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A variety of phenomena in condensed matter physics 
• Chemical reaction 
• Superconductivity 
• Topological states 
• ...

Quantum many-body problems

(Time independent) Schrödinger equation
Cited from wikipedia: "Meisner effect", "Torus"

Quantum many-body problems

• Dimension of the vector space increases exponentially as # of particles increases 
• Quantum many-body problem ~ Eigenvalue problem of huge matrices

To solve the problem numerically by (classical) computer, 
we need huge memory and huge computation time.

 = Eigen value problem 



Numerical approach for quantum (spin) systems

• Numerical diagonalization
Exact and applicable for any systems, but system size is limited.

S=1/2 spin models ~ 50 sites

• Quantum Monte Carlo (QMC)

frustrated interactions are usually 
suffered from the sign problem!

We need careful extrapolation.

Within statistical error, solving problem “exactly”! 
Easy calculation for very large system.

But, 

• Variational method

• Variational Monte Carlo:
• Tensor network method: Very large system size (infinite)

larger systems than ED
Assuming a wave-function ansatz 



Information compression by tensor networks

We can not treat entire data in the present computers.

Try to reduce the "effective" dimension of  
(Hilbert) space

By considering proper subspace of the Hilbert space,  
we can represent a quantum state efficiently.

Tensor network quantum states!

Hilbert space

Subspace



Tensor network states (TNS)

G.S. wave function:

Vector (or N-rank tensor): # of Elements＝aN

i1 i2 i3 i4 i5

=

General network

i1 i2

i3

i4

i5

X,Y : Tensors
Tr : Tensor network contraction

D: dimension of the matrix A

By choosing a ``good” network, we can express G.S. wave function efficiently.
ex. MPS: # of elements ＝2ND2

Exponential→ Linear *If D does not depend on N…

``Tensor network” 
decomposition

Matrix Product State 
(MPS)

：Matrix for state m

=
i1 i2 i3 i4 i5



Area law of the entanglement entropy

General wave functions:
A

B

LEE is proportional to its volume (# of spins).

A B

Ground state wave functions:
For a lot of ground states, EE is proportional to its area.

J. Eisert, M. Cramer, and M. B. Plenio, Rev. Mod. Phys, 277, 82 (2010)

Ground state are in a small part of the huge Hilbert space!

(c.f. random vector)

Entanglement entropy:
Reduced density matrix of a sub system (sub space):

Entanglement entropy = von Neumann entropy of ρA



Tensor Product States (TPS)

PEPS (Projected Entangled-Pair State)
(F. Verstraete and J. Cirac, arXiv:cond-mat/0407066)

d-dimensional tensor network representation 

for the wave function of a d-dimensional quantum system

x,y,x’,y’ = 1,2, ... D D = “bond dimension”

mi= 1,2, ... m m = dimension of the local Hilbert space 
*D can be larger than m.  “Virtual state “

: Rank 4+1 tensor

TPS on square lattice

Tr: tensor network “contraction”

(AKLT, T. Nishino, K. Okunishi, …) TPS (Tensor Product State)

Tensor = Projector

Maximally entangled state

between D-state spins



Entanglement entropy of TPS (PEPS)

Bond dimension = D

# of bonds connecting regions A and B
(square lattice)
(d-dimensional 

hyper cubic lattice)

rank ⇢A  DNc(L) ⇠ D2dLd�1

Nc(L) = 4L

Nc(L) = 2dLd�1
A

B
SA = �Tr ⇢A log ⇢A  2dLd�1 logD

TPS can satisfies the area law even for d >1.
We can efficiently approximate vectors  
in higher dimensional space by TPS.

* It indicates that TPS could approximate infinite system with a finite D.



Example: Ground state represented by TPS 

Toric code model

3

The two-dimensional toric code

The toric code is an exactly solvable spin 1/2 model on the square lattice. It exhibits a
ground state degeneracy of 4g when embedded on a surface of genus g and a quasiparti-
cle spectrum with both bosonic and fermionic sectors. Although we will not introduce
it as such, the model can be viewed as an Ising gauge theory at a particularly simple
point in parameter space (see Sec. 4.5). Many of the topological features of the toric
code model were essentially understood by Read and Chakraborty (1989), but they
did not propose an exactly solved model. A more detailed exposition of the toric code
may be found in Kitaev (2003).

We consider a square lattice, possibly embedded into a nontrivial surface such as
a torus, and place spins on the edges, as in Fig. 3.1. The Hamiltonian is given by

HT = −Je

∑

s

As − Jm

∑

p

Bp (3.1)

where s runs over the vertices (stars) of the lattice and p runs over the plaquettes.
The star operator acts on the four spins surrounding a vertex s,

Bp

As

Fig. 3.1 A piece of the toric code. The spins live on the edges of the square lattice. The

spins adjacent to a star operator As and a plaquette operator Bp are shown.

The two-dimensional toric code

As =
∏

j∈star(s)

σx
j (3.2)

while the plaquette operator acts on the four spins surrounding a plaquette,

Bp =
∏

j∈∂p

σz
j . (3.3)

Clearly, the As all commute with one another, as do the Bp. Slightly less trivially,

AsBp = BpAs (3.4)

because any given star and plaquette share an even number of edges (either none or
two) and therefore the minus signs arising from the commutation of σx and σz on
those edges cancel. Since all of the terms of HT commute, we expect to be able to
solve it term by term.

In particular, we will solve HT working in the σz basis. Define classical variables
sj = ±1 to label the σz basis states. For each classical spin configuration {s}, we can
define the plaquette flux

wp(s) =
∏

j∈∂p

sj . (3.5)

If wp = −1, we say that there is a vortex on plaquette p.

3.1 Ground states

To find the ground states |Ψ
〉

of HT , we need to minimize the energy, which means
maximize the energy of each of the As and Bp terms. The plaquette terms provide the
condition

Bp|Ψ
〉

= |Ψ
〉

(3.6)

which holds if and only if

|Ψ
〉

=
∑

{s:wp(s)=1 ∀p}

cs|s
〉

(3.7)

. That is, the ground state contains no vortices. The group of star operators act on
the configurations s by flipping spins. Thus, the star conditions

As|Ψ
〉

= |Ψ
〉

(3.8)

hold if and only if all of the cs are equal for each orbit of the action of star operators.
In particular, if the spin flips of As are ergodic, as they are on the plane, all cs must
be equal and the ground state is uniquely determined.

On the torus, the star operators preserve the cohomology class of a vortex-free spin
configuration. In more physical terms, we can define conserved numbers given by the
Wilson loop like functions

wl(s) =
∏

j∈l

sj , l = l1, l2 (3.9)

where l1 and l2 are two independent non-trivial cycles on the square lattice wrapping
the torus (Fig. 3.2). Any given star will overlap with a loop l in either zero or two
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(A. Kitaev, Ann. Phys. 303, 2 (2003).

Its ground state is so called Z2 spin liquid state.
"Spin liquid" is a novel phase different from conventional magnetic orders. 
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(Non-zero elements of tensor)0,1: eigenstate of σx

(F. Verstraete, et al, Phys. Rev. Lett. 96, 220601 (2006).It can be represented by D=2 TPS.



Variational calculation using iTPS 
Optimization: Imaginary time evolution

Approximatin Cost information Accuracy

Simple update O(D5) local bad

Full update O(D10) global better

Evaluation: Contraction of the whole network
We use the corner transfer matrix method. 

(R. J. Baxter (1968), T. Nishino, et al (1998), R. Orus et al (2009) ...)

Cost ~ O(D10)

We repeat updates about 103~ 105 steps

Only a few calculations

Environment C C

CC

e

e

e

e



Application to quantum many-body systems

Quantum many-body systems accommodate various exotic
states and phenomena. One of the most notable examples
is Bose–Einstein condensation (BEC), where a macro-

scopic number of bosonic particles occupy a single particle state
as in a superfluid state of liquid 4He and in cold atomic gases.
With the aid of attractive force, fermions in pairs can also
condensate as in a superconducting state of electrons. In most
antiferromagnetic insulators, the elementary excitation is a
bosonic excitation magnon, and this can form a BEC1–3. Inter-
estingly, interactions between magnons and couplings with the
basal crystalline lattice lead to rich physics in quantum anti-
ferromagnets, thereby distinguishing it from the canonical BEC.

The magnon picture has proven extremely fruitful for several
antiferromagnets composed of spin-1/2 pairs with a spin-singlet
(S= 0) ground-state, and triplet (S= 1) excitations called tri-
plons. The triplons are similar to conventional magnons excited
in an ordered antiferromagnet because both carry the spin
angular momentum of ħ, and thus the two terms are occasionally
used interchangeably2,3. At a critical applied magnetic field, the
energy of one of the Zeeman-split triplet components intersects
the ground-state singlet, thereby resulting in a long-range mag-
netic order. Specifically, the transition corresponds to a BEC of
diluted triplons (magnons), and this is typically observed in
TlCuCl34,5. Above the critical field, the magnetization starts to
increase linearly when the density of magnons increases with
magnetic field. The magnetic field acts as a chemical potential for
magnons, and thus controls the density of the magnons (which is
proportional to the magnetization).

In simple spin systems, the magnetization increases smoothly
with the magnetic field and eventually saturates. However, in
certain quantum magnets, flat regions termed as magnetization
plateaus appear at fractional magnetizations before saturation.
There are two types of magnetization plateaus: a classical one
that is described by a collinear arrangement of classical spins
and a quantum state comprising entangled spins6. Classical
magnetization plateaus are observed in triangular magnets,
such as Cs2CuBr47 and Ba3CoSb2O9

8,9, and the quantum pla-
teaus in dimer magnets such as NH4CuCl310 and
SrCu2(BO3)211.

A transition to a quantum plateau as a function of magnetic
field is considered to be a superfluid-insulator transition of hard-
core bosons (magnons). Interacting magnons in a BEC state tend
to localize due to the suppression of kinetic energy and eventually
crystallize to become “insulating” such as Mott insulators in
strongly correlated electron systems12. The magnon crystal
exhibits a fixed density of magnons, and thus the magnetization
remains at a fractional value of the full magnetization in a field
range6. The fractional value of magnetization is attributed to the
commensurability of the magnon crystal when there is no topo-
logical order. The number of magnons, QmagS(1 – m), in the
magnetic unit cell should be an integer where Qmag, S, m denote
the number of spins in the magnetic unit cell, the spin quantum
number, and the magnetization divided by the saturation mag-
netization, respectively13. In SrCu2(BO3)2, which comprises pairs
of Cu2+ ions arranged orthogonally to each other in the sheet to
form a Shastry–Sutherland lattice11, a series of magnetization
plateaus appear at m= 1/8, 1/4, 1/3 (Qmag= 16, 8, 12)14,15; and
nuclear magnetic resonance measurements directly confirmed
spontaneous translational symmetry breaking in the magnon
crystals16.

In the spin-1/2 kagomé antiferromagnet (KAFM)17–19, the
ground-state is a gapless or gapful spin liquid and the formation
of nontrivial magnons is theoretically expected immediately
below the saturation20. When the magnetic field is set to infini-
tesimally smaller than the saturation field Bs, a magnon with total
Sz= 2 in a hexagonal plaquette is generated in the fully polarized

spin state, which is the vacuum of magnons as schematically
depicted in Fig. 1. Each spin inside the hexagonal plaquette
equally carries fractional magnetization, and thus, the ‘hexagonal
magnon’’ corresponds to a highly quantum mechanical entity.
Given the absence of energy cost for magnon generation, the
density rapidly increases to 1/9 before the magnons overlap with
each other to feel mutual repulsion. This results in an decrease in
the magnetization from 1 to 7/9 at Bs20. Subsequently, a crys-
talline phase with a superstructure of the

ffiffiffi
3

p
×

ffiffiffi
3

p
unit cell with

Qmag= 9 is formed in a range of fields, thereby yielding a 7/9
magnetization plateau. A large magnon is emergently generated
on a hexagon of the kagomé lattice in the KAFM, which is sig-
nificantly different from dimer magnets with singlet and triplet
states that naturally occur on built-in pairs of Cu ions.

Here, we report the observation of a series of fractional mag-
netization plateaus in the kagomé antiferromagnet Cd-kapellasite
(CdK) and demonstrate the presence of emergent hexagonal
magnons in the kagomé lattice. Some of the observed magneti-
zation plateaus are reproduced by theoretical calculations for the
simple KAFM model, while the others may be stabilized by lattice
commensurability, additional long-range interactions, and
potentially coupling to lattice.

