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String axiverse

Superstring theory in compact 6D

4D low energy EFT +  Axions + Moduli ….
Wide mass ranges Probe of exDim
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Axions in string theory can obtain potentials from a variety of non-perturbative ef-
fects (see e.g. Refs. [5, 17, 58, 63]). In general, instantons provide a contribution to the
superpotential, W for the axion field a = �/fa:

W = M3e�Sinst.+ia , (33)

where Sinst. is the instanton action and M is the scale of instanton physics, which in string
theory may be the Planck scale. If SUSY is broken at a scale mSUSY then the axion potential
at low energies is

V (�) = ⇤4

a
[1 � cos(�/fa)] with ⇤4

a
= m2

SUSY
M2

pl
e�Sinst. . (34)

A non-Abelian gauge group has instantons with action given by Eq. (20). In string
theory, the moduli couple to the gauge kinetic term for a non-Abelian group realized by
a stack of D-branes wrapping the corresponding cycle, and the gauge coupling g2 / 1/�
(this occurs e.g. in Type IIB theory for gauge theory on a stack of D7 branes filling 3+1
spacetime and wrapped on the same four-cycles as C4). Thus, if an axion obtains mass
from these instantons as above, we find that the axion mass scales exponentially with the
cycle volumes:

m2

a
⇠ µ4

f2
a

e�#�i , (35)

where µ is a hard scale. In general, from the above, we expect µ =
p

mSUSYMpl. If the
moduli are stabilised by perturbative SUSY breaking e↵ects giving m� ⇠ mSUSY � ma

then the moduli can be set to constant values at late times in cosmology and the axion
mass will be a constant (for dynamical moduli as dark energy, see Refs. [64, 65]).

The two observations, Eqs. (32,35), form the key basis for the phenomenology of the
axiverse. Thanks to the exponential scaling of the potential energy scale with respect to
the moduli, string axions will have masses spanning many orders of magnitude. The axion
decay constants will (generally) be parametrically smaller than the Planck scale, and are
expected to span only a small range of scales due to the power-law scaling with the moduli.

Let’s end this discussion with a few examples of explicit string theory constructions
displaying the above properties. The so-called “model independent axion” in heterotic
string theory emerges from compactification of BMN on two-cycles. It has decay constant
fa = ↵GUTMpl/2

p
2⇡ and the shift symmetry of the axions is broken by wrapped NS-

5 branes with Sinst. = 2⇡/↵GUT [5]. Gauge coupling unification at ↵GUT = 1/25 gives
fa ⇠ 1.1 ⇥ 1016 GeV.

The M-theory axiverse [66] is realized as a compactification of M-theory on a G2 mani-
fold, with axions arising from the number of three-cycles. The G2 volume is small, fixing one
heavy string-scale axion by leading non-perturbative e↵ects, and giving fa ⇡ 1016 GeV. The
remaining axions obtain potentials from higher order e↵ects, and are hierarchically lighter.
Fixing the GUT coupling requires that an additional axion take a mass ma,GUT ⇡ 10�15 eV.
The other axions in the theory will be distributed around these characteristic values ac-
cording to the scalings we have discussed.

The Type IIB axiverse [67] is a LARGE volume Calabi-Yau compactification [68, 69],
with axions arising from C4 as discussed above. At least two axions are required in this
scenario, one of which is the almost-massless volume-axion associated to the exponentially
large volume-modulus, and the other is again associated to the GUT coupling. The volume,
V, is exponentially large in string units and gives the decay constant of the volume-axion
as fa ⇡ 1010 GeV. Other light axions are associated to perturbatively fixed moduli, since
they must obtain masses only from higher order e↵ects. Larger values of the e↵ective
decay constant for very light axions with ma ⇠ H0 can be achieved in this scenario by
alignment [70].

16

review of QCD axion
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Type IIB compactified on orientifold
h1,1 > 22 → lightest axion mass  ma< 10-33 (~ H0)
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Axion as dark matter
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Figure 14: Forecasted sensitivity of a Euclid -like galaxy redshift (GRS) and weak lensing
(WL) survey to axion DM fraction, ⌦a/⌦d, as a function of mass. WL increases sensitivity
to ⌦a by a factor of around ten compared to GRS alone. Reproduced and modified (with
permission) from Ref. [172]. Copyright (2012) by The American Physical Society.
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Figure 15: Constraints to the axion dark sector energy fraction, ⌦a/⌦d, as a function of
axion mass from linear cosmological probes. Left Panel: Contours show 2 and 3 � allowed
regions comparing CMB and CMB+WiggleZ. Right Panel: CMB constraints, with sample
points from chains colour-coded by axion initial displacement in Planck units. Reproduced
(with permission) from Ref. [131]. Copyright (2015) by The American Physical Society.
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ma << H
axion → Λ

axion → DM
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spectrum amplitude (commonly expressed as the “�8 tension”). The tighter constraint at
high mass is due to the WiggleZ data points with small error bars at k ⇠ 0.1 h Mpc�1.

The normalization is ⌦d = ⌦a + ⌦c, i.e. we consider a mixed DM model with CDM
and ULAs. The allowed value at the lowest ULA masses, ma ⇡ 10�33 eV, is ⌦a/⌦d = 0.6
implying ⌦a ⇡ 0.6, with the CDM density held fixed at close to its usual value. These
ULAs are DE and drive the current period of accelerated expansion. At high mass, we
see that in order for axions to be all the DM, with ⌦a/⌦d = 1, requires ma � 10�24eV
at 95% C.L. This is the lower bound on DM particle mass from linear cosmological probes,
as promised in the abstract. The constraint in the central, intermediate mass, region of
10�32 eV  ma  10�25.5 eV is ⌦a/⌦d  0.05 and ⌦ah2  0.006 at 95%-confidence. That
is, intermediate mass axions must make up less then 5% of the total DM.

It is important to note that the constraints of Ref. [131] apply to a cosmology with CDM
plus a single light axion, and not to CDM plus multiple axions. It might be a good guess to
assume that the constraint on the energy density in the intermediate mass regime applies
to the sum total energy density for all such axions (because the constraint is independent
of mass). A dedicated study is necessary, but degeneracies will be even more problematic
and a prudent choice of priors and sampling will be required (see Appendix F).

Fig. 15 (right panel) shows the CMB only constraints, with sample points from Multi-
nest [225] chains colour-coded by the initial axion field displacement in Planck units (and
re-sampled such that point density is proportional to probability as in a Markov chain
Monte Carlo, MCMC).34 The field displacement is always �i < ⇡Mpl, and is thus consis-
tent with a quadratic potential and sub-Planckian fa. Axion DE requires fa ⇠ Mpl. For
ma = 10�22 eV to be all the DM requires �i ⇠ O(few)⇥1016 GeV. This shows that a ULA
with fa  1016 GeV will satisfy all current constraints on ⌦a without fine tuning. These
conclusions from numerical computation and full comparison with CMB data agree with
the discussion in Section 4.3.1 based on Eq. 61.

5.4 Isocurvature and Axions as a Probe of Inflation

Axions in the broken PQ scenario pick up isocurvature perturbations. The amplitude of
these perturbations is proportional to the energy scale of inflation. The CMB places strong
constraints on the allowed amplitude of such perturbations. Therefore, if axions compose
the DM, constraints on isocurvature constrain the energy scale of inflation, and a detection
of both would uniquely probe inflation. An independent measurement of the energy scale
of inflation can be used to place strong constraints on axion cosmology.

Let’s flesh these ideas out and quantify the possibilities. All of this Section assumes
standard, single-field, slow-roll inflation. We’ll focus on the QCD axion, which is also
covered in detail in Refs. [134, 226, 141]. The case of ALPs is slightly more complicated
than for the QCD axion, as the parameter space has more dimensions. ALPs are covered
by Refs. [211, 212, 66].

Axion isocurvature density perturbations are of uncorrelated CDM type, as long as the
Jeans scale can be neglected, which is the case for the QCD axion. The isocurvature CMB
spectrum is shown in Fig. 16, where the e↵ect of non-negligible ULA Jeans scale is also
shown. The isocurvature power spectrum generated by Eq. (42) is:

PI = AI

✓
k

k0

◆1�nI

, (138)

with amplitude

AI =

✓
⌦a

⌦d

◆2 (HI/Mpl)2

⇡2(�i/Mpl)2
. (139)

34The field displacement is found by using Eq. (61) as the initial guess in a shooting method to obtain
the desired ⌦a. We solve the Klein-Gordon equation at early times, switching to ⇢a / a

�3 when 3H = ma.
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Parametric resonance

free field in flat space w/ periodic mass  M(t+T) = M(t)  

potential opens

only ωknonosc whose phases match to δM(t) can grow

V V

ωknonosc

parametric resonance

V

even if the amp. of oscillation is tiny → Resonant growth

ωknonosc

e.g., ωk nonosc >> |δM|

!2
k(t) = k2 +M2(t) = !2

k nonosc + �M2(t)
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Physics of swing



Hill’s equation

e.g. Mathieu eq.    (t̃ ) = sin(2t̃ )

 (t̃ ) =  (t̃ + T )

linearized equation for ��(t̃, x̃i) ⌘ �(t̃, x̃i)� �bg(t̃)

!2
k(t) =

⇣ k

a(t)m

⌘2
+ Ṽ�̃�̃(t̃) = Ak � 2q (t̃ )

<latexit sha1_base64="320fmcZ39bmKPQjoOvnPCifnM/o="></latexit><latexit sha1_base64="320fmcZ39bmKPQjoOvnPCifnM/o="></latexit><latexit sha1_base64="320fmcZ39bmKPQjoOvnPCifnM/o="></latexit><latexit sha1_base64="320fmcZ39bmKPQjoOvnPCifnM/o="></latexit>

r?2`2 δφ̃k /2MQi2b i?2 6Qm`B2` KQ/2 Q7 δφ̃ �M/ Ṽφ̃φ̃ ≡ d2Ṽ /dφ̃2X >2`2- r2 M2;H2+i i?2 K2i`B+
T2`im`#�iBQMb- r?B+? /Q MQi TH�v �M BKTQ`i�Mi `QH2 BM Qm` T`2b2Mi b2imTRX AMi`Q/m+BM;
ϕk ≡ a3/2δφ̃k- r2 +�M `2r`Bi2 1[X UkXdV �b

d2

dt̃2
ϕk(t̃ ) + ω2

k(t̃ )ϕk(t̃ ) = 0 , UkXNV

r?2`2 ωk /2MQi2b i?2 U/BK2MbBQMH2bbV 7`2[m2M+v ;Bp2M #v

ω2
k =

(
k

am

)2

+ Ṽφ̃φ̃ − 3

2

Ḣ

m2
− 9

4

(
H

m

)2

, UkXRyV

rBi? Ḣ = dH/dtX AM i?2 M2ti bm#b2+iBQM- r2 rBHH �M�Hvx2 i?2 2[m�iBQM UkXNV BM /2i�BHX
AM i?Bb T�T2`- r2 �bbmK2 i?�i i?2 b+�H�` }2H/ φ Bb MQi i?2 /QKBM�Mi +QKTQM2Mi Q7 i?2

lMBp2`b2X q?2M φ Bb i?2 /QKBM�Mi +QKTQM2Mi- r2 �HbQ M22/ iQ /2i2`KBM2 i?2 ;2QK2i`v
+QMbBbi2MiHv #v bQHpBM; i?2 1BMbi2BM 2[m�iBQMX

kXj _2bQM�M+2 BMbi�#BHBiv
q?2M i?2 #�+F;`QmM/ ?QKQ;2M2Qmb KQ/2 bi�`ib iQ Qb+BHH�i2 �`QmM/ i?2 TQi2MiB�H KBMBKmK-
i?2 T�`�K2i`B+ `2bQM�M+2 BMbi�#BHBiv i�F2b TH�+2- i`�Mb72``BM; i?2 2M2`;v /2MbBiv Q7 i?2 ?QKQ@
;2M2Qmb KQ/2 iQ i?2 QM2 Q7 BM?QKQ;2M2Qmb KQ/2b i?`Qm;? i?2 b2H7@BMi2`�+iBQM Q7 i?2 b+�H�`
}2H/X AM i?Bb bm#b2+iBQM- r2 Qp2`pB2r i?2 /Bz2`2Mi ivT2b Q7 i?2 `2bQM�M+2 BMbi�#BHBiv- BM+Hm/@
BM; i?2 ~�TTBM; `2bQM�M+2 BMbi�#BHBiv (N)X AM T�`iB+mH�`- r2 7Q+mb QM i?2 +�b2 r?2`2 i?2 KQ/2
2[m�iBQM UkXNV +�M #2 r`Bii2M BM i?2 7QHHQrBM; 7Q`K

d2ϕk(t̃ )

dt̃2
+
[
Ak − 2qψ(t̃ )

]
ϕk(t̃ ) = 0 , UkXRRV

r?2`2 ψ(t̃) Bb � [m�bB@T2`BQ/B+ 7mM+iBQM- BX2X- ψ b�iBb}2b ψ(t̃ + T ) ≃ ψ(t̃ ) �i H2�bi BM i?2
iBK2 b+�H2 Q7 i?2 U#�+F;`QmM/V Qb+BHH�iBQMX >2`2- r2 �HbQ �bbmK2 i?�i Ak �M/ q bi�v �HKQbi
+QMbi�Mi BM i?Bb iBK2 b+�H2X h?Bb Bb BM/22/ i?2 +�b2 r?2M i?2 QMb2i Q7 i?2 Qb+BHH�iBQM /2H�vb-
i�FBM; Hosc/m ≪ 1X

q?2M ψ Bb 2t�+iHv T2`BQ/B+- i?2 �#Qp2 2[m�iBQM Bb +�HH2/ i?2 >BHHǶb 2[m�iBQMX LQi2 i?�i
i?2 >BHHǶb 2[m�iBQM BM+Hm/2b i?2 r2HH@FMQrM J�i?B2m 2[m�iBQM r?2`2 ψ(t̃ ) Bb ;Bp2M #v i?2
bBMmbQB/�H 7mM+iBQM- BX2X-

d2ϕk(t̃ )

dt̃2
+
[
Ak − 2q cos 2t̃

]
ϕk(t̃ ) = 0 . UkXRkV

>2`2 �M/ ?2`2�7i2`- r2 /2}M2 i?2 [m�bB T2`BQ/B+ 7mM+iBQM ψ(t̃ ) bQ i?�i q #2+QK2b TQbBiBp2X
q2 MQ`K�HBx2 ψ(t̃ ) #v `2[m2biBM; ⟨ψ2(t̃ )⟩ = 1/2 BM i?2 b�K2 r�v �b ψ(t̃ ) = cos 2t̃- r?B+?

