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|2 NC Differential Form on a Latticel

(Dimakis et.al.('93), Aschieri et.al('93), Woronowics('89) etc.)

Leibniz's rule

d(pPIp(Dy = (@ (P)Yep(@D - ()Pyp(P) gy (D)

IS not satisfied if we identified the derivative as a difference

The derivative op.(with forward differences):

df () = Y [f (@ + ) — f(@))dat = 3 01, f(a)da”
0 0

= d(f(x)g(x))

= [f(z + Dg(e + ) — f(2)g(a)]da"
= (04,f (@)g(z + ) do* + f(2)0 ,9() da¥

dzt'g(z) = g(x + p)da”

Noncommutativity

= (04 ,f (x) dz)g (@) + F(2)d4 ,9(x) da
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|3 Dirac-Kahler fermion(cont.) |
(Kahler '62, Becher & Joos '82)

(d—6)2=0=(P)?= d—6~§
We formulate in terms of Clifford product
Clifford _Product(Cup Product, \/)
o d— 3= (da' N + 20y ~ M),
= dxz"* Vv

Clifford algebra:
{d:l?’u, d:IjV}\/ — dz"* Vv dz¥ + dz¥ Vv dzM = 2g’uy

~ {47}
e Generalization to higher forms(associative)
(f dz")v(gdz")
D
1 p(p-1) 0 0]
=Y ()2 (np fd:cK)
=0 p! OdxH1 OdxHp
0 0
/\( . gd:cL>
(9d:13u1 (9d:CMp

dets = dzFt1 A - A dahE
n: sign factor, n(p-form) = (—)P(p-form)



Action

dVv = (dz* N + %)@L mixes degrees of forms
— We need all degrees of forms.

For

_I_SO,LLdCB'UJ_FSO,ude?’UJ/\dJZV—F... :

V=9
W o+ p,dx" + o, dct" Ndx" 4 -

the action is
S = /(qj v (d+ m) v W) ‘O—form

= ZD/Z/ZEU)(V“@L + m)yp Dzl ... deP
(7)
= | (Dirac fermion) ® (flavor) |~ K-S fermion

vol  (vol = dPx)

() : flavor (1 ~ 2D/2)

The components are:

Do) = (SO]l + o™ + CPLWW['LL’YV] 4. )a(j)



|4 Clifford Product(Lattice)l

Hermiticity

e forward difference operators
—= both forward and backward difference op’s.

(link variables U, U})

T he exterior derivative op. on the lattice:

df =Y { (04,00 — (0_. )0}
7!

(Dimakis et.al '94, Dai et.al '01, etc.)
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Clifford Product

In continuum space:(up to sign factor)
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Keep associative

Positivity of inner product
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| Clifford Product on a Latticel
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|5 Dirac-Kahler — staggered |
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/W\/(d—|—m)\/\|/‘0 form O HVOTH =TT — 1 = —1
=202y 2 Z{w(j><azm(w<x + 1) — pa— )
z T
+ B @ (G + 1) + 6@ — 1)~ 20@) P g o}

+ mi () (z) ¢(j)(56)]

= Y [5 2 RO + D) - X+ DX} +mX@x)|
Y T

with x = 2y (Gliozzi '82, Kluberg-Stern et.al '83)
This is the staggered fermion action written in spinors, exactly.

Dirac-Kahler fermion — staggered fermion !
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|6 Path Integrall
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|7 Yang-Mills Action |

Yang-Mills action(cont.)
I NC forms
Plaquette action(lat.)
(Dimakis et.al '94)

Leibniz’'s rule — d 4+ A: covariant derivative
A=Y[A0TH 4+ A_07H]
W

1
S = —T.gztr/FVF‘O_formUOZ
1
- %:/;tr{l ~ V@)U + WU + U@}

F=dA+ ANA=U?
U(z) = g[wwﬂ + Ul(z — p)6—H]
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|8 Conclusion |

Summary

e Defined Vv product on a lattice
e Dirac-Kahler fermion — staggered fermion
e Path integral

Euture work
e Differential forms --. Lattice fermion with gravity?

e Leibniz's rule--. SUSY on a lattice?
e G-W relation, Chiral anomaly

Comment staggerd DU OO OO0 Dirac-Kahler DO OOOOOOOO

Oooooon ! staggered U OO OOOOOOOOOOOOMO

OJobobobobo2000000000000o00

O 0-form: p(x) = x(x)

0 1-form:pi(z) = x(x + 1)
tpa(x) = x(z 4 2)

O 2-form: pp(x) = x(x +142)
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