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Figure 5: The Charmonium spectrum. The solid lines
are quark mode predictions [21] the shaded lines are the
observed conventional charmonium states [22], the hori-

zontal dashed lines represent various D(∗)
s D̄(∗)

s thresholds,
and the (red) dots are the newly discovered charmonium-
like states placed in the column with the most probable
spin assignment. The states in the last column do not fit
elsewhere and appear to be truly exotic.

or tetraquarks, or possibly some sort of threshold ef-
fect. More and more of these states seem to appear
every other day and it is far from clear what most
of them actually are. The charmonium spectrum is
summarized in Fig. 5. This is a very cluttered figure
which underlines the complexity of the current situa-
tion. A more detailed summary of these states is given
in Table I.

One can see that there are many of these charmo-
nium like states. I will restrict myself to the follow-
ing; I will start with the most recently observed states,
the Y (4140) seen by CDF [23] and the X(3915) seen
by Belle [5]. I will next report on the Z+ states,
charmonium-like states observed by Belle that carry
charge so cannot be conventional cc̄ states. I will
then briefly discuss the X(3872) which was the first
charmonium-like state to be observed and is the most
robust, having been observed by many experiments
in different processes. The final group is the 1−− Y
states observed in e+e− → γISR + Y .

5.1. The Y (4140)

The CDF collaboration found evidence for the
Y (4140) in the J/ψφ invariant mass distribution from
the decay B+ → J/ψφK+ which is shown in Fig. 6
[23]. The state has significance of 3.8σ with M =

)2M  (GeV/c∆
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Figure 6: From CDF [23]. Evidence for the Y (4140) seen
in B → J/ψφ with J/ψ → µ+µ− and φ → K+K−. The
mass difference, ∆M , between µ+µ−K+K− and µ+µ−, in
the B+ mass window. The dash-dotted (blue) curve is the
background contribution and the solid (red) curve is the
total unbinned fit.

4143.0 ± 2.9 ± 1.2 MeV/c2 and Γ = 11.7+8.3
−5.0 ±

3.7 MeV/c2. Because both the J/ψ and φ have
JPC = 1−− the Y (4140) has +ve C parity. Some
argue that there are similarities to the Y (3940) seen
in B → J/ψωK [24].

The question asked about all these new XY Z states
is: What is it? And as in all of these states, we con-
sider the different possibilities, comparing the state’s
properties to theoretical predictions.

Conventional State The Y (4140) is above open
charm threshold so it would be expected to have
a large width which is in contradiction to its
measured width. Hence, the Y (4140) is unlikely
to be a conventional cc̄ state.

cc̄ss̄ Tetraquark A number of authors argue that the
Y (4140) is a tetraquark [25, 26, 27]. However a
tetraquark is expected to decay via rearrange-
ment of the quarks with a width of ∼ 100 MeV.
It is also generally expected to have similar
widths to both hidden and open charm final
states. The tetraquark interpretation does not,
therefore, appear to be consistent with the data.

Charmonium Hybrid Charmonium hybrid states
are predicted to have masses in the 4.0 to 4.4
GeV mass range. The Y (4140)’s mass lies in
this range. Hybrids are expected to decay pre-
dominantly to SP meson pair final states with
decays to SS final state meson pairs suppressed.
If the Y (4140) were below D∗∗D threshold the
allowed decays to DD̄ would be suppressed lead-
ing to a relatively narrow width. The D∗D̄ is an
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1 First equation

J/ψ −> ηc(1S) (1)

J/ψ : 1−− (2)

JPC (3)

ηc(1S) : 0−+ (4)

(iγµD
µ
1 −m1)S

1
F (x, y) = δ4(x− y) (5)

(iγµD
µ
2 −m2)S

2
F (z, w) = δ4(z − w) (6)

(γµp
µ
1 −m1)(γµp

µ
2 −m2)χ(12)(p1, p2) = −

∫
d4q1d

4q2K
(12)(p1, p2; q1, q2)χ(q1, q2) (7)

(E −H1(p⃗)−H2(p⃗))φ(p⃗) = −2πi(Λ++(p⃗)− Λ−−(p⃗))
∫
d4qU(q)φ(q + p) (8)

(9)

C(τ) =
∑

x⃗

⟨φ(τ, x⃗)φ†(0)⟩ =
∑

α

| ⟨0|φ(0) |α⟩ |2e−Eατ (10)

→ | ⟨0|φ(0) |1⟩ |2e−E1τ (τ → ∞) (11)

(G(τ))ij =
∑

x⃗

⟨φi(τ, x⃗)φ†j(0)⟩ =
∑

α

⟨0|φi(0) |α⟩ ⟨α|φ†j(0) |0⟩ e
−Eατ (12)

≡
∑

α

vαiv
∗
αje

−Eατ (13)

e2iδl ∼ 1− iak

1 + iak
(14)
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Figure 5: The Charmonium spectrum. The solid lines
are quark mode predictions [21] the shaded lines are the
observed conventional charmonium states [22], the hori-

zontal dashed lines represent various D(∗)
s D̄(∗)

s thresholds,
and the (red) dots are the newly discovered charmonium-
like states placed in the column with the most probable
spin assignment. The states in the last column do not fit
elsewhere and appear to be truly exotic.

or tetraquarks, or possibly some sort of threshold ef-
fect. More and more of these states seem to appear
every other day and it is far from clear what most
of them actually are. The charmonium spectrum is
summarized in Fig. 5. This is a very cluttered figure
which underlines the complexity of the current situa-
tion. A more detailed summary of these states is given
in Table I.

One can see that there are many of these charmo-
nium like states. I will restrict myself to the follow-
ing; I will start with the most recently observed states,
the Y (4140) seen by CDF [23] and the X(3915) seen
by Belle [5]. I will next report on the Z+ states,
charmonium-like states observed by Belle that carry
charge so cannot be conventional cc̄ states. I will
then briefly discuss the X(3872) which was the first
charmonium-like state to be observed and is the most
robust, having been observed by many experiments
in different processes. The final group is the 1−− Y
states observed in e+e− → γISR + Y .

5.1. The Y (4140)

The CDF collaboration found evidence for the
Y (4140) in the J/ψφ invariant mass distribution from
the decay B+ → J/ψφK+ which is shown in Fig. 6
[23]. The state has significance of 3.8σ with M =

)2M  (GeV/c∆
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Figure 6: From CDF [23]. Evidence for the Y (4140) seen
in B → J/ψφ with J/ψ → µ+µ− and φ → K+K−. The
mass difference, ∆M , between µ+µ−K+K− and µ+µ−, in
the B+ mass window. The dash-dotted (blue) curve is the
background contribution and the solid (red) curve is the
total unbinned fit.

4143.0 ± 2.9 ± 1.2 MeV/c2 and Γ = 11.7+8.3
−5.0 ±

3.7 MeV/c2. Because both the J/ψ and φ have
JPC = 1−− the Y (4140) has +ve C parity. Some
argue that there are similarities to the Y (3940) seen
in B → J/ψωK [24].

The question asked about all these new XY Z states
is: What is it? And as in all of these states, we con-
sider the different possibilities, comparing the state’s
properties to theoretical predictions.

Conventional State The Y (4140) is above open
charm threshold so it would be expected to have
a large width which is in contradiction to its
measured width. Hence, the Y (4140) is unlikely
to be a conventional cc̄ state.

cc̄ss̄ Tetraquark A number of authors argue that the
Y (4140) is a tetraquark [25, 26, 27]. However a
tetraquark is expected to decay via rearrange-
ment of the quarks with a width of ∼ 100 MeV.
It is also generally expected to have similar
widths to both hidden and open charm final
states. The tetraquark interpretation does not,
therefore, appear to be consistent with the data.

Charmonium Hybrid Charmonium hybrid states
are predicted to have masses in the 4.0 to 4.4
GeV mass range. The Y (4140)’s mass lies in
this range. Hybrids are expected to decay pre-
dominantly to SP meson pair final states with
decays to SS final state meson pairs suppressed.
If the Y (4140) were below D∗∗D threshold the
allowed decays to DD̄ would be suppressed lead-
ing to a relatively narrow width. The D∗D̄ is an
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Figure 5: The Charmonium spectrum. The solid lines
are quark mode predictions [21] the shaded lines are the
observed conventional charmonium states [22], the hori-

zontal dashed lines represent various D(∗)
s D̄(∗)

s thresholds,
and the (red) dots are the newly discovered charmonium-
like states placed in the column with the most probable
spin assignment. The states in the last column do not fit
elsewhere and appear to be truly exotic.

or tetraquarks, or possibly some sort of threshold ef-
fect. More and more of these states seem to appear
every other day and it is far from clear what most
of them actually are. The charmonium spectrum is
summarized in Fig. 5. This is a very cluttered figure
which underlines the complexity of the current situa-
tion. A more detailed summary of these states is given
in Table I.

One can see that there are many of these charmo-
nium like states. I will restrict myself to the follow-
ing; I will start with the most recently observed states,
the Y (4140) seen by CDF [23] and the X(3915) seen
by Belle [5]. I will next report on the Z+ states,
charmonium-like states observed by Belle that carry
charge so cannot be conventional cc̄ states. I will
then briefly discuss the X(3872) which was the first
charmonium-like state to be observed and is the most
robust, having been observed by many experiments
in different processes. The final group is the 1−− Y
states observed in e+e− → γISR + Y .

5.1. The Y (4140)

The CDF collaboration found evidence for the
Y (4140) in the J/ψφ invariant mass distribution from
the decay B+ → J/ψφK+ which is shown in Fig. 6
[23]. The state has significance of 3.8σ with M =
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Figure 6: From CDF [23]. Evidence for the Y (4140) seen
in B → J/ψφ with J/ψ → µ+µ− and φ → K+K−. The
mass difference, ∆M , between µ+µ−K+K− and µ+µ−, in
the B+ mass window. The dash-dotted (blue) curve is the
background contribution and the solid (red) curve is the
total unbinned fit.

4143.0 ± 2.9 ± 1.2 MeV/c2 and Γ = 11.7+8.3
−5.0 ±

3.7 MeV/c2. Because both the J/ψ and φ have
JPC = 1−− the Y (4140) has +ve C parity. Some
argue that there are similarities to the Y (3940) seen
in B → J/ψωK [24].

The question asked about all these new XY Z states
is: What is it? And as in all of these states, we con-
sider the different possibilities, comparing the state’s
properties to theoretical predictions.

Conventional State The Y (4140) is above open
charm threshold so it would be expected to have
a large width which is in contradiction to its
measured width. Hence, the Y (4140) is unlikely
to be a conventional cc̄ state.

cc̄ss̄ Tetraquark A number of authors argue that the
Y (4140) is a tetraquark [25, 26, 27]. However a
tetraquark is expected to decay via rearrange-
ment of the quarks with a width of ∼ 100 MeV.
It is also generally expected to have similar
widths to both hidden and open charm final
states. The tetraquark interpretation does not,
therefore, appear to be consistent with the data.

Charmonium Hybrid Charmonium hybrid states
are predicted to have masses in the 4.0 to 4.4
GeV mass range. The Y (4140)’s mass lies in
this range. Hybrids are expected to decay pre-
dominantly to SP meson pair final states with
decays to SS final state meson pairs suppressed.
If the Y (4140) were below D∗∗D threshold the
allowed decays to DD̄ would be suppressed lead-
ing to a relatively narrow width. The D∗D̄ is an
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☑️Lattice QCD and physical value(e.g Bethe-Salpeter振幅)
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　格子QCDに先立ち、このラグランジアンを経路積分によって定式化することにより、
物理量を得る方法を見る。経路積分によってこのラグランジアンを持つ理論の分配関数が

ZM =

∫
[Dψ̄DψDAµ]e

i
∫
d4xLM (2.3)

と得られる。この時、クォーク場とゲージ場を任意に含む演算子O(ψf , ψ̄f , Aµ)の期待値
⟨O(ψf , ψ̄f , Aµ)⟩は

⟨O(ψf , ψ̄f , Aµ)⟩ =
∫
[Dψ̄fDψfDAµ]O(ψf , ψ̄f , Aµ)ei

∫
d4xLM

ZM
(2.4)

と求められる。

2.1.2 Euclid空間と離散化
Minkowski空間では経路積分の指数関数の肩に虚数が現れるため、単純に離散化して数
値計算を行うと物理量が振動して正しい結果を得る事が困難である。そこで、Minkowski

空間で得られたラグランジアンを虚数時間 t → −itを用いて Euclid空間に移行し、その
後離散化する事で数値計算を行う。虚数時間を用いて ∂0 = i∂4とすると、前章で与えられ
たラグランジアンは

LE(x) = LF
E(x) + LG

E(x) =
∑

f

ψ̄f (x)( /D +mf )ψf (x) +
1

2
trFµνFµν (2.5)

と書き換えられる。ここで、µは 1から 4の値を取る。/D ≡ γEµDµに現れるディラックの
ガンマ行列は共変微分をユークリッド空間における内積で表現するために

γ4E = γ0M iγiE = γiM (2.6)