Rh?2 KQ/2 2[m�iBQM rBi? i?2 K2i`B+ T2`im`#�iBQM BM L2riQMB�M ;�m;2 Bb ;Bp2M #v

d2

dt̃2
δφ̃k + 3

H
m

d

dt̃
δφ̃k +

((
k
am

)2

+ Ṽφ̃φ̃

)
δφ̃k − 2Ṽφ̃Φk +

dφ̃

dt̃

dΦk

dt̃
= 0 , UkX3V

r?2`2 Φk /2MQi2b i?2 6Qm`B2` KQ/2 Q7 i?2 +m`p�im`2 T2`im`#�iBQM BM i?Bb ;�m;2X LQiB+BM; i?�i i?2 �KTHBim/2b
Q7 Ṽφ̃φ̃- Ṽφ̃- dφ̃/dt̃- �M/ φ̃ �`2 `Qm;?Hv O(1) Dmbi �7i2` i?2 QMb2i Q7 i?2 Qb+BHH�iBQM- r2 }M/ i?�i i?2 H�bi irQ i2`Kb
BM 1[X UkX3V �`2 BM/22/ M2;HB;B#H2 7Q` k/aH ≫ 1X �b rBHH #2 /Bb+mbb2/ BM i?2 M2ti bm#b2+iBQM- i?2 `2bQM�M+2
BMbi�#BHBiv UBM i?2 /QKBM�Mi #�M/bV i�F2b TH�+2 7Q` i?2 KQ/2b rBi? k/(am) = O(1)- r?B+? �`2 BM bm# >m##H2
b+�H2b 7Q` Hosc/m ≪ 1X

Ĝ 8 Ĝ

d2yk(t̃ )

dt̃2
+ !2

k(t̃ )yk(t̃ ) = 0
<latexit sha1_base64="+tBBP9i40XwjzAl6tvToqxY/CKE="></latexit><latexit sha1_base64="+tBBP9i40XwjzAl6tvToqxY/CKE="></latexit><latexit sha1_base64="+tBBP9i40XwjzAl6tvToqxY/CKE="></latexit><latexit sha1_base64="+tBBP9i40XwjzAl6tvToqxY/CKE="></latexit>

gauge field

t̃ ⌘ mt
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Floquet theorem 

Floquet theorem states 

6B;m`2 kX h?2b2 THQib b?Qr i?2 `2�H T�`i Q7 i?2 6HQ[m2i 2tTQM2Mi- ℜ[µk]- 7Q` i?2 >BHHǶb 2[m�iBQMX
6Q` i?2 H27i T�M2H- r2 mb2/ ψ(t̃ ) +QKTmi2/ 7Q` i?2 +QbBM2 TQi2MiB�H rBi? φ̃i = 2.5 �M/ 7Q` i?2 `B;?i
T�M2H- r2 mb2/ i?2 QM2 rBi? φ̃i = 0.60X 6Q` i?2 `B;?i T�M2H- bBM+2 ψ(t̃ ) Bb MQi p2`v /Bz2`2Mi 7`QK i?2
bBMmbQB/�H 7mM+iBQM- i?2 bi�#BHBivfBMbi�#BHBiv +?�`i Bb +HQb2 iQ i?2 QM2 7Q` i?2 J�i?B2m 2[m�iBQMX LQiB+2
i?�i bBM+2 r2 mb2 i?2 /BK2MbBQMH2bb iBK2 +QQ`/BM�i2 t̃ = mt- i?2 6HQ[m2i 2tTQM2Mi µk Bb /BK2MbBQMH2bbX

LQiB+2 i?�i i?2 KB//H2 2tT`2bbBQM +�M #2 +QKTmi2/ rBi?Qmi B/2MiB7vBM; i?2 [m�bB T2`BQ/B+
7mM+iBQM ψ(t̃ )X q2 +�HH i?mb +�H+mH�i2/ [m�MiBiv �b q̃- /BbiBM;mBb?BM; q r?Qb2 +�H+mH�iBQM
`2[mB`2b B/2MiB}+�iBQM Q7 ψ(t̃ )X aBM+2 r2 mb2/ i?2 b�K2 MQ`K�HBx�iBQM 7Q` ψ(t̃) �b i?2 QM2
7Q` ψ(t̃) = cos(2t̃ )- r?2M i?2 KQ/2 2[m�iBQM 7Q` ϕk i�F2b i?2 7Q`K Q7 i?2 J�i?B2m 2[m�iBQM-
q̃ +QBM+B/2b rBi? q BM i?2 J�i?B2m 2[m�iBQMX q?2M i?2 #�+F;`QmM/ ?QKQ;2M2Qmb KQ/2
?�b � bB;MB}+�Mi /2pB�iBQM 7`QK i?2 ?�`KQMB+ Qb+BHH�iBQM- BM ;2M2`�H- r2 M22/ � MmK2`B+�H
+QKTmi�iBQM iQ 2p�Hm�i2 q̃X q?2M i?2 7`2[m2M+v ωk Bb ;Bp2M #v 1[X UkXRyV- r2 +�M 7m`i?2`
`2r`Bi2 1[X UjXkV �b

q̃ =

√
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A solution of Hill’s equation yk(t ) is given by ~

µk : Floquet exponent 
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Mathieu eq.

Ak → which k?
q → which model?



Parametric Resonance in cosmology

Cosmic expansion makes Bose enhancement inefficient.

q(t) / �#
bg(t) / ⇢##

bg (t) (#, ## > 0)
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Parametric Resonance in cosmology

Cosmic expansion makes Bose enhancement inefficient.
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Setup of the problem (Parametrization)

the single branch does not preserve the symmetry under � ! �+ 2⇡f , while the periodic

symmetry is recovered for the true vacuum energy, which is determined by the minimum

values among the di↵erent branches [34, 4, 37]. As shown in Refs. [4, 37], for small values

of F , the prediction in pure natural inflation becomes compatible with the constraint from

Planck 15 [38].

In general, the scalar potential of an axion predicted in string theory acquires multiple

cosine terms through the non-perturbative e↵ects. Let us consider the case where the scalar

potential includes the following two cosine terms as

V (�) = ⇤4
1

✓
1� cos

�

f1

◆
� ⇤4

2

✓
1� cos

�

f2

◆
+ · · ·

with |⇤1 � ⇤2|/⇤1 ⌧ 1 and |f1 � f2|/f1 ⌧ 1, while they do not exactly coincide. Then,

since the quadratic contributions are cancelled between these two terms, the potential

becomes shallower than the quadratic form around the potential maximum, even though

the potential terms generated by non-perturbative corrections are simply in the cosine

form.

Alternatively, in case the axion has a non-canonical kinetic term or the axion is non-

minimally coupled with gravity, the scalar potential can get flatten after the canonical

normalization. Therefore, even if the potential of the axion is given by the conventional

cosine form, the scalar potential can have a plateau region after the canonical normalization.

In Refs. [7, 8, 9], it was shown that this class of models, dubbed as ↵-attractors, rather

generically has a similar potential structure such as f(') with ' = tanh�/
p
6↵ (see also

Ref. [6] for an earlier study). This class of potentials typically becomes a flat plateau for

� >
p
6↵. Notice that in these arguments, the field � appears as a real part of a modulus

field and is not an axion.

Being motivated by the theoretical motivation, we investigate the dynamics of a scalar

field with a shallow region in the scalar potential and phenomenological consequences. For

this purpose, we consider a canonical scalar field � with a potential given by

V (�) = (mf)2 Ṽ (�̃) , �̃ ⌘
�

f
, (2.3)

requesting that Ṽ (�̃) should satisfy the following properties:

i) Ṽ (�̃) ! �̃2/2 in the limit �̃ ! 0,

ii) Ṽ (�)/�̃2
! 0 in the limit �̃ ! 1.

The second condition requires that the potential should be shallower than the quadratic

potential. Most of the properties which will be discussed in this paper follow only from

these two conditions. Especially, our discussion can apply to a general scalar field, not

only to an axion. When we consider axions, we additionally require Z2 symmetry of the

scalar potential, since axions are pseudo scalar fields. The parameter f agrees with the

conventional decay constant in the case of the conventional cosine potential. The mass

m determines the onset time of the oscillation (under a certain initial condition) and f

determines the energy density of the axion for a given m.

– 4 –

where         satisfies (in canonically normalized fame)

A plateau-type potential generically has inflection points at �̃ = ±�̃c with �̃c = O(1),

i.e., Ṽ�̃�̃ < 0 for |�̃| > �̃c and Ṽ�̃�̃ > 0 for |�̃| < �̃c. If the axion was initially located at the

plateau region, the subsequent time evolution can be divided into the following phases:

Phase 1. Rolling down in the plateau region

Phase 2. Anharmonic oscillation beyond the inflection point

Phase 3. Anharmonic oscillation within the inflection point

Phase 4. Harmonic oscillation

The phase 1 corresponds to the moment shortly before the oscillation. The axion rolls

down the negative curvature region of the potential (V�� < 0). The phase 2 corresponds to

the oscillation between the negative curvature region (Ṽ�̃�̃ < 0) and the positive curvature

region (Ṽ�̃�̃ > 0). The dynamics turns to the phase 3 when the oscillation amplitude

becomes smaller than �̃c, in which the axion oscillates only in the positive curvature region

but it is still anharmonic oscillation (Ṽ�̃�̃ 6= 1). Finally, it settles down to the phase 4

after the oscillation amplitude becomes su�ciently small where the potential can be well

approximated by the quadratic form (Ṽ�̃�̃ = 1). In this phase, the axion undergoes the

harmonic oscillation whose amplitude decays proportional to a�3/2.
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Figure 1: The plot shows the quadratic potential, the cosine potential, and the ↵ attractor type
potential for c = 0, 1.

As a specific example of the potential which has a plateau region, here let us consider

an ↵ attractor type potential [7, 8, 9] given by

Ṽ (�̃) =
1

2

(tanh �̃)2

1 + c(tanh �̃)2
(2.10)

with c � 0 being a numerical constant. The potential form of Eq. (2.10) is shown in Fig.1 for

c = 0, 1 together with the quadratic potential and the cosine type potential. We followed

– 6 –

(1)   Z2 symmetry

(2)

the single branch does not preserve the symmetry under � ! �+ 2⇡f , while the periodic

symmetry is recovered for the true vacuum energy, which is determined by the minimum

values among the di↵erent branches [34, 4, 37]. As shown in Refs. [4, 37], for small values

of F , the prediction in pure natural inflation becomes compatible with the constraint from

Planck 15 [38].

In general, the scalar potential of an axion predicted in string theory acquires multiple

cosine terms through the non-perturbative e↵ects. Let us consider the case where the scalar

potential includes the following two cosine terms as

V (�) = ⇤4
1

✓
1� cos

�

f1

◆
� ⇤4

2

✓
1� cos

�

f2

◆
+ · · ·

with |⇤1 � ⇤2|/⇤1 ⌧ 1 and |f1 � f2|/f1 ⌧ 1, while they do not exactly coincide. Then,

since the quadratic contributions are cancelled between these two terms, the potential

becomes shallower than the quadratic form around the potential maximum, even though

the potential terms generated by non-perturbative corrections are simply in the cosine

form.

Alternatively, in case the axion has a non-canonical kinetic term or the axion is non-

minimally coupled with gravity, the scalar potential can get flatten after the canonical

normalization. Therefore, even if the potential of the axion is given by the conventional

cosine form, the scalar potential can have a plateau region after the canonical normalization.

In Refs. [7, 8, 9], it was shown that this class of models, dubbed as ↵-attractors, rather

generically has a similar potential structure such as f(') with ' = tanh�/
p
6↵ (see also

Ref. [6] for an earlier study). This class of potentials typically becomes a flat plateau for

� >
p
6↵. Notice that in these arguments, the field � appears as a real part of a modulus

field and is not an axion.

Being motivated by the theoretical motivation, we investigate the dynamics of a scalar

field with a shallow region in the scalar potential and phenomenological consequences. For

this purpose, we consider a canonical scalar field � with a potential given by

V (�) = (mf)2 Ṽ (�̃) , �̃ ⌘
�

f
, (2.3)

requesting that Ṽ (�̃) should satisfy the following properties:

i) Ṽ (�̃) ! �̃2/2 in the limit �̃ ! 0,

ii) Ṽ (�)/�̃2
! 0 in the limit �̃ ! 1.

The second condition requires that the potential should be shallower than the quadratic

potential. Most of the properties which will be discussed in this paper follow only from

these two conditions. Especially, our discussion can apply to a general scalar field, not

only to an axion. When we consider axions, we additionally require Z2 symmetry of the

scalar potential, since axions are pseudo scalar fields. The parameter f agrees with the

conventional decay constant in the case of the conventional cosine potential. The mass

m determines the onset time of the oscillation (under a certain initial condition) and f

determines the energy density of the axion for a given m.

– 4 –

φc
~- φc

~

φc = O(1)~
m2 ⌘ d2V

d�2

����
|�|⌧f



Scalar potential of axion 

Potential can be more flatten than

continuous shift sym.
φ → φ + c n ∈ Z

φ → φ + 2πn/f
NP effects 

e.g. instanton effects

etc…

ii) Non-min. coupling w/gravity, Non-canonical kinetic term 
Recall α attractor model for Re[T] 

i) Dilute instanton gas approximation 

, 7 8 4  &

cosφ/f

V(φ) ~ Λ4 cosφ/f

see. implications for axion=inflaton,  ( )
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We study tensor modes in pure natural inflation [1], a recently-proposed inflationary model in
which an axionic inflaton couples to pure Yang-Mills gauge fields. We find that the tensor-to-scalar
ratio r is naturally bounded from below. This bound originates from the finiteness of the number
of metastable branches of vacua in pure Yang-Mills theories. Details of the model can be probed by
future cosmic microwave background experiments and improved lattice gauge theory calculations of
the ✓-angle dependence of the vacuum energy.

Cosmic inflation is a successful framework in explain-
ing many distinguished features of our Universe, includ-
ing its flatness and the origin of primordial density per-
turbations. There are, however, a plethora of inflation-
ary models proposed in the literature, and we ultimately
need to turn to observations for guidance, to convincingly
answer the question of exactly which inflationary model
describes our Universe.

Future defection of primordial tensor modes in comic
microwave background (CMB) radiation would be ideal
for this purpose. The size of primordial tensor modes is
quantified by the tensor-to-scalar ratio r, and when com-
bined with the observed value of the scalar spectral index
ns, these two parameters severely constrain models of in-
flation. This therefore provides an exciting opportunity
for narrowing down possible models, especially because
values of r ⇠ 10�3 are expected to be within reach in
next-generation CMB measurements (see e.g. Ref. [2]).

The goal of this paper is to study the prediction for ten-
sor modes of the recently-proposed inflationary model of
pure natural inflation [1]. This is arguably the simplest
model of inflation consistent with the current observa-
tional data. It is defined within conventional low-energy
e↵ective field theory and is technically natural, i.e. stable
under quantum corrections.

The model is given by an axionic inflaton � coupling
to four-dimensional pure Yang-Mills gauge fields:

L�FF =
1

32⇡2

�

f
✏
µ⌫⇢�TrFµ⌫F⇢�, (1)

where f is the decay constant and the dimensionless
combination ✓ := �/f plays the role of the ✓-angle of
the Yang-Mills theory. Below we choose the Yang-Mills
gauge group to be SU(N) for simplicity.

The inflaton potential V (�) is determined by the dy-
namics of the pure Yang-Mills theory. For our purposes,
it is useful to parameterize the potential in the form

V (�) = M
4


1� 1

(1 + (�/F )2)p

�
. (2)

Here, M and F are two parameters which have dimen-
sions of mass, and the exponent p > 0 is a dimensionless
parameter. The parameter F plays the role of the e↵ec-
tive decay constant.
This potential is motivated by the holographic compu-

tation of Ref. [3], which gives the parameters M and F

to be

M ⇡
p
N⇤, F ⇡ Nf, (3)

where ⇤ is the dynamical scale of the Yang-Mills theory.
We define the parameter � by

F = ⇡�Nf. (4)

As we will see later, � ⇡ O(1). For our purposes, we use
� and the power p to parameterize the strong-coupling
dynamics of the Yang-Mills theory.1

The potential of Eq. (2) takes approximately the
quadratic form V (�) ⇠ �

2 for � ⌧ F , but it begins to
deviate from this form as �/F becomes larger. Note that
this potential is rather di↵erent from the cosine poten-
tial used in the original model of natural inflation [4, 5],
which is motivated by the instanton approximation—as
explained in Ref. [1], the cosine potential is not theoret-
ically valid for pure Yang-Mills theory, and is also disfa-
vored by the recent observations by Planck [6] and BI-
CEP2/Keck Array [7].
The parameter M in Eq. (2) is determined by the over-

all size of the scalar perturbation as

M ⇠ 1016 GeV. (5)

Thus, to discuss the tensor-to-scalar ratio r and spectral
index ns, only the e↵ective decay constant F and the
power p are relevant. When we vary these parameters,
we obtain a range of r and ns which are in impressive

1 The holographic result in Ref. [3] gives p = 3. We will not be
restricted to this specific value; see Ref. [1].
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When m >> H ? : φ = dominant 

i.e., Oscillation becomes much faster than cosmic exp.

Recall natural inflation w/ Ṽ (�̃) = 1� cos �̃
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f
2
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pl

⇣
d�̃

dmt

⌘2
+ 2Ṽ (�̃)

�

O(1) O(1)

Hosc

m
' f

Mpl

recall WGC 

e.g. φ: inflaton

f > Mpl

Analysis w/o mass term, see 8 A  (



When m >> H ? : φ ≠ dominant 

i.e., Oscillation becomes much faster than cosmic exp.

