Semi-Analytic Calculation of Gravitational Wave Spectrum
iInduced from Primordial Curvature Perturbations
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GW Astrophysics

1!
GW Cosmology

Dark Energy
Accelerated Expansion
Afterglow Light
Pattern Dark Ages Development of
375,000 yrs. Galaxies, Planets, etc.
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1st Stars
about 400 million yrs.

Big Bang Expansion

13.77 billion years

[Image credit: LIGO/T. Pyle]

We can probe
the very early Universe
or High Energy Physics.

__[Image credit: NASA/WMAP Science Team]
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What is the secondary GW?
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What is the secondary GW?

. Inflation produces
and tensor (1st-order) perturbations
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Enhanced scalar perturbations
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Dynamics

In a radiation-dominated (RD) era,
the source decays.

In a matter-dominated (MD) era,
the source does not decay.




Relation to PBH scenario
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Relation to PBH scenario
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[Espinosa, Racco, Riotto, 1804.07732]
Higgs instability

Collider exp. probed during inflation
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Motivation (What we do)

The secondary GW power spectrum is obtained
by multiple integral of an oscillatory function.
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The secondary GW power spectrum is obtained

by multiple integral of an oscillatory function.
“universal part”

describing time evolution primordial quantity
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Details (1/3)

[Ananda, Clarkson, Wands, gr-qc/0612013] [Baumann, Steinhardt, Takahashi, Ichiki, hep-th/0703290]
[Inomata, Kawasaki, Mukaida, Tada, Yanagida, 1611.06130]
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Details (1/3)
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Details (2/3)

For definiteness, consider w = 1/3 (RD era).
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Details (2/3)

For definiteness, consider w = 1/3 (RD era).

( /— )
— ) ja(n) N\ (v, u,x
I(U,U,CE)—/O d g(n%Gk(nanjlf( y Uy )
e

a(n)/a(n) = T/x

kGx(n,n) =sin(z — T)

11



Details (2/3)
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Details (3/3)

For definiteness, consider w = 1/3 (RD era).
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Details (3/3)

For definiteness, consider w = 1/3 (RD era).
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(General cases

In ng(k)
¢ RD

Consider (for simplicity) a scale-invariant spectrum

P¢ (k) = const.

» Ink
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(General cases
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(General cases

Schematic Precise

In QGW (k)
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-------------------------------------------------
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Scale-invariant primordial spectrum is assumed as a simple example.
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(General cases

Schematic Precise
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Summary

IS Induced by primordial curvature
perturbations. (important e.g. in PBH scenarios)

We analytically calculated the universal part of
the power spectrum of the secondary GW.

Applicable to GWs induced in
, , and

Please use our results to write your papers!
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Appendix:
More quantitative explanations

e Basic things
 Radiation-dominated (RD) era
e Matter-dominated (MD) era

e More general cases
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Observable & Basic definitions

Energy fraction

QO k) = = —
GW(n? ) Ptot (7’}) dln k& 24

1 dpaw(n) 1 ( k
a(n)

Power spectrum

(B ()b (7)) =6an 6% (k + k') =Py (1, k)

Gravitational field: Green’s function method

a(n)hk(n) = 4/77 dn Gx(n,n)a(n)Sk(n)

Gyt + (12 = =) G = 8ty — )
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Power spectrum & “universal part”
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Analytic Calculation

For definiteness, consider w = 1/3 (RD era).
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Analytic Calculation
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Analytic Calculation
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Analytic Calculation

For definiteness, consider w = 1/3 (RD era).

3 4
Isp (v, u, x) =132 (—E (uv(u2 + v? — 3)2® sinx — 6uva? cos u_\/a% cos %
ux VT ux VT ux VT
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Analytic Calculation

For definiteness, consider w = 1/3 (RD era).

3 4 ) UL VI
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Analytically

Calculable GW spectrum

Example 1 in RD: Monochromatic case  P;(k) = Acd(logk/k.)

~ 2
BAL [A=F\ 12 (532 o)’ = k/k
Q) = S 2 ( 2 _ 2) — / *
aw (1, k) 61 ( 1 > k* ( 3k
7 - - 4 \? i
X <7T2(3k2 —2)?0(2V3 — 3k) + (4 + (3k* — 2)log |1 — e ) ) 02 — k)
10} f
o~ ¢ \
= 0.100}
C
0.010}
O o 005040 0850 1 ngwﬂ:%*/ﬁ
kIk, k1 + ka| = 2k, /V/3
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Analytically

Calculable GW spectrum

Example 2 in RD: Scale-invariant case P (k) = A

Qaw (0, k) 20.822214%

ng—1
Example 3 in RD: Power-law case Pr = AC (ﬁ)
E

I 2(ng—1) o
. 2 T 100
QGW (777 k) _Q(nS)AC (k* > Q(ns) 10 /

| ‘0.5‘ N ‘1.0‘ h ‘1.5‘ N ‘2.0‘ o
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Enhancement in MD era

Next, consider w =0 (MD era).

I(v,u,x) = /OCU d:vzgz; kGi(n,n) f(v,u,T)
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Next, consider w =0 (MD era).

