


Most general healthy theories

1971 
Lovelock theorem

1974
Horndeski theory

2011
Galileon
Deffayet et al, 
Kobayashi et al

2015
Degenerate 
theories

2018
Degenerate theories with 
arbitrary higher-order 
derivatives

1850
Ostrogradsky theorem

2014
Beyond 
Horndeski
(GLPV)







Ostrogradsky theorem

Nondegenerate !
→ 2$-th order EL eqs

requiring more initial conditions ($ ≥ 2)

→ Ghost DOF

Example:  ! = (̈)/2 with ( = ((,)

• 4th order EL eq : .( = 0
4 initial conditions = 2 DOF.

• Hamiltonian is unbounded 

2 DOF = 1 healthy + 1 ghost (negative energy)

Ostrogradsky (1850), Pons (1989)

Woodard, astro-ph/0601672; 1506.02210 



Generalizing Ostrogradsky theorem
What about degenerate ! for (2$ − 1)-th order EL eqs?

• ! = !(*̈+, *̇+, *+)
4th order EL eqs → Ghost
3rd order EL eqs → Ghost
2nd order EL eqs → !(*̇+, *+) after integ. by parts.

• ! = !(*+(/),⋯ *̈+, *̇+, *+)
2$ th order EL eqs → Ghost
(2$ − 1)-th order EL eqs → Ghost

Need no-ghost conditions for all the ghosts.

*+ = *+(1)

HM, Suyama, 1411.3721



üNo-ghost condition (DC1 & DC2)
!"# = 0 & &"# = 0 ⟹ ( is bounded

üOstrogradsky theorem
det ! ≠ 0 ⟹ ( is unbounded

!"# ≡ ./0
.2̈3.2̈4

&"# ≡ ./0
.2̈3.2̇4 −

./0
.2̈4.2̇3

HM, Suyama, 1411.3721

sym

anti-sym



üNo-ghost condition (DC1 & DC2)
!"# = 0 & &"# = 0 ⟹ ( is bounded

üOstrogradsky theorem updated
det ! ≠ 0 ⟹ ( is unboundedor det& ≠ 0

HM, Suyama, 1411.3721

!"# ≡ ./0
.2̈3.2̈4

&"# ≡ ./0
.2̈3.2̇4 −

./0
.2̈4.2̇3

sym

anti-sym



ü EL eq
!"#$%# + !̇"# + ("# )%# = terms up to %̈"

⟹ 2nd-order system

üNo-ghost condition (DC1 & DC2)
!"# = 0 & ("# = 0 ⟹ 6 is bounded

üOstrogradsky theorem updated
det ! ≠ 0 ⟹ 6 is unbounded

Highest Next-highest

or det( ≠ 0

HM, Suyama, 1411.3721



Eliminating Ostrogradsky ghost

ü !($̈, $̇, $) ⟹ !($̇, $)
ü !($̈), $̇), $)) ⟹ !($̇), $))
• !($) * , $) *+, , … , $))

HM, Suyama, 1411.3721

$) = $)(/)

No ghost condition
0)1 = 0 & 3)1 = 0



Eliminating Ostrogradsky ghost

ü !($̈, $̇, $) ⟹ !($̇, $)
ü !($̈), $̇), $)) ⟹ !($̇), $))
• !($) * , $) *+, , … , $))

• !($̈, $̇, $; /̇, /)
• !($̈, $̇, $; /̇0, /0) ∼ $ + 234
• !($̈), $̇), $); /̇0, /0) ∼ $) + 234

HM, Noui, Suyama, Yamaguchi, Langlois, 1603.09355

$) = $)(6)
/0 = /0(6)

HM, Suyama, 1411.3721

No ghost condition
7)8 = 0 & :)8 = 0



Healthy scalar-tensor theories

Horndeski

• Second order EOM (sufficient for no ghost)

GLPV 
• Found by heuristic method 

quadratic DHOST / EST

• Degeneracy structure found for a toy model

! = 1
2%'̈

( + 12*+'̇
( + 12*-./̇

-/̇. + 0-'̈/̇- + 1-'̇/̇- − 3 ', /
which applies to theory up to 55' (.

