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FIGURE 1. Left panel (a}: Evolution of the scale factor vs. time for four cosmological models: three
matter-dominated models with Qg = €, = 0,1, 5, and one with Qs = 0.75,Q, = 0.25. Right panel (b):
Evolution of radiation, matter, and dark energy densities with redshift, For dark energy. the band represents
w=—1=(0.2. From Frieman et al. [13].
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Figure: Future cosmic evolution crucially depends on what kind of dark
energy is dominating the Universe at present time.
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Possible Explanations of Cosmic Acceleration
There are three possible explanations for cosmic accelerations

@ Introduce a “gravitationally repulsive” stress energy tensor ,
for example T, = Ag,, etc. This approach is termed Dark
Energy.

@ Find the suitable geometric function 7(R) instead of the
Einstein-Hilbert form. i.e. R — f(R); f(T) where T is
torsion of space; f(R, G), where G is Gauss-Bonnet term etc.
This approach is termed Modified Gravity.

@ Ignoring the cosmological principle, try to explain via large
scale structure induced apparent acceleration. Possible
approach is Inhomogeneous Cosmology.

o Anthropic reasonings.

: Cosmological constant; Quintessence;
K-essence; Chaplygin gas; Tachyon field etc
: f(R) theory; f(R, T) theory;
f(T) theory; Gauss-Bonnet theory, to name a few.

Noether Gauge Symmetry Approach to Alternative Theories of



What is a Symmetry ?

@ In simple language: symmetry is a property of a physical
system which remains preserved under some change or shift.

@ In geometry: a transformation is said to be a symmetry of an
object if it leaves the object apparently unchanged.

@ “A symmetry of some mathematical structure is a
transformation of that structure, of a specified kind, that
leaves specified properties of the structure unchanged.” (/an
Stewart)

@ There are various kinds of symmetries such as (1) Local and
global symmetries (2) Continuous and discrete symmetries (3)
Isometries or spacetime symmetries (4) Supersymmetry.

@ A global symmetry is one that holds at all points of spacetime,
where as a local symmetry is one that has a different
symmetry transformation at different points of spacetime.
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@ A family of particular transformations may be continuous
(such as rotation of a circle). A discrete symmetry is a
symmetry that describes non-continuous changes in a system.
For instance, a square possesses a discrete rotational
symmetry.

@ Continuous symmetries can be described by Lie groups while
discrete symmetries are described by finite groups (symmetry
groups).

@ A supersymmetry asserts that each type of boson has, as a
supersymmetric partner, a fermion, called a superpartner and
vice versa. This symmetry has not been observed so far in
experiments.
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@ An isometry or spacetime symmetry is a direction along with
the metric tensor is Lie transported i.e. if £ is an isometry than
Le(guv) = 0. Killing vector fields can be further generalized to
conformal Killing vector fields defined by L¢(gun) = A(X)&uw-

@ Spacetime symmetry is the most interesting class of
continuous symmetries that involve transformations of space
and time. These may be further classified as: (1)Spatial
symmetries: involving only the spatial geometry associated
with a physical system, (2) Temporal symmetries: involving
only changes in time, (3) Spatio-temporal symmetries:
involving changes both in space and time.

@ Minkowski spacetime is maximally symmetric spacetime with
10 Killing vectors.

Noether Gauge Symmetry Approach to Alternative Theories of



Symmetries have a wide range of applications in various fields, for
instance

@ to find solution of differential equations or to reduce it to a
more simpler form for integration;

to find solution of a boundary value problem;

to classify special solutions;

to deduce new solutions from known ones;

to find conserved quantities using the most celebrated
Noether's theorem.
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Noether’s Theorem
This theorem describes connections between symmetries of a
physical system and their corresponding conserved quantities. It
relates a class of conservation laws to symmetries of space, time
and internal variables.
More precisely, Noether theorem states that if the Lie derivative of
a Lagrangian £ along a vector field Y vanishes i.e. Ly L = 0, than
Y is a symmetry for the Lagrangian and generates the conserved
quantity.
Alternatively, Noether symmetries are the symmetries of the
Lagrangian.
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Basic Formulation of Noether and Noether Gauge Symmetries
Consider the transformations depending upon the infinitesimal
parameter € i.e. Q' = Q'(¢/, €) which can generate one parameter
Lie group. The corresponding vector field Y with unknowns o/
defined by

