Relativistic Cosmology, 8-19 Sep 2014 @ YITP

Progress of code development

2nd-order Einstein-Boltzmann solver

Takashi Hiramatsu

Yukawa Institute for Theoretical Physics (YITP)
Kyoto University

Collaboration with Ryo Saito (APC), Atsushi Naruko (TITech), Misao Sasaki (YITP)



Current status

Takashi Hiramatsu

1st-order perturbations 2nd-order perturbations

+angular power spectrum Implementing basic equations 1

Qualitative check
Quantitative check using CAMB <—— NOW

2nd-order line-of-sight integral
R.Saito, Naruko, Hiramatsu, Sasaki, arXiv:1409.2464
Implementing basic equations 2

Observables

Speed-up + Optimisation

\J

1st-order NS5 01
2nd-order 15%
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Evolution of fluctuations
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CMBFAST : Seljak, Zaldarriaga, APJ469 (1996) 437

CAMB : Lewis, Challinor, APJ538 (2000) 473

CLASS Il : Blas, Lesgourgues, Tram, JCAP 1107 (2011) 034
Cosmolib : Huang, JCAP 1206 (2012) 012
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Photons/Neutrinos
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They are described by the Bose-Einstein/Fermi-Dirac distribution functions:

Fbep = [eXp {Tv,xn) [ERC T } 8 1] :

Temperature fluctuation has three independent variables

@(Xaﬁan) — @(kaﬁan) — @(kaluan) — @E(kan)

Fourier trans. Directional cosine Multipole exp.

Multipole expansion

O¢(k, ) Ok, 1, m) dp
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Photons/Neutrinos
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Distribution function satisfies the Boltzmann equation :
Liouville term Collision term

. : 1
Ot + ikuOr + & + ikp¥ = —7 [@0 — O+ pvp — 57>z<u)11]

df . 1

dn clff —» Op +ikuOp = —7 [_@P + 5(1 - PQ(M))H]
ON + ikpON + & + ikpl = 0 ) e N (k)
H — @TQ + @PO -+ @PZ S. Dodelson, “Modern Cosmology”

The efficiency of collision term is controlled by 7(7) , time-derivative of optical depth

7‘(77) = —TNg (n)GTa 0T : Thomson cross-section
Last-scattering surface 7(n) suddenly decays
Late-time Universe No collision, free-streaming
y _Reionisation 7(n) is revived, but not so significant
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CDM/baryons
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EB equations for CDM/baryons Relativistic Fluid equations
Fluid approx. with source terms.
d°p 0 ; d&’p pp’
ncvb(X7 77) — / (27T)3 fC,b — ng,g(l _|_ 5Cab) nc’bvcvb(x’ 77) — / (27-‘-)3 E fC,b
Fourier
transform
0. = —ikv, — 3P
cOM o, = —ikvy, — 3P
baryon | 4 = 7y, — ikW®
. . T . 3PB
Vpy = —’Hvb —1kWU + —(Ub -+ 3Z@T1) R(n) = —
R 4p~




Gravity
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Conformal Newton gauge : ds* = —a?(1 + 2¥)dn* + a*(1 + 2®)dz*

8T . (1 : k2 H2
G =210 » b= 2 4 nyu4 050
00 M§1 00 37 + + 574 020
0020 = Qcdc + Qpdy, + 42,07 + 4€2,ON0
) e
i 8T i 12
Gz(]l-) ) = M2 T(l) S e Y= P — I;-LOQ O, (non-dynamical)

Qr@r,Q — Q76T2 + QV@NQ

NOTE : CAMB, CMBFAST use sychronous gauge : ds* = —a*dn® + a*(0;; + hq;)dx”
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1st-order perturbation equations

Oro = Ik@Tl — : :
O11 = §k<_2@T2 + Oto) + T (@T1 + 3%> + Bk\If
Photon temperature , 1 1
O = gk<_3@T3 +2071) + 7 (@TQ — 1_OH)
: 1
O, = SYan k [~ (£ +1)Opy1 + Oy 1] + 7Oy
Photon polarisation Massless neutrino temperature
: : 1 .
Opg = —kOpy + 7 <@Po — §H> Ong = —kOny —
: 1 : 1 1
Op; = §k(_2@P2 + Opg) + 7Op; ON1 = gk(_26N2 + OnNo) + gk‘P
: 1 , 1 :
Opy = gk(—3@P3 + 20p1) + 7 <@p2 — —H> Ong = l]{(_g@Ng + 20N1)

CDM, baryon

0o = —ikv. — 3P
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Sb = —ikvb — 3(i)
Ve = —Hv. — 1kW .
oy = —Hoyp — ik + —

10 5

Gravity

2

ok 2
P=——> Y Q)
37/ + H +2’H5 0

) (vp + 3iO11)



Line-of-sight integral

Taai tsu
Large Boltzmann hierarchy, say ¢ < 2000, is required, but it is too hard to calculate...