Results
Theoretical predictions for multiple plateaus. Recent calcula-
tions by the density-matrix-renormalization-group method, the
exact diagonalization, and the tensor network method show that
in addition to the well-established 7/9 plateau, three plateaus

0
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3/9

5/9

7/9

1

M
/M
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32

210

10
B /J

Spin

Magnon

Fig. 1 Calculated magnetization process for the spin-1/2 KAFM with the
nearest-neighbor interaction J. The tensor network method with the
projected entangled pair state (PEPS) is used. The vertical and horizontal
axes represent magnetizationM divided by saturated magnetizationMs and
magnetic field B divided by J, respectively. The top left inset shows a
schematic drawing of hexagonal magnons that are depicted by doughnuts
containing six entangled spins. The other intervening spins point upward in
the direction of magnetic field. The magnon crystal forms a superlattice
with a√3 ×√3 unit cell. The bottom right inset shows hexagonal magnons
expected to appear at the 1/3, 5/9, and 7/9 plateaus. In the upper part, the
magnons are defined by the total spin Sz= 0, 1, and 2 for the six spins on
the hexagon, respectively, while in the lower part based on the magnon
picture, the number of magnons correspond to 3 (hexagon+ double circle),
2 (single circle), and 1 (only hexagon), respectively. Using the bracket
notation, the one-magnon state with Sz= 2 is expressed as
P6

i¼1 "1ð ÞiS"i j0>, where the sum is obtained inside the hexagon, and j0>
denotes the saturated state
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Magnetization of Kagome lattice model

R. Okuma, D. Nakamura, T. Okubo et al,  
Nat. Commun. 10, 1229 (2019). 

Frustrated square lattice model

H. Yamaguchi, Y. Sasaki, T. Okubo,  
Phys. Rev. B 98, 094402 (2018).

Examples: Frustrated spin systems
H. YAMAGUCHI et al. PHYSICAL REVIEW B 98, 094402 (2018)
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FIG. 4. The ground states under magnetic fields obtained from
D = 6 iTPS calculation. (a) Normalized magnetization curve, (b)
average local magnetization, (c) average local moment at T = 0
calculated using the tensor network method assuming the ratios of
the evaluated exchange constants. The illustrations describe the pre-
dicted collinear spin structure at H = 0 and field-enhanced reduction
of the local moment near the 1/2-plateau-like phase.

studies, we confirmed that the ab initio MO calculations
for verdazyl-based compounds provide reliable values of ex-
change interactions to qualitatively examine their intrinsic
behavior [45–49]. Thus, we assumed the evaluated exchange
constants to examine the qualitative behavior and fixed the
ratios as follows: J2/J1 = −0.82, J3/J1 = −0.66, J4/J1 =
−0.61, J5/J1 = 0.26, and J6/J1 = 0.20. Figure 4(a) shows
the calculated magnetization curve at T = 0, which qualita-
tively reproduces the low-field convex function and subse-
quent 1/2-plateau-like behavior. In the ground state at H = 0,
a collinear structure with twofold periodicity is realized in
each site, as shown in Fig. 4(a). Spins connected by the
weakest FM J6 in site 1 arrange in the opposite direction
to minimize an increase in the ground-state energy due to
the frustration. In the low-field region below |H/J1|"0.8,
the spins in site 1 gradually tilt toward the field direction
(H//z) with increasing field. The average local magnetization
for the field direction 〈Sz〉 in site 1 increases monotonically
up to |H/J1|"0.8, but it is still not fully polarized because
of the contribution of AFM J3 and J4 between two sites, as
shown in Fig. 4(b). Consequently, the intensively polarized
spins in site 1 do not have sufficient degrees of freedom
to modify the ground state, and site 2 forms an effective
1D J2-J5 chain. This effective 1D chain induces quantum
fluctuations attributed to its low dimensionality, resulting
in a field-enhanced reduction of the average local moment
(〈Sx〉2 + 〈Sy〉2 + 〈Sz〉2)1/2 associated with the 1/2-plateau-
like behavior, as shown in Fig. 4(c). In the field region above
approximately |H/J1|"1.2, magnetizations in both sites in-
crease toward the fully polarized phase.

0.020.010.00-0.01
Hloc (T)

In
te

ns
ity

2.0 T

2.5 T
3.0 T
4.0 T

5.0 T

6.0 T
8.0 T

10.0 T
1.4 K
H//b

H
col

)T( 
/1
T 1

s( 
1-
)

(a)

1.4 K
P(1)

P(2)

8
6
4
2
0

43210
Temperature (K)

2.5 T

5.0 T
P(1)

  P(2)

4
2
0

-2
12840

Magnetic Field (T)

x10-3

(b)

(c)

P(1)
P(2)
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P(1) and P(2) evaluated from the spectra. (c) Temperature depen-
dence of T −1

1 for P(1) and P(2) at 2.5 and 5.0 T.

E. Nuclear magnetic resonance

To investigate the local spin states, we performed 31P-NMR
measurements. Figure 5(a) shows the 31P-NMR spectra at
1.4 K for various magnetic fields along the b axis. Two
crystallographically independent P sites, P(1) and P(2), are
located on site 1 and site 2, respectively, as shown in Fig. 1(b).
We observed corresponding two-peak signals and evaluated
the magnetic shift as a local magnetic field Hloc, as shown in
Fig. 5(b). It is difficult to determine the hyperfine coupling
constants for this compound because the two peaks overlap
with each other above 20 K, owing to the small hyperfine
couplings. However, the right peak shows a relatively large
Hloc, while the Hloc of the left peak stays near 0 at 1.4 K,
as shown in Fig. 5(b). This result is consistent with the
expectation from the numerical analysis shown in Fig. 4(b),
where 〈Sz〉 for site 1 shows large values, while 〈Sz〉 for site
2 is almost zero at lower fields. Therefore, the right and left
peaks can be attributed to P(1) and P(2) sites, respectively.
The right peak is broadened below 3 T owing to the proximity
of the ordered phase, as shown in Fig. 5(a). The Hloc at P(1)
gradually increases with increasing H up to 3 T. Above 3 T,
the Hloc at P(1) shows almost field-independent behavior,
while Hloc at P(2) shows a small negative shift. This shift
at P(2) is considered to be related to the small increase of
〈Sz〉 for site 2 combined with a negative hyperfine coupling.
Figure 5(c) shows the temperature dependence of the nuclear
spin-lattice relaxation rate T −1

1 for P(1) and P(2). In the low-
field regime at 2.5 T, T −1

1 increases with decreasing temper-
ature, indicating a magnetic phase transition with a critical
slowing down at low temperature. Conversely, in the high-
field regime at 5 T, T −1

1 decreases with decreasing temperature
because of the disappearance of the ordered phase. For the
above measurements, the stretch exponent β has a relatively
small value probably because of the insufficient separation
between two sites and/or the inhomogeneous distribution of
the internal field [53].

094402-4

(We can not apply QMC due to the sing problem.)



Comment: Tensor network renormalization

Approximate contraction of tensor network  by using "coarse-graining" of the network

Corse-graining 
(Renormalization)  
into longer scale.

L×L (L×L)/2

: D×D×D×D

Tensor renormalization group (TRG) M. Levin and C. P. Nave, Phys. Rev. Lett. 99, 120601 (2007)cf.

• It reduces the exponentially large  
contraction cost to polynomial.

• TRG type approaches are also used to solve quantum many-body 
problems through the path integral formulation. 

• It is deeply related to TNS.  
• Importance of short-range entanglement removing. 
• Connection to MERA. 

• I have been contributed to TRG by developing new algorithms. 
• D. Adachi, T.O. and S. Todo, PRB 102 054432 (2020);  arXiv:2011.01679.

: D×D×D×D
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<latexit sha1_base64="yUI40PNIgJog+wedqvtgVkB8HS8="></latexit><latexit sha1_base64="yUI40PNIgJog+wedqvtgVkB8HS8="></latexit><latexit sha1_base64="yUI40PNIgJog+wedqvtgVkB8HS8="></latexit><latexit sha1_base64="yUI40PNIgJog+wedqvtgVkB8HS8="></latexit>

S�
1

<latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit><latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit><latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit><latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit>

S�
1

<latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit><latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit><latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit><latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit>

S�
1

<latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit><latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit><latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit><latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit>

S�
1

<latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit><latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit><latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit><latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit>

S�
1

<latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit><latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit><latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit><latexit sha1_base64="RIqFXjV+ZuGcOnyDo4zZSzPYh5w="></latexit>

S�
2

<latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit><latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit><latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit><latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit>

S�
2

<latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit><latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit><latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit><latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit>

S�
2

<latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit><latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit><latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit><latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit>

S�
2

<latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit><latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit><latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit><latexit sha1_base64="N0cAXiFBMB9egJcZIHDGjtMBUUY="></latexit>

T �
<latexit sha1_base64="yUI40PNIgJog+wedqvtgVkB8HS8="></latexit><latexit sha1_base64="yUI40PNIgJog+wedqvtgVkB8HS8="></latexit><latexit sha1_base64="yUI40PNIgJog+wedqvtgVkB8HS8="></latexit><latexit sha1_base64="yUI40PNIgJog+wedqvtgVkB8HS8="></latexit>

S2
<latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit>

S2
<latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit>

S2
<latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit>

S2
<latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit>

S2
<latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit>

S2
<latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit>

S2
<latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit>

S2
<latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit>

S2
<latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit><latexit sha1_base64="O7Oz7FghqTELhRRcbp0TEfK02VY="></latexit>

S1
<latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit>

S1
<latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit>

S1
<latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit>

S1
<latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit>

S1
<latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit>

S1
<latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit>

S1
<latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit>

S1
<latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit>

S1
<latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit><latexit sha1_base64="VluMV/0gF3/JE21hSUHgi8Mcw9k="></latexit>

A
<latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit><latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit><latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit><latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit>

A
<latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit><latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit><latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit><latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit>

A
<latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit><latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit><latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit><latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit>

A
<latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit><latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit><latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit><latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit>

A
<latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit><latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit><latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit><latexit sha1_base64="jE+zHCAa7kJKfoqmkHwYW4xw/YM="></latexit>

B
<latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit><latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit><latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit><latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit>

B
<latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit><latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit><latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit><latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit>

B
<latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit><latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit><latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit><latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit>

B
<latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit><latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit><latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit><latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit>

B
<latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit><latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit><latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit><latexit sha1_base64="t7K2z4rlDkVr2D4xFa12RYrh5+o="></latexit>

C
<latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit><latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit><latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit><latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit>

C
<latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit><latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit><latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit><latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit>

C
<latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit><latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit><latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit><latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit>

C
<latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit><latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit><latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit><latexit sha1_base64="eOYDXMgFOl4wa5ie/KKx2lYYeKM="></latexit>

D
<latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit><latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit><latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit><latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit>

D
<latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit><latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit><latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit><latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit>

D
<latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit><latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit><latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit><latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit>

D
<latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit><latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit><latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit><latexit sha1_base64="UZibAhaU2sW2BUnv9C6MXRr0Fhc="></latexit>

E
<latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit><latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit><latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit><latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit>

E
<latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit><latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit><latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit><latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit>

E
<latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit><latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit><latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit><latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit>

E
<latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit><latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit><latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit><latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit>

E
<latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit><latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit><latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit><latexit sha1_base64="tdWKkLGFhvSxQf7m8y7LZJ1dIBY="></latexit>

F
<latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit><latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit><latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit><latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit>

F
<latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit><latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit><latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit><latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit>

F
<latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit><latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit><latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit><latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit>

F
<latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit><latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit><latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit><latexit sha1_base64="vlqap5BAYy/ADpsVV1/f+dxO8CA="></latexit>

T
<latexit sha1_base64="zFk8PPCB4hi+PHxx5I53/tCiC6E="></latexit><latexit sha1_base64="zFk8PPCB4hi+PHxx5I53/tCiC6E="></latexit><latexit sha1_base64="zFk8PPCB4hi+PHxx5I53/tCiC6E="></latexit><latexit sha1_base64="zFk8PPCB4hi+PHxx5I53/tCiC6E="></latexit>
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Honeycomb lattice Kitaev Model

Kitaev model

x-bond

y-bond

z-bond:bond direction
Depending on the bond direction, only 

specific spin components interact.

A. Kitaev, Annals of Physics 321, 2 (2006) 

Honeycomb lattice

This model is exactly solvable,  
by introducing Majorana fermions.
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Spin Four Majorana fermions



Conserved quantity: Flux 
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Ground state is in the sector with

(Vortex free condition)
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GS phase diagram

Quasiparticle statistics in the gapped phase

gapped

B

Ax Ay

Az

!J = (0, 0, 1)

!J = (1, 0, 0) !J = (0, 1, 0)

gapless

gapped

gapped

Fig. 5.3 Phase diagram of honeycomb model. This is a slice through the positive octant in
!J coupling space along the Jx + Jy + Jz = 1 plane. The other octants are analogous.

!n1 !q1 !q2

−!q∗ !q∗!n2

Fig. 5.4 Direct and reciprocal lattices of the honeycomb. The points ±!q∗ are the two Dirac

points of the gapless phase B.