;. d, i 0
Y =al(@)g+ [ 0@ 50

is said to be a Noether symmetry generator for the Lagrangian
L(t,q',g") if it leaves the Lagrangian invariant i.e. LyL = 0.

are the generalizations of Noether
symmetries as the presence of some extra symmetries is expected
in this case.
Consider the vector field Y such that

;) D
Y =7(t,¢")— + &(t,q')=—
(6.9 5, ()55
and its first order prolongation is defined as
0

YU =Y (€t i i) g
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Here 7 and & are unknown functions to be determined and t is the
affine parameter.

The vector field Y is said to be a Noether gauge symmetry for the
Lagrangian L if there exists a function (gauge term) G(t, q') such

that it satisfies
YUz 4+ (D)L = DG,

where D; = % + c']"a‘z,- is the total derivative operator. The
corresponding conserved quantity is
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Noether Gauge Symmetry Approach in f(R) Gravity
We start with a (3+1)-dimensional action

S— / d*xv/=gf(R), (1)

where R is the scalar curvature and f(R) is an arbitrary non-linear
function of R.
Variation of the action (1) with respect to the metric yields the
field equations
1
§g;wf(R) - R;wf/(R) + v,uvuf/(R) - gm/Df,(R) =0. (2)
The geometry of the spacetime is given by the flat FLRW line
element

ds? = —dt? + a*(t)(dx? + dy? + dz?). (3)

With the consideration of this model the field equations become
. 1 . L. 1
2H +3H? = ~5 f"R? + f"(2HR 4+ R) + 5(f — R, (4)
1 .
2 ' £ 1"
He = 6f’[fR f —6RHf"], (5)
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The action (1) can be written as

_ N S T FUPO
S—/dtﬁ(a, 5 R, R) —/dt[a F(R)—A{R—6(H?+ a)H (6)
Varying the Lagrangian with respect to R yields

A= a’f (7)

In order to apply the NGS approach, one may easily verify that, in
the FRW model, the Lagrangian related to the above action takes
the form

L(a, 3, R, R) = 6(a%af’ + aRa*f") + a3(f'R — f). (8)
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A vector field

0 0 0
Xzé(tﬂav R)a—i_n(t?av R)E_Fﬁ(tva? R)ﬁa (9)

whose first prolongation is

0 . 0
1] _ : il -~
X X+n(t,a,R)8é+ﬁ(t,a,R)aR, (10)
where
= a77+- 877_85 Ré’n ézag_éRaf

7 o: "5 "o T Rar ¥ 5. o

.98 0B - 08 BE. 06 .0¢

is called a NGS if the following condition holds

XUz 1+ (Dé)L = DA(t, a, R). (12)
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Here A is the gauge function and

0 o .0
D=—+43—+R—. 1
ot %92 " "oR (13)
Using the Lagrangian (7) in (12) and after the separation of

monomials we obtain the following system of determining equations

§a=0, {r=0, (14)
nf' + Baf” + 2af'n , — € caf’ 4+ a*f"B, =0, (15)
12af'n ; +6a°f"B: = A, (16)
f'nr =0, (17)
6a%f"n: = AR, (18)
2af "y + "B+ (nat Br—Er) +2af nr =0, (19
B+ at ) (fR—f)+af'RE=A; (20)
where ", denotes partial derivative.
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There are three cases in the solution of the above determining
equations (14)-(20). These are given below.