Truncating the Boltzmann hierarchy at ¢ ~ 15to ensure of. O, ~ @@
:> accurate calculation of ©y<o, @, 6y, I, vp, Ve C T g

For larger ¢ , itis useful to use the integral representation, line-of-sight integral.

- Seljak, Zaldarriaga, APJ 469 (1996) 437
04 (k. m0) = fo dn Sk, m)jelk(no — )]

Stk = o) [0+ (00 + 311)] + 148 lotmen (k] + o s bl

1 ki 12 a2 VP

+e 7 [‘If(k, n) — ®(k,n)
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Line-of-sight integral

Sourced by fluctuations at LSS ( including Sachs-Wolfe effect )

Mo 1
@e(k,no)// dng(n [@o(k n) + W(k,n) + (k. )| Jelk(0 —nﬁ
w Monopole
+/ dn g(n)vs(k,n) - —==Jjelk(no —n i
- dngen(k, ) g delkino = ) Dipole
0 3 1 d?
( ; dn g(ﬁ)zﬂ(ka ﬁ)ﬁ?ﬂ k(10 —n)] Quadrupo'e/
o . . A
[+ | dne ™ [(0km) = b0 dolim — )
Q J
Integrated Sachs-Wolfe effect
L0S ea@ 82 g;i

— O @T2 Or12
@T3 O3 Or3
directly solving

@T10




Initial conditions
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Deep in radiation dominant epoch where all modes are larger than horizon scale.
s = 1.44 x 10°  Kmax = 1200H, which crosses the horizon at z ~ 1.3 x 10°

RD, Vp Ve k
Unchanged potential, Or1 = 0OnN1 = 9 T g T @\P
Similarly fluctuated, 1

Oro =ONng =0c =0p = —=V
Tight-coupling, 9
Negligible photon's quadrupole, b — — (1 T gf'/) /] fo=1p./pR

Promordial perturbations

¢
ik 6T H during inflation ¢ a almost flat

(= - -
K (p+P) after inflation ¢ = _3H§T1

— Vv

2
= U= —§C = almost flat




Initial conditions
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0. = 0p = 3070 =3O N0 =
k
Vp = Ve — —3071 = —30 N1 = @C

2 2
<I>:§(1+gfy>c @z = 2y, = 1.44 x 10°
2
U=_=
3

All quantities can be written by the primordial curvature perturbation.
Hence it is convenient to define the transfer functions such as

®(k,n) = To(k,n)C(k, 1in)

The governing equations are reinterpreted into those of the transfer functions.
(C(k)C™ (k) = (2m)°0p (k + K') P (k)
272

. ns—1 .
217 o | Not used until
pc(k) =73 A (kpwot) (kpivot) " calculating ('

A2 (kpivot) = 2.46 x 1077 Epivor = 0.002 Mpe™*
ns = 0.96
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Supporting actors : Background geometry
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Flat FLRW model
H? = Hy [Qu(1+2)° + Qr(1+ 2)* + Q4]

Qr=1—Qy — Qp fiducial parameters
3 4 To = 2.725 K]
I %*Toz Negr = 3.04
45HF M) " o
(2 h*Qcpm = 0.114
« =2+ - — N.g cpm = 0.
’ 4 (11> ) h2Qp = 0.0226

It can be easily extended to include non-flat case.

NOTE : we use o = loga(n) as the time variable instead of 7 in solving
EB equations. Then we don't have to solve the Friedmann equation.
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Supporting actors : Recombination/Ionisation
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Number density of free electrons
- Strength of Photon-Baryon coupling

- T = —MNeOTQ controls ... cf. 0op, = —Hu, — k¥ + %(Ub + 3iO11)
- Opacity of the Universe (affects ISW)

At recombination : instanteneous / polynomial fitting of n. / Weinberg's textbook

/ Recfast output Peebles, APJ 153 (1968) 1
_ dX an B ! 5
Weinberqg : = 1 X“—-—(1-X)/S
J dT HT( +F23—|—87TH/)\gn(1—X)> [ ( )/ ]

f

= + + 2+ . .
£ He < He He'<  He CAMB uses more realistic model by Seager,
ook . but the difference is small.
” H H* Seager,Sasselov,Scott, APJS 128 (2000) 407
0.4 F 7]
<
0.2 F m