5.4 Quasiparticle statistics in the gapped phase

It appears that there are two particle types: fermions and vortices (hexagons with
wp = −1). The vortices are associated with a Z2 gauge field, where ujk plays the role
of vector potential. Taking a fermion around a vortex results in the multiplication of
the state by −1 (compared to the no-vortex case). However, the details such as the
fusion rules are not obvious.

Let us look at the model from a different perspective. If Jx = Jy = 0, Jz > 0,
the system is just a set of dimers (see Fig. 5.5). Each dimer can be in two states: ↑↑
and ↓↓. The other two states have 2Jz higher energy. Thus, the ground state is highly
degenerate.

If Jx, Jy $ Jz, we can use perturbation theory relative to the noninteracting dimer
point. Let us characterize each dimer by an effective spin:

| ⇑
〉

= | ↑↑
〉

; | ⇓
〉

= | ↓↓
〉

. (5.18)

At 4th order of perturbation theory, we get:

H(4)
eff = const−

J2
xJ2

y

16J3
z

∑

p

Qp (5.19)

G.S. Phase diagram

Isotropic region (B) : gapless spin liquid

Anisotropic region (A) : gapped spin liquid

Ground states are spin liquids

• Majorana fermions shows gapless excitation. 
• The flux excitations is gapped.

• Excitations of Majorana fermions has finite gap. 
• It is adiabatically connected to the toric code.

(In some sense, it is understood well.)



Ground state calculation of a Kitaev material
T. Okubo, K. Shinjo, Y. Yamaji et al, Phys. Rev. B 96, 054434 (2017).

(Y. Yamaji et al. Phys. Rev. Lett. 113, 107201(2014))
ab initio spin Hamiltonian for Na2IrO3

Strong spin-orbit interaction Kitaev interaction in real compound

Kitaev + Heisenberg + Off-diagonal  interactions
+

2nd and 3rd nearest neighbor interactions

Ground state of infinite system 
calculated by using iTPS

Phase diagram varying the trigonal distortion

Zigzag
120°

IC

16-sites
(Z)(X,Y)
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iPEPS

Na2IrO3

zigzag phase is 
consistent with 
the experiments

G.Jackeli, et al., PRL 102, 017205 (2009)

• Due to additional interactions, GS is 
a magnetically ordered state, 
instead of the spin liquid. 

• In this case, iTPS calculation 
correctly captured such 
magnetically ordered GS of the ab 
initio Hamiltonian.



Problems in a standard approach for spin liquid

When we use iTPS as a variational wave function, standard optimization scheme  
(imaginary time evolution) gives a biased result depending on the initial states.

PROBING THE STABILITY OF THE SPIN-LIQUID . . . PHYSICAL REVIEW B 90, 195102 (2014)

observables. In this scheme, the contraction of the infinite bra
and ket tensor networks surrounding a unit cell is effectively
represented by introducing a boundary made up of so-called
environment tensors (see Fig. 1). The environment tensors
are constructed via iterative absorption and renormalization
of unit-cell tensors into the boundary tensors in Fig. 1.
Importantly, the accuracy of the contraction is controlled by the
bond dimension of the environment tensors, usually denoted by
χ . For the data presented here, χ was chosen to be larger than
D2 in all cases and large enough to yield negligible variations
in the energies. For a more precise description of the details
involved in the contraction scheme, we refer the reader to
Ref. [34].

C. Optimization

Optimization of the tensors generating the ansatz wave
functions is typically performed using either direct energy
minimization or imaginary-time evolution. Here, we have used
the latter combined with the so-called full update scheme [23].
In the imaginary-time evolution procedure by starting from
some initial state |ψ0〉 of the form (2) we perform subsequent
projection steps

|ψk+1〉 = e−τ Ĥ |ψk〉
‖e−τ Ĥ |ψk〉‖

, (3)

so provided that the initial state |ψ0〉 had some overlap with
the ground state of the model enough iterations will eventually
converge to the ground state.

For the data presented it was observed that values below
τ = 0.01 for the imaginary-time evolution did not provide
a significant improvement in the quality of the data. In all
cases, the number of cumulative iterations was such that it
led to values of at least β = 20 and in all cases it was found
to be large enough to achieve convergence of the variational
energies. Here, we point out that lower-cost variants such as
the simple update [41], in which an explicit construction of
the environment is omitted, failed to yield good results in
the Kitaev limit and thus we opted for performing all the
simulations using the full update, in spite of its significantly
larger computational cost [23].

IV. KITAEV LIMIT BENCHMARKS

In the limits ϕ = ±90◦, the model in Eq. (1) becomes the
well-known Kitaev honeycomb model [14] with equal bond
couplings (B phase). Indeed, even though the interactions on
each bond are of Ising type, the fact that different bonds
correspond to different quantization axes makes the Kitaev
model a highly frustrated one, even classically, since it is
impossible to satisfy all energy constraints simultaneously.
From the exact solution of the Kitaev model [14] it is known
that inside the B phase two different types of excitations
arise: magnetic vortices which are gapped and localized
in the absence of an external magnetic field and gapless
Majorana fermions moving in the static background field of
the vortices. Perhaps more interestingly, these excitations can
be gapped into a topological phase exhibiting non-Abelian
anyonic statistics [14].
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FIG. 2. (Color online) (a) Energy per site and (b) magnetization
as a function of inverse bond dimension. Errors in the energy for the
largest value studied (D = 7) are of the order of 10−4. Magnetization
values are normalized to 1.

From both Kitaev’s seminal paper [14] as well as later
work [42] it can be gathered that the energy per site for
this model at the equal coupling limit considered here is
Esite = −0.3936 independent of the nature of the couplings,
i.e., for both ferromagnetic as well as antiferromagnetic
couplings. Our best variational approximations to the energy
per site are EFM

site = −0.3931 and EAFM
site = −0.3933 with a

bond dimension D = 7 (χ = 60), yielding good agreement
with the exact value (see Fig. 2).

A feature of the Kitaev model is that the ground state
is known to be a Z2 spin liquid and as such develops
no local order parameter. In our case, we find variational
states exhibiting a strongly suppressed magnetization, with
the largest values of the magnetization being around 0.03
and 0.02 in the ferromagnetic and antiferromagnetic cases,
respectively, with a bond dimension D = 4. The level of
symmetry breaking is observed to decrease in general as a
function of increasing D (entanglement), and for our best
variational states the magnetization reaches a minimum of
approximately 0.02 for the ferromagnetic case and 0.01 for
the antiferromagnetic case, with D = 7. See Eqs. (4)–(8) for
our definition of magnetization as well as similar magnetic
order parameters.

The fact that the model is strongly frustrated and exhibits
gapless excitations turns it into a formidable challenge for
numerical methods in general. In what follows, we will show
that iPEPS ansatz wave functions are capable of capturing
the essential features of this model quite well, even in the
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FIG. 3. (Color online) Nearest-neighbor correlators for corre-
sponding bond types in the ferromagnetically coupled case (a) and
antiferromagnetically coupled case (b). All remaining correlators are
at most of the order of 10−3 for the largest value of D and exhibit
similar improvement with increasing D.

absence of an energy gap, using only a modest value of the
bond dimension D.

As mentioned above, the bond dimension D controls the
amount of entanglement in the wave functions. This means
that one may systematically tune the degree to which quantum
fluctuations manifest themselves in the ansatz state. In par-
ticular, the case D = 1 represents a product state and as such
leads to a mean field level ansatz potentially overestimating the
degree of symmetry breaking inside a phase. Upon increasing
D, additional quantum fluctuations allow for a renormalization
of observables such as the magnetization and thus lead to the
observed suppression above.

Another remarkable feature of the Kitaev model has to do
with the peculiar form of the spin-spin correlators, for which
it is known that only spin components matching the type
of a given bond will exhibit nonvanishing correlations [42],
i.e., 〈σ (γ )

i σ
(γ )
j 〉 = 0.525 iff γ = (i,j ). Examining the spin

correlators we find that the correlator structure is well
represented by our ansatz wave functions with all correlators
heading towards the exact values monotonically as the bond
dimension increases (see Fig. 3). Here, a curious stronger
deviation for the Z-type correlators can be initially observed.
This is nothing but a consequence of the way we map the
honeycomb lattice onto a brick-wall lattice when constructing
the environment. Importantly, this feature is systematically
reduced as we increase the amount of variational parameters

FIG. 4. (Color online) Regions spanned by the different phases
found using iPEPS. Four different magnetically ordered (collinear)
phases are found: Néel (orange/top right), zigzag (yellow/top left),
ferromagnetic (dark green/bottom left), and stripy (light green/bottom
right). Magnetically ordered phases are characterized using the order
parameters in (4)–(8). Blue regions correspond to the spin liquid
phases. Phase boundary angles correspond to D = 6 estimates with
the spin liquid regions increasing their extent as the bond dimension
D is increased.

nicely reflecting the putative nonsymmetry-broken nature of
our wave functions.

Indeed, the quality of our data could be improved even
further by increasing the value of the bond dimension D.
We have, however, not pushed our simulations beyond this
point as we believe the current data already provide strong
support for the spin liquid character of our variational wave
functions.

V. KITAEV-HEISENBERG RESULTS

Having established the accuracy of our ansatz wave
functions in the Kitaev limit, we proceed to evaluate the
stability of the spin liquid phases in the Kitaev-Heisenberg
model of Eq. (1). In their proposal, Chaloupka et al. [12]
performed a 24-site Lanczos diagonalization study of this
model in which six different phases were identified, namely,
antiferromagnetically coupled QSL (ASL), ferromagnetically
coupled QSL (FSL), Néel, stripy, ferromagnetic, and zigzag.
We have found the same phases using iPEPS (see Figs. 4
and 5).

In the study by Chaloupka et al., the phase transi-
tions between symmetry-broken phases (stripy/Néel and
ferromagnetic/zigzag) were found to be of first order, whereas
the FSL to ordered transitions were found to be of either second
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observables. In this scheme, the contraction of the infinite bra
and ket tensor networks surrounding a unit cell is effectively
represented by introducing a boundary made up of so-called
environment tensors (see Fig. 1). The environment tensors
are constructed via iterative absorption and renormalization
of unit-cell tensors into the boundary tensors in Fig. 1.
Importantly, the accuracy of the contraction is controlled by the
bond dimension of the environment tensors, usually denoted by
χ . For the data presented here, χ was chosen to be larger than
D2 in all cases and large enough to yield negligible variations
in the energies. For a more precise description of the details
involved in the contraction scheme, we refer the reader to
Ref. [34].

C. Optimization

Optimization of the tensors generating the ansatz wave
functions is typically performed using either direct energy
minimization or imaginary-time evolution. Here, we have used
the latter combined with the so-called full update scheme [23].
In the imaginary-time evolution procedure by starting from
some initial state |ψ0〉 of the form (2) we perform subsequent
projection steps

|ψk+1〉 = e−τ Ĥ |ψk〉
‖e−τ Ĥ |ψk〉‖

, (3)

so provided that the initial state |ψ0〉 had some overlap with
the ground state of the model enough iterations will eventually
converge to the ground state.

For the data presented it was observed that values below
τ = 0.01 for the imaginary-time evolution did not provide
a significant improvement in the quality of the data. In all
cases, the number of cumulative iterations was such that it
led to values of at least β = 20 and in all cases it was found
to be large enough to achieve convergence of the variational
energies. Here, we point out that lower-cost variants such as
the simple update [41], in which an explicit construction of
the environment is omitted, failed to yield good results in
the Kitaev limit and thus we opted for performing all the
simulations using the full update, in spite of its significantly
larger computational cost [23].

IV. KITAEV LIMIT BENCHMARKS

In the limits ϕ = ±90◦, the model in Eq. (1) becomes the
well-known Kitaev honeycomb model [14] with equal bond
couplings (B phase). Indeed, even though the interactions on
each bond are of Ising type, the fact that different bonds
correspond to different quantization axes makes the Kitaev
model a highly frustrated one, even classically, since it is
impossible to satisfy all energy constraints simultaneously.
From the exact solution of the Kitaev model [14] it is known
that inside the B phase two different types of excitations
arise: magnetic vortices which are gapped and localized
in the absence of an external magnetic field and gapless
Majorana fermions moving in the static background field of
the vortices. Perhaps more interestingly, these excitations can
be gapped into a topological phase exhibiting non-Abelian
anyonic statistics [14].
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FIG. 2. (Color online) (a) Energy per site and (b) magnetization
as a function of inverse bond dimension. Errors in the energy for the
largest value studied (D = 7) are of the order of 10−4. Magnetization
values are normalized to 1.

From both Kitaev’s seminal paper [14] as well as later
work [42] it can be gathered that the energy per site for
this model at the equal coupling limit considered here is
Esite = −0.3936 independent of the nature of the couplings,
i.e., for both ferromagnetic as well as antiferromagnetic
couplings. Our best variational approximations to the energy
per site are EFM

site = −0.3931 and EAFM
site = −0.3933 with a

bond dimension D = 7 (χ = 60), yielding good agreement
with the exact value (see Fig. 2).