Case-l. If f is arbitrary, the solution of the above system (14)-(20)
gives rise to the following NGS generator

0
X=_— 21
8t7 ( )
and the gauge term is a constant which can be taken as zero. The

energy type first integral is

| = 6a%af’ + 6aRa*f" — a*(f'R — f). (22)
Case-ll. If f is the fractional power law, viz.
f = fR32 (23)
then the solution of the determining equations (14)-(20) yields
§=bit+ by,
n= %bla + b3a_1,
B = —2R(by + bza~?). (24)
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The gauge term is zero. The corresponding generators are

0 0 2 0 0 0
— Xi=t=—+4-a— —2R——=,Xo=a '— —2Ra2— (25
gr X1t T3, Mg Xema g, m 2R 5R(2)
which constitute a well-known three-dimensional algebra with

commutation relations

Xo = 290

4
[XO,Xl] = 07 [X07X2] - 07 [X17X2] - _§X2

Here too the gauge term is zero. The corresponding first integrals
are

lh = 93%afRY? + géRa2foR’1/2 - %a3f0R3/2,

L = —93%atfRY/? + %fota3R3/2 + 33a%fHRY/?
+3Ra3f[HR1/2 - géRtazfoR_l/2,

L = 9aRRY?+ gafoR’l/zR. (26)
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Case-lll. If f is a general power law of the form
3

f=H[R", z/;éO,l,E, (27)
then the above linear determining equation system has solution
2v—1
E=bit+by, n="2"ab, B=—2Rb. (28)

Here the gauge term is zero and fy is a constant.

Note that if v = 0,1, 3 5., then f is a constant, linear or fractional
power law of Case-Il. These are thus excluded in Case-lll. It should
also be stated that for Case-lll there are two Noether symmetries.
The Noether symmetry generators are given by

0 8 2v—1 (9 (9

The Lie algebra is the two-dimensional Abelian Lie algebra,

[Xo, X1] = 0. We note that for the fractional power law the
algebra is three-dimensional and for the arbitrary power law it is
two-dimensional and thus the symmetry breaks by one.
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The corresponding first integrals for this case are

o = 6a%avfyR" ! +6aRa’v(v — 1)fHR" 2
—a*fHRY (v — 1),

h = —63athrR"~! + ath(v — 1)R”
+4v(2 — v)aa’ /R + 2u(v — 1)(2v — 1)
xRa*fHR" 2 — 6u(v — 1)aRta’fHR" 2. (30)
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Noether Gauge Symmetry approach in 7(R)-Brans-Dicke Cosmology
We begin with the action

5= [ axv=g (o1(R) - S 0,000 - v(e)). (D
In the background of flat FRW spacetime, the action becomes
S— / d*xa’( (¢f(R) +og- V(¢)>. (32)

The Lagrangian is

L(2,R.6) =a%ﬂ@mm+§&—vw0

-\ (R —6 <Z + (j)2>> : (33)

where \ is a Lagrange multiplier.
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By varying the action w.r.t R we obtain:
A= ¢f'(R). (34)
The action in the final form becomes

w

laR$) = 1) <¢f(R>+ ¢¢2—v<¢>)

_6f'(R) (R —6 <z n (3)2» . (3Y)

At first this Lagrangian must be converted to a new Lagrangian
containing only a, a and not a. Its done by taking a part-by-part
integration from the last term

/dta3(t) <¢f’(R) <g’ + (Z)2>) - /dté{aégbf’(R) - %(a%f/(/?))}.

a
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Thus the total Lagrangian of our model becomes

L(a,R, 6,86, R) = a(t)(¢f(R) + %6° = V(¢) = 6F(R)R)
+6a{aa¢f'(R) — &(a%¢f'(R))}.  (37)

To calculate the Noether symmetries, we define it first. A vector
field

X= T(taR<Z>) —|—oz(taRq§) +B(taR<Z>) +7(taR¢)
is a Noether symmetry corresponding to a Lagrangian
L(t,a, R, 0,3, R, ) if

