYTdWGgjBG0sEzAPSJYwO5lNhsw+mJkV1yWlNn6HnY2FEmz9Azu/wZ9w8ig0euAyZ865l5l73IgzqSzr08jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/sXIr19TIVkYXKkkoo6PuwHzGMFKS6FpwiNg4BBBT59n+ibABwQ3cASJrtu2mbcK1hjoL7GnJF/aHVa+7vaG5bb50eqEJPZpoAjHUjZtK1JOioVihNNBrhVLGmHSx13a1DTAPpVOOt5kgA600kFeKHQFCo3VnxMp9qVMfFd3+lj15Kw3Ev/zmrHyTp2UBVGsaEAmD3kxRypEo1hQhwlKFE80wUQw/VdEelhgonR4OR2CPbvyX1IrFuzjQrFi50vnMEEWdmAfDsGGEyjBJZShCgTu4Qle4NV4MJ6NofE2ac0Y05lt+AXj/RsK2Zfm</latexit>

forc� = ⇣↵
P

�0h�|û†
↵|�0iR̃↵(c�

0
)

<latexit sha1_base64="h58D5o07zRHq43QxyVXXL7Do/Ls="></latexit>

c�
0

<latexit sha1_base64="etPYbrXsOCC+nLY1Hc6kRkZl+FM=">AAAB/XicbVDLSgNBEOyNr7i+oh69LAbRU9iNB72IQS8eI5gHJGuYncwmQ2Zml5lZIS7BXxEkB0W8+gnevYh/4+Rx0MSChqKqm+6uIGZUadf9tjILi0vLK9lVe219Y3Mrt71TVVEiMangiEWyHiBFGBWkoqlmpB5LgnjASC3oXY782h2RikbiRvdj4nPUETSkGGkj9QDDLaQwBAUUOsABwSEMWrm8W3DHcOaJNyX58w/7LH76ssut3GezHeGEE6ExQ0o1PDfWfoqkppiRgd1MFIkR7qEOaRgqECfKT8fXD5wDo7SdMJKmhHbG6u+JFHGl+jwwnRzprpr1RuJ/XiPR4amfUhEnmgg8WRQmzNGRM4rCaVNJsGZ9QxCW1Nzq4C6SCGsTmG1C8GZfnifVYsE7LhSvvXzpAibIwh7swxF4cAIluIIyVEzM9/AIz/BiPVhD69V6m7RmrOnMLvyB9f4DxeqVMw==</latexit>

c� = (⇣↵)2
P

�0h�|(û†
↵)

2|�0iR̃↵ � R̃↵(c�
0
) = �(⇣↵)2 c�

<latexit sha1_base64="o+WLIbqDNS+iaQmvBYEL4a0BvIE="></latexit>

c� = ⇣
x

P
�0h�|û†

x

|�0iR̃
x

(c�
0
)

<latexit sha1_base64="YIeGWziG3oLvqhTMXceeJNzW9Ok="></latexit>

= ⇣
x

⇣
y

P
�0h�|(û

y

û
x

)†|�0i R̃
x

� R̃
y

(c�
0
)

<latexit sha1_base64="6zn49Qeg7xBD/7VJ1eU4fTEVDBw="></latexit>

= ⇣
x

⇣
y

⇣
z

P
�0h�|(û

z

û
y

û
x

)†|�0i R̃
x

� R̃
y

� R̃
z

(c�
0
)