と変更を受け、ユークリッド空間におけるディラックのガンマ行列は

{γµE, γνE} = 2δµ,ν (2.7)

の代数をなす。以下では議論をユークリッド空間に限定するため、ユークリッド空間を示
す添字 Eは省略する。
　さて、数値計算を行うにあたり連続空間を格子間隔 aを持つ離散空間に置き換える必要
がある。離散化は、aをゼロにした際にラグランジアンの時空間積分である作用

S = SF + SG =

∫
d4x(LF (x) + LG(x)) (2.8)

が連続理論と一致し、ゲージ不変性を厳密に保つように行う。離散化により、微分と積分
はそれぞれ

∂

∂xµ
f(x) → f(x+ µ)− f(x− µ)

2a
(2.9)

∫
d4x → a4

∑

x

(2.10)
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1 First equation

Ō =
1

N

N∑

i=1

O[{Un,µ}i] (1)

(iγµD
µ
1 −m1)S

1
F (x, y) = δ4(x− y) (2)

(iγµD
µ
2 −m2)S

2
F (z, w) = δ4(z − w) (3)

(γµp
µ
1 −m1)(γµp

µ
2 −m2)χ(12)(p1, p2) = −

∫
d4q1d

4q2K
(12)(p1, p2; q1, q2)χ(q1, q2) (4)

(E −H1(p⃗)−H2(p⃗))φ(p⃗) = −2πi(Λ++(p⃗)− Λ−−(p⃗))
∫
d4qU(q)φ(q + p) (5)

(6)

C(τ) =
∑

x⃗

⟨φ(τ, x⃗)φ†(0)⟩ =
∑

α

| ⟨0|φ(0) |α⟩ |2e−Eατ (7)

→ | ⟨0|φ(0) |1⟩ |2e−E1τ (τ → ∞) (8)

(G(τ))ij =
∑

x⃗

⟨φi(τ, x⃗)φ†j(0)⟩ =
∑

α

⟨0|φi(0) |α⟩ ⟨α|φ†j(0) |0⟩ e
−Eατ (9)

≡
∑

α

vαiv
∗
αje

−Eατ (10)

e2iδl ∼ 1− iak

1 + iak
(11)

1

Physical value

ΦNΩ(r) ∼ sin(kr + lπ/2 + δl(k))

kr
(12)

G(τ)w⃗α = λα(τ, τ0)G(τ0)w⃗α (13)

∑

i

⟨φ(τ, r⃗)φi(0)⟩wβi =
∑

α

⟨0|φ(0, r⃗) |α⟩ e−Eατ
∑

i

v∗αiwβi (14)

∝ ⟨0|φ(0, r⃗) |β⟩ e−Eβτ (15)

λα(τ, τ0) = e−Eα(τ−τ0)(1 +O(e−∆Eα(τ−τ0))) (16)

L = LF + LG = ψ̄(iγµDµ −m)ψ − 1

2
TrFµνF

µν (17)

⟨O⟩ =
∫
[DA]O(Aµ(x))

e−
∫

d4xLG(Aµ(x))

Z̃
(18)

⟨O(Um,µ)⟩ =
∫
[DU ]O(Um,µ)

e
−
∑
n

LG(Un,µ)

Z (19)

Un,µ = eigaAµ(n) (20)

⟨O⟩ =
∫
[DU(x)]O(U(x))det(D(U(x)))e−SL(U(x)) (21)

T (τ, τ0) = G−1/2(τ0)G(τ)G−1/2(τ0) (22)

T (τ, τ0)v⃗α = λα(τ, τ0)v⃗α (23)

u⃗α = G1/2(τ0)w⃗α (24)

∑

i

v∗αiwβi = δαβe
Eατ0/2 (25)

∑

i

Gi(t)wβi =
∑

α

⟨0|φ(0) |α⟩ e−Eατ
∑

i

v∗αiwβi (26)

= ⟨0|φ(0) |β⟩ e−Eβτ+Eβτ0 (27)

2

nµ (63)

ψ(x1) (64)

x (65)

y (66)

z (67)

(68)

Z = ⟨1⟩ (69)

R(t, r⃗) =
∑

α

φα(r⃗)aα exp(−t∆Eα) (70)

{
1

4mc

∂2

∂t2
− ∂

∂t
−H0

}
R(t, r⃗) =

∫
d3r′U(r⃗, r⃗′)R(t, r⃗′) (71)

∆Eα = Eα − 2mc (72)

VC(r) = −H0R(t, r⃗)

R(t, r⃗)
− (∂/∂t)R(t, r⃗)

R(t, r⃗)
+

1

4mc

(∂/∂t)2R(t, r⃗)

R(t, r⃗)
(73)

δO =

√
⟨(O −O)2⟩

N − 1
(74)

O =
1

N

N∑

i=1

O[{Un,µ}i] (75)

δO =

√√√√ 1

N − 1

(
1

N

N∑

i=1

(O[{Un,µ}i]−O)
)

(76)

δO =

√√√√ 1

N − 1

(
1

N

N∑

i=1

(Oi −O)2
)

(77)
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N : #conf
⟨O(Um,µ)⟩ =

∫
[DU ]O(Um,µ)

e
−
∑
n

LG(Un,µ)

Z (28)

Un,µ = eigaAµ(n) (29)

⟨O⟩ =
∫
[DU(x)]O(U(x))det(D(U(x)))e−SL(U(x)) (30)

T (τ, τ0) = G−1/2(τ0)G(τ)G−1/2(τ0) (31)

T (τ, τ0)v⃗α = λα(τ, τ0)v⃗α (32)

u⃗α = G1/2(τ0)w⃗α (33)

∑

i

v∗αivβi = δαβ (34)

≡
∑

i

Gi(τ)vβi =
∑

α

⟨0|φ(0) |α⟩ e−Eατ
∑

i

v∗αivβi (35)

= ⟨0|φ(0) |β⟩ e−Eβτ (36)

2 Second equation

CNN (x⃗− y⃗; t) ≡ 1

V

∑

r⃗

⟨0|T [N(x⃗+ r⃗, t)N(y⃗ + r⃗, t) · J̄ (0)] |0⟩ (37)

=
∑

n

ψn(x⃗− y⃗) · ane−Ent (38)

→ ψ0(x⃗− y⃗)a0e
−E0t (t → ∞) (39)

3
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　格子QCDに先立ち、このラグランジアンを経路積分によって定式化することにより、
物理量を得る方法を見る。経路積分によってこのラグランジアンを持つ理論の分配関数が

ZM =

∫
[Dψ̄DψDAµ]e

i
∫
d4xLM (2.3)

と得られる。この時、クォーク場とゲージ場を任意に含む演算子O(ψf , ψ̄f , Aµ)の期待値
⟨O(ψf , ψ̄f , Aµ)⟩は

⟨O(ψf , ψ̄f , Aµ)⟩ =
∫
[Dψ̄fDψfDAµ]O(ψf , ψ̄f , Aµ)ei

∫
d4xLM

ZM
(2.4)

と求められる。

2.1.2 Euclid空間と離散化
Minkowski空間では経路積分の指数関数の肩に虚数が現れるため、単純に離散化して数
値計算を行うと物理量が振動して正しい結果を得る事が困難である。そこで、Minkowski

空間で得られたラグランジアンを虚数時間 t → −itを用いて Euclid空間に移行し、その
後離散化する事で数値計算を行う。虚数時間を用いて ∂0 = i∂4とすると、前章で与えられ
たラグランジアンは

LE(x) = LF
E(x) + LG

E(x) =
∑

f

ψ̄f (x)( /D +mf )ψf (x) +
1

2
trFµνFµν (2.5)

と書き換えられる。ここで、µは 1から 4の値を取る。/D ≡ γEµDµに現れるディラックの
ガンマ行列は共変微分をユークリッド空間における内積で表現するために

γ4E = γ0M iγiE = γiM (2.6)

と変更を受け、ユークリッド空間におけるディラックのガンマ行列は

{γµE, γνE} = 2δµ,ν (2.7)

の代数をなす。以下では議論をユークリッド空間に限定するため、ユークリッド空間を示
す添字 Eは省略する。
　さて、数値計算を行うにあたり連続空間を格子間隔 aを持つ離散空間に置き換える必要
がある。離散化は、aをゼロにした際にラグランジアンの時空間積分である作用

S = SF + SG =

∫
d4x(LF (x) + LG(x)) (2.8)

が連続理論と一致し、ゲージ不変性を厳密に保つように行う。離散化により、微分と積分
はそれぞれ

∂

∂xµ
f(x) → f(x+ µ)− f(x− µ)

2a
(2.9)

∫
d4x → a4

∑

x

(2.10)
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∫
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(E −H1(p⃗)−H2(p⃗))φ(p⃗) = −2πi(Λ++(p⃗)− Λ−−(p⃗))
∫
d4qU(q)φ(q + p) (5)

(6)

C(τ) =
∑

x⃗

⟨φ(τ, x⃗)φ†(0)⟩ =
∑

α

| ⟨0|φ(0) |α⟩ |2e−Eατ (7)

→ | ⟨0|φ(0) |1⟩ |2e−E1τ (τ → ∞) (8)

(G(τ))ij =
∑
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⟨0|φi(0) |α⟩ ⟨α|φ†j(0) |0⟩ e
−Eατ (9)

≡
∑

α

vαiv
∗
αje

−Eατ (10)

e2iδl ∼ 1− iak

1 + iak
(11)
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Physical value

ΦNΩ(r) ∼ sin(kr + lπ/2 + δl(k))

kr
(12)

G(τ)w⃗α = λα(τ, τ0)G(τ0)w⃗α (13)

∑

i
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α

⟨0|φ(0, r⃗) |α⟩ e−Eατ
∑

i

v∗αiwβi (14)

∝ ⟨0|φ(0, r⃗) |β⟩ e−Eβτ (15)

λα(τ, τ0) = e−Eα(τ−τ0)(1 +O(e−∆Eα(τ−τ0))) (16)

L = LF + LG = ψ̄(iγµDµ −m)ψ − 1

2
TrFµνF

µν (17)

⟨O⟩ =
∫
[DA]O(Aµ(x))

e−
∫

d4xLG(Aµ(x))

Z̃
(18)

⟨O(Um,µ)⟩ =
∫
[DU ]O(Um,µ)

e
−
∑
n

LG(Un,µ)

Z (19)

Un,µ = eigaAµ(n) (20)

⟨O⟩ =
∫
[DU(x)]O(U(x))det(D(U(x)))e−SL(U(x)) (21)
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u⃗α = G1/2(τ0)w⃗α (24)

∑

i
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∑

i
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α

⟨0|φ(0) |α⟩ e−Eατ
∑
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v∗αiwβi (26)
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2

nµ (63)
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x (65)

y (66)

z (67)

(68)

Z = ⟨1⟩ (69)

R(t, r⃗) =
∑

α

φα(r⃗)aα exp(−t∆Eα) (70)
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1

4mc

∂2

∂t2
− ∂
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−H0

}
R(t, r⃗) =

∫
d3r′U(r⃗, r⃗′)R(t, r⃗′) (71)

∆Eα = Eα − 2mc (72)

VC(r) = −H0R(t, r⃗)
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− (∂/∂t)R(t, r⃗)

R(t, r⃗)
+

1

4mc

(∂/∂t)2R(t, r⃗)
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(73)

δO =
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⟨(O −O)2⟩

N − 1
(74)

O =
1

N

N∑

i=1

O[{Un,µ}i] (75)

δO =

√√√√ 1

N − 1

(
1

N
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)
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1

N
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∫
[DU ]O(Um,µ)

e
−
∑
n

LG(Un,µ)

Z (28)

Un,µ = eigaAµ(n) (29)

⟨O⟩ =
∫
[DU(x)]O(U(x))det(D(U(x)))e−SL(U(x)) (30)

T (τ, τ0) = G−1/2(τ0)G(τ)G−1/2(τ0) (31)

T (τ, τ0)v⃗α = λα(τ, τ0)v⃗α (32)

u⃗α = G1/2(τ0)w⃗α (33)

∑
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v∗αivβi = δαβ (34)

≡
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i
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α

⟨0|φ(0) |α⟩ e−Eατ
∑

i

v∗αivβi (35)

= ⟨0|φ(0) |β⟩ e−Eβτ (36)

2 Second equation

CNN (x⃗− y⃗; t) ≡ 1

V

∑

r⃗

⟨0|T [N(x⃗+ r⃗, t)N(y⃗ + r⃗, t) · J̄ (0)] |0⟩ (37)

=
∑

n

ψn(x⃗− y⃗) · ane−Ent (38)

→ ψ0(x⃗− y⃗)a0e
−E0t (t → ∞) (39)

3

x+ 8 = 2 (133)

x+ y = 48 (134)

4x+ 2y = 158 (135)

S⃗1 · S⃗2 = 1/4 (136)

S⃗1 · S⃗2 = −3/4 (137)

r2rms =

∫
drr2|un,Γ(r)|2∫
dr|un,Γ(r)|2

(138)