XWL + 1LD,(T) = D;B, (39)

holds, where X[ is the first prolongation of the generator X,
B(t,a, R, ®) is a gauge function and D is the total derivative
operator

8 .0 8
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The prolonged vector field is given by

0 0 0
a ot Bt R Yt 8¢ ( )
where
a¢ = Dea — aD,T, B¢ = DB — RD: T,
Yt = Dt’}’ - (Z.)DtT- (42)

If X is the Noether symmetry corresponding to the Lagrangian
L(t,a, R, ,a,¢,R), then

oL - 0L .. 0L
|:TL+(a—Té)%+(ﬁ—TR)a—R+(7—T¢>)8—¢—B, (43)

is a first integral or an invariant or a conserved quantity associated
with X.
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The Noether condition results in the over-determined system of

equations

To=0, T3=0, Tr=0, ag=0, (44)
12a;a¢f’ 4 68:a°¢f" + 6y:a°f = B,, (45)
6ara’df"” + Br = 0, (46)
6aca’pf — 2ypacw + ¢pBy = 0, (47)
3a¢¢2f" — awyr = 0, (48)
308 (¢f — V — ¢RF') — Ba*pRE" + va3(f

— V' —Rf')+ 2 (¢f =V — ¢Rf') T = By, (49)
adf’ + Bagf” 4+ vaf' + 2apf'a, — agf'T;

+ Baa%of" + ,a°f' =0, (50)

Bawp — yaw — 6a¢f'(;52 + 2awgryy — awdTy = 0, (51)
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200f" + Bagf" + ~vaf" + apf" o, — agf!' T,

+ a¢f//,BR + af’7R =0, (52)
6a¢f’ + 3Bpaf” + 6a,y¢°f + 3aa,of’

— 3a¢f'T; + 3Bpad* " + 3ayspf' — vaa’w = 0. (53)

With the help of the Computer Algebra System (Maple), the

solutions of the above set of linear Partial differential equations for
f(R),V(¢), T,a, B and  are obtained as follows:

f(R)=rR+ a, (54)
V(¢) = c1g + Voo, (55)
T=t+ o, (56)
o = a, (57)
B=0, (58)
v =29, (59)
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where r, c1, ¢ and V, are constants and the gauge function B is
zero here. The Lagrangian admits two Noether symmetry

generators
B
X, =2
1= 50 (60)
o 0 )
X, = t2L 422 95 1
2= T 992 " %4 (61)

The first symmetry X (invariance under time translation) gives
the energy conservation l; of the dynamical system, while the
second symmetry X, (scaling symmetry) and a corresponding
conserved quantity . The two first integrals (conserved
quantities) which are

aw

74’2 -a Vo¢27 (62)

S .
I, — 6tas’pr — t‘%’dﬂ _ tP VR

I, = 6a2’¢pr —

+ 122%¢r(1 — &) — 4a°wo. (63)



When we take r = 1 and ¢; = 0 then
f(R)=R, V(¢)= Vod?, (64)

and Noether symmetries remains unchanged while first integrals
changes accordingly.
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Torsion Tensor and Torsion Scalar
General Relativity (GR) is a geometrical theory of gravitation in
which gravitational field appears as a manifestation of spacetime
curvature. According to GR, spacetime is represented by a
(3+1)-dimensional differentiable manifold endowed with a
Lorentzian metric and a Levi-Civita connection.
A more general geometrical setting: the metric and connection may
be taken as independent structures. A general metric-compatible
connection has two important properties: curvature and torsion.
Torsion is priori absent absent in the geometrical framework of GR,
although it was taken into consideration by Einstein for a unified
theory of gravitation and electromagnetism. Since then, the
meaning and role of torsion in gravitation have been a recurring
theme.
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Teleparallel Gravity

@ As an alternative gravitational theory to general relativity,
“teleparallelism” has been considered. It is constructed by
using the Weitzenbock connection.