More general analysis is required beyond 55' (.



!($̈%, $̇%, $%; )̇*, )*)
• Hamiltonian analysis
!,- = ! /̇%, /%, $%; )̇*, )* + 1%($̇% − /%)
Canonical momenta

3% = !4̇5
6* = !-̇7
8% = 1%
9% = 0

Hamiltonian
; = ;<(3, /, $, 6, )) + 8%/%

8% shows up only linearly. In general ; is unbounded.

=>,?>, @A, 1%

B>, C>, DA, 9%

$̇%=

HM, Noui, Suyama, Yamaguchi, Langlois, 1603.09355

Primary constraints (C1)



!($̈%, $̇%, $%; )̇*, )*)

, = ,. + 0%1%

• DC1: 
⟹ Additional C1:  Ψ% ≡ 5% − 7%(1, $, 8, )) = 0

• DC2:
⟹ C2:  Υ% ≡ 0% − ;%(1, $, 8, )) = 0

ü We eliminated all the ghosts. , is bounded.
ü EL eqs ⟹ a priori higher-order but can be reduced 

to 2nd-order system
ü Applies for a wide class of theories

ü Fixed 

ü Fixed 

<=,>=, ?@, A%

5%, 0%, B@, C%

$̇%=

D%E ≡ {Ψ%,ΨE} = 0

H%E ≡ !%E − !*%!*I
JK!IE = 0

det !*I ≠ 0

HM, Noui, Suyama, Yamaguchi, Langlois, 1603.09355

Beyond Horndeski



Applications
ü Field theory in flat spacetime
ü SU(2) 
ü Boson-Fermion
ü Scalar-tensor theories

(DHOST)

ü Vector-tensor theories

ü Tensor theories
Crisostomi, Noui, Charmousis, Langlois, 1710.04531

Kimura, Sakakihara, Yamaguchi, 1704.02717

Kimura, Naruko, Yoshida, 1608.07066

Allys, Peter, Rodriguez, 1609.05870

Crisostomi, Klein, Roest, 1703.01623

Langlois, Noui, 1510.06930, 1512.06820
Crisostomi, Koyama, Tasinato, 1602.03119

Achour, Langlois, Noui, 1602.08398
Achour, Crisostomi, Koyama, Langlois, Noui, Tasinato, 1608.08135



Eliminating Ostrogradsky ghost

ü !($̈, $̇, $) ⟹ !($̇, $)
ü !($̈), $̇), $)) ⟹ !($̇), $))
• !($) * , $) *+, , … , $))

ü !($̈, $̇, $; /̇, /)
ü !($̈, $̇, $; /̇0, /0) ∼ $ + 234
ü !($̈), $̇), $); /̇0, /0) ∼ $) + 234

HM, Noui, Suyama, Yamaguchi, Langlois, 1603.09355

HM, Suyama, 1411.3721

No ghost condition
5)6 = 0 & 9)6 = 0

No ghost condition
5)6 = 0 & 9)6 = 0



Eliminating Ostrogradsky ghost

ü !($̈, $̇, $) ⟹ !($̇, $)
ü !($̈), $̇), $)) ⟹ !($̇), $))
• !($) * , $) *+, , … , $))

ü !($̈, $̇, $; /̇, /)
ü !($̈, $̇, $; /̇0, /0) ∼ $ + 234
ü !($̈), $̇), $); /̇0, /0) ∼ $) + 234

• !( 56, 6̈, 6̇, 6; /̇0, /0)
• !( 567, 6̈7, 6̇7, 67; $̈), $̇), $); /̇0, /0)
• !($08 *9, , … ; $08:; * , … ;… ; $̇0<, $0<)

HM, Noui, Suyama, Yamaguchi, Langlois, 1603.09355

HM, Suyama, Yamaguchi, 1711.08125
1804.07990

HM, Suyama, 1411.3721

No ghost condition
=)> = 0 & A)> = 0

No ghost condition
=)> = 0 & A)> = 0



3rd-order derivatives in !

A ghost-free quadratic Lagrangian involving 3rd-order 
derivatives.