O = φ(τ, x⃗+ r⃗)φ†(0) (139)
∑
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= ⟨0|φ(0, r⃗) |β⟩ e−Eβτ (141)

→ ⟨0|φ(0, r⃗) |1⟩ v∗1ie−E1τ (τ → ∞) (142)

10

x+ 8 = 2 (133)

x+ y = 48 (134)

4x+ 2y = 158 (135)

S⃗1 · S⃗2 = 1/4 (136)

S⃗1 · S⃗2 = −3/4 (137)

r2rms =

∫
drr2|un,Γ(r)|2∫
dr|un,Γ(r)|2

(138)

O = φ(τ, x⃗+ r⃗)φ†(0) (139)
∑
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⟨φ(τ, x⃗+ r⃗)φ†i (0)⟩ =
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= ⟨0|φ(0, r⃗) |β⟩ e−Eβτ (141)

→ ⟨0|φ(0, r⃗) |1⟩ v∗1ie−E1τ (τ → ∞) (142)

10

経路積分+離散化

 9

Variational method

time evolution
・ ・

・
φ(τ, x⃗)i = ψi(τ, x⃗)Γψi(τ, x⃗) (13)

φ(τ, x⃗+ r⃗)i = ψi(τ, x⃗+ r⃗)Γψi(τ, x⃗) (14)

(G(τ))ij =
∑

x⃗

⟨φi(τ, x⃗)φ†j(0)⟩ =
∑

α

⟨0|φi(0) |α⟩ ⟨α|φ†j(0) |0⟩ e
−Eατ (15)

≡
∑

α

vαiv
∗
αje

−Eατ (16)

e2iδl ∼ 1− iak

1 + iak
(17)

Z =
∫
[DADψDψ̄]e−

∫
d4xL(Aµ(x),ψ(x),ψ̄(x)) (18)

ΦNΩ(r) ∼ sin(kr + lπ/2 + δl(k))

kr
(19)

G(τ)w⃗α = λα(τ, τ0)G(τ0)w⃗α (20)

∑

i

∑

x⃗

⟨φ(τ, x⃗+ r⃗)φi(0)⟩ vβi =
∑

α

⟨0|φ(0, r⃗) |α⟩ e−Eατ
∑

i

v∗αivβi (21)

= ⟨0|φ(0, r⃗) |β⟩ e−Eβτ (22)

λα(τ, τ0) = e−Eα(τ−τ0)(1 +O(e−∆Eα(τ−τ0))) (23)

L = LF + LG = ψ̄(iγµDµ −m)ψ − 1

2
TrFµνF

µν (24)

⟨O⟩ =
∫
[DA]O(Aµ(x))

e−
∫

d4xLG(Aµ(x))

Z̃
(25)

⟨O(Um,µ)⟩ =
∫
[DU ]O(Um,µ)

e
−
∑
n

LG(Un,µ)

Z (26)

2

φ†i (0) (13)

φ(τ, x⃗)i = ψi(τ, x⃗)Γψi(τ, x⃗) (14)

φ(τ, x⃗+ r⃗)i = ψi(τ, x⃗+ r⃗)Γψi(τ, x⃗) (15)

(G(τ))ij =
∑

x⃗

⟨φi(τ, x⃗)φ†j(0)⟩ =
∑

α

⟨0|φi(0) |α⟩ ⟨α|φ†j(0) |0⟩ e
−Eατ (16)

≡
∑

α

vαiv
∗
αje

−Eατ (17)

e2iδl ∼ 1− iak

1 + iak
(18)

Z =
∫
[DADψDψ̄]e−

∫
d4xL(Aµ(x),ψ(x),ψ̄(x)) (19)

ΦNΩ(r) ∼ sin(kr + lπ/2 + δl(k))

kr
(20)

G(τ)w⃗α = λα(τ, τ0)G(τ0)w⃗α (21)

∑

i

∑

x⃗

⟨φ(τ, x⃗+ r⃗)φ†i (0)⟩ vβi =
∑

α

⟨0|φ(0, r⃗) |α⟩ e−Eατ
∑

i

v∗αivβi (22)

= ⟨0|φ(0, r⃗) |β⟩ e−Eβτ (23)

λα(τ, τ0) = e−Eα(τ−τ0)(1 +O(e−∆Eα(τ−τ0))) (24)

L = LF + LG = ψ̄(iγµDµ −m)ψ − 1

2
TrFµνF

µν (25)

⟨O⟩ =
∫
[DA]O(Aµ(x))

e−
∫

d4xLG(Aµ(x))

Z̃
(26)
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1 First equation

C0 + C1α+ C2α
2 + · · · (1)

ψsmear(τ, x⃗) =
(
1− σ2∇2

4N

)N

ψ(τ, x⃗) (2)

(γµp
µ
1 −m1)(γµp

µ
2 −m2)χ(12)(p1, p2) = −

∫
d4q1d

4q2K
(12)(p1, p2; q1, q2)χ(q1, q2) (3)

(E −H1(p⃗)−H2(p⃗))φ(p⃗) = −2πi(Λ++(p⃗)− Λ−−(p⃗))
∫
d4qU(q)φ(q + p) (4)

(5)

C(τ) =
∑

x⃗

⟨φ(τ, x⃗)φ†(0)⟩ =
∑

α

| ⟨0|φ(0) |α⟩ |2e−Eατ (6)

C(τ) =
∑

α

| ⟨0|φ(0) |α⟩ |2e−Eατ (7)

→ | ⟨0|φ(0) |1⟩ |2e−E1τ (τ → ∞) (8)

O = φ(τ, x⃗)φ†(0) (9)

Oij = φi(τ, x⃗)φ
†
j(0) (10)

Oi = φ(τ, x⃗+ r⃗)φ†i (0) (11)

φ(τ, x⃗) = ψ(τ, x⃗)Γψ(τ, x⃗) (12)

1

Lattice QCD and variational method

Brief Article

The Author

January 28, 2016

1 First equation

C0 + C1α+ C2α
2 + · · · (1)

φsmear(x⃗, t) =
(
1− σ2∇2

4N

)N

φ(x⃗, t) (2)

(γµp
µ
1 −m1)(γµp

µ
2 −m2)χ(12)(p1, p2) = −

∫
d4q1d

4q2K
(12)(p1, p2; q1, q2)χ(q1, q2) (3)

(E −H1(p⃗)−H2(p⃗))φ(p⃗) = −2πi(Λ++(p⃗)− Λ−−(p⃗))
∫
d4qU(q)φ(q + p) (4)

(5)

C(τ) =
∑

x⃗

⟨φ(τ, x⃗)φ†(0)⟩ =
∑

α

| ⟨0|φ(0) |α⟩ |2e−Eατ (6)

C(τ) =
∑

α

| ⟨0|φ(0) |α⟩ |2e−Eατ (7)

→ | ⟨0|φ(0) |1⟩ |2e−E1τ (τ → ∞) (8)

O = φ(τ, x⃗)φ†(0) (9)

φ(τ, x⃗) = ψ(τ, x⃗)Γψ(τ, x⃗) (10)

φ(τ, x⃗+ r⃗) = ψ(τ, x⃗+ r⃗)Γψ(τ, x⃗) (11)

1
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・ ・

(G(τ))ij =
∑

x⃗

⟨φi(τ, x⃗)φ†j(0)⟩ =
∑

α

⟨0|φi(0) |α⟩ ⟨α|φ†j(0) |0⟩ e
−Eατ (12)

≡
∑

α

vαiv
∗
αje

−Eατ (13)

e2iδl ∼ 1− iak

1 + iak
(14)

Z =
∫
[DADψDψ̄]e−

∫
d4xL(Aµ(x),ψ(x),ψ̄(x)) (15)

ΦNΩ(r) ∼ sin(kr + lπ/2 + δl(k))

kr
(16)

G(τ)w⃗α = λα(τ, τ0)G(τ0)w⃗α (17)

∑

i

⟨φ(τ, r⃗)φi(0)⟩wβi =
∑

α

⟨0|φ(0, r⃗) |α⟩ e−Eατ
∑

i

v∗αiwβi (18)

∝ ⟨0|φ(0, r⃗) |β⟩ e−Eβτ (19)

λα(τ, τ0) = e−Eα(τ−τ0)(1 +O(e−∆Eα(τ−τ0))) (20)

L = LF + LG = ψ̄(iγµDµ −m)ψ − 1

2
TrFµνF

µν (21)

⟨O⟩ =
∫
[DA]O(Aµ(x))

e−
∫

d4xLG(Aµ(x))

Z̃
(22)

⟨O(Um,µ)⟩ =
∫
[DU ]O(Um,µ)

e
−
∑
n

LG(Un,µ)

Z (23)

Un,µ = eigaAµ(n) (24)

2

(G(τ))ij =
∑

x⃗

⟨φi(τ, x⃗)φ†j(0)⟩ =
∑

α

⟨0|φi(0) |α⟩ ⟨α|φ†j(0) |0⟩ e
−Eατ (12)

≡
∑

α

vαiv
∗
αje

−Eατ (13)

e2iδl ∼ 1− iak

1 + iak
(14)

Z =
∫
[DADψDψ̄]e−

∫
d4xL(Aµ(x),ψ(x),ψ̄(x)) (15)

ΦNΩ(r) ∼ sin(kr + lπ/2 + δl(k))

kr
(16)

G(τ)w⃗α = λα(τ, τ0)G(τ0)w⃗α (17)

∑

i

⟨φ(τ, r⃗)φi(0)⟩wβi =
∑

α

⟨0|φ(0, r⃗) |α⟩ e−Eατ
∑

i

v∗αiwβi (18)

∝ ⟨0|φ(0, r⃗) |β⟩ e−Eβτ (19)

λα(τ, τ0) = e−Eα(τ−τ0)(1 +O(e−∆Eα(τ−τ0))) (20)

L = LF + LG = ψ̄(iγµDµ −m)ψ − 1

2
TrFµνF

µν (21)

⟨O⟩ =
∫
[DA]O(Aµ(x))

e−
∫

d4xLG(Aµ(x))

Z̃
(22)

⟨O(Um,µ)⟩ =
∫
[DU ]O(Um,µ)

e
−
∑
n

LG(Un,µ)

Z (23)

Un,µ = eigaAµ(n) (24)

2

G(τ)w⃗α = λα(τ, τ0)G(τ0)w⃗α (12)

⟨φ(τ, x⃗)φi(0)⟩ =
∑

α

⟨0|φ(0, x⃗) |α⟩ v∗αie−Eατ (13)

λα(τ, τ0) = e−Eα(τ−τ0)(1 +O(e−∆Eα(τ−τ0))) (14)

L = LF + LG = ψ̄(iγµDµ −m)ψ − 1

2
TrFµνF

µν (15)

⟨O⟩ =
∫
[DA]O(Aµ(x))

e−
∫

d4xLG(Aµ(x))

Z̃
(16)

⟨Õ(Um,µ)⟩ =
∫
[DU ]Õ(Um,µ)

e
−
∑
n

L̃G(Un,µ)

Z̃
(17)

Un,µ = eigaAµ(n) (18)

⟨O⟩ =
∫
[DU(x)]O(U(x))det(D(U(x)))e−SL(U(x)) (19)

T (τ, τ0) = G−1/2(τ0)G(τ)G−1/2(τ0) (20)

T (τ, τ0)v⃗α = λα(τ, τ0)v⃗α (21)

u⃗α = G1/2(τ0)w⃗α (22)

∑

i

v∗αiwβi = δαβe
Eατ0/2 (23)

∑

i

Gi(t)wβi = ⟨0|φ(0) |α⟩ e−Eατ
∑

i

v∗αiwβi = ⟨0|φ(0) |α⟩ e−Eατ+Eατ0/2 (24)

2

G(τ)w⃗α = λα(τ, τ0)G(τ0)w⃗α (12)

(13)

λα(τ, τ0) = e−Eα(τ−τ0)(1 +O(e−∆Eα(τ−τ0))) (14)

L = LF + LG = ψ̄(iγµDµ −m)ψ − 1

2
TrFµνF

µν (15)

⟨O⟩ =
∫
[DA]O(Aµ(x))

e−
∫

d4xLG(Aµ(x))

Z̃
(16)

⟨Õ(Um,µ)⟩ =
∫
[DU ]Õ(Um,µ)

e
−
∑
n

L̃G(Un,µ)

Z̃
(17)

Un,µ = eigaAµ(n) (18)

⟨O⟩ =
∫
[DU(x)]O(U(x))det(D(U(x)))e−SL(U(x)) (19)

2 Second equation

CNN (x⃗− y⃗; t) ≡ 1

V

∑

r⃗

⟨0|T [N(x⃗+ r⃗, t)N(y⃗ + r⃗, t) · J̄ (0)] |0⟩ (20)

=
∑

n

ψn(x⃗− y⃗) · ane−Ent (21)

→ ψ0(x⃗− y⃗)a0e
−E0t (t → ∞) (22)

3 Third equation

U(r⃗, r⃗′) = V (r⃗, ∇⃗)δ3(r⃗ − r⃗′) (23)

= {VC(r) +O(∇2)}δ3(r⃗ − r⃗′) (24)

end.