@ The action is described by the torsion scalar T and not the
Ricci scalar curvature R as in general relativity formulated
with the Levi-Civita connection.

@ It is known that the modified teleparallel gravity, so-called
f(T) gravity, can realize both inflation and the late-time
cosmic acceleration. (See for review arXiv:1202.4057 [gr-qc])
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Brief Review of Teleparallel Gravity

@ In TG, dynamical variables are vierbein or tetrad fields,
e,(x"), which form an orthonormal basis for the tangent space
at each point of the manifold with spacetime coordinates x*.

@ e,(x") is a vector in tangent space, and can be described in a
coordinate basis by its components e}, so that e} is a vector
in a spacetime.

@ The spacetime metric is given by
b
Buv = nabezez/7

where 7, = diag(1l, —1,—1,—1), is the Minkowski metric for
the tangent space.

@ Tetrad fields satisfy orthonormal conditions

Had — SH pab _ sb
ellel =61, eaeu—éa
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@ In general relativity (GR), we use the Levi-Civita connection

1
r;);zz = 5 /\J(gau,l/ + Bov,pu — g;w,a)y

in which commas denotes partial derivatives. This leads to
nonzero spacetime curvature but zero torsion.

o In TG, the the Weitzenbock connection I, (tilded to
distinguish it from rfw),

A — A b b A
ruy = ebaye“ = —euayeb

which leads to zero curvature but nonzero torsion.
@ The torsion tensor reads

A A =5
Tuv = I'W — I'W.
@ The contorsion tensor reads
P TP _TP
K;w = FW FW.
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@ To construct a Lagrangian density out of torsion tensor for
TG, we need to define another tensor

SPHY = KHVP _ gPV TOR 4 gPHTIV,

@ The teleparallel Lagrangian density is given by

T = SPH VT vs
167TG PH

where e = \/—g is the determinant of e} and g = det(g,. ).

@ The f(T) gravity theory generalizes T in the lagrangian
density to an arbitrary function of T. The equations of
motion for f(T) gravity are

e 10,(eS; ") (1 + fr) — e/ T" S, ' fr

v 1 v
+5; " 0u(T)frr — Ze§(1+ F(T)) = 47Ge/'T,".
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Modified Teleparallel Gravity Minimally Coupled with a
Canonical Scalar Field

One suitable form of the action for f(T) gravity in Weitzenbdck
spacetime is

S = /d4xe<(T+f(T))+£m), (65)

where f(T) is an arbitrary function of torsion T and e = det(eL).
The dynamical quantity of the model is the scalar torsion T and
the matter Lagrangian £,,. The total action reads:

S = /d4x e(T +F(T) + MT +6H?) + V(6)¢.0* — W(¢)).(66)

Here trace of the torsion tensor is T = —6H?, e = det(el'), A is
the Lagrange multiplier and H = £ is the Hubble parameter. For
our convenience, we keep the original Saez-Ballester scalar field in

our effective action. Varying action with respect to T, we obtain
A=—(1+f(T)). (67)



Integrating over the spatial volume we get the following reduced
Lagrangian:

L(2.6.T.5,9) = a|T+A(T)=[1+F(T(T+6())
+V(6)d? - W(9)]. (68)

For the Lagrangian, the equations of motion read

frr(T +6H?) =0, (69)

L S PR - .
T (= Thr— 5 (1+fr)+ V()6 ~W(¢)+4H T frr .
(70)
d;'i‘ 3H(;.5+ i(\//dg + W/) _o. (71)

2V
Here we have two possibilities: (1) fr7 = 0, which gives the
teleparallel gravity and we are not interested in this case. (2)
Another possibility is T = —6H? which is the standard definition
of the torsion scalar in (T) gravity.
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To calculate the Noether symmetries, we define it first. A vector
field