A feature of the Kitaev model is that the ground state
is known to be a Z2 spin liquid and as such develops
no local order parameter. In our case, we find variational
states exhibiting a strongly suppressed magnetization, with
the largest values of the magnetization being around 0.03
and 0.02 in the ferromagnetic and antiferromagnetic cases,
respectively, with a bond dimension D = 4. The level of
symmetry breaking is observed to decrease in general as a
function of increasing D (entanglement), and for our best
variational states the magnetization reaches a minimum of
approximately 0.02 for the ferromagnetic case and 0.01 for
the antiferromagnetic case, with D = 7. See Eqs. (4)–(8) for
our definition of magnetization as well as similar magnetic
order parameters.

The fact that the model is strongly frustrated and exhibits
gapless excitations turns it into a formidable challenge for
numerical methods in general. In what follows, we will show
that iPEPS ansatz wave functions are capable of capturing
the essential features of this model quite well, even in the
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antiferromagnetically coupled case (b). All remaining correlators are
at most of the order of 10−3 for the largest value of D and exhibit
similar improvement with increasing D.

absence of an energy gap, using only a modest value of the
bond dimension D.

As mentioned above, the bond dimension D controls the
amount of entanglement in the wave functions. This means
that one may systematically tune the degree to which quantum
fluctuations manifest themselves in the ansatz state. In par-
ticular, the case D = 1 represents a product state and as such
leads to a mean field level ansatz potentially overestimating the
degree of symmetry breaking inside a phase. Upon increasing
D, additional quantum fluctuations allow for a renormalization
of observables such as the magnetization and thus lead to the
observed suppression above.

Another remarkable feature of the Kitaev model has to do
with the peculiar form of the spin-spin correlators, for which
it is known that only spin components matching the type
of a given bond will exhibit nonvanishing correlations [42],
i.e., 〈σ (γ )

i σ
(γ )
j 〉 = 0.525 iff γ = (i,j ). Examining the spin

correlators we find that the correlator structure is well
represented by our ansatz wave functions with all correlators
heading towards the exact values monotonically as the bond
dimension increases (see Fig. 3). Here, a curious stronger
deviation for the Z-type correlators can be initially observed.
This is nothing but a consequence of the way we map the
honeycomb lattice onto a brick-wall lattice when constructing
the environment. Importantly, this feature is systematically
reduced as we increase the amount of variational parameters

FIG. 4. (Color online) Regions spanned by the different phases
found using iPEPS. Four different magnetically ordered (collinear)
phases are found: Néel (orange/top right), zigzag (yellow/top left),
ferromagnetic (dark green/bottom left), and stripy (light green/bottom
right). Magnetically ordered phases are characterized using the order
parameters in (4)–(8). Blue regions correspond to the spin liquid
phases. Phase boundary angles correspond to D = 6 estimates with
the spin liquid regions increasing their extent as the bond dimension
D is increased.

nicely reflecting the putative nonsymmetry-broken nature of
our wave functions.

Indeed, the quality of our data could be improved even
further by increasing the value of the bond dimension D.
We have, however, not pushed our simulations beyond this
point as we believe the current data already provide strong
support for the spin liquid character of our variational wave
functions.

V. KITAEV-HEISENBERG RESULTS

Having established the accuracy of our ansatz wave
functions in the Kitaev limit, we proceed to evaluate the
stability of the spin liquid phases in the Kitaev-Heisenberg
model of Eq. (1). In their proposal, Chaloupka et al. [12]
performed a 24-site Lanczos diagonalization study of this
model in which six different phases were identified, namely,
antiferromagnetically coupled QSL (ASL), ferromagnetically
coupled QSL (FSL), Néel, stripy, ferromagnetic, and zigzag.
We have found the same phases using iPEPS (see Figs. 4
and 5).

In the study by Chaloupka et al., the phase transi-
tions between symmetry-broken phases (stripy/Néel and
ferromagnetic/zigzag) were found to be of first order, whereas
the FSL to ordered transitions were found to be of either second
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Compact TN representation of the spin liquids
Quasiparticle statistics in the gapped phase
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Fig. 5.3 Phase diagram of honeycomb model. This is a slice through the positive octant in
!J coupling space along the Jx + Jy + Jz = 1 plane. The other octants are analogous.
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Fig. 5.4 Direct and reciprocal lattices of the honeycomb. The points ±!q∗ are the two Dirac

points of the gapless phase B.

5.4 Quasiparticle statistics in the gapped phase

It appears that there are two particle types: fermions and vortices (hexagons with
wp = −1). The vortices are associated with a Z2 gauge field, where ujk plays the role
of vector potential. Taking a fermion around a vortex results in the multiplication of
the state by −1 (compared to the no-vortex case). However, the details such as the
fusion rules are not obvious.

Let us look at the model from a different perspective. If Jx = Jy = 0, Jz > 0,
the system is just a set of dimers (see Fig. 5.5). Each dimer can be in two states: ↑↑
and ↓↓. The other two states have 2Jz higher energy. Thus, the ground state is highly
degenerate.

If Jx, Jy $ Jz, we can use perturbation theory relative to the noninteracting dimer
point. Let us characterize each dimer by an effective spin:

| ⇑
〉

= | ↑↑
〉

; | ⇓
〉

= | ↓↓
〉

. (5.18)

At 4th order of perturbation theory, we get:

H(4)
eff = const−

J2
xJ2

y

16J3
z

∑

p

Qp (5.19)

Kitaev spin liquids:
• Gapped spin liquid is adiabatically connected to the toric code 

• The toric code state is represented by D=2 iTPS.

• Gapless spin liquid has no simple tensor network representation. 
• By using Majorana fermions, we can construct a complicated TNS.
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(ii) [â†
i ,(−1)n̂j ] = 0 for i "= j . Therefore, using this we can

write the state as

|ψ〉 =
∑

n1n2···
Cn1n2···(−1)n1n2 (−1)(n1+n2)n3 · · · (Ŝ1)n2 (Ŝ2)n3 · · ·

× (â†
1)n1 (â†

2)n2 · · · |"〉, (49)

where the phases come from the commutation and anticom-
mutation relations mentioned above. Finally, the action of
the string operators is easily computed on the Fock state
(â†

1)n1 (â†
2)n2 · · · |"〉, and the result is the quantum state

|ψ〉 =
∑

n1n2···
Cn1n2···(−1)n1n2 (−1)(n1+n2)n3 · · ·

× (−1)n1n2 (−1)(n1+n2)n3 · · · (â†
1)n1 (â†

2)n2 · · · |"〉

=
∑

n1n2···
Cn1n2···(â

†
1)n1 (â†

2)n2 · · · |"〉, (50)

where the last equation follows from the fact that the phases
exactly cancel each other. The final state is nothing but
a fermionic state in second quantization with the same
coefficients Cn1n2··· as the original state for spin-1/2.

The result is then clear: the Jordan-Wigner transformation
does not change the overall coefficient of the state, and
therefore does not add anything quantitatively new to the
TN. In our construction, this transformation is thus taken into
account by simply saying that, from this point on, the wires in
the TN represent spins instead of fermions, so that we do not
need to worry anymore about fermionic SWAP gates for the
crossings. Mathematically, this is a site-by-site mapping from
the Fock space of a spinless Dirac fermion to the Hilbert space
of a spin-1/2.

E. Overall picture and summary

Following the steps described until now, the overall exact
3d unitary TN for the ground state of the Kitaev honeycomb
model is represented in Fig. 17, for a small honeycomb lattice
of 8 sites with periodic boundary conditions. The structure is
easily scalable to the thermodynamic limit. In Fig. 18 we show
an alternative “2d projection” of the fermionic part of the same
TN, more in the spirit of a quantum circuit. In what follows
we review the basic steps leading to this construction.

1. Summary of the construction

Let us now summarize the main ingredients leading to this
exact 3d TN:

(1) We start from a product state of Bogoliubov modes,
and of “empty” vortex modes (for the ground state).

(2) The Bogoliubov transformation is implemented by 2-
body unitary gates.

(3) The Fourier transformation is implemented by a spec-
tral TN.

(4) Splittings and recombinations of Majoranas are imple-
mented by a network of Majorana braidings.

(5) Up to here, every crossing of indices (lines, wires) is
fermionic, and is accounted for by a fermionic SWAP gate.

(6) Finally, the Jordan-Wigner transformation simply maps
each of the open fermionic indices to a spin (bosonic) index.

FIG. 17. 3d unitary TN for the ground state of the Kitaev model,
for an 8-site honeycomb lattice with periodic boundary conditions.
Physical degrees of freedom are spins, but essentially the whole
network is fermionic. Fermionic SWAP gates are not included, for
simplicity of the figure. Dotted lines are for reference.

F. Basic properties

1. Arbitrary vortex sectors and arbitrary eigenstates

Arbitrary vortex sectors lead to a pattern of α%r that is
not necessarily translationally invariant, which means that
the resulting fermionic Hamiltonian cannot, in general, be
diagonalized by a Fourier transformation. However, even if
not invariant under translations, this fermionic Hamiltonian is
still quadratic in the fermionic operators. It is well known
that such Hamiltonians are always classically solvable in
polynomial time, or in other words, formally there is always
a classical circuit with a polynomial number of gates that
diagonalizes the Hamiltonian. Promoting such classical circuit
to a (reversible, unitary) quantum circuit is always possible at a
polynomial cost. Therefore, there is always a polynomial-size
quantum circuit (say, of one- and two-body gates) that brings
the Hamiltonian into diagonal form. Concerning our 3d TN
construction, this quantum circuit should replace the Fourier
and Bogoliubov transformations that were used to build up the
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Projector onto vortex free sector
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The Kitaev spin liquid is in the vortex free sector.

Let us consider the projector onto this sector.

Exercise:
Projector on to Wi = 1:
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It can be represented by D=2 tensor network.
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Projector onto vortex free sector
What is a tensor network representation for the vortex free projector?
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Loop structure of the operator

Sum over the all closed loops!
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Loop gas state: a vortex free state
A simple vortex free state corresponding to the isotropic Kitaev model:
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Ferromagnetic state pointing (1,1,1) direction.
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D=2, TPS 
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Properties of the LGS

From the symmetries of Q and |111>,  LGS is symmetric under 

<latexit sha1_base64="PLbYnl2wyXjTl9jmYZaUmXEfx4w="></latexit>

• Lattice translation 
• C6 lattice rotation (+ spin rotation)  
• Reflection + Times reversal

Symmetries:

Magnetism

* Single reflection or time reversal  symmetry is broken due to 
underlying |111> state, although it can be recovered by 
considering a linear combination of  Q|111> and Q|-1-1-1>.

Vortex free condition ensures that the LGS is non-magnetic.

Qualitatively very similar to the Kitaev spin liquid.

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)



Criticality of the LGS <latexit sha1_base64="PLbYnl2wyXjTl9jmYZaUmXEfx4w="></latexit>

• It belongs to so called conformal quantum point.
Criticality of the gapless KSL:

The wave function itself shows criticality (in 2d).
cf. E. Ardonne, P. Fendley, and E. Fradkin, Ann. Phys. 310, 493 (2004).

• It belongs  c=1/2 Ising universality class.
(eg. K. Meichanetzidis et al, Phys. Rev. B 94, 115158 (2016))

If a wave function  is adiabatically connected to the Kitaev spin liquid, 
 should show critical behavior which belongs to the Ising universality.

|ϕ⟩
⟨ϕ |ϕ⟩

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)



Criticality of the LGS <latexit sha1_base64="PLbYnl2wyXjTl9jmYZaUmXEfx4w="></latexit>

LGS is mapped to classical loop gas:
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:loop length
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:product of σγ corresponding to the graph G
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Identical wit the partition function of the classical loop gas model 
with fugacity .1/ 3
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On the honeycomb lattice, it is exactly solvable.

It is actually the critical point of the loop gas model, 
ant its criticality belongs to the Ising universality class.

(B. Nienhuis  Phys. Rev. Lett. 49 1062 (1982).)
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LGS : a simple Kitaev spin liquid like state?

<latexit sha1_base64="PLbYnl2wyXjTl9jmYZaUmXEfx4w="></latexit>

Qualitative properties of LGS:

• Lattice translation 
• C6 lattice rotation (+ spin rotation)  
• Reflection + Times reversal

It satisfies the symmetries common with (gapless) KSL.

It is vortex free, and therefore nonmagnetic.

It shows the same criticality with KSL.

One can consider LGS as the simplest example of KSL. 
(It might be similar to the case of AKLT sate against the Haldane phase.)

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)



Systematic improvement of LGS
Energy of LGS for the Kitaev model:

When we calculate the energy of LGS, it is

Large discrepancy
<latexit sha1_base64="VQuQs46fG3Cre6MPm/O77St2o1E="></latexit>
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Is is possible to improve the energy without spoiling nice properties of LGS?

Yes! We can systematically construct  
a family of LGS by using tensor network.

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)



Dimer gas operator
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3

It indicates that the norm of | 0i is exactly mapped
into the partition function of the critical classical model
which guarantees the criticality of | 0i[35]. In addition,
the Ising conformal field theory (CFT) with the central
charge c = 1/2 is known to characterize the critical LG
model[34], which is consistent with the KSL of KHM[36–
38].