<latexit sha1_base64="ew9grCy1yitpWug6yR2AtMWibJw="></latexit>

= ⇣
x

⇣
y

⇣
z

c�
<latexit sha1_base64="8b19uprAwhbRIdlUMBETR/vhgNM=">AAACUXicdZHNTgIxFIUv4x+CP6Mu3TQSExeGzCCJbkyIblxiImACSDqlQEOnM2k7RpjM4/g6LnTle7hxobEMLBTkJk1Oz3dv2p56IWdKO857xlpZXVvfyG7m8lvbO7v23n5dBZEktEYCHsh7DyvKmaA1zTSn96Gk2Pc4bXjD6wlvPFKpWCDu9CikbR/3BesxgrWxArsMl/AMY6CgAUMHYrOT4AOCJ0iWkNFSMk7JKRB4SF0FDPqGYEg6dsEpOmmhReHORAFmVe3Yr61uQCKfCk04VqrpOqFux1hqRjhNcq1I0RCTIe7TppEC+1S14zSRBB0bp4t6gTRLaJS6vydi7Cs18j3T6WM9UPNsYv7HmpHuXbRjJsJIU0GmB/UijnSAJvGiLpOUaD4yAhPJzF0RGWCJiTafkDMhuPNPXhT1UtE9K5Zuy4XK1SyOLBzCEZyAC+dQgRuoQs2E/AIf8AXfmbfMpwWWNW21MrOZA/hTVv4Hcrukgg==</latexit>

we finally get the desired transformation rule

we then find

and

c�
0

<latexit sha1_base64="etPYbrXsOCC+nLY1Hc6kRkZl+FM=">AAAB/XicbVDLSgNBEOyNr7i+oh69LAbRU9iNB72IQS8eI5gHJGuYncwmQ2Zml5lZIS7BXxEkB0W8+gnevYh/4+Rx0MSChqKqm+6uIGZUadf9tjILi0vLK9lVe219Y3Mrt71TVVEiMangiEWyHiBFGBWkoqlmpB5LgnjASC3oXY782h2RikbiRvdj4nPUETSkGGkj9QDDLaQwBAUUOsABwSEMWrm8W3DHcOaJNyX58w/7LH76ssut3GezHeGEE6ExQ0o1PDfWfoqkppiRgd1MFIkR7qEOaRgqECfKT8fXD5wDo7SdMJKmhHbG6u+JFHGl+jwwnRzprpr1RuJ/XiPR4amfUhEnmgg8WRQmzNGRM4rCaVNJsGZ9QxCW1Nzq4C6SCGsTmG1C8GZfnifVYsE7LhSvvXzpAibIwh7swxF4cAIluIIyVEzM9/AIz/BiPVhD69V6m7RmrOnMLvyB9f4DxeqVMw==</latexit>

û↵ = exp[�i⇡ ˆS↵
]

<latexit sha1_base64="+B71zaX5YxsShUfgVUMy9FzIosw="></latexit>



Extensions



symmetry
THEOREM 1: Consider a quantum spin chain with 
                       and a short-ranged Hamiltonian that is 
invariant under translation and          
transformation.  Then it can never be the case that 
the corresponding ground state is unique and 
accompanied by a nonzero gap. 

Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>
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symmetry

any on-site symmetry whose representation on a single 
spin is projective
example: time-reversal symmetry forS =
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state
THEOREM 1: Consider a quantum spin chain with 
                       and a short-ranged Hamiltonian that is 
invariant under translation and          
transformation.  Then it can never be the case that 
the corresponding ground state is unique and 
accompanied by a nonzero gap. 
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it is only essential that the state is pure, translation 
invariant and satisfies the split property

any translation invariant pure state with area law 
entanglement is excluded Matsui 2013



general theorem
THEOREM 2: In quantum spin chains, there can be 
no translation invariant pure states with area law 
entanglement and on-site symmetry whose 
representation on a single spin is projective 

COROLLARY: In a translation invariant spin chain with  
                        and time-reversal or             symmetry, any 
“scar” state must be degenerate and break symmetry

Yuji Tachikawa, private communication
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illustration by Chisato Naruse

Summary
LSM-type no-go theorem is proved for quantum 

spin chains with translation and on-site symmetry 
whose representation is projective

it is surprising (at least, to me) that such a 
mathematically abstract object as the von Neumann 
algebra is useful in proving physically natural theorems

the proof is based on the inconsistency between the 
projective symmetry and the transformation 
property of the Cuntz algebra

(cf. Ogata’s fully rigorous index theorem for SPT)
background and related topics can be found in my book in 
preparation (see the workshop Slack or ask me) 