X = T(taTgb) +a(taT¢)6+ﬁ(taT¢)a (t,a,Tyﬁb)z

is a Noether gauge symmetry corresponding to a Lagrangian
L(t,a, T,p,a,T,o)if

XUz + £D,(T) = D;B, (73)

holds, where X[ is the first prolongation of the generator X,
B(t,a, T,¢) is a gauge function and D; is the total derivative
operator

Dt:—+é—a+'T—+qB—. (74)

ot 0 oT 0¢
The prolonged vector field is given by
0 0 0
awr8 Bt o7 + 7t 96 (75)
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where

= Diov — aDiT, Br=Diff — TD;T, 7t = Dyy — ¢D;T.
(76)

If X is the Noether symmetry corresponding to the Lagrangian
L(t,a, T,¢,a, T,p), then

I:T£+(oz—7'é)%+(6 TT)S?H —Tq'ﬁ)gg—& (77)

is a first integral or an invariant or a conserved quantity associated
with X.
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The Noether condition results in the over-determined system of

equations
T.=0, T,=0, T+ =0, ar =0, (78)
v =0, Br=0, 2a°Vy = By, (79)
6(1 + f)ay — a* Vv, =0, (80)
12a(1 + oy + B, = 0, (81)
3Va + aV'y +2aVys — aVT; =0, (82)
(14 f)(a +2ac, — aT;) + af"3 = 0, (83)
38%(f — Tf — W)a — & Tf"B — a*W'y + a(f — Tf' — W)T; = B
(84)
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We obtain the solution of the above system of linear partial
differential equations for f(T), V(¢), W(¢), T, o, B and . We

have:
f(T)=%toT2—T+C2, (85)
V(¢) = Voo, (86)
W(p) = Wos™* + o, (87)
T=t+a, (88)
a = a, (89)
V=9, (91)

where tg, Vo, Wo, ¢ and c¢1 are constants.
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It is clear that the Lagrangian admits two Noether symmetry

generators
0
Xl - aa (92)
0 0
Xo =t + a—2T—+¢> 55 (93)

The two first integrals (conserved quantities) which are
1 .
I, = —5to T23% + 6ty Tad® — Vpalp 49? — Wpadop™,  (94)

1 .
I, = —EtotT2a3 + 6tptTaa> — Votadp ¢ — Wotasp ™
— 12t Ta%a + 2Vpa e 3¢ (95)

Also the commutator of generators satisfies [X1, X2] = X3 which
shows that the algebra of generators is closed.
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F(T) Cosmology with Canonical Scalar Fields
Consider Noether symmetry in F(T) cosmology in the present of
matter and scalar field. The Lagrangian of our model is

S = /d4x e(LF+ Lm+ Ly), (96)

Specifically the total action reads (in chosen units
167G =h=c=1)

1
S— / dt a° [F(T) — pm+ €bud” = V(qS)]. (97)
In FRW cosmological background, the Lagrangian is
23

S = /dta3[F(T)—A(T+6H2)—p’"°

byeb ot = V(6)]. (98)
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The point-like Lagrangian reads (ignoring a constant factor 272)

L(a,3,6,6, T) = a3(F — TF7) — 6Fraa® — pmo — 33(%6¢2 + V(¢)>.(9S

Moreover for a given dynamical system, the Euler-Lagrange
equation is

1(8?)—85: , (100)
dt \0q; 0q;

where g; = a, ¢, T are the generalized coordinates of the
configuration space Q = {a, ¢, T}. The three equations of motion
(corresponding to variations of £ with respect to T, ¢, a

respectively) are

BFrr(T 4+ 6H?) =0, (101)
. . ov
Ho) — —— — 102
4§(FT +2TFr) + 4H*(Fr = 2TFr) + F — TFrr = pg,  (103)

where 1
_ 12
po = 5e¢” + V(9).