The LG structure encoded in the ⌧ -tensor is useful in
describing the vortex excitation of the KSL. To see this,
we first note that the ⌧ -tensor is invariant under a gauge
transformation g = �̂

z, i.e. gii0gjj0gkk0⌧i0j0k0 = ⌧ijk, and
thus

gii0gjj0gkk0 |T
0
i0j0k0i = |T

0
ijk

i.

With a trivial gauge transformation I2 being a two-
dimensional identity matrix, they form a Z2 invariant
gauge group (IGG). String-like action of g on links would
twist the gauge fields[15] along the string and hence cre-
ate two vortices Ŵp = �1 at both ends as demonstrated
below:

,

where ±1 in the hexagon denotes Ŵp. One can explicitly
show[33] such creation and move of fluxes using Eq. (3).

Finally, we measure the KHM energy (per bond) of | 0i

and obtain E = �0.16349 which is rather higher than the
exact one EKitaev ' �0.19682[15]. Details in numerics
will be discussed later. By construction, the LG ansatz
| 0i made of zeroth order tensor satisfies most of the
physical constraints respected in the KSL [see SM for the
time-reversal and �Û� symmetries] but is energetically
far away from the exact solution. In what follows, we
present a simple but e↵ective TPO (D = 2) applied to
the LG ansatz which reduces the energy greatly without
violating the constraints. We refer to it as the dimer

gas (DG) operator.
Higher order tensors. The DG operator is defined by

R̂DG = tTr
Q

↵
R̂i↵j↵k↵ with

R̂ijk = ⇣ijk(�̂
x)i(�̂y)j(�̂z)k. (7)

Here, non-zero elements of ⇣-tensor are ⇣000 = 1 and
⇣100 = ⇣010 = ⇣001 = z with i, j, k = 0, 1, and z is a real(or
pure imaginary) variational parameter fixing the fugacity
of a dimer. In this context, the dimer denotes the opera-
tor Ĥ�

↵�
. Then, the DG operator can be interpreted as a

sum of all possible dimer configurations, i.e., R̂DG(z) =P
G2�D

R̂G(z) where R̂G(z) =
N

h↵�i�2G
(zĤ�

↵�
) is de-

fined for each dimer configuration G, and �D is the set

of all dimer configurations:

.

(8)

Due to [Ĥ�

↵�
, Ŵp] = 0, it is obvious that R̂G commutes

with Ŵp for any G, and hence R̂DG does; [R̂DG, Ŵp] = 0.

In fact, we can easily prove [R̂DG, Q̂LG] = 0 and that
the DG operator respects all symmetries of the KSL [33].
Therefore, its multiplication to | 0i does not contaminate
the features of the KSL regardless of z. Moreover, it
can be expressed as the polynomial function of the KHM
Hamiltonian, which may be the reason why it improves
the energy of the ansatz quite e�ciently. The first key
observation is that we can graphically represent Eq. (1)
raised to the n-th power as the linear combination of
elements of �D as

Here, the number of sites in the system is assumed to
be 2N . The terms grouped with a coe�cient ↵0 are the
fully-packed configurations while the second ones are con-
figuration with N � 2 dimers. The terms on the second
line have q-mers longer than dimer, e.g. trimer Ĥx

↵�
Ĥ

y

��
.

All those terms with q-mers are canceled by the anticom-
mutativity of Pauli matrices, and thus � = 0. Note that
the configurations with the same number of dimers share
the coe�cient which resembles the R̂DG. Then, one can
recast it as R̂DG =

P
M

hMĤ
N�2M with proper coe�-

cients hM . Note that our approach is not a perturbative
one[39].
Now, we define the n-th order ansatz as | n({zi})i =Q
n

i=1 R̂DG(zi)| 0i having n complex variational param-
eters. Due to the application of the DG operator, the
ansatz | ni can be interpreted as a string gas state which
is a linear superposition of string configurations. The
string configuration consists of open and closed strings,
connected loops and string-connected loops as depicted
in Fig. 2. The building block tensor of | ni, referred to as
the n-th order tensor, is obtained by applying the R̂ijk-
operator n-times on the zeroth order tensor in Eq. (4).
The bond dimension scales as D = 2n+1. Note that the
LG feature or ⌧ -tensor in the zeroth tensor is inherited by
all higher order tensors. Furthermore, the R̂ijk-operator
is invariant only under the trivial gauge transformation,
and thus its action does not enlarge the Z2 IGG of which
the non-trivial element is simply gn = I2n ⌦ �̂

z. In con-
trast to the zeroth order case, the norm of | ni does not
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So, application of DG operator does not spoil the properties of LGO.

, and it satisfies all symmetries same with  LGO.
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String gas states: energies
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nth-order string gas state (SGS)

Exact
D 2 4 8

# of parameters 0 1 2
E/J -0.16349  -0.19643  -0.19681  -0.19682  

ΔE/Eex 0.17 0.02 0.0007 -
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By using only two variational parameters,  
we can obtain very accurate energy.

By LGS and SGS, we can accurately represent the 
gapless Kitaev spin liquid qualitatively and quantitatively!

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)



LGS for chiral spin liquids

PHYSICAL REVIEW B 101, 035140 (2020)

Abelian and non-Abelian chiral spin liquids in a compact tensor network representation
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We provide new insights into the Abelian and non-Abelian chiral Kitaev spin liquids on the star lattice using
the recently proposed loop gas (LG) and string gas states [Lee, Kaneko, Okubo, and Kawashima, Phys. Rev. Lett.
123, 087203 (2019)]. Those are compactly represented in the language of the tensor network. By optimizing
only one or two variational parameters, accurate ansatze are found in the whole phase diagram of the Kitaev
model on the star lattice. In particular, the variational energy of the LG state becomes exact (within machine
precision) at two limits in the model, and the criticality at one of those is analytically derived from the LG
feature. It reveals that the Abelian chiral spin liquids (CSLs) are well demonstrated by the short-ranged LG
whereas the non-Abelian CSLs are adiabatically connected to the critical LG where the macroscopic loops
appear. Furthermore, by constructing the minimally entangled states and exploiting their entanglement spectrum
and entropy, we identify the nature of anyons and the chiral edge modes in the non-Abelian phase with the Ising
conformal field theory.

DOI: 10.1103/PhysRevB.101.035140

I. INTRODUCTION

Discovery of the fractional quantum Hall (FQH) effect [1]
had brought a paradigm shift in understanding of condensed
phases of matter. Exotic quantum liquid states, i.e., chiral
spin liquids (CSLs), were proposed as the ground states of
the FQH system [2,3], which cannot be featured by Landau’s
symmetry-breaking theory but the so-called topological or-
der. The topological order can be interpreted as the pattern
of long-range entanglement which leads to the ground-state
degeneracy depending only on the topology of system [4].
Those CSL ansatze successfully explained the nature of the
FQH fluids, such as the fractional statistics of quasiparticles
(or anyons) [5,6]. Furthermore, the anyons obeying the non-
Abelian braiding statistics were theoretically realized in the
FQH system [7–9]. Due to the robust topological degeneracy
against the local perturbations and exotic statistics of anyons,
the non-Abelian topological states have been proposed as a
promising platform for fault-tolerant quantum computing [10]
and, thus, attracted lots of attention in the field of quantum
information for the past decade [11]. Another interesting
feature of the FQH fluids and CSLs is that the chiral gapless
edge modes appear at the boundary of the system, and it leads
to perfect heat conduction at the edge [12]. The edge states are
described by the conformal field theories (CFTs) which also
characterize and, hence, have been employed to identify the
topological order [13–20]. By solving the Kitaev model [21]

*hyunyong@issp.u-tokyo.ac.jp
†rkaneko@issp.u-tokyo.ac.jp
‡t-okubo@phys.s.u-tokyo.ac.jp
§kawashima@issp.u-tokyo.ac.jp

on the star lattice (KSM), Yao [22] and Kivelson and Chung
et al. [23] showed the existence of the CSL as an exact ground
state of local Hamiltonian and found Abelian and non-Abelian
phases characterized by the topological degeneracies four and
three on the torus, respectively.

The aim of this paper is to understand the Abelian and
non-Abelian Kitaev CSLs without referring to the Majorana
fermion. Recently, a particular loop gas (LG) state and its
extension, which is referred to as the string gas (SG) state,
have been proposed as ansatze for the Kitaev spin liquid
(KSL) on the honeycomb lattice [21] in a compact tensor
product state (TPS) representation [24]. The LG ansatz was
found to reflect the most qualitative features of the KSL, and
SG provides a quantitatively accurate approximation to the
KSL whereas keeping the qualitative features intact. In what
follows, we reinterpret the CSLs as the LG and SG states and
provide direct evidence identifying the topological order in
each phase.

II. MODEL

The KSM is defined as [22]

Ĥ = −J
4

∑

〈i j〉∈γ

σ̂
γ
i σ̂

γ
j − J ′

4

∑

〈i j〉∈γ ′

σ̂
γ ′

i σ̂
γ ′

j , (1)

where σ̂
γ
i stands for the Pauli matrix with γ , γ ′ = x, y, z,

whereas 〈i j〉γ and 〈i j〉γ ′ , respectively, denote the nearest-
neighbor pair on the intratriangle (γ ) and intertriangle (γ ′)
bonds connecting sites i and j as defined in Fig. 1(a). Note that
the Hamiltonian commutes with two types of flux operators
defined on the triangle plaquette V̂p = σ̂ x

1 σ̂
y
2 σ̂ z

3 and dodecagon
plaquette Ŵp = σ̂ x

1 σ̂ z
2 σ̂

y
3 σ̂ x

4 · · · σ̂ y
12 [22] where the site indices

are defined in Fig. 1(a). Therefore, the Hamiltonian is block
diagonalized, and each block is characterized by the set of
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FIG. 1. (a) Schematics of the star lattice where the x, y, and z
bonds defined in the model [Eq. (1)] are specified by the red, blue,
and yellow colors, respectively. (b) Four local configurations and
corresponding magnetic states of the LG state [Eq. (3)] where |θ , γ 〉
is defined in Eq. (2), and x, y, z denote each bond of the model.

the flux numbers or eigenvalues of flux operators {Vp =
±1, Wp = ±1}. Since the operator V̂p consists of three Pauli
matrices, the time-reversal (TR) transformation flips its flux
number, i.e., T V̂pT −1 = −V̂p, and hence, the TR symmetry
is spontaneously broken in eigenstates of Ĥ. It was found
[22] that the ground states do not break any lattice symmetry
(that is, the CSLs) and live in the vortex-free sector, i.e.,
{Ŵp = 1, V̂p = 1}. In addition, the model exhibits a topologi-
cal phase transition between the non-Abelian and the Abelian
CSLs at J ′/J =

√
3 [22].

III. VARIATIONAL ANSATZE

A. Loop gas states

We begin with defining a product state |#(θ )〉 =⊗
α |θ , γα〉α with a local magnetic state given by

〈θ , γ |σ̂ γ ′ |θ , γ 〉 = δγ γ ′ cos θ + (1 − δγ γ ′ )
sin θ√

2
, (2)

and γα being the intertriangle bond at site α. For instance,
at site 8 in Fig. 1(a), we assign state |θ , y〉. Applying the
LG operator Q̂LG defined in Ref. [24] on top of |#(θ )〉
results in a LG state |ψLG(θ )〉 ≡ Q̂LG|#(θ )〉, which is simply
a superposition of all possible loop configurations of magnetic
states, i.e.,

(3)

Here, the empty site denotes state |θ , γα〉 whereas the loop-
occupied site stands for σ̂ γ |θ , γα〉 depending on the direction
of the loop as depicted in Fig. 1(b). Due to the LG operator,
the desired symmetries, Z2 gauge redundancy, and the vortex
freeness are guaranteed in the LG state [24]. Note that the
norm of |ψLG(θ )〉 maps into the partition function of the
classical O(1) LG model [25] with the local weights of loops
being r = cos θ and q = sin θ/

√
2 along the triangle and

dodecagon plaquettes, respectively, on the star lattice [24].

After simple algebra, the partition function can even be
mapped into that on the honeycomb lattice, i.e., ZO(1)(x) with
x being the fugacity per site,

〈ψLG(θ )|ψLG(θ )〉 = cZO(1)

(
q2

1 − r + r2

)
, (4)

where c is a constant (see Appendix A). Now, one can
optimize the variational parameter θ to minimize the energy
for a given (J, J ′). For simplicity, let us parametrize the
exchange couplings as J ′/J = tan φ. However, at φ = 0, we
consider J → ∞ whereas J ′ = 1 being finite to avoid the
trivial solution at J ′ = 0 and vice versa at φ = π/2. We em-
ploy the corner transfer matrix renormalization-group method
[26–28] to measure the energy E = 〈ψLG|Ĥ|ψLG〉 and find
θ∗(φ) minimizing the energy at a given φ. The resulting E
and θ∗ are presented in Figs. 2(a) and 2(b), respectively,
as a function of φ. Here, we present the exact energy Eex.
The optimal local weights (q∗, r∗) = (sin θ∗/

√
2, cos θ∗) are

also presented in Fig. 2(b), which provide new insight into
the nature of each phase. As one can see, the variational
energy of the LG ansatz is quite accurate in 0.4π < φ ! 0.5π
where the energy deviation dE = 1 − E/Eexact is less than
0.1% as shown in the inset of Fig. 2(a). In particular, the
energy becomes exact (within machine precision) at φ = 0.5π
at which r is maximized whereas q vanishes as shown in
Fig. 2(b). It indicates that the configurations with only triangle
loops and holes survive. In this sense, the Abelian CSL phase
can be understood as the triangle loop gas in which longer
loops are suppressed.