2

転送行列を構築。

Table 3: ポテンシャルの係数

mc[GeV] A′ √
σ[GeV] V0[GeV] V0 + 2mc[GeV] A′/σ[GeV−2] range χ2/NDF

1S 1.776(9) 0.713(24) 0.398(5) -0.601(18) 2.943(25) 4.490(193) 4-9 1.19

Table 4: ポテンシャルの係数

A′ √
σ[GeV] V0[GeV] range χ2/NDF

1S 0.713(24) 0.398(5) -0.601(18) 4-9 1.19
模型計算 0.7281 0.3775 - - -

VC(r) = Eave +
1

mQ

(
3

4

∇2φV
φV

+
1

4

∇2φPS

φPS

)
(92)

VS(r) = Ehyp +
1

mQ

(∇2φV
φV

− ∇2φPS

φPS

)
(93)

ΓM1
{ni,S=1}→{nf ,S=0}γ =

4

3
αe2c

k3γ
m2

c
(int)2 (94)

int ≡
∫
drr2φni

(r)φnf
(r)j0

(
kγr

2

)
(95)

kγ =
M2

ni
−M2

nf

2Mni

(96)

φi(τ, r⃗) (97)

φβ(r⃗) (98)

Eα = ln
(

λα(τ, τ0)

λα(τ + 1, τ0)

)
(99)

Eα = ln

( ∑
i
Gi(τ)vβi

∑
i
Gi(τ + 1)vβi

)

(100)

T (τ, τ0) = G(τ)G−1(τ0) (101)

7

 : 転送行列

⟨O(Um,µ)⟩ =
∫
[DU ]O(Um,µ)

e
−
∑
n

LG(Un,µ)

Z (28)

Un,µ = eigaAµ(n) (29)

⟨O⟩ =
∫
[DU(x)]O(U(x))det(D(U(x)))e−SL(U(x)) (30)

T (τ, τ0) = G−1/2(τ0)G(τ)G−1/2(τ0) (31)

T (τ, τ0)v⃗α = λα(τ, τ0)v⃗α (32)

u⃗α = G1/2(τ0)w⃗α (33)

∑

i

v∗αivβi = δαβ (34)

≡
∑

i

Gi(τ)vβi =
∑

α

⟨0|φ(0) |α⟩ e−Eατ
∑

i

v∗αivβi (35)

= ⟨0|φ(0) |β⟩ e−Eβτ (36)

2 Second equation

CNN (x⃗− y⃗; t) ≡ 1

V

∑

r⃗

⟨0|T [N(x⃗+ r⃗, t)N(y⃗ + r⃗, t) · J̄ (0)] |0⟩ (37)

=
∑

n

ψn(x⃗− y⃗) · ane−Ent (38)

→ ψ0(x⃗− y⃗)a0e
−E0t (t → ∞) (39)

3

→

time evolution

Brief Article

The Author

July 22, 2015

1 First equation

φi(τ) (1)

φj(0) (2)

φ(τ) (3)

φ(0) (4)

C(t) =
∑

x⃗

⟨φ(τ, x⃗)φ(0)⟩ =
∑

α

| ⟨0|φ(0) |α⟩ |2e−Eατ (5)

→ | ⟨0|φ(0) |1⟩ |2e−E1τ (τ → ∞) (6)

(C(t))ij =
∑

x⃗

⟨φ(τ, x⃗)φ(0)⟩ =
∑

α

⟨0|φi(0) |α⟩ ⟨α|φj(0) |0⟩ e−Eατ (7)

→ ⟨0|φi(0) |1⟩ ⟨1|φj(0) |0⟩ e−E1τ (τ → ∞)(8)

O(Aµ(x)) (9)

Z =
∫
[DADψDψ̄]e−

∫
d4xL(Aµ(x),ψ(x),ψ̄(x)) (10)

O// (11)

L = LF + LG = ψ̄(iγµDµ −m)ψ − 1

2
TrFµνF

µν (12)

1

Brief Article

The Author

July 22, 2015

1 First equation

φi(τ) (1)

φ†j(0) (2)

φ(τ) (3)

φ†(0) (4)

C(t) =
∑

x⃗

⟨φ(τ, x⃗)φ†(0)⟩ =
∑

α

| ⟨0|φ(0) |α⟩ |2e−Eατ (5)

→ | ⟨0|φ(0) |1⟩ |2e−E1τ (τ → ∞) (6)

(G(t))ij =
∑

x⃗

⟨φ(τ, x⃗)φ†(0)⟩ =
∑

α

⟨0|φi(0) |α⟩ ⟨α|φ†j(0) |0⟩ e
−Eατ (7)

≡
∑

α

vαi v
α∗
j e−Eατ (8)

O(Aµ(x)) (9)

Z =
∫
[DADψDψ̄]e−

∫
d4xL(Aµ(x),ψ(x),ψ̄(x)) (10)

O// (11)

L = LF + LG = ψ̄(iγµDµ −m)ψ − 1

2
TrFµνF

µν (12)

1

M. Lüscher and U. Wolff, Nucl. Phys. B339, 222 (1990)
C. Michael, Nucl. Phys. B259, 58 (1985)

演算子に”空間分布”という 
自由度を与える。

☑️Variational method

💬

原子核三者若手夏の学校 8/3(水)研究会
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Evaluation of potentials

S. Aoki, T. Hatsuda and N. Ishii, Prog. Theor. Phys. 123 (2010) 89

原子核三者若手夏の学校 8/3(水)研究会

nµ (63)

ψ(x1) (64)

x (65)

y (66)

z (67)

(68)

Z = ⟨1⟩ (69)

R(t, r⃗) =
∑

α

φα(r⃗)aα exp(−t∆Eα) (70)

{
1

4mc

∂2

∂t2
− ∂

∂t
−H0

}
R(t, r⃗) =

∫
d3r′U(r⃗, r⃗′)R(t, r⃗′) (71)

5

nµ (63)

ψ(x1) (64)

x (65)

y (66)

z (67)

(68)

Z = ⟨1⟩ (69)

R(t, r⃗) =
∑

α

φα(r⃗)aα exp(−t∆Eα) (70)

{
1

4mc

∂2

∂t2
− ∂

∂t
−H0

}
R(t, r⃗) =

∫
d3r′U(r⃗, r⃗′)R(t, r⃗′) (71)

5

nµ (63)

ψ(x1) (64)

x (65)

y (66)

z (67)

(68)

Z = ⟨1⟩ (69)

R(t, r⃗) =
∑

α

φα(r⃗)aα exp(−t∆Eα) (70)

{
1

4mc

∂2

∂t2
− ∂

∂t
−H0

}
R(t, r⃗) =

∫
d3r′U(r⃗, r⃗′)R(t, r⃗′) (71)

∆Eα = Eα − 2mc (72)

5

nµ (63)

ψ(x1) (64)

x (65)

y (66)

z (67)

(68)

Z = ⟨1⟩ (69)

R(t, r⃗) =
∑

α

φα(r⃗)aα exp(−t∆Eα) (70)

{
1

4mc

∂2

∂t2
− ∂

∂t
−H0

}
R(t, r⃗) =

∫
d3r′U(r⃗, r⃗′)R(t, r⃗′) (71)

∆Eα = Eα − 2mc (72)

VC(r) = −H0R(t, r⃗)

R(t, r⃗)
− (∂/∂t)R(t, r⃗)

R(t, r⃗)
+

1

4mc

(∂/∂t)2R(t, r⃗)

R(t, r⃗)
(73)

5

2 Second equation

CNN (x⃗− y⃗; t) ≡ 1

V

∑

r⃗

⟨0|T [N(x⃗+ r⃗, t)N(y⃗ + r⃗, t) · J̄ (0)] |0⟩ (28)

=
∑

n

ψn(x⃗− y⃗) · ane−Ent (29)

→ ψ0(x⃗− y⃗)a0e
−E0t (t → ∞) (30)

3 Third equation

U(r⃗, r⃗′) = V (r⃗, ∇⃗)δ3(r⃗ − r⃗′) (31)

= {VC(|r⃗|) +O(∇2)}δ3(r⃗ − r⃗′) (32)

(k2/2µ−H0)φβ(r⃗) =
∫

d3r′U(r⃗, r⃗′)φβ(r⃗
′) (33)

((ka)2/2µ−Ha
0 )φ

a
β(r⃗) =

∫
d3r′Uab(r⃗, r⃗

′)φaβ(r⃗
′) +

∫
d3r′Uaa(r⃗, r⃗

′)φaβ(r⃗
′) (34)

((kb)2/2µ−Hb
0)φ

b
β(r⃗) =

∫
d3r′Uba(r⃗, r⃗

′)φbβ(r⃗
′) +

∫
d3r′Ubb(r⃗, r⃗

′)φbβ(r⃗
′) (35)

V eff
aa (r⃗, y⃗) = Vaa(r⃗)δ

3(r⃗ − y⃗) + Vab(r⃗)
1

(ka)2/2µ−Ha
0 − Vbb

(r⃗, y⃗)Vba(y⃗) (36)

VC(|r⃗|) =
k2

2µ
− ∆φβ(r⃗)

2µφβ(r⃗)
(37)

H0 = −∆/2µ (38)

cuc̄ū (39)

a → a (40)

3

☑️To Potential from BS amplitude (time dependent 
HAL’s method)

💬

💬

HALの方法

★ポテンシャルUは非局所的(r, r’)かつopen threshold以下では 
  エネルギーに依存しない。 
★この方法は”ground state saturation”を必要としない。 
  

 : velocity expansion

時間に依存するHALの方法
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a
(
x+

b

2a

)2

=
b2

4a
− c (129)

(
x+

b

2a

)2

=
b2

4a2
− c

a
(130)

(
x+

b

2a

)
= ±

√
b2 − 4ac

4a2
(131)

x = − b

2a
±

√
b2 − 4ac

2a
(132)

x+ 8 = 2 (133)

x+ y = 48 (134)

4x+ 2y = 158 (135)

S⃗1 · S⃗2 = 1/4 (136)

S⃗1 · S⃗2 = −3/4 (137)

r2rms =

∫
drr2|un,Γ(r)|2∫
dr|un,Γ(r)|2

(138)

O = φ(τ, x⃗+ r⃗)φ†(0) (139)
∑

x⃗

⟨φ(τ, x⃗+ r⃗)φ†i (0)⟩ =
∑

α

⟨0|φ(0, r⃗) |α⟩ v∗αie−Eατ (140)

= ⟨0|φ(0, r⃗) |β⟩ e−Eβτ (141)

→ ⟨0|φ(0, r⃗) |1⟩ v∗1ie−E1τ (τ → ∞) (142)

(k2/2mc −H0)φβ(r⃗) =
∫

d3r′U(r⃗, r⃗′)φβ(r⃗
′) (143)

VC(|r⃗|) =
k2

2mc
− ∆φβ(r⃗)

2µφβ(r⃗)
(144)

H0 = −∆/2mc (145)
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a
(
x+

b

2a

)2

=
b2

4a
− c (129)

(
x+

b

2a

)2

=
b2

4a2
− c

a
(130)

(
x+

b

2a

)
= ±

√
b2 − 4ac

4a2
(131)

x = − b

2a
±

√
b2 − 4ac

2a
(132)

x+ 8 = 2 (133)

x+ y = 48 (134)

4x+ 2y = 158 (135)

S⃗1 · S⃗2 = 1/4 (136)

S⃗1 · S⃗2 = −3/4 (137)

r2rms =

∫
drr2|un,Γ(r)|2∫
dr|un,Γ(r)|2

(138)

O = φ(τ, x⃗+ r⃗)φ†(0) (139)
∑

x⃗

⟨φ(τ, x⃗+ r⃗)φ†i (0)⟩ =
∑

α

⟨0|φ(0, r⃗) |α⟩ v∗αie−Eατ (140)

= ⟨0|φ(0, r⃗) |β⟩ e−Eβτ (141)

→ ⟨0|φ(0, r⃗) |1⟩ v∗1ie−E1τ (τ → ∞) (142)

(k2/2mc −H0)φβ(r⃗) =
∫

d3r′U(r⃗, r⃗′)φβ(r⃗
′) (143)

VC(|r⃗|) =
k2

2mc
− ∆φβ(r⃗)

2mcφβ(r⃗)
(144)

H0 = −∆/2mc (145)
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a
(
x+

b

2a

)2

=
b2

4a
− c (129)

(
x+

b

2a

)2

=
b2

4a2
− c

a
(130)

(
x+

b

2a

)
= ±

√
b2 − 4ac

4a2
(131)

x = − b

2a
±

√
b2 − 4ac

2a
(132)

x+ 8 = 2 (133)

x+ y = 48 (134)

4x+ 2y = 158 (135)

S⃗1 · S⃗2 = 1/4 (136)

S⃗1 · S⃗2 = −3/4 (137)

r2rms =

∫
drr2|un,Γ(r)|2∫
dr|un,Γ(r)|2

(138)