The Noether symmetry generator is a vector field defined by

0 0
X—a——l-ﬁqu-l-na_r 25 B%—i— 87_ (104)

where dot represents the total derivative given by

d 0 0

g ¢a¢+ +T6T (105)
The vector field X can be thought of as a vector field on
TQ=(a, a0, &, T, T) is the related tangent bundle on which L is
defined.

A Noether symmetry X of a Lagrangian L exists if the Lie
derivative of L along the vector field X vanishes i.e.

oL oL . oc oL
L XL =a— +B== 4 n= + 4= + f==
xL=XL =07 +68¢+nm+ +5 ¢+ o=

(106)
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By requiring the coefficients of 42, 2, T2, ap, aT and ¢ T to be
zero, we find

3aF —3aTFr —3aV(¢) —naTFrr — BaV'(¢) = 0,(107)

aFr +nafFrr + 23FT% = 0,(108)
ia—i-agi = 0,(109)
12FTgZ+eaZZf = 0,(110)
123F72—(7)‘_ = 0,(111)

633% _ 0.(112)
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By assuming Fr # 0, from Egs. (111) and (112), we conclude

= Oé(Q, d))? B = 6(3, (b) (113)

Now we must solve the system of equations (107)-(110). The
non-trivial solution for this system reads as the following form

(Model-1)
F(T) = gclT%‘f‘C& (114)

V(¢) = ci+cs(co+ @) (115)

a(a,¢) = —gqa, (116)

Bla, 6, T) = ao+ c, (117)

a6, T) = gclT. (118)
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Using (116)-(118), the Noether symmetries are

2 0 8 0

Xi=—Sa+2T +¢a¢ 2= 57 (119)

3 0a 3 8T
The symmetry X represents the scaling i.e. the Lagrangian
remains invariant under scaling transformation while the second
symmetry X, shows that Lagrangian is invariant under T

translation.
These NS generators form a two dimensional closed algebra
8
[X1,Xz] = —§X2. (120)

The conjugate momenta for the variables of configuration space Q
can be defined as
oL

ps = o =—l2aFr, (121)
oL .3

po = 08— (122)
oL
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Notice that pr = 0 on account of symmetry Xs. The Noether
charge of the system reads

Q = aps + Bpy + npT = 8c1a®aFT + (1d + ¢)ed®d.  (124)
Using (114) in (124), we get

32 . :
Q= ~ 361/ 2(aa°)Y? — BPed(c1o + o). (125)

@ Remark: One obvious solution of the system (107)-(112) is
a=n=0, (= constant, V(¢) = constant (126)

In this case a, T are cyclic coordinates and we have the
following constant charge

Q = Bpy = —Pea’o. (127)
This is the same as the Noether symmetry analysis of purely
scalar fields in general relativity. For Q@ = 0, ¢ =constant,
which corresponds to ‘cosmological constant’. But if Q # 0
then we have ¢ o< a3 and the scalar field dilutes with the
expansion of the Universe.
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We find another interesting solution of a teleparallel gravity with a
scalar field (Model-I1)

F(T) = 136€C1T—|-C4, (128)
V(e) = mei(lte ), (120)

2 [—c3 . ¢+ c
a(a,0) = 3/ a3smh< - 2), (130)
Bla,9) = _chosh (¢1—1C2>7 (131)
n(a,¢,t) = arbitrary. (132)

The corresponding Noether charge is given by

Q= _TQ[— gecfaésinh (gb—;Cz) + ea>¢ cosh (gbi_lq)]
(133)
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Final Remarks

@ The Noether Gauge Symmetry approach has been extensively
used in Modified gravity theories, in particular, to determine
the unknown functions appearing in the gravitational
Lagrangian; Noether symmetries and the conserved quantities.

@ Since the solutions are obtained using symmetries, hence the
solutions are more physically relevant.

@ The NGS approach will also be enormously useful for analysis
in Horndeski's generalized scalar tensor theory.
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