Recfast
my code
| |

0 1000 2000 3000 4000 5000 6000 7000
Z
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Supporting actors : Recombination/Ionisation
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Number density of free electrons
- Strength of Photon-Baryon coupling

- T = —MNeOTQ controls ... cf. 0op, = —Hu, — k¥ + %(Ub + 3iO11)
- Opacity of the Universe (affects ISW)

At reionisation : 2 stages / instanteneous / none

2-stage reionisatlion Same scheme as CAMB's.....(maybe)

During each stage, the fraction is
i interpolated by tanh () function.

Q |
% : &y Zreion1 = 11.0
S o5t g Azreion1 = 0.5
1 0.4 He" < He | Rreion2 — 3.9
><® 0.3 H < H . AZreionZ = 0.2

0.2 .

0.1 . i

’ 0 :5 1|0 1I5 2|o 2Is 30 T =8.67 X 10_2




Supporting actors : Spherical Bessel functions
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Use three different methods to maintain an accuracy of O(10~%) for ¢,z < 10°

Descending reccurence : = > ¢

Debye's expansion : x <l 0>20 4 A
Taylor expansion : r < 0.5,/ <20
[Debye]
2% 4+ 3 exponentially small
je(x) = je+1(x) — Jego(w)
[Debye]
; ( ) 61/(tanh a—a) X U (COth Of)
v\&L) ~
V2vumtanh o £ vk 5 oscillatory behaviour
[Taylor] E
. N AN (—1)F r\2k
i =3(3) La (3) -
2 \2 — EIT(0+k+3/2) \2 -

Once storing j¢(xy,) for 0 < x < kmaxno, je [k(no — 1)] with arbitrary argument
IS given by the partitioned polynomial interpolation.
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Angular power spectrum (1st-order)
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Angular power spectrum

2 > 2 2
Co== [ dkR*To, (hon)? Pell )
0
7000 ————rrrrre———r—rrrrrry T
PRELIMINARY 10, (k,n) = To, (k, n)¢ (k, i)
6000 |- .
— still has 14% undesired <C<k)C* (k)> — (27T)35%<k + k/)Pé“(k)
e 2000 ™ overestimation... i 02 I n.—1
= P (k) = =A% (kpivo
4000 = B2y = 0.114 { Felk) = k3 (Fpivot) (kpivot)
< h2Qp = 0.0226 //
< 3000 |- .
: h — 07 [ 5 9
~+ 5000 L _ A (kpivot) = 2.46 x 10—
= kpivot = 0.002 Mpc™
1000 |- CAMB i ns = 0.96
0 L Lo vl L Lol L Lol Lol
1 10 100 1000 10000

14
We have some existing codes named CMBFAST, CAMB, CosmoLib, CLASS, etc..

CMBFAST : Seljak, Zaldarriaga, APJ469 (1996) 437  CAMB : Lewis, Challinor, APJ538 (2000) 473
Cosmolib : Huang, JCAP 1206 (2012) 012 CLASS Ii : Blas, Lesgourgues, Tram, JCAP 1107 (2011) 034
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Angular power spectrum (1st-order)
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Go to 2nd-order
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2nd-order contributions appear in...

® Einstein-Boltzmann equations for 2nd-order quantities sourced by [1st-order]’

CDM+Baryon+Gravity have been implemented,
but Baryon-Photon/Gravity-Photon couplings are not considered yet.

® Line-of-sight integral sourced by [1st-order]’

Formulations have been completed by R.Saito.
R.Saito, Naruko, Hiramatsu, Sasaki, arXiv:1409.2464

Existing 2nd-order Boltzmann solver

CMBquick CMBquick : Creminelli, Pitrou, Vernizzi, arXiv:1109.1822
SONG SONG : Pettinari, Filder, Crittenden, Koyama, Wands;

. Pettinari, arXiv:1405.2280 (thesis)
COSITIOleZ nd CosmolLib2nd : Huang, Vernizzi, arXiv:1212.3573
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Expansion up to 2nd-order
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Poisson gauge + neglecting 1st-order Bi and i,
ds? = —a*e*Vdn? — 24 Bydx'dn + a® (62@51‘3‘ + hz‘j)

0B'=0 B _ @)@ | gl),w
11j 1 1
ihiT =0

]

Expanding up to 2and-order

B® —og4+ W@ 4 ...
RLP) — 4 p@2) 4 ..