<<

>>

~
Slow-roll

Oscillation

Onset

(Time scale of cosmic exp.) (Time scale of V driven motion)
1/H

q
|V�/�| =

q
|Ṽ�̃/�̃|/m
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t �+ V,� = 0
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recall

e.g. φ: dark matter

if initially          <<1, 

�̃x,i ⌘ d�̃/dx(xi) for each p. The Hubble parameter at xosc for a given m is determined as

Hosc = m/xosc. In the two limits |�̃| � 1 and |�̃| ⌧ 1, the equation of motion for �̃ can be

solved analytically. For |�̃| � 1, while the axion is located at the plateau region, we obtain

�̃(x) ' �̃i �
xi

1� 3p
�̃x,i

"
1�

✓
x

xi

◆1�3p
#

(2.5)

for p 6= 1/3. Especially in the early stage x ' xi, the axion behaves as a cosmological

constant. On the other hand, for a su�ciently late stage, where we can approximate the

potential by the quadratic form as Ṽ ' �̃2/2, we also can solve the equation of motion

analytically as

�̃(x) = x�⌫ [C1J⌫(px) + C2Y⌫(px)] (2.6)

with ⌫ ⌘ (3p � 1)/2. Here, C1 and C2 are integration constants and J⌫(x) and Y⌫(x) are

Bessel functions of the first kind and the second kind, respectively. In general, Eq. (2.4)

can be solved only numerically in the intermediate range.

In order to give a closer look on the background dynamics, here let us change the

variable into  ⌘ x3p/2�̃ / a3/2�̃. Then, the equation of motion (2.4) is rewritten as

d2 

dx2
+

"
3p

2

✓
1�

3p

2

◆
1

x2
+ p2

Ṽ,�̃

�̃

#
 = 0 . (2.7)

When the second term in the square brackets is negligible, this equation reproduces the

solution (2.5), which slowly rolls down the potential. When the two terms in the square

brackets become comparable, i.e.,

x2osc '
3(2� 3p)

4p

1

|F0(�̃)|
, F0(�̃) ⌘

1

�̃

dṼ

d�̃
, (2.8)

the axion starts to oscillate. Here, for our convenience, we introduced the function F0(�),

which characterizes the gradient of the scalar potential.

For the quadratic potential, since Ṽ,�̃ = �̃, these two terms always become comparable

around x ' 1 (except for p = 2/3, where the first term vanishes). On the other hand,

when the axion is located at the plateau region, F(�) takes a value with |F(�)| ⌧ O(1).

Then, the first term in the square brackets of Eq. (2.7) still dominates the second term at

x ' O(1). In this case, the oscillation starts later than the time with H ' m, i.e., xosc > 1.

As will be discussed in the next subsection, a significant delay of the oscillation leads to

an exponential growth of the inhomogeneity through the self-interaction of the axion. The

condition for the delayed onset of the oscillation, i.e., xosc > 1, is given by

|F0| ⌧ 1 . (2.9)

In addition, when the following conditions

|Fn+1| ⌧ 1, Fn+1 ⌘
1

H

d

dt
Fn =

x

p

d

dx
Fn (2.10)

– 5 –

e.g. Ṽ (�̃) = 1� cos �̃
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with φi ~ π 
~

Hosc

m
⇠

s����
Ṽ�̃

�̃

���� ⌧ 1
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N.B. The dynamics is independent of f.



Hill’s equation in cosmology 

a field coupled w/ coherently oscillating scalar field

!2
k(t) =

⇣ k

a(t)m

⌘2
+ Ṽ�̃�̃(t̃) = Ak � 2q (t̃ )
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r?2`2 δφ̃k /2MQi2b i?2 6Qm`B2` KQ/2 Q7 δφ̃ �M/ Ṽφ̃φ̃ ≡ d2Ṽ /dφ̃2X >2`2- r2 M2;H2+i i?2 K2i`B+
T2`im`#�iBQMb- r?B+? /Q MQi TH�v �M BKTQ`i�Mi `QH2 BM Qm` T`2b2Mi b2imTRX AMi`Q/m+BM;
ϕk ≡ a3/2δφ̃k- r2 +�M `2r`Bi2 1[X UkXdV �b

d2

dt̃2
ϕk(t̃ ) + ω2

k(t̃ )ϕk(t̃ ) = 0 , UkXNV

r?2`2 ωk /2MQi2b i?2 U/BK2MbBQMH2bbV 7`2[m2M+v ;Bp2M #v

ω2
k =

(
k

am

)2

+ Ṽφ̃φ̃ − 3

2

Ḣ

m2
− 9

4

(
H

m

)2

, UkXRyV

rBi? Ḣ = dH/dtX AM i?2 M2ti bm#b2+iBQM- r2 rBHH �M�Hvx2 i?2 2[m�iBQM UkXNV BM /2i�BHX
AM i?Bb T�T2`- r2 �bbmK2 i?�i i?2 b+�H�` }2H/ φ Bb MQi i?2 /QKBM�Mi +QKTQM2Mi Q7 i?2

lMBp2`b2X q?2M φ Bb i?2 /QKBM�Mi +QKTQM2Mi- r2 �HbQ M22/ iQ /2i2`KBM2 i?2 ;2QK2i`v
+QMbBbi2MiHv #v bQHpBM; i?2 1BMbi2BM 2[m�iBQMX

kXj _2bQM�M+2 BMbi�#BHBiv
q?2M i?2 #�+F;`QmM/ ?QKQ;2M2Qmb KQ/2 bi�`ib iQ Qb+BHH�i2 �`QmM/ i?2 TQi2MiB�H KBMBKmK-
i?2 T�`�K2i`B+ `2bQM�M+2 BMbi�#BHBiv i�F2b TH�+2- i`�Mb72``BM; i?2 2M2`;v /2MbBiv Q7 i?2 ?QKQ@
;2M2Qmb KQ/2 iQ i?2 QM2 Q7 BM?QKQ;2M2Qmb KQ/2b i?`Qm;? i?2 b2H7@BMi2`�+iBQM Q7 i?2 b+�H�`
}2H/X AM i?Bb bm#b2+iBQM- r2 Qp2`pB2r i?2 /Bz2`2Mi ivT2b Q7 i?2 `2bQM�M+2 BMbi�#BHBiv- BM+Hm/@
BM; i?2 ~�TTBM; `2bQM�M+2 BMbi�#BHBiv (N)X AM T�`iB+mH�`- r2 7Q+mb QM i?2 +�b2 r?2`2 i?2 KQ/2
2[m�iBQM UkXNV +�M #2 r`Bii2M BM i?2 7QHHQrBM; 7Q`K

d2ϕk(t̃ )

dt̃2
+
[
Ak − 2qψ(t̃ )

]
ϕk(t̃ ) = 0 , UkXRRV

r?2`2 ψ(t̃) Bb � [m�bB@T2`BQ/B+ 7mM+iBQM- BX2X- ψ b�iBb}2b ψ(t̃ + T ) ≃ ψ(t̃ ) �i H2�bi BM i?2
iBK2 b+�H2 Q7 i?2 U#�+F;`QmM/V Qb+BHH�iBQMX >2`2- r2 �HbQ �bbmK2 i?�i Ak �M/ q bi�v �HKQbi
+QMbi�Mi BM i?Bb iBK2 b+�H2X h?Bb Bb BM/22/ i?2 +�b2 r?2M i?2 QMb2i Q7 i?2 Qb+BHH�iBQM /2H�vb-
i�FBM; Hosc/m ≪ 1X

q?2M ψ Bb 2t�+iHv T2`BQ/B+- i?2 �#Qp2 2[m�iBQM Bb +�HH2/ i?2 >BHHǶb 2[m�iBQMX LQi2 i?�i
i?2 >BHHǶb 2[m�iBQM BM+Hm/2b i?2 r2HH@FMQrM J�i?B2m 2[m�iBQM r?2`2 ψ(t̃ ) Bb ;Bp2M #v i?2
bBMmbQB/�H 7mM+iBQM- BX2X-

d2ϕk(t̃ )

dt̃2
+
[
Ak − 2q cos 2t̃

]
ϕk(t̃ ) = 0 . UkXRkV

>2`2 �M/ ?2`2�7i2`- r2 /2}M2 i?2 [m�bB T2`BQ/B+ 7mM+iBQM ψ(t̃ ) bQ i?�i q #2+QK2b TQbBiBp2X
q2 MQ`K�HBx2 ψ(t̃ ) #v `2[m2biBM; ⟨ψ2(t̃ )⟩ = 1/2 BM i?2 b�K2 r�v �b ψ(t̃ ) = cos 2t̃- r?B+?

Rh?2 KQ/2 2[m�iBQM rBi? i?2 K2i`B+ T2`im`#�iBQM BM L2riQMB�M ;�m;2 Bb ;Bp2M #v

d2

dt̃2
δφ̃k + 3

H
m

d

dt̃
δφ̃k +

((
k
am

)2

+ Ṽφ̃φ̃

)
δφ̃k − 2Ṽφ̃Φk +

dφ̃

dt̃

dΦk

dt̃
= 0 , UkX3V

r?2`2 Φk /2MQi2b i?2 6Qm`B2` KQ/2 Q7 i?2 +m`p�im`2 T2`im`#�iBQM BM i?Bb ;�m;2X LQiB+BM; i?�i i?2 �KTHBim/2b
Q7 Ṽφ̃φ̃- Ṽφ̃- dφ̃/dt̃- �M/ φ̃ �`2 `Qm;?Hv O(1) Dmbi �7i2` i?2 QMb2i Q7 i?2 Qb+BHH�iBQM- r2 }M/ i?�i i?2 H�bi irQ i2`Kb
BM 1[X UkX3V �`2 BM/22/ M2;HB;B#H2 7Q` k/aH ≫ 1X �b rBHH #2 /Bb+mbb2/ BM i?2 M2ti bm#b2+iBQM- i?2 `2bQM�M+2
BMbi�#BHBiv UBM i?2 /QKBM�Mi #�M/bV i�F2b TH�+2 7Q` i?2 KQ/2b rBi? k/(am) = O(1)- r?B+? �`2 BM bm# >m##H2
b+�H2b 7Q` Hosc/m ≪ 1X

Ĝ 8 Ĝ

d2yk(t̃ )

dt̃2
+ !2

k(t̃ )yk(t̃ ) = 0
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Ak, q ∈ R

 (t̃) '  (t̃+ T )for Hosc/m << 1

What characterizes the resonance for general Hill’s eq.?

efficiency, structure of the spectrum, etc…



What characterizes general Hill’s equation?

!2
k(t) =

⇣ k

a(t)m

⌘2
+ Ṽ�̃�̃(t̃) = Ak � 2q (t̃ )
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r?2`2 δφ̃k /2MQi2b i?2 6Qm`B2` KQ/2 Q7 δφ̃ �M/ Ṽφ̃φ̃ ≡ d2Ṽ /dφ̃2X >2`2- r2 M2;H2+i i?2 K2i`B+
T2`im`#�iBQMb- r?B+? /Q MQi TH�v �M BKTQ`i�Mi `QH2 BM Qm` T`2b2Mi b2imTRX AMi`Q/m+BM;
ϕk ≡ a3/2δφ̃k- r2 +�M `2r`Bi2 1[X UkXdV �b

d2

dt̃2
ϕk(t̃ ) + ω2

k(t̃ )ϕk(t̃ ) = 0 , UkXNV

r?2`2 ωk /2MQi2b i?2 U/BK2MbBQMH2bbV 7`2[m2M+v ;Bp2M #v

ω2
k =

(
k

am

)2

+ Ṽφ̃φ̃ − 3

2

Ḣ

m2
− 9

4

(
H

m

)2

, UkXRyV

rBi? Ḣ = dH/dtX AM i?2 M2ti bm#b2+iBQM- r2 rBHH �M�Hvx2 i?2 2[m�iBQM UkXNV BM /2i�BHX
AM i?Bb T�T2`- r2 �bbmK2 i?�i i?2 b+�H�` }2H/ φ Bb MQi i?2 /QKBM�Mi +QKTQM2Mi Q7 i?2

lMBp2`b2X q?2M φ Bb i?2 /QKBM�Mi +QKTQM2Mi- r2 �HbQ M22/ iQ /2i2`KBM2 i?2 ;2QK2i`v
+QMbBbi2MiHv #v bQHpBM; i?2 1BMbi2BM 2[m�iBQMX

kXj _2bQM�M+2 BMbi�#BHBiv
q?2M i?2 #�+F;`QmM/ ?QKQ;2M2Qmb KQ/2 bi�`ib iQ Qb+BHH�i2 �`QmM/ i?2 TQi2MiB�H KBMBKmK-
i?2 T�`�K2i`B+ `2bQM�M+2 BMbi�#BHBiv i�F2b TH�+2- i`�Mb72``BM; i?2 2M2`;v /2MbBiv Q7 i?2 ?QKQ@
;2M2Qmb KQ/2 iQ i?2 QM2 Q7 BM?QKQ;2M2Qmb KQ/2b i?`Qm;? i?2 b2H7@BMi2`�+iBQM Q7 i?2 b+�H�`
}2H/X AM i?Bb bm#b2+iBQM- r2 Qp2`pB2r i?2 /Bz2`2Mi ivT2b Q7 i?2 `2bQM�M+2 BMbi�#BHBiv- BM+Hm/@
BM; i?2 ~�TTBM; `2bQM�M+2 BMbi�#BHBiv (N)X AM T�`iB+mH�`- r2 7Q+mb QM i?2 +�b2 r?2`2 i?2 KQ/2
2[m�iBQM UkXNV +�M #2 r`Bii2M BM i?2 7QHHQrBM; 7Q`K

d2ϕk(t̃ )

dt̃2
+
[
Ak − 2qψ(t̃ )

]
ϕk(t̃ ) = 0 , UkXRRV

r?2`2 ψ(t̃) Bb � [m�bB@T2`BQ/B+ 7mM+iBQM- BX2X- ψ b�iBb}2b ψ(t̃ + T ) ≃ ψ(t̃ ) �i H2�bi BM i?2
iBK2 b+�H2 Q7 i?2 U#�+F;`QmM/V Qb+BHH�iBQMX >2`2- r2 �HbQ �bbmK2 i?�i Ak �M/ q bi�v �HKQbi
+QMbi�Mi BM i?Bb iBK2 b+�H2X h?Bb Bb BM/22/ i?2 +�b2 r?2M i?2 QMb2i Q7 i?2 Qb+BHH�iBQM /2H�vb-
i�FBM; Hosc/m ≪ 1X

q?2M ψ Bb 2t�+iHv T2`BQ/B+- i?2 �#Qp2 2[m�iBQM Bb +�HH2/ i?2 >BHHǶb 2[m�iBQMX LQi2 i?�i
i?2 >BHHǶb 2[m�iBQM BM+Hm/2b i?2 r2HH@FMQrM J�i?B2m 2[m�iBQM r?2`2 ψ(t̃ ) Bb ;Bp2M #v i?2
bBMmbQB/�H 7mM+iBQM- BX2X-

d2ϕk(t̃ )

dt̃2
+
[
Ak − 2q cos 2t̃

]
ϕk(t̃ ) = 0 . UkXRkV

>2`2 �M/ ?2`2�7i2`- r2 /2}M2 i?2 [m�bB T2`BQ/B+ 7mM+iBQM ψ(t̃ ) bQ i?�i q #2+QK2b TQbBiBp2X
q2 MQ`K�HBx2 ψ(t̃ ) #v `2[m2biBM; ⟨ψ2(t̃ )⟩ = 1/2 BM i?2 b�K2 r�v �b ψ(t̃ ) = cos 2t̃- r?B+?