Interestingly, the variational energy becomes also exact
(within machine precision) as approaching the opposite limit
φ = 0 where the excitation gap closes as J ′2/J [22,29].
Note that ZO(1)(x) in Eq. (4) becomes critical at xc = 1/

√
3

[25], which leads to the critical LG state at (qc, rc) =
(
√

2
√

3 − 3, 2 −
√

3). Remarkably, the LG state is optimized
with (qc, rc) at φ = 0 which implies that the ground state is
the critical LG state exhibiting macroscopic loops. Further-
more, its low-energy physics is described by the Ising CFT
[25] which is consistent with the expected one [22,30–32].
Therefore, according to this circumstantial evidence, we may
conclude that the LG ansatz at φ = 0 is the exact ground state.
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FIG. 2. (a) Variational energy of the optimized LG and SG
ansatze (the inset: dE = 1 − E/Eexact of SG). (b) Optimal variational
parameter θ∗ of |ψLG〉 as a function of φ. Here, r∗ and q∗, which are
determined by θ∗, are the optimal local weights of the loop along the
triangle and dodecagon plaquettes, respectively.
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FIG. 1. (a) Schematics of the star lattice where the x, y, and z
bonds defined in the model [Eq. (1)] are specified by the red, blue,
and yellow colors, respectively. (b) Four local configurations and
corresponding magnetic states of the LG state [Eq. (3)] where |θ , γ 〉
is defined in Eq. (2), and x, y, z denote each bond of the model.

the flux numbers or eigenvalues of flux operators {Vp =
±1, Wp = ±1}. Since the operator V̂p consists of three Pauli
matrices, the time-reversal (TR) transformation flips its flux
number, i.e., T V̂pT −1 = −V̂p, and hence, the TR symmetry
is spontaneously broken in eigenstates of Ĥ. It was found
[22] that the ground states do not break any lattice symmetry
(that is, the CSLs) and live in the vortex-free sector, i.e.,
{Ŵp = 1, V̂p = 1}. In addition, the model exhibits a topologi-
cal phase transition between the non-Abelian and the Abelian
CSLs at J ′/J =

√
3 [22].

III. VARIATIONAL ANSATZE

A. Loop gas states

We begin with defining a product state |#(θ )〉 =⊗
α |θ , γα〉α with a local magnetic state given by

〈θ , γ |σ̂ γ ′ |θ , γ 〉 = δγ γ ′ cos θ + (1 − δγ γ ′ )
sin θ√

2
, (2)

and γα being the intertriangle bond at site α. For instance,
at site 8 in Fig. 1(a), we assign state |θ , y〉. Applying the
LG operator Q̂LG defined in Ref. [24] on top of |#(θ )〉
results in a LG state |ψLG(θ )〉 ≡ Q̂LG|#(θ )〉, which is simply
a superposition of all possible loop configurations of magnetic
states, i.e.,

(3)

Here, the empty site denotes state |θ , γα〉 whereas the loop-
occupied site stands for σ̂ γ |θ , γα〉 depending on the direction
of the loop as depicted in Fig. 1(b). Due to the LG operator,
the desired symmetries, Z2 gauge redundancy, and the vortex
freeness are guaranteed in the LG state [24]. Note that the
norm of |ψLG(θ )〉 maps into the partition function of the
classical O(1) LG model [25] with the local weights of loops
being r = cos θ and q = sin θ/

√
2 along the triangle and

dodecagon plaquettes, respectively, on the star lattice [24].

After simple algebra, the partition function can even be
mapped into that on the honeycomb lattice, i.e., ZO(1)(x) with
x being the fugacity per site,

〈ψLG(θ )|ψLG(θ )〉 = cZO(1)

(
q2

1 − r + r2

)
, (4)

where c is a constant (see Appendix A). Now, one can
optimize the variational parameter θ to minimize the energy
for a given (J, J ′). For simplicity, let us parametrize the
exchange couplings as J ′/J = tan φ. However, at φ = 0, we
consider J → ∞ whereas J ′ = 1 being finite to avoid the
trivial solution at J ′ = 0 and vice versa at φ = π/2. We em-
ploy the corner transfer matrix renormalization-group method
[26–28] to measure the energy E = 〈ψLG|Ĥ|ψLG〉 and find
θ∗(φ) minimizing the energy at a given φ. The resulting E
and θ∗ are presented in Figs. 2(a) and 2(b), respectively,
as a function of φ. Here, we present the exact energy Eex.
The optimal local weights (q∗, r∗) = (sin θ∗/

√
2, cos θ∗) are

also presented in Fig. 2(b), which provide new insight into
the nature of each phase. As one can see, the variational
energy of the LG ansatz is quite accurate in 0.4π < φ ! 0.5π
where the energy deviation dE = 1 − E/Eexact is less than
0.1% as shown in the inset of Fig. 2(a). In particular, the
energy becomes exact (within machine precision) at φ = 0.5π
at which r is maximized whereas q vanishes as shown in
Fig. 2(b). It indicates that the configurations with only triangle
loops and holes survive. In this sense, the Abelian CSL phase
can be understood as the triangle loop gas in which longer
loops are suppressed.

Interestingly, the variational energy becomes also exact
(within machine precision) as approaching the opposite limit
φ = 0 where the excitation gap closes as J ′2/J [22,29].
Note that ZO(1)(x) in Eq. (4) becomes critical at xc = 1/

√
3

[25], which leads to the critical LG state at (qc, rc) =
(
√

2
√

3 − 3, 2 −
√

3). Remarkably, the LG state is optimized
with (qc, rc) at φ = 0 which implies that the ground state is
the critical LG state exhibiting macroscopic loops. Further-
more, its low-energy physics is described by the Ising CFT
[25] which is consistent with the expected one [22,30–32].
Therefore, according to this circumstantial evidence, we may
conclude that the LG ansatz at φ = 0 is the exact ground state.
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FIG. 2. (a) Variational energy of the optimized LG and SG
ansatze (the inset: dE = 1 − E/Eexact of SG). (b) Optimal variational
parameter θ∗ of |ψLG〉 as a function of φ. Here, r∗ and q∗, which are
determined by θ∗, are the optimal local weights of the loop along the
triangle and dodecagon plaquettes, respectively.
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FIG. 3. The EE of |ψLG〉 on the infinitely long cylinder at (a)
φ = 0.02π and (b) φ = 0.4π as a function of Ly. Here, |I〉 and |m〉
denote two degenerate MESs (see the text), and the black solid lines
are the fitting curves. Plots of the TEE γ extracted from (c) the LG
and (d) SG ansatze at each φ, and the green dotted line denotes the
critical point (φc = π/3), where L∗

y denotes the largest circumference
for fitting the data. For instance, the TEE γ of L∗

y = 6 is extracted by
fitting the EE of Ly = 4 and 6.

and (b) show the EEs in each sector obtained from |ψLG〉 at
φ = 0.02π and φ = 0.4π , respectively, as a function of the
circumference Ly. As expected from the geometry of the TPS
[40], all EEs follow the area law [41]: S = αLy − γi where α is
a nonuniversal prefactor, and γi is extracted by fitting the data
with linear functions (black solid lines). At φ = 0.02π , we
obtained (α, γi ) = (0.5502, 0.6786) and (0.5535, 0.3544) in
each I and m sector, respectively [Fig. 3(a)]. Those TEEs are
remarkably close to the TEE in the vacuum sector (i.e., ln 2)
and the σ -anyon (vortex) sector (i.e., ln

√
2) of the Ising anyon

model [11,21]. On the other hand, at φ = 0.4π [Fig. 3(a)],
both EEs almost perfectly fit to (α, γi ) = (ln 2, ln 2), which is
consistent with the one from the toric code [10,21]. Similarly,
we have extracted γi at each φ, and the results obtained from
|ψLG〉 and |ψSG〉 are shown in Figs. 3(c) and 3(d), respectively.
Those of |ψLG〉 are in excellent agreement with the ones
of the Ising anyon model around φ = 0 and with the ones
of the toric code mostly in the Abelian phase [Fig. 3(c)].
Meanwhile, the SG ansatz gives almost consistent TEEs even
in the non-Abelian phase agreeing with the ones of the Ising
anyon model and predicts the transition point rather correctly
[Fig. 3(d)].

Furthermore, the identification of the topological excita-
tions becomes even clearer from characteristic structures in
the ES [13]. Figures 4(a) and 4(b) present the ESs of |I〉
and |m〉 obtained by the SG ansatz at φ = 0.25π . Here, the

FIG. 4. The ES [13] of two topologically degenerate ansatze
|I〉 and |m〉 with Ly = 6 at φ = 0.25π . The level spacings and
degeneracy patterns of chiral modes in (a) and (b) are consistent with
three primary fields and their descendants in the Ising CFT (see the
text for details).

circumference is Ly = 6, and the horizontal axis ky denotes
the momentum. There are four branches of two distinct chi-
ral modes in the I sector, which linearly disperse in one
direction. Those are highlighted by the red and blue solid
lines in Fig. 4(a). Assuming the close ESs (dashed boxes)
as degenerate levels, the degeneracy pattern is consistent
with the ones of the primary fields 1 (blue), ψ (red), and
their descendants in the Ising CFT [42,43], respectively. On
the other hand, in the m sector, we find six branches of a
single chiral mode of which the degeneracy counting obeys
{1, 1, 1, 2, 2, 3, 4, 5, 7, . . .} [43], i.e., the characteristic of the
primary field σ and its descendants in the Ising CFT. In
addition, the level spacings in the low-lying spectrum are in
excellent agreement with the exact ones (see Appendix D).
From our MES setup, state |m〉 is expected to accommodate
the vortex at each boundary, and thus, the vortex is identified
with the σ anyon exhibiting non-Abelian braiding statistics
[11,43].

V. CONCLUSION

In this paper, we show that the Abelian and non-Abelian
CSL ground states of the KSM are well represented by the
LG and SG states. In particular, at both limits φ = 0 and π/2,
the LG states become exact. Furthermore, the gap closing at
φ = 0 is understood by mapping the norm of ansatz into the
partition function of the critical LG model. In addition, the
fate of long-ranged loops is found to determine the Abelianess
and non-Abelianess of CSL. By constructing the MES and
measuring its TEE, we directly show that our ansatze host,
indeed, the non-Abelian vortex with the quantum dimension
dm =

√
2. On the other hand, it becomes trivial, i.e., dm = 1,

as the ansatz enters into the Abelian phase. We also identify
the chiral edge modes in the non-Abelian phase with the Ising
CFT, not the SU(2)2 Wess-Zumino-Witten theory conjectured
in Ref. [22] by exploiting the level spacing and their degen-
eracy patterns [20,44]. We believe that the LG ansatze are the
simplest CSLs in a compact representation, and therefore, it
could provide a platform bridging the quantum loop models
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LGS as initial states

• iTPS phase diagram is qualitatively consistent with the ED. 
• Around Δ=0, a Kitaev spin liquid phase is clearly stabilized.

Local magnetizationEnergy and Phase diagram
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FIG. 3: (color online): (a) ∆-dependence of matrix elements
of JZ , JX as functions of ∆. Around the ab initio values
at ∆ (∼ −28 meV) listed in Table II, K < 0, K′ < 0,
J > 0, J ′ > 0, and J ′′ > 0 are stably satisfied with grad-
ual dependences on ∆. (b) Ground state pahse diagram for
Na2IrO3 with lattice distortions represented by changes in ∆.
The phase boundaris are determined by anomalies in second
derivatives of the exact energy for the 24-site cluster with re-
spect to ∆. Around the ab initio parameter ∆ = −28 meV,
the zigzag order appears. By increasing ∆, a 6-site unit cell
order (or 120◦-structure[27]) illustrated in the lower left panel
and a 24-site unit cell long-period order[23], appear. (c) ∆-
dependence of the ground state of the generalized Kitaev-
Heisenberg model for “expanded lattices.” Here we neglect
the small hopping parameters other than t and take a larger
Hund coupling JH = 0.3 eV. Spin liquid phases compete with
ferromagnetic states and 12-site unit cell orders illustrated in
the lower right panel[23].
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poni, M. Mambrini, and A. M. Läuchli, Phys. Rev. B
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Finite temperature calculation

Partition function

Density matrixExpectation value

How can we calculate the expectation value?