I(v,u,z) = /Ox 121)

a(n)

)
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)

a(n)/a(n) = z*/°
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Enhancement in MD era

[Assadullahi, Wands, 0901.0989] [Baumann, Steinhardt, Takahashi, Ichiki, hep-th/0703290]

Next, consider w =0 (MD era).

" ) |
I(v,u,x):/ dr—=kGr(n,n)f (v, u, x)
a(m)/a(n) = _2/1‘2/ l

kG (7, 7) :% (1 + 23) sin(z — 7) — (z — &) cos(x — 7))
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Enhancement in MD era

[Assadullahi, Wands, 0901.0989] [Baumann, Steinhardt, Takahashi, Ichiki, hep-th/0703290]

1.0~

Next, consider w = 0 (MD era).

. 0.6¢
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O W
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kG (1, 7) :% (14 28)sin(z — 7) — (z — D) cos(z — 7)) MPWBT) =5
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Enhancement in MD era

[Assadullahi, Wands, 0901.0989] [Baumann, Steinhardt, Takahashi, Ichiki, hep-th/0703290]

Next, consider w = 0 (MD era). N

. 0.6¢
=

0.4r

I(v,u,2) = / x dxmmk(n,@ﬂv,u,x) .
O W

;(77)
a(f)/a(n) = 7%/ l (z) =1 6
kG (1, 7) :% (14 28)sin(z — 7) — (z — D) cos(z — 7)) MPWBT) =5

18
L (v, u, 2 — 00) =5 Not diluted!
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Enhancement in MD era

[Assadullahi, Wands, 0901.0989] [Baumann, Steinhardt, Takahashi, Ichiki, hep-th/0703290]

1.0p ".

Next, consider w = 0 (MD era).

v (o) 5o

Ivuw) = [ da TG, 1) (0,0, -

0 @(77) |

/ €T ) —
() fa(n) = 7/ l ®(a) = 1

1 fup (v, u, x) = 0
kG (n,7) = (1 + zz)sin(z — z) — (z — T) cos(x — T)) o 5

18
L (v, u, 2 — 00) =5 Not diluted!
Constant metric distortion After MD Propagating GW
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Calculable GW spectrum

Example 1 in MD: Monochromatic case P;(k) = Acd(logk/k.)

2
3 (ke \° ENT\ L,
QGW_%(aH) (1(%)) AcOEk. =)

Example 2 in MD: Scale-invariant case with a cutoff

Pe(k) = AcO(kmax — k)
a2 2 [(1792k 1 - 2520 + 768k + 105k (0 <k < Kmax)
14000 (aH> { (1 _ 2/2-—1)4 (10512:2 472k £ 16— 32k — 16/2-—2) (Fmax < k < 2kmae)

Qaw

104,
L= k’/k* 1000/

100¢

Qew/Az”

101

1
0.1k ‘ ‘ ‘ ‘ ‘ ‘

10~ 0.001 0.010 0.100 1 10 100
20 k/Kmax



(General cases

The MD — RD transition

TR — 2
o) = [ e () () kG0 0.0) fran (0.0
0

X LR

8 | Kl
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(General cases

Schematic Precise
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Scale-invariant primordial spectrum is assumed as a simple example.
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Current PBH abundance

PBH fraction in CDM

1 dpppnu
pcom dIn M

_ (g*(T) g*,s(Teq) T
9*(Teq) 9*,8(T) Teq

fPBH(A[)::




Current PBH abundance

PBH fraction in CDM

M) — 1 dppsH
feeu(M) = oopy d1n M PBH formation probability

= (2 S b))

30
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Current PBH abundance

10—17

) ] TRy
Observational constraints e [;?Ns /K

0.100

0.001 -

10—5 L

[Carr, Kilhnel, Sandstad, 1607.06077]

PBH fraction in CDM e . e
) — 1 dppen "
feen(M) = ocpy d1n M PBH formation probability

O

T=Min[Tx,Tr] {2cpm

= (2 S b))
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PBH formation probabillity

Coarse-grained perturbations

ot = [ dman® () Gy (1) Pomn

2(1 + Weos )?
~ P-(k
(5 —|_ Sweos)Z C( )

Formation probability in RD

Pressure prevents the formation — rare process

>~ 1 9
B(o) = /5 S exp (ﬁ) do

C
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PBH formation probabillity

Coarse-grained perturbations
Window function

) = [ gt (§) g5 (1) i

2(1 + Weos )?
~ P-(k
(5 + 3Weos )2 (k)

Formation probability in RD

Pressure prevents the formation — rare process

>~ 1 9
B(o) = /5 S exp (ﬁ) do

C
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PBH formation probabillity

- - [Young, Byrnes, Sasaki, 1405.7023]
Coarse'gralned perturbatlons see also [Ando, Inomata, Kawasaki, 1802.06393]

Window function

) = [ gt (F) G5 (1) o

Transfer function

2(1 + Weos)?
~ P-(k
(5 + 3Weos )2 (k)

Formation probability in RD

Pressure prevents the formation — rare process

>~ 1 9
B(o) = /5 S exp (ﬁ) do

C

[Press, Schechter, 1974]
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PBH formation probabillity

- - [Young, Byrnes, Sasaki, 1405.7023]
Coarse'gralned perturbatlons see also [Ando, Inomata, Kawasaki, 1802.06393]

Window function Primordial curvature perturbations
2 OO 2 (@) 4(1+ weOS)2 I\ * 2
k) = dl (—) (—) T k)P
o (k) /_OO ngw" {2 (5 + B3wor)? \E (q/k)Pc(q)

Transfer function

2(1 + Weos)?