Rh?2 KQ/2 2[m�iBQM rBi? i?2 K2i`B+ T2`im`#�iBQM BM L2riQMB�M ;�m;2 Bb ;Bp2M #v

d2

dt̃2
δφ̃k + 3

H
m

d

dt̃
δφ̃k +

((
k
am

)2

+ Ṽφ̃φ̃

)
δφ̃k − 2Ṽφ̃Φk +

dφ̃

dt̃

dΦk

dt̃
= 0 , UkX3V

r?2`2 Φk /2MQi2b i?2 6Qm`B2` KQ/2 Q7 i?2 +m`p�im`2 T2`im`#�iBQM BM i?Bb ;�m;2X LQiB+BM; i?�i i?2 �KTHBim/2b
Q7 Ṽφ̃φ̃- Ṽφ̃- dφ̃/dt̃- �M/ φ̃ �`2 `Qm;?Hv O(1) Dmbi �7i2` i?2 QMb2i Q7 i?2 Qb+BHH�iBQM- r2 }M/ i?�i i?2 H�bi irQ i2`Kb
BM 1[X UkX3V �`2 BM/22/ M2;HB;B#H2 7Q` k/aH ≫ 1X �b rBHH #2 /Bb+mbb2/ BM i?2 M2ti bm#b2+iBQM- i?2 `2bQM�M+2
BMbi�#BHBiv UBM i?2 /QKBM�Mi #�M/bV i�F2b TH�+2 7Q` i?2 KQ/2b rBi? k/(am) = O(1)- r?B+? �`2 BM bm# >m##H2
b+�H2b 7Q` Hosc/m ≪ 1X

Ĝ 8 Ĝ

D D 9 9 3  (Violation of the adiabatic condition?

No, even for Mathieu eq.

G2i mb 2KT?�bBx2 i?�i r?2M i?2 ~�TTBM; `2bQM�M+2 Bb i?2 /QKBM�Mi BMbi�#BHBiv- i?2 [m�bB
T2`BQ/B+ 7mM+iBQM ψ(t̃ ) BM ω2

k Bb MQi i?2 bBMmbQB/�H 7mM+iBQMX AM 7�+i- �b b?QrM BM i?2 `B;?i
T�M2H Q7 6B;X R- i?2 iBK2 2pQHmiBQM Q7 Ṽφ̃φ̃ 7Q` φ̃i = 2.5 U#Hm2 bQHB/V bB;MB}+�MiHv /2pB�i2b
7`QK i?2 bBMmbQB/�H 7mM+iBQM U#H�+F /Qii2/VX h?Bb Bb #2+�mb2 i?2 ~�TTBM; `2bQM�M+2 i�F2b
TH�+2 r?2M i?2 b2H7@BMi2`�+iBQM Bb MQi T2`im`#�iBp2Hv bmTT`2bb2/X �b � `2bmHi- i?2 bi`m+im`2
Q7 i?2 `2bQM�M+2 #�M/ #2+QK2b `�i?2` /Bz2`2Mi 7`QK i?2 QM2 7Q` i?2 J�i?B2m 2[m�iBQMX h?Bb
KQiBp�i2b mb iQ �M�Hvx2 i?2 bi�#BHBivfBMbi�#BHBiv +?�`i 7Q` i?2 ;2M2`�H >BHHǶb 2[m�iBQM BM �M
2tT�M/BM; lMBp2`b2 KQ`2 +�`27mHHv- ;2M2`�HBxBM; i?2 �M�HvbBb 7Q` i?2 J�i?B2m 2[m�iBQMX

j _2bQM�M+2 BMbi�#BHBiv 7Q` >BHHǶb 2[m�iBQM

q?2M i?2 b2H7@BMi2`�+iBQM Q7 i?2 b+�H�` }2H/ Bb MQi T2`im`#�iBp2Hv bmTT`2bb2/- i?2 [m�bB T2`B@
Q/B+ 7mM+iBQM ψ(t̃ )- BM ;2M2`�H- +�MMQi #2 ;Bp2M #v �M �M�HviB+ 7mM+iBQMX h?2M- Bi Bb bQK2r?�i
+mK#2`bQK2 iQ +QKTmi2 i?2 p�Hm2 Q7 q BM 1[X UkXRRV �7i2` B/2MiB7vBM; i?2 MQ`K�HBx2/ [m�bB@
T2`BQ/B+ 7mM+iBQM ψ(t̃ )X AM i?Bb b2+iBQM- T`QTQbBM; � r�v iQ +QKTmi2 q /B`2+iHv UrBi?Qmi i?2
B/2MiB}+�iBQM Q7 ψ(t̃ )V- r2 b?Qr i?�i q +?�`�+i2`Bx2b i?2 T�`�K2i`B+ `2bQM�M+2 BMbi�#BHBiv 7Q`
i?2 ;2M2`�H >BHHǶb 2[m�iBQM- BM+Hm/BM; +�b2 r?2`2 i?2 Qb+BHH�iBQM Q7 i?2 ?QKQ;2M2Qmb KQ/2 Bb
�M?�`KQMB+X

jXR L2r T�`�K2i2` 7Q` +H�bbB}+�iBQM
jXRXR .2}MBiBQM
*QKT�`2/ iQ i?2 QM2 7Q` i?2 J�i?B2m 2[m�iBQM- i?2 bi`m+im`2 Q7 i?2 `2bQM�M+2 #�M/ 7Q` i?2
;2M2`�H >BHHǶb 2[m�iBQM ?�b MQi #22M r2HH BMp2biB;�i2/ 2bT2+B�HHv BM � +QbKQHQ;B+�H +QMi2ti
Uv2i b22 _27bX (keĜjj)VX AM T�`iB+mH�`- � [m�HBi�iBp2 mM/2`bi�M/BM; Q7 i?2 bi�#BHBivfBMbi�#BHBiv
+?�`i 7Q` i?2 ;2M2`�H >BHHǶb 2[m�iBQM ?�b #22M biBHH KBbbBM;X AM i?Bb b2+iBQM- r2 /Bb+mbb � r�v
iQ +?�`�+i2`Bx2 /Bz2`2Mi ivT2b Q7 i?2 T�`�K2i`B+ `2bQM�M+2 BMbi�#BHBiv /2b+`B#2/ #v i?2 >BHHǶb
2[m�iBQMX

PM2 K�v i?BMF i?�i � TQbbB#H2 `272`2M+2 7Q` i?2 +H�bbB}+�iBQM Bb Ui?2 /2;`22 Q7V i?2
pBQH�iBQM Q7 i?2 �/B�#�iB+ +QM/BiBQMX >Qr2p2`- �b r2 �`;m2/ BM i?2 T`2pBQmb b2+iBQM- i?2
�/B�#�iB+ +QM/BiBQM Bb bB;MB}+�MiHv pBQH�i2/ #Qi? 7Q` i?2 #`Q�/ `2bQM�M+2 �M/ i?2 ~�TTBM;
`2bQM�M+2- r?BH2 i?2 `2bmHi�Mi bT2+i`mKb �`2 p2`v /Bz2`2Mi 7Q` i?2b2 +�b2bX >2`2- H2i mb
`2+�HH i?�i 7Q` i?2 J�i?B2m 2[m�iBQM- � H�`;2 q BKTHB2b � bB;MB}+�Mi pBQH�iBQM Q7 i?2 �/B�#�iB+
+QM/BiBQM �M/ � H�`;2 ;`Qri? `�i2 UBMbB/2 i?2 `2bQM�M+2 #�M/VX >Qr2p2`- i?2 pBQH�iBQM Q7 i?2
�/B�#�iB+ +QM/BiBQM /Q2b MQi /B`2+iHv BKTHv � H�`;2 ;`Qri? `�i2X AM 7�+i- r?2M i?2 �/B�#�iB+
+QM/BiBQM Bb pBQH�i2/- r2 }M/

∣∣∣∣
dωk/dt̃

ω2
k

∣∣∣∣ =
q|dψ(t̃ )/dt̃|

|Ak − 2qψ(t̃ )|3/2
≫ 1 , UjXRV

�M/ i?Bb BM2[m�HBiv Bb 7mH}HH2/ 7Q` Ak ∼ 2q- 2p2M r?2M i?2 ;`Qri? `�i2 UMQ` qV Bb MQi T�`iB+m@
H�`Hv H�`;2X h?2`27Q`2- i?2 pBQH�iBQM Q7 i?2 �/B�#�iB+ +QM/BiBQM /Q2b MQi M2+2bb�`BHv 2Mbm`2 �
bB;MB}+�Mi ;`Qri? Q7 i?2 ~m+im�iBQM 2p2M 7Q` i?2 J�i?B2m 2[m�iBQMX

>�pBM; i?Bb H2bbQM BM KBM/- ?2`2 r2 BMp2biB;�i2 r?2i?2` i?2 T�`�K2i2` q BM 1[X UkXRRV-
biBHH +?�`�+i2`Bx2b i?2 ;`Qri? `�i2 �M/ i?2 rB/i? Q7 i?2 `2bQM�M+2 #�M/ 7Q` i?2 ;2M2`�H >BHHǶb
2[m�iBQM Q` MQiX lbBM; ⟨ψ2(t̃ )⟩ = 1/2 �M/ ⟨ψ(t̃ )⟩ = 0- r2 +�M +QKTmi2 i?2 T�`�K2i2` q �b

q =

√
⟨(ω2

k − ⟨ω2
k⟩)2⟩

2
(≡ q̃) . UjXkV

Ĝ 3 Ĝ

Ak~ q e.g.

Coming back to the basics,…

amplitude of  
non-oscillatory part

amplitude of  
oscillatory part



Brute force analysis of Hill’s equation

stability/instability chart is “generically” characterized by (Ak, q)

!2
k(t) =

⇣ k

a(t)m

⌘2
+ Ṽ�̃�̃(t̃) = Ak � 2q (t̃ )
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r?2`2 δφ̃k /2MQi2b i?2 6Qm`B2` KQ/2 Q7 δφ̃ �M/ Ṽφ̃φ̃ ≡ d2Ṽ /dφ̃2X >2`2- r2 M2;H2+i i?2 K2i`B+
T2`im`#�iBQMb- r?B+? /Q MQi TH�v �M BKTQ`i�Mi `QH2 BM Qm` T`2b2Mi b2imTRX AMi`Q/m+BM;
ϕk ≡ a3/2δφ̃k- r2 +�M `2r`Bi2 1[X UkXdV �b

d2

dt̃2
ϕk(t̃ ) + ω2

k(t̃ )ϕk(t̃ ) = 0 , UkXNV

r?2`2 ωk /2MQi2b i?2 U/BK2MbBQMH2bbV 7`2[m2M+v ;Bp2M #v

ω2
k =

(
k

am

)2

+ Ṽφ̃φ̃ − 3

2

Ḣ

m2
− 9

4

(
H

m

)2

, UkXRyV

rBi? Ḣ = dH/dtX AM i?2 M2ti bm#b2+iBQM- r2 rBHH �M�Hvx2 i?2 2[m�iBQM UkXNV BM /2i�BHX
AM i?Bb T�T2`- r2 �bbmK2 i?�i i?2 b+�H�` }2H/ φ Bb MQi i?2 /QKBM�Mi +QKTQM2Mi Q7 i?2

lMBp2`b2X q?2M φ Bb i?2 /QKBM�Mi +QKTQM2Mi- r2 �HbQ M22/ iQ /2i2`KBM2 i?2 ;2QK2i`v
+QMbBbi2MiHv #v bQHpBM; i?2 1BMbi2BM 2[m�iBQMX

kXj _2bQM�M+2 BMbi�#BHBiv
q?2M i?2 #�+F;`QmM/ ?QKQ;2M2Qmb KQ/2 bi�`ib iQ Qb+BHH�i2 �`QmM/ i?2 TQi2MiB�H KBMBKmK-
i?2 T�`�K2i`B+ `2bQM�M+2 BMbi�#BHBiv i�F2b TH�+2- i`�Mb72``BM; i?2 2M2`;v /2MbBiv Q7 i?2 ?QKQ@
;2M2Qmb KQ/2 iQ i?2 QM2 Q7 BM?QKQ;2M2Qmb KQ/2b i?`Qm;? i?2 b2H7@BMi2`�+iBQM Q7 i?2 b+�H�`
}2H/X AM i?Bb bm#b2+iBQM- r2 Qp2`pB2r i?2 /Bz2`2Mi ivT2b Q7 i?2 `2bQM�M+2 BMbi�#BHBiv- BM+Hm/@
BM; i?2 ~�TTBM; `2bQM�M+2 BMbi�#BHBiv (N)X AM T�`iB+mH�`- r2 7Q+mb QM i?2 +�b2 r?2`2 i?2 KQ/2
2[m�iBQM UkXNV +�M #2 r`Bii2M BM i?2 7QHHQrBM; 7Q`K

d2ϕk(t̃ )

dt̃2
+
[
Ak − 2qψ(t̃ )

]
ϕk(t̃ ) = 0 , UkXRRV

r?2`2 ψ(t̃) Bb � [m�bB@T2`BQ/B+ 7mM+iBQM- BX2X- ψ b�iBb}2b ψ(t̃ + T ) ≃ ψ(t̃ ) �i H2�bi BM i?2
iBK2 b+�H2 Q7 i?2 U#�+F;`QmM/V Qb+BHH�iBQMX >2`2- r2 �HbQ �bbmK2 i?�i Ak �M/ q bi�v �HKQbi
+QMbi�Mi BM i?Bb iBK2 b+�H2X h?Bb Bb BM/22/ i?2 +�b2 r?2M i?2 QMb2i Q7 i?2 Qb+BHH�iBQM /2H�vb-
i�FBM; Hosc/m ≪ 1X

q?2M ψ Bb 2t�+iHv T2`BQ/B+- i?2 �#Qp2 2[m�iBQM Bb +�HH2/ i?2 >BHHǶb 2[m�iBQMX LQi2 i?�i
i?2 >BHHǶb 2[m�iBQM BM+Hm/2b i?2 r2HH@FMQrM J�i?B2m 2[m�iBQM r?2`2 ψ(t̃ ) Bb ;Bp2M #v i?2
bBMmbQB/�H 7mM+iBQM- BX2X-

d2ϕk(t̃ )

dt̃2
+
[
Ak − 2q cos 2t̃

]
ϕk(t̃ ) = 0 . UkXRkV

>2`2 �M/ ?2`2�7i2`- r2 /2}M2 i?2 [m�bB T2`BQ/B+ 7mM+iBQM ψ(t̃ ) bQ i?�i q #2+QK2b TQbBiBp2X
q2 MQ`K�HBx2 ψ(t̃ ) #v `2[m2biBM; ⟨ψ2(t̃ )⟩ = 1/2 BM i?2 b�K2 r�v �b ψ(t̃ ) = cos 2t̃- r?B+?