O = φ(τ, x⃗+ r⃗)φ†(0) (139)
∑

x⃗

⟨φ(τ, x⃗+ r⃗)φ†i (0)⟩ =
∑

α

⟨0|φ(0, r⃗) |α⟩ v∗αie−Eατ (140)

= ⟨0|φ(0, r⃗) |β⟩ e−Eβτ (141)

→ ⟨0|φ(0, r⃗) |1⟩ v∗1ie−E1τ (τ → ∞) (142)

(k2/2mc −H0)φβ(r⃗) =
∫

d3r′U(r⃗, r⃗′)φβ(r⃗
′) (143)

VC(|r⃗|) =
k2

2mc
− ∆φβ(r⃗)

2mcφβ(r⃗)
(144)

H0 = −∆/2mc (145)
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Evaluation of potentials

T. Kawanai, S. Sasaki, Phys. Rev. D 85,091513(R) (2012).

第1章 中心力ポテンシャルとスピンスピ
ンポテンシャル

Bethe-Salpeter方程式は

(EΓ −
∇2

mQ
)φΓ(r) =

∫
d3r′UΓ(r− r′)φΓ(r

′) (1.1)

で与えられる。ここでEΓは相対運動のエネルギーであり、チャーモニウムの質量をMΓ

とすると、MΓ − 2mQとなる。また、mQはチャームクォークの質量、φΓ(r)は二粒子の
相対座標が rの時のBethe-Salpeter振幅である。Γは粒子の種類を表しており、今回は擬
スカラー粒子 (PS)とベクトル粒子 (V)を添字として用いる。
チャームクォークと反チャームクォーク間に働くポテンシャルを、それぞれの粒子が非相
対論的に運動していると仮定して二粒子の相対速度での展開を行うと

U(r− r′) = {V (r) + VS(r)SQ · SQ̄ + VT (r)S12 + VLS(r)L · S+O(v2)}δ(r− r′) (1.2)

となる。ここで、Sは二粒子の全スピン、SQ(Q̄)はそれぞれチャームクォークと反チャー
ムクォークのスピン、Lは二粒子の軌道角運動量、S12は二粒子の相対座標とスピンから
決定するテンソル部分である。ここで、擬スカラー粒子 (PS)は全スピンが 0、ベクトル
粒子 (V)は全スピンが 1 であることを用いて二粒子のスピンの内積を計算し、1S、2S状
態はテンソル部分と軌道 ·スピン相互作用が消えることを用いると、(1)式も用いること
で以下のようにポテンシャルのスピンに依らない部分を計算できる。

V (r) = Eave +
1

mQ
(
3

4

∇2φV

φV
+

1

4

∇2φPS

φPS
) (1.3)

VS(r) = Ehyp +
1

mQ
(
∇2φV

φV
− ∇2φPS

φPS
) (1.4)

ここで、Eave =
1
4MPS + 3

4MV − 2mQ = Mave − 2mQ、Ehyp = MV −MPSである。
今回はウォールソースとガウシアンソースのそれぞれから格子QCDによって得られた波
動関数を用いて、ポテンシャルの振る舞いを調べた。
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Table 1: 各状態間のM1崩壊幅 [keV]

[keV] 今回の計算 Crystal CLEO KEDR 　ポテンシャル模型
J/ψ → ηc 1.88(3) 1.14 1.85 2.98 2.9

ψ(2S) → ηc(2S) 1.75(7.53) - - - 0.21
ψ(2S) → ηc(1S) 191(114) - - - 9.7

Table 2: 各状態間のM1崩壊幅 [keV]

[keV] Crystal CLEO KEDR 　模型計算
1S → 1S 1.14 1.85 2.98 2.9
2S → 2S 0.21(PDG) 0.21
2S → 1S 0.83 1.29 - 9.7

E1 = lim
τ→∞

ln
(

C(τ)

C(τ + 1)

)
(81)

φΓ(r) =
φΓ(r)∫

dr|rφΓ(r)|2
(82)

rφΓ(r) (83)

U(r⃗, r⃗′) = δ(r⃗ − r⃗′){VC(r) + VS(r)S⃗1 · S⃗2 + VT (r)S12 + VLS(r)L⃗ · S⃗ +O(∇2)} (84)
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クォーク質量はどうしようか？

Brief Article

The Author

December 1, 2015

1 First equation

mQ = lim
r→∞

−1

Ehyp

{∇2φV
φV

− ∇2φPS

φPS

}
(1)

(iγµD
µ
1 −m1)S

1
F (x, y) = δ4(x− y) (2)

(iγµD
µ
2 −m2)S

2
F (z, w) = δ4(z − w) (3)

(γµp
µ
1 −m1)(γµp

µ
2 −m2)χ(12)(p1, p2) = −

∫
d4q1d

4q2K
(12)(p1, p2; q1, q2)χ(q1, q2) (4)

(E −H1(p⃗)−H2(p⃗))φ(p⃗) = −2πi(Λ++(p⃗)− Λ−−(p⃗))
∫
d4qU(q)φ(q + p) (5)

(6)

C(τ) =
∑

x⃗

⟨φ(τ, x⃗)φ†(0)⟩ =
∑

α

| ⟨0|φ(0) |α⟩ |2e−Eατ (7)

→ | ⟨0|φ(0) |1⟩ |2e−E1τ (τ → ∞) (8)

(G(τ))ij =
∑

x⃗

⟨φi(τ, x⃗)φ†j(0)⟩ =
∑

α

⟨0|φi(0) |α⟩ ⟨α|φ†j(0) |0⟩ e
−Eατ (9)

≡
∑

α

vαiv
∗
αje

−Eατ (10)

e2iδl ∼ 1− iak

1 + iak
(11)
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Table 3: ポテンシャルの係数

mc[GeV] A′ √
σ[GeV] V0[GeV] V0 + 2mc[GeV] A′/σ[GeV−2] range χ2/NDF

1S 1.776(9) 0.713(24) 0.398(5) -0.601(18) 2.943(25) 4.490(193) 4-9 1.19

f(r) = −A′

r
+ σr (85)

VC(r) = Eave +
1

mQ

(
3

4

∇2φV
φV

+
1

4

∇2φPS

φPS

)
(86)

VS(r) = Ehyp +
1

mQ

(∇2φV
φV

− ∇2φPS

φPS

)
(87)
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💬スピン-スピンポテンシャルが短距離力である事を仮定すると… 

Table 5: 1S、2Sの質量 for TM

mass[GeV] range χ2/NDF
ηc(1S) 2.9853(3) 32-43 1.01
J/ψ(1S) 3.0975(3) 22-33 1.04
ηc(2S) 3.7029(97) 7-17 0.99
ψ(2S) 3.7141(305) 7-18 0.99

Ehyp(1S) 0.1122(4) - -
Ehyp(2S) 0.0112(320) - -

Table 6: 1S、2Sの質量 for PR

mass[GeV] range χ2/NDF 実験値
2.9856(3) 26-33 0.88 input.
3.0975(3) 26-33 0.94 input.

3.7832(1000) 11-15 0.94 3639
3.8067(300) 10-15 0.92 3686
0.1120(4) - - 113

0.0238(1013) - - 50

φV ,φPS (104)

= ψγiψ,ψγ5ψ (105)

8

Table 5: 1S、2Sの質量 for TM

mass[GeV] range χ2/NDF
ηc(1S) 2.9853(3) 32-43 1.01
J/ψ(1S) 3.0975(3) 22-33 1.04
ηc(2S) 3.7029(97) 7-17 0.99
ψ(2S) 3.7141(305) 7-18 0.99

Ehyp(1S) 0.1122(4) - -
Ehyp(2S) 0.0112(320) - -

Table 6: 1S、2Sの質量 for PR

mass[GeV] range χ2/NDF 実験値
2.9856(3) 26-33 0.88 input.
3.0975(3) 26-33 0.94 input.

3.7832(1000) 11-15 0.94 3639
3.8067(300) 10-15 0.92 3686
0.1120(4) - - 113

0.0238(1013) - - 50

φV ,φPS (104)

= ψγiψ,ψγ5ψ (105)

8

= ψ, ηc(1S, 2S)

☑️Central and spin-spin potential.
💬

原子核三者若手夏の学校 8/3(水)研究会

💬 rが大きい領域で右辺の 
振る舞いを見れば良い！
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Lattice setup

a[fm] a-1[GeV] Lattice 
size(L)

pion 
mass[MeV

kaon 
mass[MeV] #conf

0.0907(13) 2.176(31) 323×64 
(~2.9[fm]) ~156 ~554 198

136(expt.) 498(expt.)

L

a

φi= 
ψ̅iΓψi

μ
ν

S.Aoki et al. [PACS-CS Collaboration],Phys. Rev. D79, 034503 (2009) 
PACS-CS Collaboration.

💬Lattice simulation including dynamical u, d and s quarks.

向を見る為にウォールソースとガウシアンスメアリングの二種類を用いた。
　ウォールソースは全空間に一様に分布するクォーク場

ψ(x) = const. (4.12)

を用いる方法であり、初期状態において格子上の空間回転対称性を担保している。これに
より、最終的に得られるデータ群も空間回転対称性を強く反映しており、S波の寄与が大
きく現れる。
　ガウシアンソースは各点で

ψsm(x) = e−
σ2∇2

4 ψ(x) (4.13)

によってクォーク場をスメアする。ここで σは広がり具合のパラメータであり、これに
よってスメアされたクォーク場の種類を複数構築する事が出来る。これにより、転送行列
対角化法を用いて励起状態を精度良く抜き出す事が可能となる。

4.1.5 演算子のスメアリング

図 4.1: GW1とGW4の概形。GW1からGW4に行くに従い、幅が広がっている事が見
て取れる。

表 4.1: ガウシアンソースのパラメータ

表記 N σ

GW1 10 1.0

GW2 15 2.0

GW3 20 3.0

GW4 30 4.0

転送行列対角化法を用いて励起状態を分離する為に、少なくとも解析したい励起状態の
数を超える数の演算子を用意する必要がある。その方法として本修士論文ではゲージ不変

30

☑️Lattice setup

原子核三者若手夏の学校 8/3(水)研究会

S. Gusken, Nucl. Phys. Proc. Suppl. 17 (1990) 361. 

Gaussian smearing

Brief Article

The Author

August 3, 2016

1 First equation

C0 + C1α+ C2α
2 + · · · (1)

ψsmear(τ, x⃗) =
(
1− σ2∇2

4N

)N

ψ(τ, x⃗) (2)

(γµp
µ
1 −m1)(γµp

µ
2 −m2)χ(12)(p1, p2) = −

∫
d4q1d

4q2K
(12)(p1, p2; q1, q2)χ(q1, q2) (3)

(E −H1(p⃗)−H2(p⃗))φ(p⃗) = −2πi(Λ++(p⃗)− Λ−−(p⃗))
∫
d4qU(q)φ(q + p) (4)

(5)

C(τ) =
∑

x⃗

⟨φ(τ, x⃗)φ†(0)⟩ =
∑

α

| ⟨0|φ(0) |α⟩ |2e−Eατ (6)

C(τ) =
∑

α

| ⟨0|φ(0) |α⟩ |2e−Eατ (7)

→ | ⟨0|φ(0) |1⟩ |2e−E1τ (τ → ∞) (8)

O = φ(τ, x⃗)φ†(0) (9)

Oij = φi(τ, x⃗)φ
†
j(0) (10)

Oi = φ(τ, x⃗+ r⃗)φ†i (0) (11)

φ(τ, x⃗) = ψ(τ, x⃗)Γψ(τ, x⃗) (12)

1
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6

tions, the spacial lattice extent Nsa ⇡ 2.9 fm is likely to
be large enough to study even the 2S-charmonium sys-
tem as well as the ground-state charmonium states.

The wave function provides information about a spa-
tial size of the charmonium meson as the root-mean-
square (rms) radius r

rms

, which can be determined by

r2

rms

=
P

r

r2|�n,�(r)|2P
r

|�n,�(r)|2 =
R

drr2|un,�(r)|2R
dr|un,�(r)|2 (18)

We then obtain the smaller rms radii for 1S states as
(r

rms

)
1S ⇠ 0.34-0.39 fm, while 2S states yield slightly

larger values (r
rms

)
2S ⇠ 0.55-0.59 fm. Another impor-

tant aspect of resulting r
rms

is that both 1S and 2S states
satisfy a relation of r

rms,PS

< r
rms,V. It simply indicates

the repulsive nature of spin-spin interaction near the ori-
gin for the higher spin states. All results of r

rms

are
summarized in Table IV.

As described in Sec. II B, the qq̄ BS wave function can
provide more profound information about the internal
structure of the quark-antiquark bound state. We first
discuss the quark kinetic mass, which can be read o↵ from
the di↵erence of “quantum kinetic energies” between the
members of hyperfine multiplets as was shown in Eq. (9).