~ P (k
(5 + 3Weos )2 (k)

Formation probability in RD

Pressure prevents the formation — rare process

>~ 1 9
B(o) = /5 S exp (ﬁ) do

C

[Press, Schechter, 1974]
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PBH formation probabillity

Formation probability in RD

Pressure prevents the formation — rare process

>~ 1 9
B(o) = /5 S exp (Tﬂ) do
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PBH formation probabillity

Formation probability in RD

Pressure prevents the formation — rare process

>~ 1 9
B(o) = /5 S exp (Tﬂ) do

C

Formation probability in MD 5p
— o a(t)
P
Perturbation grows in the MD era — low threshold

Anisotropy & angular momentum affects the formation rate.
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PBH formation probabillity

Formation probability in RD

Pressure prevents the formation — rare process

>~ 1 9
B(o) = /5 S exp (Tﬂ) do

C

Formation probability in MD 5p
" x a(t)

Perturbation grows in the MD era — low threshold
Anisotropy & angular momentum affects the formation rate.

yy {1894 10~ x £, 7% exp (—0.14745;*—;2’) (o < 0.005)
0.0555607 (o > 0.005)

32



PBH formation probabillity

Formation probability in RD
Pressure prevents the formation — rare process

> 0
/5 exp (2 >d5

2
C

1

2TO

(o)

o)

[Press, Schechter, 1974]

Formation probability in MD

6p 30—5 104 10% 102 10-' 1
[Khlopov, Polnarev, 1980, 1985] _ (X a(t) i | IIIIIII‘ T TTTTI | IHIIII[ [ IIHII| I IHI,I;
P : ]

Perturbation grows in the MD era — low threshold — 10 3“{;‘
Anisotropy & angular momentum affects the formation rate. % I 1
QE - -

4/3 S —20 N |

5oy — [ 184X 1070 X £, T00% exp (~0.1474L73) (o < 0.005) : _
o) = . i
0055560-5 (O- 2 0005) Numerical Numerical 7]

—(2nd order) (1st order 7

30 IR ¥ IR | lllllllr | IHIIII | RN

[Harada, Yoo, Kohri, Nakao, Jhingan, 1609.01588]
[Harada, Yoo, Kohri, Nakao, 1707.03595]
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Inflation with

k

=z L Planck 2013
= S B Planck TT+lowP
i B Planck TT, TE EE+lowP
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©
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Ng

Fig. 4. Marginalized joint 68 % and 95 % CL for (ns,dns/d Ink)
using Planck TT+lowP and Planck TT,TE.EE+lowP. For com-
parison, the thin black stripe shows the prediction for single-field
monomial chaotic inflationary models with 50 < N, < 60.

running spectrum

L In et ()

Planck TT+lowP (TT,TE,EE+lowP)

ny = 0.9569 + 0.0077 (0.9586 + 0.0056),
dng/dInk = 0.01170015 (0.009 +0.010) ,

d*ng/dInk* = 0.0297)01> (0.025 £ 0.013) ,

at 68% CL at the pivot scale k*=0.05/Mpc.

[Planck 2015, “Constraints on Inflation”]



Interplay between PBH & GW

PBH-for-LIGO scenario

Curvature perturbations

vvvvvvvvvvvvvvv

VvV
=
~
Q.
107
109
0 5 10 15
Iog10(k/k*)
ng =0.96
B Tr = 10° GeV
Ng —
B =0.026

PBH mass spectrum

vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv

10—2,

10—5,

freH(M)

107%]
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Iog‘IO(M/Msolar)

Secondary GW spectrum
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Interplay between PBH & GW

PBH-DM scenario

Curvature perturbations

0.100¢+

0.001¢

log1o(k/K.)

ng =0.96
oy =

Bs =0.0019485

Tr = 10* GeV

PBH mass spectrum
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Secondary GW spectrum
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Comparison with Espinosa et al.

I(v,u,x) —ﬁxmka(n,n)f(v,u,x)
aD a(n)

1000 ——

(0 o]
o
o

81x2 1% (our)
(@)
o
o

N
(-
o

o
——

(Io % +1g %)(their)/2

400 |

Espinosa et al.

2 3 4 5

s(their)=(t(our)+1 )/\/g

Lmin = knmin =1
GW production right after inflation
Lmin = knmin =0

inflation = RD/MD — GW production

[Espinosa, Racco, Riotto, 1804.07732]
[Kohri, Terada, 1804.08577]



