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• String theory gives a lot of massive pseudo-scalar fields (Axion). 

• Their mass is                             . Its range is the very wide.  
 
 
 

• It is indicated that the axion can behave as the cold dark matter. 
 

• The string axiverse gives the parity-violated interactions as follows,  
                         . In this talk, we concentrate on the modified gravity. 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• The cold dark matter is the dust which is pressureless. 

• The occupation number of the state of the axion dark matter is estimated by 
 
                                                                                                               . 

• The oscillation of the axion as a classical field is given by  
 
 
　→　Energy density : 
 
　 
 
 
　　　Pressure :  

• The period of the oscillation of the axion can be estimated as       . Then, by the 
average under the long time scale                , the pressure of the oscillating axion 
can be regarded as zero. Then, the oscillating axion behaves as the CDM.
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Size of Axion Dark Matter
• In space, the matters are collected by the gravitational forces. 
 → It appears the equilibrium between the characteristic pressure of  
     matters and the gravitational force induced by matters themselves. 
 
 → This equilibrium is expressed by the size of the halo of matters. 
 
 → Jeans length of the axion dark matter is given by 
 

• Jeans length is the maximum size which the matters can exist stably in 
space. 
 → In this talk, we assume the axion dark matters have the enough  
     energy density and behave as the classical oscillating field.  
 
 → In low energy scale, the potential of the axion can be approximated by 
 
                      .  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• The action is given by 
 
 
 

• Dynamical or non-dynamical 
　→　This is switched by the existence of the dynamical term of the  
         axion field. 

• Because the axion field is the pseudo scalar, this interaction term induces 
the circular polarized gravitational waves. 

• The upper bound of the coupling constant      is given as follows,  
                                   in non dynamical theory by Y. Ali-Haimoud & Y. Chen (2011). 
                                   in dynamical theory by Y. Nakamura et. al. (2018). 

• The ghost modes exist in this theory. We assume this theory as the effective 
theory of gravity.
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• The action of the dynamical Chern-Simons gravity is  
 
 
 
 

• The equations of motion are derived by  
 
                                                  for the gravitational field and  
 
 
 
 
                                                          for the axion field.  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• The Swings 
　→　The parameters vary at roughly twice the natural frequency of the  
　　  arms of the swing, the amplitude of it will grow. 
 
 

• The parametric resonance is induced by Mathieu equation. 
 

• The properties of the Mathieu equation are noted. 
　→　The (first) resonance frequency is given by  
 
 
　→　The growth rate of the amplitude is given by  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Gravitational Wave in dCS Gravity
• We choose the ansatz of the spacetime below, 

• For the interest in the circular polarization, we take the circular polarization basis which 
are defined by 
 
 
 
 
Then, the equations of the gravitational wave is derived by 

• We can neglect the effect of the expansion of space in the time scale when the 
gravitational waves pass Galaxy. Then, the scale factor can be estimated as 
 
                  . Then, we can get the solution of the axion field,                                 .  

• Finally, the equations of the gravitational wave is derived as 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• These Plots shows the growth of the amplitude in the circular polarization basis.  
We used the values below 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 → There is the difference between the growth of the amplitude in R- and L-  
     circular polarization basis. In these conditions, the amplitude of      becomes        
     times bigger than the amplitude of       . So, the fully circular polarized wave  
     appears.  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• This plot shows the time evolution of the strength of the circular 
polarization. 
We used the same values before slide. 
 
→ The horizontal axe shows the  
    time     . 
 
→ The vertical axe shows the  
    frequency      of the GWs. 
 
→ The plotted function is defined  
    by 
 
 
 
                      : R or L  

• The color shows the strength of the circular polarization. 
 → At the resonance frequency, the GW is completely circular polarized.
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• This plot shows the time evolution of the strength of the circular 
polarization. 
We used the same values before slide. 
 
→ The horizontal axe shows the  
    time     . 
 
→ The vertical axe shows the  
    frequency      of the GWs. 
 
→ The plotted function is defined  
    by 
 
 
 
                      : R or L  

• The color shows the strength of the circular polarization. 
 → At the resonance frequency, the GW is completely circular polarized.
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• From the general theory of the parametric resonance, we can give the 
formulae for the estimations of the resonance frequency and the rate of the 
amplification in the length. 

• Resonance 
 
 → Resonance frequency :  
 
 
 → Width of the resonance :  

• Amplification of the amplitude of GW 
 
We can convert        into the length          in which the amplitude of the GWs 
becomes       times bigger.  
 
 → Typical length :  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Simple Estimation
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• The length in which the GWs becomes      times bigger is estimated as  
 
 
 

• If the GWs which have the resonance frequency through in Galaxy for  
         , the amplitude of the GWs become             times bigger. 

• This effect will be detected in the difference between the waveform from  
the interferometers and from the numerical template of the GWs in pure GR. 

• If we found no difference in the waveform, we can give the constraint to the 
coupling constants or the energy density of the axion dark matter.  
 
 → If you believe                  , then      will be constraint by                                .  
 
 → If you believe                           , then      will be constraint by                  .

11/14
2 day mini-workshop: Axion Cosmology @Yukawa Institute for Theoretical Physics, Kyoto University, May 14 - 15, 2019



Maps of Constraints
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The green region is excluded by the observation.  
The blue line shows the local dark matter density                      . 
The red line represents the 10 times enhancement of GWs.  
The red dashed line represents the 0.1 times enhancement.  
The red dotted line represents the 0.01 times enhancement. 
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Sensitivity Curves and Axion Dark Matter

These Sources are from “http://rhcole.com/apps/GWplotter/".
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Conclusion
• String axiverse generates the axions which have the light 
mass and the dCS coupling between the axion field and the 
gravitational field. 

• The coherently oscillating axion can behave as the cold dark 
matter well, so, through the above coupling, the 
monochromatic and parity violated gravitational waves are 
generally induced. 

• This effect may use to detect the counterpart of the GR. 
→　They might give the new constraint to the abundance of  
      the axion dark matter or the CS-coupling. 

• This analysis can connect the problems about the CDM and 
the modified gravity.
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