Rh?2 KQ/2 2[m�iBQM rBi? i?2 K2i`B+ T2`im`#�iBQM BM L2riQMB�M ;�m;2 Bb ;Bp2M #v

d2

dt̃2
δφ̃k + 3

H
m

d

dt̃
δφ̃k +

((
k
am

)2

+ Ṽφ̃φ̃

)
δφ̃k − 2Ṽφ̃Φk +

dφ̃

dt̃

dΦk

dt̃
= 0 , UkX3V

r?2`2 Φk /2MQi2b i?2 6Qm`B2` KQ/2 Q7 i?2 +m`p�im`2 T2`im`#�iBQM BM i?Bb ;�m;2X LQiB+BM; i?�i i?2 �KTHBim/2b
Q7 Ṽφ̃φ̃- Ṽφ̃- dφ̃/dt̃- �M/ φ̃ �`2 `Qm;?Hv O(1) Dmbi �7i2` i?2 QMb2i Q7 i?2 Qb+BHH�iBQM- r2 }M/ i?�i i?2 H�bi irQ i2`Kb
BM 1[X UkX3V �`2 BM/22/ M2;HB;B#H2 7Q` k/aH ≫ 1X �b rBHH #2 /Bb+mbb2/ BM i?2 M2ti bm#b2+iBQM- i?2 `2bQM�M+2
BMbi�#BHBiv UBM i?2 /QKBM�Mi #�M/bV i�F2b TH�+2 7Q` i?2 KQ/2b rBi? k/(am) = O(1)- r?B+? �`2 BM bm# >m##H2
b+�H2b 7Q` Hosc/m ≪ 1X

Ĝ 8 Ĝ

G2i mb 2KT?�bBx2 i?�i r?2M i?2 ~�TTBM; `2bQM�M+2 Bb i?2 /QKBM�Mi BMbi�#BHBiv- i?2 [m�bB
T2`BQ/B+ 7mM+iBQM ψ(t̃ ) BM ω2

k Bb MQi i?2 bBMmbQB/�H 7mM+iBQMX AM 7�+i- �b b?QrM BM i?2 `B;?i
T�M2H Q7 6B;X R- i?2 iBK2 2pQHmiBQM Q7 Ṽφ̃φ̃ 7Q` φ̃i = 2.5 U#Hm2 bQHB/V bB;MB}+�MiHv /2pB�i2b
7`QK i?2 bBMmbQB/�H 7mM+iBQM U#H�+F /Qii2/VX h?Bb Bb #2+�mb2 i?2 ~�TTBM; `2bQM�M+2 i�F2b
TH�+2 r?2M i?2 b2H7@BMi2`�+iBQM Bb MQi T2`im`#�iBp2Hv bmTT`2bb2/X �b � `2bmHi- i?2 bi`m+im`2
Q7 i?2 `2bQM�M+2 #�M/ #2+QK2b `�i?2` /Bz2`2Mi 7`QK i?2 QM2 7Q` i?2 J�i?B2m 2[m�iBQMX h?Bb
KQiBp�i2b mb iQ �M�Hvx2 i?2 bi�#BHBivfBMbi�#BHBiv +?�`i 7Q` i?2 ;2M2`�H >BHHǶb 2[m�iBQM BM �M
2tT�M/BM; lMBp2`b2 KQ`2 +�`27mHHv- ;2M2`�HBxBM; i?2 �M�HvbBb 7Q` i?2 J�i?B2m 2[m�iBQMX

j _2bQM�M+2 BMbi�#BHBiv 7Q` >BHHǶb 2[m�iBQM

q?2M i?2 b2H7@BMi2`�+iBQM Q7 i?2 b+�H�` }2H/ Bb MQi T2`im`#�iBp2Hv bmTT`2bb2/- i?2 [m�bB T2`B@
Q/B+ 7mM+iBQM ψ(t̃ )- BM ;2M2`�H- +�MMQi #2 ;Bp2M #v �M �M�HviB+ 7mM+iBQMX h?2M- Bi Bb bQK2r?�i
+mK#2`bQK2 iQ +QKTmi2 i?2 p�Hm2 Q7 q BM 1[X UkXRRV �7i2` B/2MiB7vBM; i?2 MQ`K�HBx2/ [m�bB@
T2`BQ/B+ 7mM+iBQM ψ(t̃ )X AM i?Bb b2+iBQM- T`QTQbBM; � r�v iQ +QKTmi2 q /B`2+iHv UrBi?Qmi i?2
B/2MiB}+�iBQM Q7 ψ(t̃ )V- r2 b?Qr i?�i q +?�`�+i2`Bx2b i?2 T�`�K2i`B+ `2bQM�M+2 BMbi�#BHBiv 7Q`
i?2 ;2M2`�H >BHHǶb 2[m�iBQM- BM+Hm/BM; +�b2 r?2`2 i?2 Qb+BHH�iBQM Q7 i?2 ?QKQ;2M2Qmb KQ/2 Bb
�M?�`KQMB+X

jXR L2r T�`�K2i2` 7Q` +H�bbB}+�iBQM
jXRXR .2}MBiBQM
*QKT�`2/ iQ i?2 QM2 7Q` i?2 J�i?B2m 2[m�iBQM- i?2 bi`m+im`2 Q7 i?2 `2bQM�M+2 #�M/ 7Q` i?2
;2M2`�H >BHHǶb 2[m�iBQM ?�b MQi #22M r2HH BMp2biB;�i2/ 2bT2+B�HHv BM � +QbKQHQ;B+�H +QMi2ti
Uv2i b22 _27bX (keĜjj)VX AM T�`iB+mH�`- � [m�HBi�iBp2 mM/2`bi�M/BM; Q7 i?2 bi�#BHBivfBMbi�#BHBiv
+?�`i 7Q` i?2 ;2M2`�H >BHHǶb 2[m�iBQM ?�b #22M biBHH KBbbBM;X AM i?Bb b2+iBQM- r2 /Bb+mbb � r�v
iQ +?�`�+i2`Bx2 /Bz2`2Mi ivT2b Q7 i?2 T�`�K2i`B+ `2bQM�M+2 BMbi�#BHBiv /2b+`B#2/ #v i?2 >BHHǶb
2[m�iBQMX

PM2 K�v i?BMF i?�i � TQbbB#H2 `272`2M+2 7Q` i?2 +H�bbB}+�iBQM Bb Ui?2 /2;`22 Q7V i?2
pBQH�iBQM Q7 i?2 �/B�#�iB+ +QM/BiBQMX >Qr2p2`- �b r2 �`;m2/ BM i?2 T`2pBQmb b2+iBQM- i?2
�/B�#�iB+ +QM/BiBQM Bb bB;MB}+�MiHv pBQH�i2/ #Qi? 7Q` i?2 #`Q�/ `2bQM�M+2 �M/ i?2 ~�TTBM;
`2bQM�M+2- r?BH2 i?2 `2bmHi�Mi bT2+i`mKb �`2 p2`v /Bz2`2Mi 7Q` i?2b2 +�b2bX >2`2- H2i mb
`2+�HH i?�i 7Q` i?2 J�i?B2m 2[m�iBQM- � H�`;2 q BKTHB2b � bB;MB}+�Mi pBQH�iBQM Q7 i?2 �/B�#�iB+
+QM/BiBQM �M/ � H�`;2 ;`Qri? `�i2 UBMbB/2 i?2 `2bQM�M+2 #�M/VX >Qr2p2`- i?2 pBQH�iBQM Q7 i?2
�/B�#�iB+ +QM/BiBQM /Q2b MQi /B`2+iHv BKTHv � H�`;2 ;`Qri? `�i2X AM 7�+i- r?2M i?2 �/B�#�iB+
+QM/BiBQM Bb pBQH�i2/- r2 }M/

∣∣∣∣
dωk/dt̃

ω2
k

∣∣∣∣ =
q|dψ(t̃ )/dt̃|

|Ak − 2qψ(t̃ )|3/2
≫ 1 , UjXRV

�M/ i?Bb BM2[m�HBiv Bb 7mH}HH2/ 7Q` Ak ∼ 2q- 2p2M r?2M i?2 ;`Qri? `�i2 UMQ` qV Bb MQi T�`iB+m@
H�`Hv H�`;2X h?2`27Q`2- i?2 pBQH�iBQM Q7 i?2 �/B�#�iB+ +QM/BiBQM /Q2b MQi M2+2bb�`BHv 2Mbm`2 �
bB;MB}+�Mi ;`Qri? Q7 i?2 ~m+im�iBQM 2p2M 7Q` i?2 J�i?B2m 2[m�iBQMX

>�pBM; i?Bb H2bbQM BM KBM/- ?2`2 r2 BMp2biB;�i2 r?2i?2` i?2 T�`�K2i2` q BM 1[X UkXRRV-
biBHH +?�`�+i2`Bx2b i?2 ;`Qri? `�i2 �M/ i?2 rB/i? Q7 i?2 `2bQM�M+2 #�M/ 7Q` i?2 ;2M2`�H >BHHǶb
2[m�iBQM Q` MQiX lbBM; ⟨ψ2(t̃ )⟩ = 1/2 �M/ ⟨ψ(t̃ )⟩ = 0- r2 +�M +QKTmi2 i?2 T�`�K2i2` q �b

q =

√
⟨(ω2

k − ⟨ω2
k⟩)2⟩

2
(≡ q̃) . UjXkV

Ĝ 3 Ĝ
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6B;m`2 kX h?2b2 THQib b?Qr i?2 `2�H T�`i Q7 i?2 6HQ[m2i 2tTQM2Mi- ℜ[µk]- 7Q` i?2 >BHHǶb 2[m�iBQMX
6Q` i?2 H27i T�M2H- r2 mb2/ ψ(t̃ ) +QKTmi2/ 7Q` i?2 +QbBM2 TQi2MiB�H rBi? φ̃i = 2.5 �M/ 7Q` i?2 `B;?i
T�M2H- r2 mb2/ i?2 QM2 rBi? φ̃i = 0.60X 6Q` i?2 `B;?i T�M2H- bBM+2 ψ(t̃ ) Bb MQi p2`v /Bz2`2Mi 7`QK i?2
bBMmbQB/�H 7mM+iBQM- i?2 bi�#BHBivfBMbi�#BHBiv +?�`i Bb +HQb2 iQ i?2 QM2 7Q` i?2 J�i?B2m 2[m�iBQMX LQiB+2
i?�i bBM+2 r2 mb2 i?2 /BK2MbBQMH2bb iBK2 +QQ`/BM�i2 t̃ = mt- i?2 6HQ[m2i 2tTQM2Mi µk Bb /BK2MbBQMH2bbX

LQiB+2 i?�i i?2 KB//H2 2tT`2bbBQM +�M #2 +QKTmi2/ rBi?Qmi B/2MiB7vBM; i?2 [m�bB T2`BQ/B+
7mM+iBQM ψ(t̃ )X q2 +�HH i?mb +�H+mH�i2/ [m�MiBiv �b q̃- /BbiBM;mBb?BM; q r?Qb2 +�H+mH�iBQM
`2[mB`2b B/2MiB}+�iBQM Q7 ψ(t̃ )X aBM+2 r2 mb2/ i?2 b�K2 MQ`K�HBx�iBQM 7Q` ψ(t̃) �b i?2 QM2
7Q` ψ(t̃) = cos(2t̃ )- r?2M i?2 KQ/2 2[m�iBQM 7Q` ϕk i�F2b i?2 7Q`K Q7 i?2 J�i?B2m 2[m�iBQM-
q̃ +QBM+B/2b rBi? q BM i?2 J�i?B2m 2[m�iBQMX q?2M i?2 #�+F;`QmM/ ?QKQ;2M2Qmb KQ/2
?�b � bB;MB}+�Mi /2pB�iBQM 7`QK i?2 ?�`KQMB+ Qb+BHH�iBQM- BM ;2M2`�H- r2 M22/ � MmK2`B+�H
+QKTmi�iBQM iQ 2p�Hm�i2 q̃X q?2M i?2 7`2[m2M+v ωk Bb ;Bp2M #v 1[X UkXRyV- r2 +�M 7m`i?2`
`2r`Bi2 1[X UjXkV �b

q̃ =

√
⟨(Ṽφ̃φ̃ − ⟨Ṽφ̃φ̃⟩)2⟩

2
, UjXjV

r?2`2 i?2 MQM@Qb+BHH�iQ`v +QMi`B#miBQMb /`QTT2/- #2BM; +�M+2H2/ #2ir22M i?2 irQ i2`KbX AM
i?Bb T�T2`- ?�pBM; �M �tBQM BM KBM/- r2 �M�Hvx2 b+�H�` TQi2MiB�Hb r?B+? 7mH}HH i?2 T`QT2`iB2b
HBbi2/ BM a2+X kXRX >Qr2p2`- i?2 T�`�K2i2` q̃ +�M #2 mb2/ KQ`2 ;2M2`B+�HHv iQ +?�`�+i2`Bx2 i?2
/Bz2`2Mi ivT2b Q7 i?2 T�`�K2i`B+ `2bQM�M+2 r?B+? Bb /2b+`B#2/ #v i?2 >BHHǶb 2[m�iBQM UkXRRVX

jXRXk 6HQ[m2i �M�HvbBb
hQ b?Qr i?�i i?2 M2r T�`�K2i2` q̃ BM/22/ +?�`�+i2`Bx2b i?2 rB/i? Q7 i?2 `2bQM�M+2 #�M/
7Q` i?2 ;2M2`�H >BHHǶb 2[m�iBQM- ?2`2 r2 T2`7Q`K i?2 6HQ[m2i �M�HvbBbX h?2 6HQ[m2i i?2Q`2K
bi�i2b i?�i � ;2M2`�H bQHmiBQM Q7 i?2 >BHHǶb 2[m�iBQM UkXRRV +�M #2 2tT`2bb2/ �b

ϕk(t̃ ) = P1(t̃ ) e
µk t̃ + P2(t̃ ) e

−µk t̃ UjX9V

r?2`2 Pi(t̃ ) rBi? i = 1, 2 /2MQi2 i?2 T2`BQ/B+ 7mM+iBQMb r?B+? b�iBb7v Pi(t̃ ) = Pi(t̃ + T )
�M/ µk Bb � +QKTH2t MmK#2`- bQ +�HH2/ i?2 6HQ[m2i 2tTQM2MiX q?2M i?2 `2�H T�`i Q7 µk Bb
TQbBiBp2- eµk t̃ 2tTQM2MiB�HHv ;`QrbX � +QMp2MB2Mi �H;Q`Bi?K iQ +QKTmi2 i?2 6HQ[m2i 2tTQM2Mi
Bb bmKK�`Bx2/- 2X;X- BM _27X (e)X

Ĝ N Ĝ

6B;m`2 kX h?2b2 THQib b?Qr i?2 `2�H T�`i Q7 i?2 6HQ[m2i 2tTQM2Mi- ℜ[µk]- 7Q` i?2 >BHHǶb 2[m�iBQMX
6Q` i?2 H27i T�M2H- r2 mb2/ ψ(t̃ ) +QKTmi2/ 7Q` i?2 +QbBM2 TQi2MiB�H rBi? φ̃i = 2.5 �M/ 7Q` i?2 `B;?i
T�M2H- r2 mb2/ i?2 QM2 rBi? φ̃i = 0.60X 6Q` i?2 `B;?i T�M2H- bBM+2 ψ(t̃ ) Bb MQi p2`v /Bz2`2Mi 7`QK i?2
bBMmbQB/�H 7mM+iBQM- i?2 bi�#BHBivfBMbi�#BHBiv +?�`i Bb +HQb2 iQ i?2 QM2 7Q` i?2 J�i?B2m 2[m�iBQMX LQiB+2
i?�i bBM+2 r2 mb2 i?2 /BK2MbBQMH2bb iBK2 +QQ`/BM�i2 t̃ = mt- i?2 6HQ[m2i 2tTQM2Mi µk Bb /BK2MbBQMH2bbX

LQiB+2 i?�i i?2 KB//H2 2tT`2bbBQM +�M #2 +QKTmi2/ rBi?Qmi B/2MiB7vBM; i?2 [m�bB T2`BQ/B+
7mM+iBQM ψ(t̃ )X q2 +�HH i?mb +�H+mH�i2/ [m�MiBiv �b q̃- /BbiBM;mBb?BM; q r?Qb2 +�H+mH�iBQM
`2[mB`2b B/2MiB}+�iBQM Q7 ψ(t̃ )X aBM+2 r2 mb2/ i?2 b�K2 MQ`K�HBx�iBQM 7Q` ψ(t̃) �b i?2 QM2
7Q` ψ(t̃) = cos(2t̃ )- r?2M i?2 KQ/2 2[m�iBQM 7Q` ϕk i�F2b i?2 7Q`K Q7 i?2 J�i?B2m 2[m�iBQM-
q̃ +QBM+B/2b rBi? q BM i?2 J�i?B2m 2[m�iBQMX q?2M i?2 #�+F;`QmM/ ?QKQ;2M2Qmb KQ/2
?�b � bB;MB}+�Mi /2pB�iBQM 7`QK i?2 ?�`KQMB+ Qb+BHH�iBQM- BM ;2M2`�H- r2 M22/ � MmK2`B+�H
+QKTmi�iBQM iQ 2p�Hm�i2 q̃X q?2M i?2 7`2[m2M+v ωk Bb ;Bp2M #v 1[X UkXRyV- r2 +�M 7m`i?2`
`2r`Bi2 1[X UjXkV �b

q̃ =

√
⟨(Ṽφ̃φ̃ − ⟨Ṽφ̃φ̃⟩)2⟩

2
, UjXjV

r?2`2 i?2 MQM@Qb+BHH�iQ`v +QMi`B#miBQMb /`QTT2/- #2BM; +�M+2H2/ #2ir22M i?2 irQ i2`KbX AM
i?Bb T�T2`- ?�pBM; �M �tBQM BM KBM/- r2 �M�Hvx2 b+�H�` TQi2MiB�Hb r?B+? 7mH}HH i?2 T`QT2`iB2b
HBbi2/ BM a2+X kXRX >Qr2p2`- i?2 T�`�K2i2` q̃ +�M #2 mb2/ KQ`2 ;2M2`B+�HHv iQ +?�`�+i2`Bx2 i?2
/Bz2`2Mi ivT2b Q7 i?2 T�`�K2i`B+ `2bQM�M+2 r?B+? Bb /2b+`B#2/ #v i?2 >BHHǶb 2[m�iBQM UkXRRVX

jXRXk 6HQ[m2i �M�HvbBb
hQ b?Qr i?�i i?2 M2r T�`�K2i2` q̃ BM/22/ +?�`�+i2`Bx2b i?2 rB/i? Q7 i?2 `2bQM�M+2 #�M/
7Q` i?2 ;2M2`�H >BHHǶb 2[m�iBQM- ?2`2 r2 T2`7Q`K i?2 6HQ[m2i �M�HvbBbX h?2 6HQ[m2i i?2Q`2K
bi�i2b i?�i � ;2M2`�H bQHmiBQM Q7 i?2 >BHHǶb 2[m�iBQM UkXRRV +�M #2 2tT`2bb2/ �b