Crucial difference: 
Ostrogradsky ghosts appear as
• ! ∋ 2nd-order time derivatives ⟹$: linear in %
• ! ∋ 3rd-order time derivatives  ⟹$: linear in % & &

Beyond 2nd-order derivatives,                                
ghosts are hidden in a nontrivial way.

HM, Suyama, Yamaguchi, 1711.08125



!th-order derivatives in "

Systematic construction of general ghost-free 
Lagrangian involving !th-order derivatives.

All constraints = 0

HM, Suyama, Yamaguchi, 1804.07990



!th-order derivatives in the action

#̈$%
&#$'

#$((*)
#$,(-)

#$.(/01)

Systematic construction of general ghost-free 
Lagrangian involving !th-order derivatives.

HM, Suyama, Yamaguchi, 1804.07990



!th-order derivatives in the action

Systematic construction of general ghost-free 
Lagrangian involving !th-order derivatives.

Constraints

HM, Suyama, Yamaguchi, 1804.07990

Prim
ary

Secondary

Tertia
ry



!th-order derivatives in the action

Systematic construction of general ghost-free 
Lagrangian involving !th-order derivatives.

HM, Suyama, Yamaguchi, 1804.07990

Ostrogradsky theorem
det %&'(' ≠ 0 ⟹Ghost ≠ 0



!th-order derivatives in the action

Systematic construction of general ghost-free 
Lagrangian involving !th-order derivatives.

HM, Suyama, Yamaguchi, 1804.07990

"#$%$ = 0 & (#$%$ = 0 ⟹
= 0 = 0



!th-order derivatives in the action

Systematic construction of general ghost-free 
Lagrangian involving !th-order derivatives.

HM, Suyama, Yamaguchi, 1804.07990

≠ 0

Ostrogradsky theorem
det '()*) ≠ 0 ⟹Ghost



!th-order derivatives in the action

Systematic construction of general ghost-free 
Lagrangian involving !th-order derivatives.

HM, Suyama, Yamaguchi, 1804.07990

"#$%$ = 0 & (#$%$ = 0

= 0 = 0

⟹



!th-order derivatives in the action

Eliminate
(ordinary) Ostrogradsky ghosts

Eliminate 
hidden ghosts

Systematic construction of general ghost-free 
Lagrangian involving !th-order derivatives.

Constraints

HM, Suyama, Yamaguchi, 1804.07990



Eliminating Ostrogradsky ghost

ü !($̈, $̇, $) ⟹ !($̇, $)
ü !($̈), $̇), $)) ⟹ !($̇), $))
ü !($) * , $) *+, , … , $))

ü !($̈, $̇, $; /̇, /)
ü !($̈, $̇, $; /̇0, /0) ∼ $ + 234
ü !($̈), $̇), $); /̇0, /0) ∼ $) + 234

ü !( 56, 6̈, 6̇, 6; /̇0, /0)
ü !( 567, 6̈7, 6̇7, 67; $̈), $̇), $); /̇0, /0)
ü !($08 *9, , … ; $08:; * , … ;… ; $̇0<, $0<)

HM, Noui, Suyama, Yamaguchi, Langlois, 1603.09355

HM, Suyama, 1411.3721

HM, Suyama, Yamaguchi, 1711.08125
1804.07990



Scalar-tensor theories
Ostrogradsky Ghost

Healthy theories with 
2nd-order derivatives

Horndeski theory

Healthy theories with 
arbitrary higher-order derivatives

Inflation
Dark energy

DHOST / EST Extended Galileon
GLPV

! ", $ %
&'()')("

Brans-Dicke

*(", $)
-(%)

DGP



Summary
Ostrogradsky ghosts appear as
• ! ∋ 2nd-order time derivatives ⟹$: linear in %
which can be removed by degeneracy conditions.
The analysis of !((̈), (̇), (); -̇., -.) applies to a wide 
class of model buildings.

We found that for quadratic model with 012, -̇.
• ! ∋ 3rd-order time derivatives  ⟹$: linear in %, 3
We constructed the first ghost-free model with 3rd-
order time derivatives in !.

We established a systematic construction process for
• ! ∋ Arbitrary higher-order time derivatives