1. Full diagonalization:

• Size is limited due to O(eN) dimension of the Hilbert space
2. QMC: MCMC sampling of world line configurations

• We can treat large size. But, application of QMC is limited due to 
the sign problem.

3. Typical pure states (Restricted to finite size systems) 
4. Approximation of density operator



Tensor network representation of density matrix

1. Direct TPO representation

Pros: • Algorithm becomes simpler.

Cons: • Approximate density matrix may contain negative (or complex) eigenvalues. 
• For full update, we need much cost.

Possible two representations of the density matrix as TNs.
(cf. A. Kshetrimayum et al, PRL 122, 070502 (2019))

2. Local purification

Pros: 
Cons: 

• The approximate density matrix is positive semi-definite.

• Optimization of ancilla degree of freedoms seems to be complex. 
• Bond dimensions can be much larger than the direct representation.

Gemma De las Cuevas et al, New J. Phys. 15, 123021 (2014)

(cf. Czarnik et al, PRB 99, 035115 (2019))

ancilla

This talk



Target: Honeycomb lattice Kitaev Model

Kitaev model
x-bond

y-bond

z-bond

:bond direction

A. Kitaev, Annals of Physics 321, 2 (2006) 
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FIG. 1: (color online). (a)-(d) T dependences of the specific heat at (a) α = 1.0, (b) α = 0.8, (c) α = 0.75, and (d) α = 0.5 in the
several clusters with 2 × L2 spins. Here, we define the anisotropy parameter α by taking Jx = Jy = α/3 and Jz = 1 − 2α/3. (e)-(h) T
dependences of the entropy per site, S, and the thermal average of the density of the fluxWp,W . (i)-(l) T dependences of the equal-time spin
correlations, Sll; Sp = (Sxx + Syy)/2. The horizontal dashed lines represent the values at T = 0 which are calculated analytically [18], and
the dashed-dotted curves represent the high-T Curie behaviors Sll ∼ Jl/T .
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FIG. 2: (color online). Contour map of the entropy per site, S/ ln 2,
on a plane of T and α. The dashed line represents crossover temper-
ature obtained by the perturbation theory in the limit of Jz $ Jx, Jy

(α % 1). The dashed-dotted line represents the crossover tempera-
ture obtained by assuming the constant DOS. NNC stands for a NN
correlation.

C. Low-T crossover: flux density

Next, we discuss what occurs in the low-T crossover. The
entropy release near TL originates from the localized Majo-
rana fermions c̄j or ηr. This is confirmed by calculating the
T dependence of the flux density, W , in Eq. (7), as shown
in Figs. 1(e)-1(h). The results show thatW rapidly decreases
from 1 with increasing T in the vicinity of TL. Hence, the
crossover at TL is due to the thermal fluctuation of fluxes.
This is further confirmed by considering the toric code limit

corresponding to Jx, Jy ! Jz (α ! 1). In this limit,
the Kitaev model is reduced to the effective model Heff =

−Jeff
∑

p Wp, where Jeff = J2
xJ

2
y/(16J

3
z ) [7]. Since this ef-

fective model describes free Ising spins in the magnetic field
Jeff , the specific heat is of Schottky-type, which takes a max-
imum at T̃L/Jeff ∼ 0.833. The asymptotic behavior is shown
by the dashed line in Fig. 2. The agreement between this line
and TL further supports that the low-T crossover is caused by
the thermal disturbance of fluxes.
We also note that the agreement of the asymptotic behav-

ior is consistent with the absence of phase transition in this
two-dimensional system. This is in contrast to the three-
dimensional case; there are local constraints forWp in the Ki-
taev model defined on a three-dimensional hyperhoneycomb
lattice, leading to a finite-T phase transition [16]. On the other
hand, there is no constraint for Wp in the two-dimensional
case, which results in the absence of the phase transition for
T > 0.
To summarize the above results, the three regions in the

phase diagram depicted in Fig. 2 are characterized as follows.
The high-T region for T ! TH is a conventional paramagnetic
state, where the NN spin correlations obey the Curie behavior.
On the other hand, in the low-T region for T < TL, the NN
spin correlations are saturated to the T = 0 values, and fur-
thermore, the fluxes are also aligned. Thus, the system below
TL behaves similar to the ground state QSL. In the region for
TL " T " TH, a peculiar intermediate state appears: the NN
spin correlations are well developed, whereas the fluxes are
thermally disordered. In the following sections, we discuss
the nature of this intermediate state.

D. Density of states of itinerant Majorana fermions

Since the Z2 variables ηr couple with the itinerant Ma-
jorana fermions, we expect that the enhanced fluctuations
of fluxes above TL affect the nature of itinerant Majorana
fermions considerably. In order to elucidate such behavior, we
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• Ground state is gapless spin liquid
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It satisfies the vortex free condition:

Flux:

• At finite temperature, double peaks structure 
is expected in the specific heat.
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C. Low-T crossover: flux density

Next, we discuss what occurs in the low-T crossover. The
entropy release near TL originates from the localized Majo-
rana fermions c̄j or ηr. This is confirmed by calculating the
T dependence of the flux density, W , in Eq. (7), as shown
in Figs. 1(e)-1(h). The results show thatW rapidly decreases
from 1 with increasing T in the vicinity of TL. Hence, the
crossover at TL is due to the thermal fluctuation of fluxes.
This is further confirmed by considering the toric code limit

corresponding to Jx, Jy ! Jz (α ! 1). In this limit,
the Kitaev model is reduced to the effective model Heff =

−Jeff
∑

p Wp, where Jeff = J2
xJ

2
y/(16J

3
z ) [7]. Since this ef-

fective model describes free Ising spins in the magnetic field
Jeff , the specific heat is of Schottky-type, which takes a max-
imum at T̃L/Jeff ∼ 0.833. The asymptotic behavior is shown
by the dashed line in Fig. 2. The agreement between this line
and TL further supports that the low-T crossover is caused by
the thermal disturbance of fluxes.
We also note that the agreement of the asymptotic behav-

ior is consistent with the absence of phase transition in this
two-dimensional system. This is in contrast to the three-
dimensional case; there are local constraints forWp in the Ki-
taev model defined on a three-dimensional hyperhoneycomb
lattice, leading to a finite-T phase transition [16]. On the other
hand, there is no constraint for Wp in the two-dimensional
case, which results in the absence of the phase transition for
T > 0.
To summarize the above results, the three regions in the

phase diagram depicted in Fig. 2 are characterized as follows.
The high-T region for T ! TH is a conventional paramagnetic
state, where the NN spin correlations obey the Curie behavior.
On the other hand, in the low-T region for T < TL, the NN
spin correlations are saturated to the T = 0 values, and fur-
thermore, the fluxes are also aligned. Thus, the system below
TL behaves similar to the ground state QSL. In the region for
TL " T " TH, a peculiar intermediate state appears: the NN
spin correlations are well developed, whereas the fluxes are
thermally disordered. In the following sections, we discuss
the nature of this intermediate state.

D. Density of states of itinerant Majorana fermions

Since the Z2 variables ηr couple with the itinerant Ma-
jorana fermions, we expect that the enhanced fluctuations
of fluxes above TL affect the nature of itinerant Majorana
fermions considerably. In order to elucidate such behavior, we

p: plaquette
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The low temperature peak corresponds to  
the development of the flux.
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Fig. 2a, where H∥ = Hsinθ and H⊥ = Hcosθ are the field components 
parallel and perpendicular to the a axis, respectively, and θ is the angle 
between H and the c axis. In zero field, κxx exhibits a distinct kink at 
TN, as shown in Fig. 2a. Although this kink is observed in a perpendic-
ular field (θ = 0°) of 12 T at the same temperature, no such anomaly is 
observed in a parallel field11,12 (θ = 90°) of 7 T. In Fig. 2a, we also plot 
κxx in an applied magnetic field of 8 T, tilted away from the c axis 
(θ = 60°, µ0H∥ ≈ 7 T). As in the case of the parallel field, no kink is 

observed. Figure 1c displays the phase diagram of an α-RuCl3 sample 
in a tilted field of θ = 60°, where TN is plotted as a function of H∥. The 
inset of Fig. 2b shows TN plotted as a function of H∥ for θ = 45°, 60° and 
90°. For θ = 60°, TN agrees well with that for 90° and vanishes at the 
same critical field of µ0

∗H  ≈ 7 T, whereas for 45° TN vanishes at 
µ0H∥ ≈ 6 T. Although TN does not scale perfectly with H∥, these results 
demonstrate the quasi-2D nature of the magnetic properties. In stark 
contrast to the strong out-of-plane (a–c) anisotropy, the in-plane (a–b) 
anisotropy is very small (Extended Data Fig. 3a–c).

Above = ∗H H , where the AFM order melts, the presence of a pecu-
liar spin-liquid state has been suggested on the basis of nuclear mag-
netic resonance and neutron scattering measurements; the former show 
the presence of a spin gap25 and the latter reveal unusual continuous 
spin excitations26. These magnetic properties are consistent with those 
expected in a Kitaev-type spin-liquid state.

To study the thermal Hall effect in the spin-liquid state above 
= ∗H H , κxy is measured by sweeping fields in tilted directions and 

obtained by anti-symmetrizing the thermal response of the sample with 
respect to the field direction. In this configuration, the Hall response 
is determined by H⊥. Because the magnitude of κxy is extremely small 
compared to κxx in α-RuCl3, special care is taken to detect the intrinsic 
thermal Hall signal (see Methods). Figure 3a–d and Fig. 3e–h depict 
κxy/T at θ = 60° and 45°, respectively, plotted as a function of H⊥ above 

= ∗H H  at low temperatures. The experimental error in the detection 
of the temperature difference between Hall contacts becomes consid-
erable below 3.5 K, leading to unreliable determination of κxy in our 
setup.

In the AFM state, κxy/T is extremely small (see Extended Data Fig. 4). 
Upon entering the field-induced spin-liquid state, κxy/T, which is pos-
itive in sign, increases rapidly. The most striking feature is that κxy/T 
exhibits a plateau in the field range of 4.5 T < µ0H⊥ < 4.8–5.0 T for 
θ = 60° and 6.8 T < µ0H⊥ < 7.2–7.4 T for θ = 45°, as shown in Fig. 3a–c 
and Fig. 3e–g, respectively. The right axes represent κ /Txy

2D  in units of 
quantum thermal Hall conductance π/ k ħ( 6)( )B

2 , where κ κ= dxy xy
2D  with 

a layer distance21 of d = 5.72 Å. Remarkably, the plateau is very close to 
the half of the quantum thermal Hall conductance reported in the inte-
ger quantum Hall system27 within the error of 3%, demonstrating the 
emergence of a half-integer thermal Hall conductance plateau. Above 
µ0H⊥ ≈ 5.0 T for θ = 60° (7.4 T for θ = 45°), κ /Txy

2D  decreases rapidly 
and vanishes. We note that the half-integer quantized plateau is repro-
duced in crystal from different growth (Extended Data Fig. 5). 
Although the plateau behaviour seems to be preserved at 5.6 K, κ /Txy

2D  
slightly deviates from the quantized value. At higher temperatures, the 
plateau behaviour disappears (Fig. 3d, h).

The temperature dependence of κxy/T at magnetic fields where a 
plateau is observed is shown in Fig. 4. The half-integer thermal Hall 
conductance is observable up to about 5.5 K, above which κxy/T 
increases rapidly with T. As shown in the inset of Fig. 4, κxy/T decreases 
after reaching a maximum at around 15 K and nearly vanishes above 
about 60 K (see Extended Data Fig. 6). As the vanishing temperature 
of κxy/T is close to the Kitaev interaction, it is natural to consider that 
the finite thermal Hall signal reflects unusual quasiparticle excitations 
inherent to the spin-liquid state governed by the Kitaev interaction 
(see Methods for further discussion).