ϕk(t̃ ) = P1(t̃ ) e
µk t̃ + P2(t̃ ) e

−µk t̃ UjX9V

r?2`2 Pi(t̃ ) rBi? i = 1, 2 /2MQi2 i?2 T2`BQ/B+ 7mM+iBQMb r?B+? b�iBb7v Pi(t̃ ) = Pi(t̃ + T )
�M/ µk Bb � +QKTH2t MmK#2`- bQ +�HH2/ i?2 6HQ[m2i 2tTQM2MiX q?2M i?2 `2�H T�`i Q7 µk Bb
TQbBiBp2- eµk t̃ 2tTQM2MiB�HHv ;`QrbX � +QMp2MB2Mi �H;Q`Bi?K iQ +QKTmi2 i?2 6HQ[m2i 2tTQM2Mi
Bb bmKK�`Bx2/- 2X;X- BM _27X (e)X

Ĝ N Ĝ

 (t̃ ) = sin(2t̃ )

 (t̃ ) = sin(2t̃ )

b�iBb}2b ⟨cos2(2t̃ )⟩ = 1/2X >2`2- r2 ?�p2 BMi`Q/m+2/ i?2 b[m�`2 #`�+F2ib iQ /2MQi2 i?2 iBK2
�p2`�;2 Qp2` T - BX2X-

⟨F (t̃)⟩ ≡ 1

T

∫ t̃+T
2

t̃−T
2

dt̃′F (t̃′) , UkXRjV

rBi? F (t̃ ) � ;2M2`�H U[m�bB T2`BQ/B+V 7mM+iBQM Q7 iBK2X

kXjXR S�`�K2i`B+ `2bQM�M+2 7Q` J�i?B2m 2[m�iBQM
.2T2M/BM; QM i?2 TQi2MiB�H b?�T2 �M/ i?2 BMBiB�H +QM/BiBQM- /Bz2`2Mi ivT2b Q7 i?2 T�`�K2i`B+
`2bQM�M+2 BMbi�#BHBiv #2+QK2 /QKBM�MiX 6B`bi- H2i mb +QMbB/2` i?2 +�b2 r?2`2 i?2 b+�H�`
TQi2MiB�H Ṽ +�M #2 2tT�M/2/ �b

Ṽ (φ̃) =
φ̃2

2
+
λ

4
φ̃4 +O

(
φ̃6
)
, UkXR9V

F22TBM; i?2 b2H7@BMi2`�+iBQM � bK�HH +Q``2+iBQM iQ i?2 [m�/`�iB+ TQi2MiB�HX q?2M i?2 iBK2
b+�H2 Q7 i?2 +QbKB+ 2tT�MbBQM Bb Km+? HQM;2` i?�M i?2 QM2 Q7 i?2 Qb+BHH�iBQM- r2 Q#i�BM �M
�TT`QtBK�i2/ bQHmiBQM Q7 i?2 #�+F;`QmM/ ?QKQ;2M2Qmb KQ/2 �b φ̃(t̃) ≃ φ̃∗ cos t̃X h?2M- i?2
KQ/2 2[m�iBQM UkXRyV Bb ;Bp2M #v i?2 J�i?B2m 2[m�iBQM rBi?

q = −3

4
λφ̃2∗ , Ak =

(
k

am

)2

− 2q + 1. UkXR8V

LQr- H2i mb #`B2~v bmKK�`Bx2 i?2 #�bB+ T`QT2`iv Q7 i?2 J�i?B2m 2[m�iBQMX � KQ`2 /2@
i�BH2/ 2tTH�M�iBQM +�M #2 7QmM/ 2X;X- BM _27bX (k- d)X h?2 J�i?B2m 2[m�iBQM ?�b i?2 BMbi�#BHBiv
#�M/b �`QmM/ Ak ≃ n2 rBi? n = 1, 2, · · · - r?Qb2 rB/i?b �KQmMi iQ (q/Ak)n X h?2`27Q`2-
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i�F2b TH�+2 Km+? H�i2` rBi? Hosc ≪ m- i?2 +QbKB+ 2tT�MbBQM Bb MQ HQM;2` BKTQ`i�Mi �M/ i?2
T�`�K2i`B+ `2bQM�M+2 +�M +QMiBMm2 UivTB+�HHv mMiBH i?2 #�+F`2�+iBQM #2+QK2b bB;MB}+�MiVX
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“General” property of Hill’s equation

Narrow res.
V V

q <<1

q

large q (large opening angle)→ rapid growth, wide band
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Flapping res. V V
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Parametric Resonance in cosmology

Ex1: Reheating
inflation

Ex2: Axion cosmology

radiation dom.

creation of 
SM particles

~ dark matter 

Parametric Resonance can be efficient and sustainable 
also in expanding universe.
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see Kaloian & Paco’s talks
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Figure 11: Evolution of the occupation number of the axion for m⌧ = 10–65 (left), 65–100 (right).
Time evolves from bottom (top) to top (bottom) in the both panels. We have taken c = 0 and
�i = 3f . The dotted line shows the equilibrium state after rescattering.

4. GW emission

In this section, we consider GW emission sourced by axion field fluctuations. In general,

a scalar perturbation does not source GWs in the linear perturbation theory (at a quasi

FRW spacetime), but it is not the case in the non-linear regime. When the axion was

initially located at a plateau region, the instabilities discussed in the previous sections can

lead to a prominent emission of GWs.

4.1 GW spectrum

To compute the stochastic background of GWs, we consider the line element with the

tensor metric perturbations, hij :

ds2 = �dt2 + a2(�ij + hij)dx
idxj , (4.1)

where we neglect the scalar and vector metric perturbations. Note that hij satisfies the

transverse-traceless condition, @ihij = 0 and hii = 0. The linearized Einstein equation

gives the evolution of the tensor metric perturbation,

ḧij + 3Hḣij �
1

a2
r

2hij =
2

M2
Pl

⇧TT
ij , (4.2)

where ⇧TT
ij is the anisotropic stress tensor with the transverse-traceless (TT) projection.

Using the tensor perturbation hij , one can obtain the energy density of the stochastic GW

background as follows,

⇢GW(t) =
M2

Pl

4

D
ḣij ḣij

E
. (4.3)

Let us redefine the tensor mode as hij = h̃ij/a and rewrite Eq. (4.2) in terms of the

conformal time,

h̃00ij �r
2h̃ij �

a00

a
h̃ij =

2

M2
P

a3⇧TT
ij . (4.4)
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4. GW emission

In this section, we consider GW emission sourced by axion field fluctuations. In general,

a scalar perturbation does not source GWs in the linear perturbation theory (at a quasi

FRW spacetime), but it is not the case in the non-linear regime. When the axion was

initially located at a plateau region, the instabilities discussed in the previous sections can

lead to a prominent emission of GWs.

4.1 GW spectrum

To compute the stochastic background of GWs, we consider the line element with the

tensor metric perturbations, hij :

ds2 = �dt2 + a2(�ij + hij)dx
idxj , (4.1)

where we neglect the scalar and vector metric perturbations. Note that hij satisfies the

transverse-traceless condition, @ihij = 0 and hii = 0. The linearized Einstein equation

gives the evolution of the tensor metric perturbation,

ḧij + 3Hḣij �
1

a2
r

2hij =
2

M2
Pl

⇧TT
ij , (4.2)

where ⇧TT
ij is the anisotropic stress tensor with the transverse-traceless (TT) projection.

Using the tensor perturbation hij , one can obtain the energy density of the stochastic GW

background as follows,

⇢GW(t) =
M2

Pl

4

D
ḣij ḣij

E
. (4.3)

Let us redefine the tensor mode as hij = h̃ij/a and rewrite Eq. (4.2) in terms of the

conformal time,

h̃00ij �r
2h̃ij �

a00

a
h̃ij =

2

M2
P

a3⇧TT
ij . (4.4)
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hij, h

hij, + ≠ hij, -

ds = �dt2 + a2(t)(�ij + hij)dx
idxj

Gravitational wave emission

ḧij + 3Hḣij �
r2

hij

a2
= 16⇡G⇧TT

ij with ⇧TT
ij =

1

a2
P

lm
ij @l�@m�

tensor metric perturbation (GW)

TT projection tensor

evolution equation (Einstein equation) for gravitational waves

⌦GW(k) =
1

⇢cr

d⇢GW

d ln k
, ⇢GW =

1

32⇡G
hḣij ḣiji

Density spectrum of GW

⇧TT
ij =

1

a2
P lm
ij FlµF

µ
m
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h: +, -

✏(±)
ij ⇠ ✏(±)

i ✏(±)
j
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non-linear
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instability

δφ

A+≠ A-
�FF̃
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Growth rate  Re[μk] for linear perturbation (in RD)  eg. axion DM

Expo. growth much faster than cosmic exp.
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Figure 7: Evolution of the spatial average of � (red), the root-mean-square h��2
i
1/2 (green), the

energy density of the average ⇢(h�i) (blue), energy density perturbation, h�⇢2i1/2 (orange). We
have taken c = 5 (c = 2) and �i = 3f in the left (right) panel.

homogeneous mode to the inhomogeneous modes eternally continues, which is obviously not

the case. In fact, once the inhomogeneous modes becomes comparable to the homogeneous

mode after e�cient parametric amplifications, the backreaction and the rescattering turn

on and and the dynamics enters a highly non-linear regime. In this section, we address the

non-linear dynamics based on the lattice simulation.

3.1 Nonlinear dynamics of the axion

The equation of motion of the classical axion field, �(t,x), in the flat-FRW universe is

given by

�̈+ 3H�̇�
1

a2
r

2�+ V� = 0. (3.1)

For computational convenience, here we use the conformal time, ⌧ as a time variable,

defined by d⌧ = dt/a instead of the cosmic time and in order to remove the Hubble friction

term, we redefine the field variable as � = �/a. Then, the equation of motion can be

rewritten as

�00
�r

2��
a00

a
�+ a3V� = 0, (3.2)

where the prime (�0) expresses the derivative with respect to the conformal time. We have

solved the above equation by using fourth order Symplectic integrator with 2563 grids for

the ↵ attractor type potential in the radiation dominated Universe, a / ⌧ . The initial time

is set by H = m2, and the simulation box size is 2⇡m�1. The scale factor is normalized

by the initial value, a(⌧i) = 1. Note that one can normalize both time variable and spatial

coordinate by the axion mass and then the result does not depend on the axion mass.

Fig. 7 and 8 shows the evolution of the homogeneous mode, i.e. spatially-averaged field

value (red), the root-mean-squared of the field fluctuation (green), the energy density of

the homogeneous mode (blue) and the energy density fluctuation (magenta). After the

2
In the case of our interest where the onset of the oscillation is delayed significantly, the axion is still

overdamped at H = m. Thus, the value of the axion field at H = m well approximates the initial value.
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Figure 8: Same as Fig. 7 but c = 0 and �i = 3f in the left panel and c = 2 and �i = 2f in the
right panel.

(delayed) onset of the axion oscillation, the field fluctuation grows exponentially and it

eventually dominates over the homogeneous component (except for the case with c = 0

and �i = 3f). At that time, the exponential growth stops due to the backreaction from

produced nonzero modes on the coherent mode. Fig. 7 shows that, through the flapping

resonance in phase 3, the fluctuation grows quickly and saturates in a short time period.

On the other hand, Fig. 8 shows the growth due to the narrow resonance regime in phase

2. In this case, the growth rate is smaller than that of the flapping resonance and it takes

longer time for fluctuations to catch up with the zero mode.

To see the spectrum of the enhanced nonzero-mode axion, let us consider the Fourier

transformation, �k, and define the occupation number as

nk =
1

2

✓
|�0

k|
2

⌦k
+ ⌦k|�k|

2

◆
, (3.3)

where ⌦k is defined by3

⌦2
k = k2 + a2hV��i. (3.4)

Fig. 9, 10, and 11 show the spectrum of nk. Di↵erent curves represent spectra at

di↵erent time steps. In Fig. 9, 10, the peak modes grow through the flapping resonance and

in Fig. 11, the peak mode grows through the narrow resonance. When the energy density

in inhomogeneous modes becomes comparable to the one in the homogeneous mode, the

growth of the inhomogeneous modes terminates and the peaked spectrum starts to be

redistributed by rescattering. As shown by Micha and Tkachev, the turbulence drives the

momentum flow to larger wavenumbers and eventually, the spectrum settles down to the

Kolmogorov spectrum (nk / k�3/2) [17, 18]. This is e�cient especially when the narrow

resonance is the dominant instability mechanism because it leads to more sharply peaked

spectrum. Fig. 11 shows that the spectrum asymptotes to the Kolomogorov spectrum

(dotted line).

3
Practically, we set hV��i = m

2
in the numerical computation in order to avoid imaginary numbers.
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Cosmic exp. does not stop growth, but backreaction does.
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Figure 13: Evolution of the power spectrum of the density parameter of GW. Time evolves from
bottom to top in both panels. We have taken f = 1016 GeV, c = 5 and �i = 3f .

with Pij(k̂) = �ij � k̂ik̂j and k̂ = k/|k|. Using the projection operator, we obtain the

Fourier mode of the tensor perturbation as

hij(k) =
1

a
⇤ijlm(k̂)ulm(k). (4.7)

The energy density of the stochastic GW background can be rewritten in terms of the

Fourier transform,

⇢GW =
M2

Pl

4L3

Z
d3kḣij(k)ḣ

⇤
ij(k), (4.8)

where L is the size of the Universe. Finally, the spectrum of GW density parameter in

terms of the frequency, ⌫, can be calculated as

⌦GW(⌫) =
1

⇢c

d⇢GW

d ln ⌫
, (4.9)

where ⇢c denotes the total energy density, given by ⇢c = 3H2M2
Pl.

We solved Eq. (4.5) together with Eq. (3.2) in 3-dimensional lattice space with the same

setup in the previous section and calculated the spectrum using the above formula. Fig. 13

and 14 show the evolution of the spectrum of GW density parameter. They show that for

(c, �̃i) = (5, 3) and (2, 3), the peak wavenumber is around kpeak ' 10m, which is roughly

twice as large as the peak wave number of the spectrum of nk before the rescattering. We

found that the GW emission stops around a/ai ⇠ 40, which corresponds to the time of

oscillon formation as shown in the previous section. Because the axion field configuration

becomes almost spherically symmetric after the oscillon formation, GWs are no longer

emitted after that [25].

The GWs emitted from a scalar field which was located at a a plateau region has been

sometimes described as “the GWs from oscillons.” However, this is somehow misleading,

because the prominent GW emission takes place prior to the formation of the oscillons,

which are almost spherically symmetric. In fact, the e�cient GW emission stops after the

oscillons formed and the spectrum of the GWs gets decoupled from the spectrum of the

axion number density, where the momentum transfer still continues.
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We solved Eq. (4.5) together with Eq. (3.2) in 3-dimensional lattice space with the same

setup in the previous section and calculated the spectrum using the above formula. Fig. 13

and 14 show the evolution of the spectrum of GW density parameter. They show that for

(c, �̃i) = (5, 3) and (2, 3), the peak wavenumber is around kpeak ' 10m, which is roughly

twice as large as the peak wave number of the spectrum of nk before the rescattering. We

found that the GW emission stops around a/ai ⇠ 40, which corresponds to the time of

oscillon formation as shown in the previous section. Because the axion field configuration

becomes almost spherically symmetric after the oscillon formation, GWs are no longer

emitted after that [25].