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
r [fm]

-0.4

-0.2

0

0.2

0.4

0.6

u(
r)=

rφ
(r)

 [ 
fm

-1
/2

]

ηc(1S)
J/ψ
ηc(2S)
ψ (2S)

FIG. 2: The reduced BS wave functions u(r) = r�(r) for
the ⌘c(1S) (diamonds), J/ (upper triangles), ⌘c(2S) (circles)
and  (2S) (squares) states, shown as a function of the spatial
distance r. They are normalized as

P
r

|�(r)|2 = 1. Time
average was performed in the fit range of [t

min

/a : t
max

/a] =
[23 : 37] for the 1S states and [9:14] for the 2S states.

TABLE IV: Summary of the rms radii of 1S and 2S charmo-
nium states, which are evaluated from the BS wave functions
on the lattice. Results are given in units of fm.

state ⌘c(1S) J/ ⌘c(2S)  (2S)

r
rms

[fm] 0.3384(2) 0.3894(5) 0.553(28) 0.592(32)

Figure 3 shows that asymptotic constants obtained
from both 1S and 2S states appear to be overlapped in
the range of 0.6 fm . r . 1.0 fm. A value of the kinetic
mass of the charm quark is determined by a constant fit
over above r-range with �2/d.o.f. < 2.

We then obtain mQ(1S) = 1.816(21) GeV from the 1S
wave functions and mQ(2S) = 1.847(145) GeV from the
2S wave functions. Both values are consistent with our
previous work as listed in Table V.

It indicates that within the current statistical preci-
sion a unique result for the quark kinetic mass is likely
given regardless of the choice of either the ground- or
excited-state pairs. This observation is highly consistent
with success of potential description of the charmonium
system.

0 0.2 0.4 0.6 0.8 1 1.2
r [fm]

0.8

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

m
Q
(r)

 [G
eV

]

1S states
2S states

FIG. 3: The determination of quark kinetic mass within the
BS amplitude method. Horizontal solid lines indicate a value
of quark kinetic mass obtained by fitting an asymptotic con-
stant obtained from either 1S or 2S states. Shaded bands
indicate fitting range and a statistical error estimated by the
jackknife method.

We are now ready to consider the final question
whether or not a series of the BS wave functions from the
ground state to excited states are generated by the same
“non-local” potential. To answer this question is meant
to justify the “time-dependent” BS amplitude method.

In order to perform rigorous comparison, we will deter-
mine the central spin-dependent part of the interquark
potential VC(r) from the BS wave functions of excited
states in a manner independent from the ones of ground
states. Indeed, the quark kinetic masses have been al-
ready evaluated for both the 1S and 2S states. There-
fore, the potential VC(r) and the quark mass mq can
be self-consistently determined within a single set of r-
dependent two-point correlation functions for each nS
state as shown in Eq. (10).

Figure 4 shows two independent results of the central
potential VC(r) using the BS wave functions of either 1S
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TABLE V: Charm quark masses, which are determined from
the BS amplitudes of both 1S and 2S charmonium states, fit
range [r

min

/a : r
max

/a] are summarized in units of GeV.

method Previous work [16] Variational method

type of source Wall source Gauss-smeared sources

state 1S 1S 2S

mQ [GeV] 1.784(23) 1.816(21) 1.847(145)

fit range [6 : 7
p

3] [4
p

3 : 8
p

2] [7 : 10]

or 2S states. For clarity of the figure, the “threshold en-
ergy value” 2mQ, that is a part of the constant energy
shift (E

ave

= M
ave

� 2mQ), is not subtracted. The spin-
averaged masses, M

ave

(1S) and M
ave

(2S), have been ob-
tained from the variational method as described previ-
ously. Thus it should be emphasized that no adjustment
constant is added for comparison.

The gross features of the resulting central potential
V 2S

C (r) from the 2S states is basically analogous to that
of the 1S states V 1S

C (r). Although data points in the
intermediate (0.5 . r . 1.1 fm) and short-range (r .
0.3 fm) parts of the V 2S

C (r) agrees well with a shape of
V 1S

C (r), some discrepancy beyond the quoted statistical
errors appears in two specific regions: around r = 0.4 fm
and at long distances (r & 1.1 fm).

The origin of the former discrepancy can be attributed
to the presence of a node in the 2S wave function, which
is located at r ⇡ 0.4 fm as shown in Fig. 2. It should
be reminded that the potential defined in the BS ampli-
tude method is basically calculated by the second spatial
derivative of the BS wave function divided by the BS
wave function. Therefore, the potential can not be given
only at nodes of the BS wave function.

In this sense, the statistical uncertainties may lead to
divergent behavior near the nodes. For the 2S wave func-
tions, the resulting potential is rendered positively (neg-
atively) divergent on the left (right) side of its singular-
ity. This accounts for a discontinuity behavior appeared
in V 2S

C (r). Another consequence of the presence of the
nodes may enhance a chance of unwanted excited-state
contamination since the strength of other state contribu-
tions in r-dependent two-point correlation functions may
exceed that of target state at its nodes.

As for the discrepancy found at long distances, it
should be simply because of the larger statistical uncer-
tainties in the BS wave function of the higher-lying ex-
cited states. As shown in Fig. 2, the BS wave functions
of both the 1S and 2S states are localized around the ori-
gin and vanished at long distances. The signal-to-noise
ratio on the quantity of r2�

�

/�
�

becomes worse rapidly
as the spatial distance r increases because of such local-
ized nature of the BS wave functions. This may cause
large systematic uncertainties stemming from the choice
of time window for the averaging process of r2�

�

/�
�

over the time-slice range [32].
Indeed, the string breaking-like behavior of the charmo-

nium potentials found in our previous study [16] has, as
expected, gone away in V 1S

C (r), whose statistical uncer-
tainties at long distances are much under control due to
e↵ectively higher statistics using the average of multiple
sources.

We then conclude that the discrepancies of V 1S
C (r)

and V 2S
C (r) appeared in two regions are highly associ-

ated with statistical issues on the quantity of r2�
�

/�
�

for the 2S states. To verify it, we decide to utilize the
“time-dependent” method only for the analysis of V 2S

C (r)
since it enables us to use the data of the 2S states much
closer to the source point. It is then expected to suppress
the signal-to-noise ratio on V 2S

C (r) and also reduce hid-
den systematic uncertainties during the averaging process
over the time-slice range.
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FIG. 4: Central spin-independent charmonium potentials cal-
culated from the BS wave functions using the S-wave ground
(1S) states and their first radially excited (2S) states. For
clarity of the figure, the “threshold energy value” 2mQ, that
was encoded in the constant energy shift (EnS

ave

= MnS
ave

�
2mQ), is not subtracted. Note that there is no adjustment
parameter.

Here, we recall that this limited usage of the “time-
dependent” method does not assume that the BS wave
functions of the 1S and 2S states are generated by the
same potential.

In Fig. 5, we show a comparison between V 1S
C (r) from

the “time-independent” method and V 2S
C (r) from the

“time-dependent” method. It again should be empha-
sized that no adjustment constant is added for compar-
ison. New result of V 2S

C (r) using the “time-dependent”
method fairly agrees with V 1S

C (r). Although a remnant of
the discontinuity behavior near the node of the BS wave
functions of the 2S states remains visible, the resulting
charmonium potential V 2S

C (r) exhibits the linearly rising
potential at large distances and the Coulomb-like poten-
tial at short distances and seems to be identical to V 1S

C (r)
within the current statistical precision.

Finally, we also determine the spin-spin potential from

†
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1 First equation

mQ = lim
r→∞

−1

Ehyp

{∇2φV
φV

− ∇2φPS

φPS

}
(1)

(iγµD
µ
1 −m1)S

1
F (x, y) = δ4(x− y) (2)

(iγµD
µ
2 −m2)S

2
F (z, w) = δ4(z − w) (3)

(γµp
µ
1 −m1)(γµp

µ
2 −m2)χ(12)(p1, p2) = −

∫
d4q1d

4q2K
(12)(p1, p2; q1, q2)χ(q1, q2) (4)

(E −H1(p⃗)−H2(p⃗))φ(p⃗) = −2πi(Λ++(p⃗)− Λ−−(p⃗))
∫
d4qU(q)φ(q + p) (5)

(6)

C(τ) =
∑

x⃗

⟨φ(τ, x⃗)φ†(0)⟩ =
∑

α

| ⟨0|φ(0) |α⟩ |2e−Eατ (7)

→ | ⟨0|φ(0) |1⟩ |2e−E1τ (τ → ∞) (8)

(G(τ))ij =
∑

x⃗

⟨φi(τ, x⃗)φ†j(0)⟩ =
∑

α

⟨0|φi(0) |α⟩ ⟨α|φ†j(0) |0⟩ e
−Eατ (9)

≡
∑

α

vαiv
∗
αje

−Eατ (10)

e2iδl ∼ 1− iak

1 + iak
(11)
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tions, the spacial lattice extent Nsa ⇡ 2.9 fm is likely to
be large enough to study even the 2S-charmonium sys-
tem as well as the ground-state charmonium states.

The wave function provides information about a spa-
tial size of the charmonium meson as the root-mean-
square (rms) radius r

rms

, which can be determined by

r2

rms

=
P

r

r2|�n,�(r)|2P
r

|�n,�(r)|2 =
R

drr2|un,�(r)|2R
dr|un,�(r)|2 (18)

We then obtain the smaller rms radii for 1S states as
(r

rms

)
1S ⇠ 0.34-0.39 fm, while 2S states yield slightly

larger values (r
rms

)
2S ⇠ 0.55-0.59 fm. Another impor-

tant aspect of resulting r
rms

is that both 1S and 2S states
satisfy a relation of r

rms,PS

< r
rms,V. It simply indicates

the repulsive nature of spin-spin interaction near the ori-
gin for the higher spin states. All results of r

rms

are
summarized in Table IV.

As described in Sec. II B, the qq̄ BS wave function can
provide more profound information about the internal
structure of the quark-antiquark bound state. We first
discuss the quark kinetic mass, which can be read o↵ from
the di↵erence of “quantum kinetic energies” between the
members of hyperfine multiplets as was shown in Eq. (9).
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FIG. 2: The reduced BS wave functions u(r) = r�(r) for
the ⌘c(1S) (diamonds), J/ (upper triangles), ⌘c(2S) (circles)
and  (2S) (squares) states, shown as a function of the spatial
distance r. They are normalized as

P
r

|�(r)|2 = 1. Time
average was performed in the fit range of [t

min

/a : t
max

/a] =
[23 : 37] for the 1S states and [9:14] for the 2S states.

TABLE IV: Summary of the rms radii of 1S and 2S charmo-
nium states, which are evaluated from the BS wave functions
on the lattice. Results are given in units of fm.

state ⌘c(1S) J/ ⌘c(2S)  (2S)

r
rms

[fm] 0.3384(2) 0.3894(5) 0.553(28) 0.592(32)

Figure 3 shows that asymptotic constants obtained
from both 1S and 2S states appear to be overlapped in
the range of 0.6 fm . r . 1.0 fm. A value of the kinetic
mass of the charm quark is determined by a constant fit
over above r-range with �2/d.o.f. < 2.

We then obtain mQ(1S) = 1.816(21) GeV from the 1S
wave functions and mQ(2S) = 1.847(145) GeV from the
2S wave functions. Both values are consistent with our
previous work as listed in Table V.

It indicates that within the current statistical preci-
sion a unique result for the quark kinetic mass is likely
given regardless of the choice of either the ground- or
excited-state pairs. This observation is highly consistent
with success of potential description of the charmonium
system.
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FIG. 3: The determination of quark kinetic mass within the
BS amplitude method. Horizontal solid lines indicate a value
of quark kinetic mass obtained by fitting an asymptotic con-
stant obtained from either 1S or 2S states. Shaded bands
indicate fitting range and a statistical error estimated by the
jackknife method.

We are now ready to consider the final question
whether or not a series of the BS wave functions from the
ground state to excited states are generated by the same
“non-local” potential. To answer this question is meant
to justify the “time-dependent” BS amplitude method.

In order to perform rigorous comparison, we will deter-
mine the central spin-dependent part of the interquark
potential VC(r) from the BS wave functions of excited
states in a manner independent from the ones of ground
states. Indeed, the quark kinetic masses have been al-
ready evaluated for both the 1S and 2S states. There-
fore, the potential VC(r) and the quark mass mq can
be self-consistently determined within a single set of r-
dependent two-point correlation functions for each nS
state as shown in Eq. (10).

Figure 4 shows two independent results of the central
potential VC(r) using the BS wave functions of either 1S
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TABLE V: Charm quark masses, which are determined from
the BS amplitudes of both 1S and 2S charmonium states, fit
range [r

min

/a : r
max

/a] are summarized in units of GeV.

method Previous work [16] Variational method

type of source Wall source Gauss-smeared sources

state 1S 1S 2S

mQ [GeV] 1.784(23) 1.816(21) 1.847(145)

fit range [6 : 7
p

3] [4
p

3 : 8
p

2] [7 : 10]

or 2S states. For clarity of the figure, the “threshold en-
ergy value” 2mQ, that is a part of the constant energy
shift (E

ave

= M
ave

� 2mQ), is not subtracted. The spin-
averaged masses, M

ave

(1S) and M
ave

(2S), have been ob-
tained from the variational method as described previ-
ously. Thus it should be emphasized that no adjustment
constant is added for comparison.