V; :’U(El) —|—’U,§2) _|_
(i=1b,c)
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2nd-order perturbation equtaions
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CDM + gravity (contribution from radiation is work in progress....)

v 4+ 0@ = Qy [(I)m@(l), Mg Mg V(”V(l)} < 'Q'uadratic terms of 1st-order quantities
= c11(k, K, K)oW (koW (K)

+e1 ok, K K) U (e (K)

!/

te13(k, K K)o ()T (K) K=k-—k

+12a”p O (1 + w)era(k, k', )V (K)VI(K)

3 o Kk’
—2—1{:4/432CL2F {TR(Z)Z]‘JJ} -

Pending until deciding
how to treat 2nd-order
radiation (temperature ? brightness ?)

3(K2 o k/2)2 . k2(3K2 L k/2) + 2k4

ci.;j(k, k', K) is a fractional expression like ¢, ; = e

and  pOVOERWO ) = 70y (K)o, () + o0l ()l (1)

C
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2nd-order perturbation equtaions
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CDM + gravity (contribution from radiation is work in progress....)

2 2.2
2@ _yp®@ o §_H¢(2) _ ”67‘; p052) = 94 [\p(l)\p(l)’ Mg /e M) V(l)y(l)}
_E Ry,
6H

2iKk2a?

k2

BW 4oy BA = 0, {@(1)(1)(1)7 Oy eMWy®) gHem), V(l)y(l)} 4 et (k) F [fR(2)Z.j,j}
KA Loy 4 2 = g, [q)(l)q)(l)’ Oy Mgl M) V(l)v(l)} + 2k2a2e (k) F {fmz)ij}

vV Ly @ 4 pe@ = gy, [Vé%(”’, ASESIRVOIIORVONORUOPO)

VIOKON Vc(l)/(g(l)’ Vc(l)/q)(l)7 Vc(l)'\lf(l), Vc(l)’vc(l)}

5((:2)/ +3(2) _ kvc(2) — Qs [521)(1)(1)/755;1)%(1)7 Vc(l)/vc(l), Vc(l)vc(l)7 \I'(l)VC(l), q)(l)vc(l)}
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2nd-order line(curve)-of-sight integral
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R.Saito, Naruko, Hiramatsu, Sasaki, arXiv:1409.2464

d3k,d3k
o1 = [ ST e K mo) (ks ) (k)

To N ‘ ,
T(II) (k1, k2, nobs) — F(nobs) / dn/ FS(kl)S(kl, n/)ezkl-nobs(no—n )
0

X /dnl FT(]%Q)T(kQ,nljn’)eik?nobs(no—nl)

We found 7 combinations in this formula,

SW x ISW ISW x ISW Mo
SW x Lensing ISW x Lensing dx (59

SW x Time-delay  |SW x Time-delay
511 l - W )




SW x Lensing

S(k1.1f) = kg B0 + 40+ = (22 ) 4 py (L) fyym

T(k2,n1,n") = ka(m —n") [(k2,m1) — ®(k2,n1)]

F(nobs) Fs (k1) Fr(ks) = = > (ie* - ky) (i€ - ko)
A==

Bispectrum

o
mimam 1 mimaoms;(+1)(—1)0
B£1£2£32 3 — 2[1 + (_1)€ +€2+£3]g£1£2£32 3;(+1)(—1) /0 dn/ ngl (U/)beT2 (77/) 1+ 9 sym.

05,07) = 2B Lo 2 5 o, () pokia ) g gy o)

T 2 k1(no — 1)
2 [ly(la+1) [ T(kg,m,n') |
T / 2 2 2 2 9
— — P —
by, (1) 7T\/ 5 /n’ dm /dkz k3P (k2)To,, (k1) Y k2 (o — )]
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Overview of my code
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- Full scratch development, completely independent of existing codes

- C++
- Parallelised by OpenMP

- Time evolution : 1-stage 2nd-order implicit Runge-Kutta (Gauss-Legendre) method
(implementing up to 4th-order schemes)

- Line-of-sight Integration : Trapezoidal rule
- Interpolation scheme : Polynomial approximation (up to O(k°))

- Ready for implementing a variety of recombination/reionisation simulators

- We are now suffered from a small mismatch between results of
our code and CAMB at the 1st-order.
- Implemented 2nd-order perturbations only for gravity and matter.

- Moved to evaluate the bi-spectrum using the 2nd-order LOS integral.
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