The GWs emitted from a scalar field which was located at a a plateau region has been

sometimes described as “the GWs from oscillons.” However, this is somehow misleading,

because the prominent GW emission takes place prior to the formation of the oscillons,

which are almost spherically symmetric. In fact, the e�cient GW emission stops after the

oscillons formed and the spectrum of the GWs gets decoupled from the spectrum of the

axion number density, where the momentum transfer still continues.
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Figure 10: Analytic estimation of ⌦GW in terms of the initial value of the axion field. We have
taken c = 2 and � = 1 (solid line), 0.1 (dashed line). The blue dots represents numerical results.
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Figure 11: (a) Predicted density spectrum of GW (thick red lines) and sensitivity curves of SKA,
LISA, DECIGO (ultimate-DECIGO) and ET from left to right. We have taken f = 1016 GeV,
c = 5 and the axion mass is set to be m = 10�15 eV, 10�6 eV, 1 eV and 106 eV from left to right
and �i = 3 and 2 from top to bottom. (b) Same as (a) but the present abundance of the axion is
fixed to be the dark matter abundance. The dashed lines corresponds to f = 1015 GeV.

In the context of the string axiverse, there exists various axions with wide mass range but

on the other hand the decay constant is roughly f ⇠ 1016 GeV. It predicts GWs in various

frequency range.

Fig. 11 shows the detectability by future GW detectors. Future multi-band surveys of

GWs can prove the axions with wide mass range.

4.3 Axion dark matter abundance

In general, the axion has only extremely weak interactions with the Standard Model pho-

tons and if the axion mass is small enough, it survives over the age of the Universe. In that

case, the axion contribute to the present dark matter component. After the onset of the

axion oscillation, the axion energy density divided by the entropy density is kept constant
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Figure 15: Predicted density spectrum of GWs (thick red lines) and sensitivity curves of SKA,
LISA, DECIGO (ultimate-DECIGO) and ET from left to right. We have taken f = 1016 GeV,
c = 5 and the axion mass is set to be m = 10�15 eV, 10�6 eV, 1 eV and 106 eV from left to right
and �i = 3 and 2 from top to bottom.

Using , the redshifted frequency of GWs today is given by

⌫0 =
m

2⇡

✓
aem
a0

◆
. (4.12)

When an axion emitted GWs during radiation domination,

⌫0 =
m

2⇡
⇥

✓
⇢r,0
⇢r, em

◆1/4

' 0.78nHz

✓
m

Hem

◆1/2 ⇣ m

10�12eV

⌘1/2
, (4.13)

where we approximated ⇢r, em as ⇢r, em ' ⇢em and used H0 = 100hkm s�1Mpc�1 = 2.13h⇥

10�33 eV, ⌦rh2 ' 2.47⇥10�5, and 1Hz = 6.58⇥10�16eV. Similarly, when an axion emitted

GWs during (late time) matter domination, we obtain

⌫0 =
m

2⇡
⇥

✓
⇢m,0

⇢m, em

◆1/3

' 2.1⇥ 10�18Hz

✓
m

Hem

◆2/3 ⇣ m

10�30eV

⌘ 1
3

(4.14)

where we approximated ⇢m, em as ⇢m, em ' ⇢em and used ⌦mh2 ' 0.14 [39].

String theory predicts axions in various mass scales. When these axions were located

at a plateau region before they start to oscillate, our discussion here predicts GW emissions

with various frequencies, dubbed Gravitational wave forest. Figure 15 shows the density

spectrum GWs from axions with di↵erent mass scales and their detectability by future

multi-band GW detectors. In Fig. 15, we chose the decay constant f as f = 1016 GeV as

is typically the case for stringy axions [43]. When we change f , ⌦GW scales as ⌦GW / f4.

Before the axion starts to oscillate, it behaves as a cosmological constant. Since the

axion should not dominate the universe during this term, this gives an upper bound on f .

When Ṽ is normalized to approach to O(1) in the limit |�̃| ! 1, we obtain

f

MP

m

Hosc
. 1 . (4.15)
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taken c = 2 and � = 1 (solid line), 0.1 (dashed line). The blue dots represents numerical results.
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Figure 11: (a) Predicted density spectrum of GW (thick red lines) and sensitivity curves of SKA,
LISA, DECIGO (ultimate-DECIGO) and ET from left to right. We have taken f = 1016 GeV,
c = 5 and the axion mass is set to be m = 10�15 eV, 10�6 eV, 1 eV and 106 eV from left to right
and �i = 3 and 2 from top to bottom. (b) Same as (a) but the present abundance of the axion is
fixed to be the dark matter abundance. The dashed lines corresponds to f = 1015 GeV.

In the context of the string axiverse, there exists various axions with wide mass range but

on the other hand the decay constant is roughly f ⇠ 1016 GeV. It predicts GWs in various

frequency range.

Fig. 11 shows the detectability by future GW detectors. Future multi-band surveys of

GWs can prove the axions with wide mass range.

4.3 Axion dark matter abundance

In general, the axion has only extremely weak interactions with the Standard Model pho-

tons and if the axion mass is small enough, it survives over the age of the Universe. In that

case, the axion contribute to the present dark matter component. After the onset of the

axion oscillation, the axion energy density divided by the entropy density is kept constant
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GWs from axion DM

Crude Order estimation

 φ(t, x) ~ f (aosc/a)3/2 

3A AE G : 7  )

freq. of GW ν0 mass m

abundance of axion decay const. f x mass m
+

using Δ : Sym. suppression (< 1) 

formations of oscillons, which are almost spherically symmetric, |hem| is highly suppressed

by � ⌧ 1. In Eq. (4.20), we dropped the tensor indices of the GWs.

Using Eq. (4.20), the energy density of GWs at the peak wavenumber is given by

⇢GW,em '
M2

P !2
phys

4
(hem)

2
' �2(m)2

f4

M2
pl

✓
aosc
aem

◆12/(n+2)

. (4.21)

Dividing this expression by the energy density of radiation at a = aem, we obtain

⇢GW,0

⇢r,0
'

⇢2GW, em

⇢r,em
'

4�2

M2
P

1

(2⇡⌫0)2
(⇢em)2

⇢r,em

✓
aem
a0

◆2✓aosc
aem

◆ 12(2�n)
2+n

. (4.22)

Especially when the phase 2 continues long, we cannot express the potential in terms of

a single power low term �̃n. However, Eq. (4.22) is somewhat instructive. In the plateau

region and the junction region with |�̃| >⇠ 1, the potential Ṽ is shallower than �̃2. Equation

(4.22) tells us that the emitted GWs are more suppressed for n < 2, when it takes longer

until the emission of the GWs after the onset of the oscillation. This suppression can be

evaded, either in case aosc ' aem or (even if aem ⌧ aosc) in case the phase 2 finishes soon

and the axion mostly oscillates the potential region with Ṽ ' �̃2/2. However, this does not

(at least immediately) mean that a larger ⌦GW is expected when the phase 2 finishes soon,

because  and � also change depending on the potential shape and the initial condition.

For a simplistic estimation, here let us consider the case when we can approximate

the potential as Ṽ ' �̃2/2 soon after �̃ starts to oscillate. (We end up with the same

estimation, when aosc ' aem and Ṽ can be approximated as the quadratic one after the

GW emission.) Then, multiplying ⌦rh2 on Eq. (4.22) with n = 2, we obtain

⌦GWh2 '
34�2

(2⇡⌫0)2

✓
H0

h

◆2

(⌦�h
2)2 ' 0.8⇥ 10�184�2

✓
nHz

⌫0

◆2

(⌦�h
2)2 . (4.23)

Since � < 1 and ⌦�h2  0.14, this estimation reads

⌦GWh2 < 1.6⇥ 10�16
⇣ 

10

⌘4
✓
nHz

⌫0

◆2

, (4.24)

indicating that to reach ⌦GWh2 ' 10�16 at ⌫0 =nHz,  should be larger than 10. At lower

frequencies, ⌦GW is enhanced as / 1/⌫20 . To detect GWs in this frequency range, we will

need a new window of GW detections which fills the gap between CMB and PTA obser-

vations. Figure 16 shows ⌦GW computed from the lattice simulation for the ↵ attractor

potential with c = 5 and �̃i = 2, 3, when ⌦� = ⌦m.

5. Concluding remarks

In this paper, we analyzed the dynamics of string axions whose potential has a plateau

region at large field value. After the onset of the axion oscillation, field fluctuations get

tachyonic instability due to the negative curvature near the plateau region and shows the

exponential growth. Because of the periodic but anharmonic oscillation of the background
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(4.22) tells us that the emitted GWs are more suppressed for n < 2, when it takes longer
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and the axion mostly oscillates the potential region with Ṽ ' �̃2/2. However, this does not

(at least immediately) mean that a larger ⌦GW is expected when the phase 2 finishes soon,

because  and � also change depending on the potential shape and the initial condition.

For a simplistic estimation, here let us consider the case when we can approximate

the potential as Ṽ ' �̃2/2 soon after �̃ starts to oscillate. (We end up with the same
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indicating that to reach ⌦GWh2 ' 10�16 at ⌫0 =nHz,  should be larger than 10. At lower

frequencies, ⌦GW is enhanced as / 1/⌫20 . To detect GWs in this frequency range, we will

need a new window of GW detections which fills the gap between CMB and PTA obser-

vations. Figure 16 shows ⌦GW computed from the lattice simulation for the ↵ attractor

potential with c = 5 and �̃i = 2, 3, when ⌦� = ⌦m.

5. Concluding remarks

In this paper, we analyzed the dynamics of string axions whose potential has a plateau

region at large field value. After the onset of the axion oscillation, field fluctuations get

tachyonic instability due to the negative curvature near the plateau region and shows the

exponential growth. Because of the periodic but anharmonic oscillation of the background

– 22 –

formations of oscillons, which are almost spherically symmetric, |hem| is highly suppressed

by � ⌧ 1. In Eq. (4.20), we dropped the tensor indices of the GWs.

Using Eq. (4.20), the energy density of GWs at the peak wavenumber is given by

⇢GW,em '
M2

P !2
phys

4
(hem)

2
' �2(m)2

f4

M2
pl

✓
aosc
aem

◆12/(n+2)

. (4.21)

Dividing this expression by the energy density of radiation at a = aem, we obtain

⇢GW,0

⇢r,0
'

⇢2GW, em

⇢r,em
'

4�2

M2
P

1

(2⇡⌫0)2
(⇢em)2

⇢r,em

✓
aem
a0

◆2✓aosc
aem

◆ 12(2�n)
2+n

. (4.22)

Especially when the phase 2 continues long, we cannot express the potential in terms of
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region and the junction region with |�̃| >⇠ 1, the potential Ṽ is shallower than �̃2. Equation

(4.22) tells us that the emitted GWs are more suppressed for n < 2, when it takes longer

until the emission of the GWs after the onset of the oscillation. This suppression can be

evaded, either in case aosc ' aem or (even if aem ⌧ aosc) in case the phase 2 finishes soon

and the axion mostly oscillates the potential region with Ṽ ' �̃2/2. However, this does not

(at least immediately) mean that a larger ⌦GW is expected when the phase 2 finishes soon,

because  and � also change depending on the potential shape and the initial condition.

For a simplistic estimation, here let us consider the case when we can approximate

the potential as Ṽ ' �̃2/2 soon after �̃ starts to oscillate. (We end up with the same

estimation, when aosc ' aem and Ṽ can be approximated as the quadratic one after the
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indicating that to reach ⌦GWh2 ' 10�16 at ⌫0 =nHz,  should be larger than 10. At lower

frequencies, ⌦GW is enhanced as / 1/⌫20 . To detect GWs in this frequency range, we will

need a new window of GW detections which fills the gap between CMB and PTA obser-

vations. Figure 16 shows ⌦GW computed from the lattice simulation for the ↵ attractor

potential with c = 5 and �̃i = 2, 3, when ⌦� = ⌦m.

5. Concluding remarks

In this paper, we analyzed the dynamics of string axions whose potential has a plateau

region at large field value. After the onset of the axion oscillation, field fluctuations get

tachyonic instability due to the negative curvature near the plateau region and shows the

exponential growth. Because of the periodic but anharmonic oscillation of the background
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formations of oscillons, which are almost spherically symmetric, |hem| is highly suppressed

by � ⌧ 1. In Eq. (4.20), we dropped the tensor indices of the GWs.

Using Eq. (4.20), the energy density of GWs at the peak wavenumber is given by
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Dividing this expression by the energy density of radiation at a = aem, we obtain
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Especially when the phase 2 continues long, we cannot express the potential in terms of

a single power low term �̃n. However, Eq. (4.22) is somewhat instructive. In the plateau

region and the junction region with |�̃| >⇠ 1, the potential Ṽ is shallower than �̃2. Equation

(4.22) tells us that the emitted GWs are more suppressed for n < 2, when it takes longer

until the emission of the GWs after the onset of the oscillation. This suppression can be

evaded, either in case aosc ' aem or (even if aem ⌧ aosc) in case the phase 2 finishes soon

and the axion mostly oscillates the potential region with Ṽ ' �̃2/2. However, this does not

(at least immediately) mean that a larger ⌦GW is expected when the phase 2 finishes soon,

because  and � also change depending on the potential shape and the initial condition.

For a simplistic estimation, here let us consider the case when we can approximate

the potential as Ṽ ' �̃2/2 soon after �̃ starts to oscillate. (We end up with the same

estimation, when aosc ' aem and Ṽ can be approximated as the quadratic one after the

GW emission.) Then, multiplying ⌦rh2 on Eq. (4.22) with n = 2, we obtain
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Since � < 1 and ⌦�h2  0.14, this estimation reads

⌦GWh2 < 1.6⇥ 10�16
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indicating that to reach ⌦GWh2 ' 10�16 at ⌫0 =nHz,  should be larger than 10. At lower

frequencies, ⌦GW is enhanced as / 1/⌫20 . To detect GWs in this frequency range, we will

need a new window of GW detections which fills the gap between CMB and PTA obser-

vations. Figure 16 shows ⌦GW computed from the lattice simulation for the ↵ attractor

potential with c = 5 and �̃i = 2, 3, when ⌦� = ⌦m.

5. Concluding remarks

In this paper, we analyzed the dynamics of string axions whose potential has a plateau

region at large field value. After the onset of the axion oscillation, field fluctuations get

tachyonic instability due to the negative curvature near the plateau region and shows the

exponential growth. Because of the periodic but anharmonic oscillation of the background
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formations of oscillons, which are almost spherically symmetric, |hem| is highly suppressed

by � ⌧ 1. In Eq. (4.20), we dropped the tensor indices of the GWs.
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Dividing this expression by the energy density of radiation at a = aem, we obtain
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Especially when the phase 2 continues long, we cannot express the potential in terms of

a single power low term �̃n. However, Eq. (4.22) is somewhat instructive. In the plateau

region and the junction region with |�̃| >⇠ 1, the potential Ṽ is shallower than �̃2. Equation

(4.22) tells us that the emitted GWs are more suppressed for n < 2, when it takes longer

until the emission of the GWs after the onset of the oscillation. This suppression can be

evaded, either in case aosc ' aem or (even if aem ⌧ aosc) in case the phase 2 finishes soon

and the axion mostly oscillates the potential region with Ṽ ' �̃2/2. However, this does not

(at least immediately) mean that a larger ⌦GW is expected when the phase 2 finishes soon,

because  and � also change depending on the potential shape and the initial condition.

For a simplistic estimation, here let us consider the case when we can approximate

the potential as Ṽ ' �̃2/2 soon after �̃ starts to oscillate. (We end up with the same

estimation, when aosc ' aem and Ṽ can be approximated as the quadratic one after the

GW emission.) Then, multiplying ⌦rh2 on Eq. (4.22) with n = 2, we obtain

⌦GWh2 '
34�2

(2⇡⌫0)2

✓
H0

h

◆2

(⌦�h
2)2 ' 0.8⇥ 10�184�2

✓
nHz

⌫0

◆2

(⌦�h
2)2 . (4.23)

Since � < 1 and ⌦�h2  0.14, this estimation reads
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indicating that to reach ⌦GWh2 ' 10�16 at ⌫0 =nHz,  should be larger than 10. At lower

frequencies, ⌦GW is enhanced as / 1/⌫20 . To detect GWs in this frequency range, we will

need a new window of GW detections which fills the gap between CMB and PTA obser-

vations. Figure 16 shows ⌦GW computed from the lattice simulation for the ↵ attractor

potential with c = 5 and �̃i = 2, 3, when ⌦� = ⌦m.