The gross features of the resulting central potential
V 2S

C (r) from the 2S states is basically analogous to that
of the 1S states V 1S

C (r). Although data points in the
intermediate (0.5 . r . 1.1 fm) and short-range (r .
0.3 fm) parts of the V 2S

C (r) agrees well with a shape of
V 1S

C (r), some discrepancy beyond the quoted statistical
errors appears in two specific regions: around r = 0.4 fm
and at long distances (r & 1.1 fm).

The origin of the former discrepancy can be attributed
to the presence of a node in the 2S wave function, which
is located at r ⇡ 0.4 fm as shown in Fig. 2. It should
be reminded that the potential defined in the BS ampli-
tude method is basically calculated by the second spatial
derivative of the BS wave function divided by the BS
wave function. Therefore, the potential can not be given
only at nodes of the BS wave function.

In this sense, the statistical uncertainties may lead to
divergent behavior near the nodes. For the 2S wave func-
tions, the resulting potential is rendered positively (neg-
atively) divergent on the left (right) side of its singular-
ity. This accounts for a discontinuity behavior appeared
in V 2S

C (r). Another consequence of the presence of the
nodes may enhance a chance of unwanted excited-state
contamination since the strength of other state contribu-
tions in r-dependent two-point correlation functions may
exceed that of target state at its nodes.

As for the discrepancy found at long distances, it
should be simply because of the larger statistical uncer-
tainties in the BS wave function of the higher-lying ex-
cited states. As shown in Fig. 2, the BS wave functions
of both the 1S and 2S states are localized around the ori-
gin and vanished at long distances. The signal-to-noise
ratio on the quantity of r2�

�

/�
�

becomes worse rapidly
as the spatial distance r increases because of such local-
ized nature of the BS wave functions. This may cause
large systematic uncertainties stemming from the choice
of time window for the averaging process of r2�

�

/�
�

over the time-slice range [32].
Indeed, the string breaking-like behavior of the charmo-

nium potentials found in our previous study [16] has, as
expected, gone away in V 1S

C (r), whose statistical uncer-
tainties at long distances are much under control due to
e↵ectively higher statistics using the average of multiple
sources.

We then conclude that the discrepancies of V 1S
C (r)

and V 2S
C (r) appeared in two regions are highly associ-

ated with statistical issues on the quantity of r2�
�

/�
�

for the 2S states. To verify it, we decide to utilize the
“time-dependent” method only for the analysis of V 2S

C (r)
since it enables us to use the data of the 2S states much
closer to the source point. It is then expected to suppress
the signal-to-noise ratio on V 2S

C (r) and also reduce hid-
den systematic uncertainties during the averaging process
over the time-slice range.
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FIG. 4: Central spin-independent charmonium potentials cal-
culated from the BS wave functions using the S-wave ground
(1S) states and their first radially excited (2S) states. For
clarity of the figure, the “threshold energy value” 2mQ, that
was encoded in the constant energy shift (EnS

ave

= MnS
ave

�
2mQ), is not subtracted. Note that there is no adjustment
parameter.

Here, we recall that this limited usage of the “time-
dependent” method does not assume that the BS wave
functions of the 1S and 2S states are generated by the
same potential.

In Fig. 5, we show a comparison between V 1S
C (r) from

the “time-independent” method and V 2S
C (r) from the

“time-dependent” method. It again should be empha-
sized that no adjustment constant is added for compar-
ison. New result of V 2S

C (r) using the “time-dependent”
method fairly agrees with V 1S

C (r). Although a remnant of
the discontinuity behavior near the node of the BS wave
functions of the 2S states remains visible, the resulting
charmonium potential V 2S

C (r) exhibits the linearly rising
potential at large distances and the Coulomb-like poten-
tial at short distances and seems to be identical to V 1S

C (r)
within the current statistical precision.

Finally, we also determine the spin-spin potential from
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TABLE V: Charm quark masses, which are determined from
the BS amplitudes of both 1S and 2S charmonium states, fit
range [r

min

/a : r
max

/a] are summarized in units of GeV.

method Previous work [16] Variational method

type of source Wall source Gauss-smeared sources

state 1S 1S 2S

mQ [GeV] 1.784(23) 1.816(21) 1.847(145)

fit range [6 : 7
p

3] [4
p

3 : 8
p

2] [7 : 10]

or 2S states. For clarity of the figure, the “threshold en-
ergy value” 2mQ, that is a part of the constant energy
shift (E

ave

= M
ave

� 2mQ), is not subtracted. The spin-
averaged masses, M

ave

(1S) and M
ave

(2S), have been ob-
tained from the variational method as described previ-
ously. Thus it should be emphasized that no adjustment
constant is added for comparison.

The gross features of the resulting central potential
V 2S

C (r) from the 2S states is basically analogous to that
of the 1S states V 1S

C (r). Although data points in the
intermediate (0.5 . r . 1.1 fm) and short-range (r .
0.3 fm) parts of the V 2S

C (r) agrees well with a shape of
V 1S

C (r), some discrepancy beyond the quoted statistical
errors appears in two specific regions: around r = 0.4 fm
and at long distances (r & 1.1 fm).

The origin of the former discrepancy can be attributed
to the presence of a node in the 2S wave function, which
is located at r ⇡ 0.4 fm as shown in Fig. 2. It should
be reminded that the potential defined in the BS ampli-
tude method is basically calculated by the second spatial
derivative of the BS wave function divided by the BS
wave function. Therefore, the potential can not be given
only at nodes of the BS wave function.

In this sense, the statistical uncertainties may lead to
divergent behavior near the nodes. For the 2S wave func-
tions, the resulting potential is rendered positively (neg-
atively) divergent on the left (right) side of its singular-
ity. This accounts for a discontinuity behavior appeared
in V 2S

C (r). Another consequence of the presence of the
nodes may enhance a chance of unwanted excited-state
contamination since the strength of other state contribu-
tions in r-dependent two-point correlation functions may
exceed that of target state at its nodes.

As for the discrepancy found at long distances, it
should be simply because of the larger statistical uncer-
tainties in the BS wave function of the higher-lying ex-
cited states. As shown in Fig. 2, the BS wave functions
of both the 1S and 2S states are localized around the ori-
gin and vanished at long distances. The signal-to-noise
ratio on the quantity of r2�

�

/�
�

becomes worse rapidly
as the spatial distance r increases because of such local-
ized nature of the BS wave functions. This may cause
large systematic uncertainties stemming from the choice
of time window for the averaging process of r2�

�

/�
�

over the time-slice range [32].
Indeed, the string breaking-like behavior of the charmo-

nium potentials found in our previous study [16] has, as
expected, gone away in V 1S

C (r), whose statistical uncer-
tainties at long distances are much under control due to
e↵ectively higher statistics using the average of multiple
sources.

We then conclude that the discrepancies of V 1S
C (r)

and V 2S
C (r) appeared in two regions are highly associ-

ated with statistical issues on the quantity of r2�
�

/�
�

for the 2S states. To verify it, we decide to utilize the
“time-dependent” method only for the analysis of V 2S

C (r)
since it enables us to use the data of the 2S states much
closer to the source point. It is then expected to suppress
the signal-to-noise ratio on V 2S

C (r) and also reduce hid-
den systematic uncertainties during the averaging process
over the time-slice range.
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FIG. 4: Central spin-independent charmonium potentials cal-
culated from the BS wave functions using the S-wave ground
(1S) states and their first radially excited (2S) states. For
clarity of the figure, the “threshold energy value” 2mQ, that
was encoded in the constant energy shift (EnS

ave

= MnS
ave

�
2mQ), is not subtracted. Note that there is no adjustment
parameter.

Here, we recall that this limited usage of the “time-
dependent” method does not assume that the BS wave
functions of the 1S and 2S states are generated by the
same potential.

In Fig. 5, we show a comparison between V 1S
C (r) from

the “time-independent” method and V 2S
C (r) from the

“time-dependent” method. It again should be empha-
sized that no adjustment constant is added for compar-
ison. New result of V 2S

C (r) using the “time-dependent”
method fairly agrees with V 1S

C (r). Although a remnant of
the discontinuity behavior near the node of the BS wave
functions of the 2S states remains visible, the resulting
charmonium potential V 2S

C (r) exhibits the linearly rising
potential at large distances and the Coulomb-like poten-
tial at short distances and seems to be identical to V 1S

C (r)
within the current statistical precision.

Finally, we also determine the spin-spin potential from
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FIG. 5: Central spin-independent charmonium potentials
from “time-independent” method for 1S states and “time-
dependent” method for 2S states. Note that there is no ad-
justment parameter as same as in Fig. 4.

the BS wave functions of both 1S and 2S states. In Fig. 6,

we compile three results of the spin-spin charmonium

potential. Open diamond symbols represent results of

the spin-spin potential from the 1S states, V 1S
S (r), while

two results from both the “time-dependent” (circles) and

“time-independent” (squares) methods are displayed for

the spin-spin potential from the 2S states, V 2S
S (r).

The potential V 1S
S (r) exhibits a repulsive interaction

with a finite range of r . 0.6 fm, which is the same

as discussed in Ref [14, 16]. On the other hand, the

circle symbols of the potential V 2S
S (r), which is give by

the original method reveals a small attractive dip in the

region of 0.3 . r . 0.4 fm, though it is measured as

the short-range potential with a repulsive core at short

distances.

The presence of the small attractive dip makes a small

di↵erence between V 1S
S (r) and V 2S

S (r) within the original

“time-independent” approach. However, the dip location

is apparently near the node of the 2S wave functions. As

described previously, there is a subtlety in the calculation

of r2�
�

/�
�

near the zero of �
�

. Then, in the case of

the spin-independent central potential, an application of

the “time-dependent” method is certainly e↵ective in the

analysis of the 2S states.

Although there was no drastic change from the “time-

dependent” method to the “time-independent” method,

the latter result slightly becomes in agreement with

V 1S
S (r) within a few standard deviations. We may con-

clude that the di↵erence between V 1S
S (r) and V 2S

S (r) is

not statistically significant. We do not, however, rule

out a possibility that di↵erent S-D mixing e↵ects on the

J/ and  (2S) states may lead to some di↵erence in the

spin-spin potential.

Indeed, the present calculation does not take into ac-
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FIG. 6: Spin-spin charmonium potentials from “time-
independent” method for both 1S states (diamonds) and 2S
states (circles) and also from “time-dependent” method for
2S states (squares).

count the presence of the tensor contribution in the spin-

dependent potentials. No significant di↵erence found in

both the spin-independent central and spin-spin poten-

tials calculated from the 1S and 2S states suggest that

the possible S-D mixing is not a leading e↵ect for both

the J/ and  (2S) states.

IV. SUMMARY

We have calculated the BS wave functions for both the

ground and first excited states of the S-wave charmonia

(⌘c and  mesons) in full lattice QCD. Our simulations

have been done at an almost physical point using 2+1

flavor PACS-CS gauge configurations (M⇡ ⇡ 156 MeV)

with the RHQ action for the charm quark (M⌘c ⇡ 2985

MeV and MJ/ ⇡ 3099 MeV).

The optimal charmonium operators for the ground and

the first excited states of the S-wave charmonia have

been successfully obtained using the variational method

by means of a set of basis meson operators that are com-

posed of spatially smeared quark sources with 4 succes-

sive smearing radii. We then calculated the BS wave

functions of both the 1S and 2S charmonium states.

Compared with the results of 1S states, the BS wave

functions of both ⌘c(2S) and  (2S) exhibit a specific

nodal structure in the radial direction. It is observed

that the 2S wave functions �2S
�

(r) are slightly extended

in space in comparison to the 1S wave functions �1S
�

(r).
Indeed, we obtain slightly larger value of (r

rms

)

2S ⇠ 0.55-

0.59 fm for the 2S states in comparison to that of the 1S
states, (r

rms

)

1S ⇠ 0.34-0.39 fm.