In equation (1), the coefficient q gives the chiral central charge of the 
gapless boundary modes, which propagate along one direction. The 
central charge represents a degree of freedom of one-dimensional gap-
less modes; it is unity for conventional fermions and 1/2 for Majorana 
fermions whose degrees of freedom are half of those of conventional 
fermions. An integer quantum Hall system with bulk Chern number 
ν has ν boundary modes with q = ν, whereas a Kitaev QSL with Chern 
number ν has ν Majorana boundary modes with q = ν/2. Thus, the 
observed half-integer thermal Hall conductance provides direct evi-
dence of chiral Majorana edge currents. We also note that the positive 
Hall sign is also consistent with that predicted in the Kitaev QSL1. In the 
pure Kitaev model, the excitation energy of the Z2 flux is estimated7 to 
be ∆F/kB ≈ 0.06JK/kB ≈ 5.5 K. Recent numerical results16 of the thermal 
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Fig. 1 | Chiral Majorana edge currents and temperature–magnetic field 
phase diagram of α-RuCl3. a, b, Schematic illustrations of heat 
conduction in the integer quantum Hall state of a 2D electron gas (a) and a 
Kitaev QSL state (b) in a magnetic field perpendicular to the sample plane 
(grey arrows). In the red (blue) area, the temperature is higher (lower), and 
the red and blue arrows represent thermal flow. In the quantum Hall state, 
the skipping orbits of electrons (green spheres) at the edge, which form 
one-dimensional edge channels, conduct heat and κxy is negative in sign. In 
the Kitaev QSL state, spins are fractionalized into Majorana fermions 
(yellow spheres) and Z2 fluxes (hexagons). The heat is carried by chiral 
edge currents of charge-neutral Majorana fermions and κxy is positive in 
sign. c, Phase diagram of α-RuCl3 in a field tilted at θ = 60° (see right inset, 
where green and blue arrows represent the magnetic field H and parallel 
field component H∥). Open and closed diamonds represent the onset 
temperature of AFM order with zigzag-type TN determined by the T and 
H dependences of κxx, respectively (see Fig. 2b and Extended Data Figs. 1 
and 2). Below T ≈ JK/kB ≈ 80 K, the spin-liquid (Kitaev paramagnetic) 
state appears. At µ ≈∗H 7 T0 , TN vanishes. A half-integer quantized plateau 
of the 2D thermal Hall conductance is observed in the red area. Open blue 
squares represent the fields where the thermal Hall response disappears. 
The red circle is the suggested topological phase-transition point that 
separates the non-trivial QSL state with topologically protected chiral 
Majorana edge currents from a trivial state, such as a non-topological spin 
liquid. The striped region denotes the region that was not accessible in the 
thermal Hall effect measurements. Error bars represent one standard 
deviation (error bars for the temperature are smaller than the symbols). 
The left inset shows the zigzag magnetic structure in the AFM state. The 
magnetic moments of Ru atoms represented by blue and green arrows are 
aligned antiparallel.
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Hall conductance for the 2D pure Kitaev model calculated with the 
quantum Monte Carlo method show that quantization occurs slightly 
below ∆F/kB. Experimentally, ∆F/kB is estimated25 to be 10 K, which 
is consistent with the persistence of the thermal Hall quantization up 
to around 5 K.

In the plateau regime of κxy, no anomaly is observed in κxx, probably 
because phonon contributions largely dominate over fermionic excita-
tions arising from spins in κxx in the whole temperature range28,29. 
Moreover, owing to the strong spin–phonon coupling in α-RuCl311, the 
phonon conductivity is expected to show complicated H and T depend-
ences. The observed behaviour of the plateau as a function of H and T 
therefore demonstrates that κxy/T is not affected by spin–phonon scat-
tering in the plateau regime, providing strong support for topological 
protection. The fact that κxy vanishes at the highest fields, as shown 
in Fig. 3a–c, e–g, provides direct evidence that the thermal Hall effect 
is not influenced by phonons, demonstrating that κxy is a unique and 
powerful probe in the search for Majorana quantization.

We stress that a half-integer thermal Hall conductance in a bulk 
material is a direct consequence of the chiral Majorana edge current. 
Recent experiments based on the proximity effect between a quantum 
anomalous Hall insulator and a conventional superconductor have 
reported a signature of chiral Majorana edge modes20. However, this is 
based on the observation of half-integer quantization of the longitudi-
nal electrical conductance via the scattering matrix effect between the 
edge states of the insulator and superconductor. Moreover, Majorana 
fermions in Kitaev magnets and topological superconductors have 
essentially different features. In the former, strong correlations give 
rise to Majorana fermions, whereas in the latter they do not play a role. 
In addition, Majorana fermions exist inside the bulk of a sample in the 
Kitaev QSL state, in sharp contrast to topological superconductors, 
where they appear only at the edges. This distinct nature of Majorana 
fermions is supported by the fact that the quantum plateau disappears 
below about 400 mK in a topological superconductor device20, whereas 
it is preserved up to around 5 K in α-RuCl3.

At θ = 60°, κ /H T( )xy
2D  increases slightly from the quantized value 

before going to zero at a high field at 4.3 K and 4.9 K, which is repro-
duced in a different crystal (Extended Data Fig. 5a). However, such a 
behaviour is not observed at θ = 45°. On the other hand, an overshoot 
is also observed in the temperature dependence of κxy

2D, irrespective of 
the angle (Fig. 4) and crystal (Extended Data Fig. 5b); therefore, there 
seem to be certain high-energy corrections that are responsible for the 
excess conductivity at high fields and high temperatures. These over-
shoots are in contrast to the numerical results of the thermal Hall effect 
for the 2D pure Kitaev model with a weak magnetic field16. Meanwhile, 
it has been pointed out that non-Kitaev interactions, such as Heisenberg 
and off-diagonal ones, are important for α-RuCl3

30,31. Hence, the 

discrepancy may be attributed to high-field effects or non-Kitaev inter-
actions, which deserves further study.

The near vanishing of κ /Txy
2D  after its rapid suppression in the high-

field regime (Fig. 3a–c, e–g) demonstrates the disappearance of chiral 
Majorana edge currents. As shown by the open blue square in Fig. 1c, 
the temperature at which κ /Txy

2D  vanishes decreases rapidly with 
decreasing H∥. This suggests a topological quantum phase transition 
from the non-trivial QSL to a trivial high-field state, where the thermal 
Hall effect is absent, at µ0H∥ ≈ 9 T, as shown by the red circle in 
Fig. 1c32. The specific heat at 0.47 K for θ = 60° exhibits a dip-like 
anomaly in the vicinity of 9 T, which can be associated with an abrupt 
change of the spin gap at the topological transition, strongly supporting 
the presence of a characteristic field revealed by κxy/T (Extended Data 
Fig. 7a–c). The vanishing of κxy/T at the highest fields is unlikely to be 
due to the crossover to a simple forced ferromagnetic state because the 
magnetization at 9 T is less than 1/3 of the fully polarized value, indi-
cating that paramagnetic spins still remain. The observation of half- 
integer thermal Hall conductance reveals that topologically protected 
chiral Majorana edge currents persist in α-RuCl3, even in the presence 
of non-Kitaev interactions and a parallel field. This observation opens 
a possibility of using Majorana fermions and their link to non-Abelian 
anyons, which are important for topological quantum computing, 
revealing novel aspects of strongly correlated topological quantum 
matters.
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:candidate of Kitaev spin liquid under a magnetic field
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• Its ground state is Zigzag state at zero magnetic field. 
• Under a moderate magnetic field, the magnetic order seems to disappear. 
• In this "phase", they observed half quantized thermal Hall conductivity.



Results: specific heat and flux

Specific heat

• Small D, we do not see two peak structure. 
• As D is increased, the second peak becomes visible. 

• It corresponds to the increase of the flux.

Flux
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C. Low-T crossover: flux density

Next, we discuss what occurs in the low-T crossover. The
entropy release near TL originates from the localized Majo-
rana fermions c̄j or ηr. This is confirmed by calculating the
T dependence of the flux density, W , in Eq. (7), as shown
in Figs. 1(e)-1(h). The results show thatW rapidly decreases
from 1 with increasing T in the vicinity of TL. Hence, the
crossover at TL is due to the thermal fluctuation of fluxes.
This is further confirmed by considering the toric code limit

corresponding to Jx, Jy ! Jz (α ! 1). In this limit,
the Kitaev model is reduced to the effective model Heff =

−Jeff
∑

p Wp, where Jeff = J2
xJ

2
y/(16J

3
z ) [7]. Since this ef-

fective model describes free Ising spins in the magnetic field
Jeff , the specific heat is of Schottky-type, which takes a max-
imum at T̃L/Jeff ∼ 0.833. The asymptotic behavior is shown
by the dashed line in Fig. 2. The agreement between this line
and TL further supports that the low-T crossover is caused by
the thermal disturbance of fluxes.
We also note that the agreement of the asymptotic behav-

ior is consistent with the absence of phase transition in this
two-dimensional system. This is in contrast to the three-
dimensional case; there are local constraints forWp in the Ki-
taev model defined on a three-dimensional hyperhoneycomb
lattice, leading to a finite-T phase transition [16]. On the other
hand, there is no constraint for Wp in the two-dimensional
case, which results in the absence of the phase transition for
T > 0.
To summarize the above results, the three regions in the

phase diagram depicted in Fig. 2 are characterized as follows.
The high-T region for T ! TH is a conventional paramagnetic
state, where the NN spin correlations obey the Curie behavior.
On the other hand, in the low-T region for T < TL, the NN
spin correlations are saturated to the T = 0 values, and fur-
thermore, the fluxes are also aligned. Thus, the system below
TL behaves similar to the ground state QSL. In the region for
TL " T " TH, a peculiar intermediate state appears: the NN
spin correlations are well developed, whereas the fluxes are
thermally disordered. In the following sections, we discuss
the nature of this intermediate state.

D. Density of states of itinerant Majorana fermions

Since the Z2 variables ηr couple with the itinerant Ma-
jorana fermions, we expect that the enhanced fluctuations
of fluxes above TL affect the nature of itinerant Majorana
fermions considerably. In order to elucidate such behavior, we
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C. Low-T crossover: flux density

Next, we discuss what occurs in the low-T crossover. The
entropy release near TL originates from the localized Majo-
rana fermions c̄j or ηr. This is confirmed by calculating the
T dependence of the flux density, W , in Eq. (7), as shown
in Figs. 1(e)-1(h). The results show thatW rapidly decreases
from 1 with increasing T in the vicinity of TL. Hence, the
crossover at TL is due to the thermal fluctuation of fluxes.
This is further confirmed by considering the toric code limit

corresponding to Jx, Jy ! Jz (α ! 1). In this limit,
the Kitaev model is reduced to the effective model Heff =

−Jeff
∑

p Wp, where Jeff = J2
xJ

2
y/(16J

3
z ) [7]. Since this ef-

fective model describes free Ising spins in the magnetic field
Jeff , the specific heat is of Schottky-type, which takes a max-
imum at T̃L/Jeff ∼ 0.833. The asymptotic behavior is shown
by the dashed line in Fig. 2. The agreement between this line
and TL further supports that the low-T crossover is caused by
the thermal disturbance of fluxes.
We also note that the agreement of the asymptotic behav-

ior is consistent with the absence of phase transition in this
two-dimensional system. This is in contrast to the three-
dimensional case; there are local constraints forWp in the Ki-
taev model defined on a three-dimensional hyperhoneycomb
lattice, leading to a finite-T phase transition [16]. On the other
hand, there is no constraint for Wp in the two-dimensional
case, which results in the absence of the phase transition for
T > 0.
To summarize the above results, the three regions in the

phase diagram depicted in Fig. 2 are characterized as follows.
The high-T region for T ! TH is a conventional paramagnetic
state, where the NN spin correlations obey the Curie behavior.
On the other hand, in the low-T region for T < TL, the NN
spin correlations are saturated to the T = 0 values, and fur-
thermore, the fluxes are also aligned. Thus, the system below
TL behaves similar to the ground state QSL. In the region for
TL " T " TH, a peculiar intermediate state appears: the NN
spin correlations are well developed, whereas the fluxes are
thermally disordered. In the following sections, we discuss
the nature of this intermediate state.

D. Density of states of itinerant Majorana fermions

Since the Z2 variables ηr couple with the itinerant Ma-
jorana fermions, we expect that the enhanced fluctuations
of fluxes above TL affect the nature of itinerant Majorana
fermions considerably. In order to elucidate such behavior, we
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J. Nasu et al PRB 92, 115122 (2015) (QMC)

Compared with QMC, TPO method could not capture  
the quantitative nature of Kitaev spin liquid at T < 0.1.

This is probably due to the difficulty of optimization for infinite TPS.

Specific heat Flux

When we consider finite size systems, optimization becomes easier.



Kitaev model under a magnetic field (preliminary) 
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XC6 cylinder

(In collaboration with Y. Motome, J. Nasu and T. Misawa)

• Instead of the infinite 2d system, 
we consider a finite cylinder. 

• For this setup, MPO representation 
of the density matrix works well. 
 (cf. H. Li et al, arXiv:2006.02405) 

• We can accurately calculate finite 
temperature properties even at low 
temperature. 
• 2nd peak of the specific heat. 

• We can discuss interesting 
properties, such as the thermal 
current. 
• It will be reported in the next 

JPS meeting.

Specific heat of 72-site cluster



Summary
• Tensor networks are useful tool to investigate quantum many-body problems 

• We can investigate a variety of frustrated spin systems by iTPS. 
• We proposed compact tensor network representations for the gapless Kitaev 

spin liquid. 
• They are represented by loop gas or string gas configurations. 
• They satisfy common symmetries with the Kitaev model. 
• They are critical and belong to the Ising universality class. 

• We can extend the tensor network method to finite temperature. 
• For the infinite Kitaev model, accuracy becomes worse at a low 

temperature. 
• For a finite size cluster, we can obtain reliable result by using MPO 

representation.



TeNeS: Tensor Network Solver 

We are developing a open source software for massively parallel 
tensor network solver for 2D quantum lattice system. 

https://github.com/issp-center-dev/TeNeS
Ground state calculation of infinite 2d quantum spin (or boson) models 
Easy calculation for standard 2D lattices 
• You can also calculate models on general 2D lattices 

Support of parallel calculations

http://www.apple.com/jp