5. Concluding remarks

In this paper, we analyzed the dynamics of string axions whose potential has a plateau

region at large field value. After the onset of the axion oscillation, field fluctuations get

tachyonic instability due to the negative curvature near the plateau region and shows the

exponential growth. Because of the periodic but anharmonic oscillation of the background
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Figure 6. These panels show the time evolution of the energy density of the U(1) gauge field, ⇢em/m4

for f/Mpl = 0.01 (left) and f/Mpl = 0.005 (right). The di↵erent colors correspond to the di↵erent
values of ↵ with ↵ = 0.75 (purple), ↵ = 1 (cyan), and ↵ = 1.5 (red).

successive growth in Fig. ?? is caused, since we ignored the backreaction of the gauge field
production.

4.2 Order estimation of the gauge field production during reheating

For a general Hill’s equation, the structure of the resonance band can be slightly di↵erent,
depending on the periodic function in !2

h
. However, as far as the dimensionless period,

normalized by m, does not significantly deviate from O(1), we obtain the peak wavenumber
as

km, ?

ma?
= O(1) , (4.7)

and the width of the resonance band as � ln k = O(↵). Since the characteristic amplification
time scale of Ah is roughly of the order of the oscillation time scale mt, we obtain D = O(1)
using Eq. (4.7). Inserting these expressions into Eq. (2.24) and setting F? to 1, we obtain
the upper bound on the (hyper) magnetic field Bh as

Bh(t?, km, ?) <⇠
H?Mplp

↵
⇥min


1,

1p
↵

�
. (4.8)

Here, assuming that Hosc ' H?, which can be verified for f/Mpl ⌧ 1, we used m/H? '
m/Hosc ' Mpl/f . We derived Eq. (2.24), assuming that the backreaction of the gauge field
production does not a↵ect on the evolution of the background spacetime and the axion.
During reheating unlike during other epochs whose dynamics is more strictly constrained,
a sizable backreaction does not immediately create a problem. However, a more expensive
computation scheme, such as lattice simulation, is required to properly follow the non-linear
dynamics.

Assuming that the slow-roll condition is satisfied up until the onset of the oscillation,
we can rewrite Eq. (4.8) as

Bh(t?, km, ?) <⇠ M2
pl

✓
rCMBP⇣,CMB

↵

◆1/2

⇥min


1,

1p
↵

�
, (4.9)

where P⇣,CMB and rCMB denote the dimensionless spectrum of the primordial curvature
perturbation and the tensor to scalar ratio at the CMB scale. Here, we used Hosc ' HCMB '
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Figure 6. These panels show the time evolution of the energy density of the U(1) gauge field, ⇢em/m4

for f/Mpl = 0.01 (left) and f/Mpl = 0.005 (right). The di↵erent colors correspond to the di↵erent
values of ↵ with ↵ = 0.75 (purple), ↵ = 1 (cyan), and ↵ = 1.5 (red).

successive growth in Fig. ?? is caused, since we ignored the backreaction of the gauge field
production.

4.2 Order estimation of the gauge field production during reheating

For a general Hill’s equation, the structure of the resonance band can be slightly di↵erent,
depending on the periodic function in !2

h
. However, as far as the dimensionless period,

normalized by m, does not significantly deviate from O(1), we obtain the peak wavenumber
as

km, ?

ma?
= O(1) , (4.7)

and the width of the resonance band as � ln k = O(↵). Since the characteristic amplification
time scale of Ah is roughly of the order of the oscillation time scale mt, we obtain D = O(1)
using Eq. (4.7). Inserting these expressions into Eq. (2.24) and setting F? to 1, we obtain
the upper bound on the (hyper) magnetic field Bh as

Bh(t?, km, ?) <⇠
H?Mplp
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⇥min
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. (4.8)

Here, assuming that Hosc ' H?, which can be verified for f/Mpl ⌧ 1, we used m/H? '
m/Hosc ' Mpl/f . We derived Eq. (2.24), assuming that the backreaction of the gauge field
production does not a↵ect on the evolution of the background spacetime and the axion.
During reheating unlike during other epochs whose dynamics is more strictly constrained,
a sizable backreaction does not immediately create a problem. However, a more expensive
computation scheme, such as lattice simulation, is required to properly follow the non-linear
dynamics.

Assuming that the slow-roll condition is satisfied up until the onset of the oscillation,
we can rewrite Eq. (4.8) as

Bh(t?, km, ?) <⇠ M2
pl
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where P⇣,CMB and rCMB denote the dimensionless spectrum of the primordial curvature
perturbation and the tensor to scalar ratio at the CMB scale. Here, we used Hosc ' HCMB '
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Inverse cascade

Circularly polarized electro-magnetic field

32 Ruth Durrer, Andrii Neronov

though chirality flipping reactions are in thermal equilibrium. Even in the ho-
mogeneous approximation (neglecting turbulent flows) it was shown that an
inverse cascade develops solely due to this effect. In the process of this in-
verse cascade the magnetic helicity is approximately conserved (changes very
slowly). Therefore it is an important future project to include the effect of
Boyarsky et al (2012a) consistently in the standard MHD analysis.

Fig. 2 The evolution of the magnetic field spectrum. Top left: incompressible flow, top
right: compressible flow, bottom: a fully helical field. The spectra evolve towards smaller k.
Dashed lines show the kinetic energy spectrum.

The evolution of causal magnetic field spectra for incompressible fluid mo-
tions, compressible fluids and for the fully helical case are shown in Fig. 2
in the simple case where all components are in equipartition. In the incom-
pressible case, even though the correlation scale is growing, there is no ’inverse
cascade’ in the sense that no power is transferred from small to larger scales.
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Magnetogenesis from axions during inflation
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During reheating

axion=inflaton
φ → Aμ

for α>>1 or Hosc/m<<1 

Inverse cascade

Adiabatic decay B∝ 1/a2(t) 



Order estimation

Inverse cascade until LSS

- helicity density is conserved after the transition

plays an important role in dynamo theory. Here, V denotes the spatial volume of a compact

space. Using Maxwell-Faraday equation and Gauss’s law for magnetism, we obtain

dH

dt
= �2⌘

Z

V
dV J ·B , (2.21)

where ⌘ is the magnetic di↵usivity, which is related to the electric conductivity � as ⌘ =

1/(4⇡�) and J is the current density. Here, we also used the standard Ohm’s law:

J = � (E + V ⇥B) , (2.22)

to eliminate the electric field. (A detailed computation can be found, e.g., in Sec.3 of

Ref. [14].) As seen in Eq. (2.21), for the non-resistive case, i.e., ⌘ = 0, the magnetic helicity

is conserved in time. Notice that the contribution of the fluid velocity V vanishes in the

right hand side of Eq. (2.21). Therefore, any evolution of V does not contribute to the

time variation of the helicity.

In the early universe, the magnetic di↵usivity is suppressed and hence one may naively

expect that the helicity and the helicity density are approximately time independent. Using

A±, the helicity density is given by

hhi =
Z

d
3k

(2⇡)3
k

⇣
|A+|2 � |A�|2

⌘
. (2.23)

We should keep in mind that even in the limit ⌘ ! 0, the suppression due to ⌘ can be

compensated by a large value of the current helicity
R
dV J ·B and as a consequence, the

helicity may not be conserved.

Solving the MHD dynamo problem, it was shown that the inverse cascade process

transports the helical magnetic field at small scales to the one at large scales. The trans-

portation to the large scales, which mimics to the inverse cascade process, can be driven

also by the axial anomaly [16] and by the chiral asymmetry of charged particles [17]. Here,

instead of performing the MHD simulation, we attempt to take into account the inverse

cascade process and provide an optimistic order estimation of the present magnetic field,

assuming that the helicity density hhi is conserved in time until the recombination. For

our purpose, we simply consider the maximally helical example, where either A+ or A�
is e�ciently generated. Assuming that the spectrum of the magnetic field has a peak at

the wavenumber km, the helicity density can be approximately given by the contribution

around k ' km as

hhi ' �(ln k) a3
a

km
B2
km , (2.24)

where �(ln k) denotes the width of the peak. Assuming that the helicity density is con-

served until the recombination after the end of inflation, we obtain

�(ln k)rec a
3
rec

arec

km,rec
B2
km,rec

(⌘rec) = �(ln k)f a
3
f

af

km,f
B2
km,f

(⌘f ) , (2.25)

where we put the index rec to denote the quantities evaluated at the recombination and

the index f to denote those at the end of inflation.
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dH

dt
= �2⌘

Z

V
dV J ·B , (2.21)

where ⌘ is the magnetic di↵usivity, which is related to the electric conductivity � as ⌘ =

1/(4⇡�) and J is the current density. Here, we also used the standard Ohm’s law:

J = � (E + V ⇥B) , (2.22)

to eliminate the electric field. (A detailed computation can be found, e.g., in Sec.3 of

Ref. [14].) As seen in Eq. (2.21), for the non-resistive case, i.e., ⌘ = 0, the magnetic helicity

is conserved in time. Notice that the contribution of the fluid velocity V vanishes in the

right hand side of Eq. (2.21). Therefore, any evolution of V does not contribute to the

time variation of the helicity.

In the early universe, the magnetic di↵usivity is suppressed and hence one may naively

expect that the helicity and the helicity density are approximately time independent. Using

A±, the helicity density is given by

hhi =
Z

d
3k

(2⇡)3
k

⇣
|A+|2 � |A�|2

⌘
. (2.23)

We should keep in mind that even in the limit ⌘ ! 0, the suppression due to ⌘ can be

compensated by a large value of the current helicity
R
dV J ·B and as a consequence, the

helicity may not be conserved.

Solving the MHD dynamo problem, it was shown that the inverse cascade process

transports the helical magnetic field at small scales to the one at large scales. The trans-

portation to the large scales, which mimics to the inverse cascade process, can be driven

also by the axial anomaly [16] and by the chiral asymmetry of charged particles [17]. Here,

instead of performing the MHD simulation, we attempt to take into account the inverse

cascade process and provide an optimistic order estimation of the present magnetic field,

assuming that the helicity density hhi is conserved in time until the recombination. For

our purpose, we simply consider the maximally helical example, where either A+ or A�
is e�ciently generated. Assuming that the spectrum of the magnetic field has a peak at

the wavenumber km, the helicity density can be approximately given by the contribution

around k ' km as

hhi ' �(ln k) a3
a

km
B2
km , (2.24)

where �(ln k) denotes the width of the peak. Assuming that the helicity density is con-

served until the recombination after the end of inflation, we obtain

�(ln k)rec a
3
rec

arec

km,rec
B2
km,rec

(⌘rec) = �(ln k)f a
3
f

af

km,f
B2
km,f

(⌘f ) , (2.25)

where we put the index rec to denote the quantities evaluated at the recombination and

the index f to denote those at the end of inflation.
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- dissipation below the turbulence scale

Unless there is a transient drastic violation of the slow-roll condition, the peak wavenum-

ber of the magnetic field at the end of inflation is given by the one which has been just

generated, i.e.,

km,f

af
' Hf⇠ , (2.26)

since the generated magnetic field is exponentially diluted as 1/a2 during inflation. Since

the magnetic field dissipates below the turbulence scale, we estimate the peak wavenumber

at the recombination, km,rec, as

arec

km,rec
' vA,recH

�1
rec '

Bkm,rec(⌘rec)p
⇢rec

H
�1
rec . (2.27)

Notice that the peak (comoving) wavenumber at the end of inflation km,f di↵ers from the

one at the recombination km,rec. Inserting Eqs. (2.26) and (2.27) into Eq. (2.25), we obtain

the peak amplitude of the magnetic field at the recombination as

Bkm,rec(⌘rec) '
af

arec

✓
⇢rec

Mpl

◆ 1
3

Hf⇠

���
p
2kA(�k⌘ ! 0)

���
⇢

�(ln k)f
�(ln k)rec

� 1
3

. (2.28)

After the recombination, the magnetic field simply scales as / 1/a2, we obtain the peak

amplitude of B at present as

Bkm,rec(⌘0) =

✓
arec

a0

◆2

Bkm,rec(⌘rec)

'
afHf

a0
⇠

✓
a
3
rec⇢rec

a
3
0Mpl

◆ 1
3 ���
p
2kA(�k⌘ ! 0)

���
⇢

�(ln k)f
�(ln k)rec

� 1
3

. (2.29)

When we assume that w ⌘ p/⇢ stays constant during the reheating, we obtain

afHf

a0
=

aR

a0

✓
HR

Hf

◆ 2
3(1+w)

HR ' T0

✓
TR

Mpl

◆ 1�3w
3(1+w)

✓
Hf

Mpl

◆ 1+3w
3(1+w)

, (2.30)

where T0 denotes the present CMB temperature and the quantities with the index R are

evaluated at the end of the reheating. Here, we used aRTR = a0T0. Using this expression

and ✓
arec

a0

◆3

⇢rec ' (1 + zrec)T
4
0 ,

we obtain

Bkm,rec(⌘0) ' 10�13
⇠

���
p
2kA(�k⌘ ! 0)

���

⇥
✓

TR

Mpl

◆ 1�3w
3(1+w)

✓
Hf

Mpl

◆ 1+3w
3(1+w)

⇢
�(ln k)f
�(ln k)rec

� 1
3

G . (2.31)
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(km: peak)

Adiabatic evolution after recombination

�m,0 =
a0
arec

arec
km,rec
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Crude Order estimation

Assumptions
- helicity density is conserved after generation (→ reheating)

- (Hyper) B field generates completes before plasma creation

Bkm,0 = 10nG⇥ �m,0

Mpc
<latexit sha1_base64="a7NaitlPR32UyRe1mvlVQhwnTzo="></latexit><latexit sha1_base64="a7NaitlPR32UyRe1mvlVQhwnTzo="></latexit><latexit sha1_base64="a7NaitlPR32UyRe1mvlVQhwnTzo="></latexit><latexit sha1_base64="a7NaitlPR32UyRe1mvlVQhwnTzo="></latexit>

- B dissipates below the turbulence scale (after plasm creation)
where we inserted the total energy density at the recombination, given by
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. (7.5)

Equating the helicity density evaluated at recombination which is expressed only in
terms of �m,rec by using Eq. (7.2) with Eq. (7.1), we obtain
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. (7.6)

Inserting Eq. (7.6) into Eq. (7.4), we also can obtain the (peak) amplitude of the magnetic
field at present.

7.1.2 Estimation of the helical magnetic field

In this paper, we have discussed the three mechanisms which generate the helical (hyper)
magnetic field. Here, using Eqs. (7.4) and (7.6), we estimate the possible amplitude of the
magnetic field.

• Magnetogenesis from axion = inflaton during inflation

Inserting Eqs. (3.10) and (3.9) into Eq. (7.6), we obtain
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where we used
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=
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• Resonant magnetogenesis from axion = inflaton during reheating

Inserting Eqs. (4.7) and (4.9) into Eq. (7.6), we obtain
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where we used �(ln k)? = O(↵) and a? ' aR, where aR denotes the scale factor at the
completion of the reheating. Here, we have assumed that the energy density of the Universe
at the onset of reheating is given by the inflaton energy density, Hosc ' Hinf ' H?.

• Resonant magnetogenesis from axion 6= inflaton during inflation

Inserting Eqs. (4.7) and (5.3) into Eq. (7.6), we obtain
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where we used �(ln k)? = O(↵) and Eq. (7.8).
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during reheating

where we inserted the total energy density at the recombination, given by
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where we used �(ln k)? = O(↵) and Eq. (7.8).
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Summary / Discussion

Parametric Resonance can be efficient and sustainable 
also in expanding universe.

- GW emission

- Magnetogenesis

- Chiral fermion production?

Next issue