We have read o↵ the value of the charm quark from

the long-disntance asymptotic values of the di↵erence of

★2Sのポテンシャルは定性的に1S 
  のものと等しい。 
★r~0.36fmで値が発散する。 
★r>1fm程度で傾きが少し大きい。

★今回の精度で、2σ程度の一致をしている。 
★r~0.36fmにおける発散は残る。 
★Time dependent methodはポテンシャ
ル解析に有効である。

~0.36fm
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Numerical results

★スピン-スピンポテンシャルは有限の領域に 
  広がっている。 
★Time dependent methodでさえ、スピン- 
  スピンポテンシャルはゼロコンシステント。 
★r~0.3fmで僅かにゼロを下回る。

☑️Spin-spin potential
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8

0 0.2 0.4 0.6 0.8 1 1.2 1.4
r [fm]

1.5

2

2.5

3

3.5

4

4.5

5

V
C(r

) +
 2

m
Q
 [G

eV
]

1S states
2S states (time dependent method)

FIG. 5: Central spin-independent charmonium potentials
from “time-independent” method for 1S states and “time-
dependent” method for 2S states. Note that there is no ad-
justment parameter as same as in Fig. 4.

the BS wave functions of both 1S and 2S states. In Fig. 6,
we compile three results of the spin-spin charmonium
potential. Open diamond symbols represent results of
the spin-spin potential from the 1S states, V 1S

S (r), while
two results from both the “time-dependent” (circles) and
“time-independent” (squares) methods are displayed for
the spin-spin potential from the 2S states, V 2S

S (r).
The potential V 1S

S (r) exhibits a repulsive interaction
with a finite range of r . 0.6 fm, which is the same
as discussed in Ref [14, 16]. On the other hand, the
circle symbols of the potential V 2S

S (r), which is give by
the original method reveals a small attractive dip in the
region of 0.3 . r . 0.4 fm, though it is measured as
the short-range potential with a repulsive core at short
distances.

The presence of the small attractive dip makes a small
di↵erence between V 1S

S (r) and V 2S
S (r) within the original

“time-independent” approach. However, the dip location
is apparently near the node of the 2S wave functions. As
described previously, there is a subtlety in the calculation
of r2�

�

/�
�

near the zero of �
�

. Then, in the case of
the spin-independent central potential, an application of
the “time-dependent” method is certainly e↵ective in the
analysis of the 2S states.

Although there was no drastic change from the “time-
dependent” method to the “time-independent” method,
the latter result slightly becomes in agreement with
V 1S

S (r) within a few standard deviations. We may con-
clude that the di↵erence between V 1S

S (r) and V 2S
S (r) is

not statistically significant. We do not, however, rule
out a possibility that di↵erent S-D mixing e↵ects on the
J/ and  (2S) states may lead to some di↵erence in the
spin-spin potential.

Indeed, the present calculation does not take into ac-
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FIG. 6: Spin-spin charmonium potentials from “time-
independent” method for both 1S states (diamonds) and 2S
states (circles) and also from “time-dependent” method for
2S states (squares).

count the presence of the tensor contribution in the spin-
dependent potentials. No significant di↵erence found in
both the spin-independent central and spin-spin poten-
tials calculated from the 1S and 2S states suggest that
the possible S-D mixing is not a leading e↵ect for both
the J/ and  (2S) states.

IV. SUMMARY

We have calculated the BS wave functions for both the
ground and first excited states of the S-wave charmonia
(⌘c and  mesons) in full lattice QCD. Our simulations
have been done at an almost physical point using 2+1
flavor PACS-CS gauge configurations (M⇡ ⇡ 156 MeV)
with the RHQ action for the charm quark (M⌘c ⇡ 2985
MeV and MJ/ ⇡ 3099 MeV).

The optimal charmonium operators for the ground and
the first excited states of the S-wave charmonia have
been successfully obtained using the variational method
by means of a set of basis meson operators that are com-
posed of spatially smeared quark sources with 4 succes-
sive smearing radii. We then calculated the BS wave
functions of both the 1S and 2S charmonium states.

Compared with the results of 1S states, the BS wave
functions of both ⌘c(2S) and  (2S) exhibit a specific
nodal structure in the radial direction. It is observed
that the 2S wave functions �2S

�

(r) are slightly extended
in space in comparison to the 1S wave functions �1S

�

(r).
Indeed, we obtain slightly larger value of (r

rms

)
2S ⇠ 0.55-

0.59 fm for the 2S states in comparison to that of the 1S
states, (r

rms

)
1S ⇠ 0.34-0.39 fm.

We have read o↵ the value of the charm quark from
the long-disntance asymptotic values of the di↵erence of

~0.36fm

Table 5: 1S、2Sの質量 for TM

mass[GeV] range χ2/NDF
ηc(1S) 2.9853(3) 32-43 1.01
J/ψ(1S) 3.0975(3) 22-33 1.04
ηc(2S) 3.7029(97) 7-17 0.99
ψ(2S) 3.7141(305) 7-18 0.99

Ehyp(1S) 0.1122(4) - -
Ehyp(2S) 0.0112(320) - -

Table 6: 1S、2Sの質量 for PR

mass[GeV] range χ2/NDF 実験値
2.9856(3) 26-33 0.88 input.
3.0975(3) 26-33 0.94 input.

3.7832(1000) 11-15 0.94 3.639
3.8067(300) 10-15 0.92 3.686
0.1120(4) - - 0.113

0.0238(1013) - - 0.050

φV ,φPS (104)

= ψγiψ,ψγ5ψ (105)

Γ = γ5, γi (106)

状態 \量子数 S⃗1 · S⃗2 S⃗ · L⃗ ST

スピン 1, P波 1/4 -1 1/2
スピン 1, D波 1/4 -3 -1/2

V = Vc + VSS⃗1 · S⃗2 + VSOS⃗ · L⃗+ VTST

L⃗ S⃗ = S⃗1 + S⃗2 S⃗1 S⃗2 (107)

8

Table 5: 1S、2Sの質量 for TM

mass[GeV] range χ2/NDF
ηc(1S) 2.9853(3) 32-43 1.01
J/ψ(1S) 3.0975(3) 22-33 1.04
ηc(2S) 3.7029(97) 7-17 0.99
ψ(2S) 3.7141(305) 7-18 0.99

Ehyp(1S) 0.1122(4) - -
Ehyp(2S) 0.0112(320) - -

Table 6: 1S、2Sの質量 for PR

mass[GeV] range χ2/NDF 実験値
2.9856(3) 26-33 0.88 input.
3.0975(3) 26-33 0.94 input.

3.7832(1000) 11-15 0.94 3.639
3.8067(300) 10-15 0.92 3.686
0.1120(4) - - 0.113

0.0238(1013) - - 0.050

φV ,φPS (104)

= ψγiψ,ψγ5ψ (105)

Γ = γ5, γi (106)

状態 \量子数 S⃗1 · S⃗2 S⃗ · L⃗ ST

スピン 1, P波 1/4 -1 1/2
スピン 1, D波 1/4 -3 -1/2

V = Vc + VSS⃗1 · S⃗2 + VSOS⃗ · L⃗+ VTST

L⃗ S⃗ = S⃗1 + S⃗2 S⃗1 S⃗2 (107)

8

small 
repulsive

large 
attractive

x+ 8 = 2 (133)

x+ y = 48 (134)

4x+ 2y = 158 (135)

S⃗1 · S⃗2 = 1/4 (136)

S⃗1 · S⃗2 = −3/4 (137)

10

x+ 8 = 2 (133)

x+ y = 48 (134)

4x+ 2y = 158 (135)

S⃗1 · S⃗2 = 1/4 (136)

S⃗1 · S⃗2 = −3/4 (137)

10

 : spin 1
 : spin 0

9/11



M1 transition
☑️M1 transition
★非相対論極限 
★BS波動関数は、非摂動効果をフルに含んでいる。

Table 1: 各状態間のM1崩壊幅 [keV]

[keV] 今回の計算 Crystal CLEO KEDR 　ポテンシャル模型
J/ψ → ηc 1.88(3) 1.14 1.85 2.98 2.9

ψ(2S) → ηc(2S) 1.75(7.53) - - - 0.21
ψ(2S) → ηc(1S) 191(114) - - - 9.7

Table 2: 各状態間のM1崩壊幅 [keV]

[keV] Crystal CLEO KEDR 　模型計算
1S → 1S 1.14 1.85 2.98 2.9
2S → 2S 0.21(PDG) 0.21
2S → 1S 0.83 1.29 - 9.7

E1 = lim
τ→∞

ln
(

C(τ)

C(τ + 1)

)
(81)

φΓ(r) =
φΓ(r)∫

dr|rφΓ(r)|2
(82)

rφΓ(r) (83)

U(r⃗, r⃗′) = δ(r⃗ − r⃗′){VC(r) + VS(r)S⃗1 · S⃗2 + VT (r)S12 + VLS(r)L⃗ · S⃗ +O(∇2)} (84)

Table 3: ポテンシャルの係数

mc[GeV] A′ √
σ[GeV] V0[GeV] V0 + 2mc[GeV] A′/σ[GeV−2] range χ2/NDF

1S 1.776(9) 0.713(24) 0.398(5) -0.601(18) 2.943(25) 4.490(193) 4-9 1.19

f(r) = −A′

r
+ σr + V0 (85)

VC(r) = Eave +
1

mQ

(
3

4

∇2φV
φV

+
1

4

∇2φPS

φPS

)
(86)

VS(r) = Ehyp +
1

mQ

(∇2φV
φV

− ∇2φPS

φPS

)
(87)

ΓM1
{ni,S=1}→{nf ,S=0}γ =

4

3
αe2c

k3γ
m2

c
(int)2 (88)

int ≡
∫
drr2φni

(r)φnf
(r)j0

(
kγr

2

)
(89)

kγ =
M2

ni
−M2

nf

2Mni

(90)
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Table 3: ポテンシャルの係数

mc[GeV] A′ √
σ[GeV] V0[GeV] V0 + 2mc[GeV] A′/σ[GeV−2] range χ2/NDF

1S 1.776(9) 0.713(24) 0.398(5) -0.601(18) 2.943(25) 4.490(193) 4-9 1.19

Table 4: ポテンシャルの係数

A′ √
σ[GeV] V0[GeV] range χ2/NDF

1S 0.713(24) 0.398(5) -0.601(18) 4-9 1.19
模型計算 0.7281 0.3775 - - -

VC(r) = Eave +
1

mQ

(
3

4
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+
1

4

∇2φPS

φPS

)
(92)
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(
kγr
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)
(95)

kγ =
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φi(τ, r⃗) (97)

φβ(r⃗) (98)

Eα = ln
(

λα(τ, τ0)

λα(τ + 1, τ0)

)
(99)

Eα = ln

( ∑
i
Gi(τ)vβi

∑
i
Gi(τ + 1)vβi

)

(100)

T (τ, τ0) = G(τ)G−1(τ0) (101)
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赤文字は格子上で評価可能。
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∆Eα = Eα − 2mc (81)

(∆Eα)2

4mc
+∆Eα =

k2

2µ
(82)

∆Eα = Eα − 2mc ∼ 2mc

{
1 +

1

2

k⃗2

m2
c
+O(

(
k⃗2

m2
c

)2

)
}

(83)

VC(r) = −H0R(t, r⃗)

R(t, r⃗)
− (∂/∂t)R(t, r⃗)

R(t, r⃗)
+

1

4mc

(∂/∂t)2R(t, r⃗)

R(t, r⃗)
(84)

δO =

√
⟨(O −O)2⟩

N − 1
(85)

O =
1

N

N∑

i=1

O[{Un,µ}i] (86)

δO =

√√√√ 1

N − 1

(
1

N

N∑

i=1

(O[{Un,µ}i]−O)
)

(87)

δO =

√√√√ 1

N − 1

(
1

N

N∑

i=1

(Oi −O)2
)

(88)

Table 1: 各状態間のM1崩壊幅 [keV]

　　　　　　　　　　 Channel 崩壊幅 [keV] Crystal CLEO KEDR 　ポテンシャル模型
J/ψ → ηcγ 1.88(3) 1.84(2) 1.14 1.85 2.98 2.9

ψ(2S) → ηc(2S)γ 0.02(7) 0.135(5) - - - 0.21
ψ(2S) → ηc(1S)γ 18(2) 12(2) - - - 9.7

Table 2: 各状態間のM1崩壊幅 [keV]

[keV] Crystal CLEO KEDR 　模型計算
1S → 1S 1.72(9) 1.14 1.85 2.98 2.9
2S → 2S 0.33(14) 0.21(PDG) 0.21
2S → 1S 0.83 1.29 - 9.7

Table 3: 各状態間のM1崩壊幅 [keV]

[keV] Crystal CLEO KEDR 　模型計算
1S → 1S 1.72(9) 1.14 1.85 2.98 2.9
2S → 2S 0.33(14) 0.21(PDG) 0.21

6

1986年 2009年 2014年
T.Barnes, S.Godfrey and E.S. Swanson,  
Phys. Rev. D72 054026 (2005)

★BS波動関数を用いて崩壊振幅を計算可能。 
★実験値と近い値を取っている。
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summary and future work 
☑️Summary
★ 2S状態と1S状態が従うポテンシャルを独立に評価し、それらが定性 
   的に一致する事を確認した。 
★ポテンシャルには２カ所の違いがあり、それぞれ 
 1. 波動関数の節構造を反映している、もしくは3S1-3D1 mixingの効      
果が見えている。( 0.3~0.4fm ) 
 2. rが大きい領域では波動関数が小さく、系統的な不定性が大きい。 
( 1.0fm < ) 

★ 強い相互作用をフルに含むBS波動関数を用いてM1遷移振幅を 
評価した。

★D波、P波の解析　→　テンソル力、スピン-軌道相互作用…… 
★相対論的効果の解析　→　time dependent methodから見られるかも

☑️future work
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