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1-2. 符号問題
✓ フェルミオン行列 :  

✓   

✓ フェルミオン行列式は複素数→ 
Monte Carlo法による数値計算が困難になる 
　　　　　　　　＝“符号問題” 

✓ 対処法…Taylor展開法、再重み法、 
　　　　　　　　　複素ランジュバン法、等々
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M(Aµ, µ) = �E
µ (�µ � iAµ) + m + µ�E

4

=3

{det[M(Aµ, µ)]}� = det[M(Aµ, µ)†]
= det[M(A†

µ,�µ�)]
�= det[M(Aµ, µ)]



1-3. Z3-QCD
✓ 厳密な中心対称性(Z3対称性)を持つQCD-likeな理論 

✓ Lagrangian密度… 

✓ ゼロ温度極限において、QCDに一致 
✓ 符号問題 

           …緩やかにすると期待される 
✓ μ = 0 … Z3-QCDの格子計算 
　　　→有効理論による予測と一致
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D�
� = �� � i(A� + �̂��,4T ), �̂ = diag(0, 2�/3, 4�/3)

temporal direction and the hopping parameter ζ for Wilson
fermion and 1=ð2mÞ for staggered fermion with a current
quark mass m. In general, detMðμfÞ is not real, since the
exponential factor with Tr½Ux$ is not equal to that with its
conjugate Tr½Ux$†. Hence, in this model, there is a sign
problem in general.
Even in the ordinary QCD, if we take the limit m → ∞

(or h ¼ 0), the Z3 symmetry is restored. However, this is
not the case in the actual simulation where the quark mass
is large but heμ=T is finite. In this meaning the heavy quark
model for the ordinary QCD is not Z3 symmetric, while the
heavy quark model for Z3-QCD is Z3 symmetric. If we
parametrize TrðUxÞ as [13] we have

Tr½Ux$ ¼ eiϕ1ðxÞ þ eiϕ2ðxÞ þ e−ifϕ1ðxÞþϕ2ðxÞg ¼ 3ΦðxÞ:
ð31Þ

In Fig. 7, the regions where the fermion determinant (30) is
real are shown in the complex plane of Φ. In the ordinary
QCD, Φ is real on a bold solid line in Fig. 7(a). Hence, the
determinant (30) is real on the bold solid line, but the reality
is not ensured on the other region of Φ. However, in the Z3

symmetric case, due to the symmetry, the determinant is
real on three bold lines in Fig. 7(b). This indicates the
possibility that, in the Z3 symmetric theory, the sign
problem is less severe than in the theory without Z3

symmetry. In fact, as in the 3-dimensional 3-state Potts
model [49], if we restrict Φ on the Z3 elements, the sign
problem does not appear in the Z3 symmetric theory. Only
the deviation of Φ from the three solid lines in panel (b)
causes the residual sign problem in Z3 symmetric theory.
In particular, for the configurations that satisfy the

condition Tr½Ux$ ¼ 0, only the first and fourth terms
remain on the right-hand side of (30), and hence
detMðμfÞ becomes real. In Z3-QCD, we use μf instead
of μ, but the factor e'3μf=T ¼ e'3μ=T is still real when
θ ¼ 2π=3. This indicates the possibility that the sign
problem may not be serious in the perfectly confined
phase which can be realized in the Z3-QCD, if the gauge
configurations are concentrated on the vicinity of Φ ¼ 0.
One may then perform the importance sampling in lattice
Z3-QCD. In fact, it was indicated [50] that, due to the Z3-
symmetry, the sign problem can be cured in an effective
center field theory for QCD. It was also indicated that [51],
even in the case of the realistic QCD without exact Z3 -
symmetry, the sign problem may be cured by using the Z3-
averaged subset method. In the language of the Lefschetz
thimble theory, the dominant saddle point lies in the real
region of field variables when the Z3-symmetry is pre-
served [52]. Hence, the thimble analysis may be done more
easily in the Z3-QCD than in the ordinary QCD.
It should be noted that Oðθ ¼ 0Þ → Oðθ ¼ 2π=3Þ when

T → 0, since the Z3-QCD is equivalent to the ordinary
QCD at zero temperature. Even at finite T, if a

thermodynamical quantity OðθÞ and it derivatives with
respect to θ are obtained at θ ¼ 2π=3, the quantities at θ
less than 2π=3 are obtainable by using the Taylor expansion

OðθÞ ¼
X∞

n¼0

1

n!
∂nOðθÞ
∂θn

!!!!
θ¼2π=3

"
θ − 2π

3

#
n
: ð32Þ

To investigate the validity of this Taylor expansion
method, first we consider the perfectly confined phase
with chiral symmetry breaking in Z3-QCD. The phase is
located in a region of T ≲ 200 MeV and μ ≲ 300 MeV. In
QCD with θ ¼ 0, it is very likely that the region includes
the nuclear-matter region at μ ≈ 300 MeV and T ¼ 0.
Figure 8 shows θ dependence of Φ and the quark number

density nq at the point ðμ; TÞ ¼ ð260 MeV; 100 MeVÞ
obtained by the PNJL model. At θ ¼ 2π=3, this point is
in the perfectly confined phase with chiral symmetry

FIG. 7. Schematic figures of the allowed region in the complex
Φ plane. The three bold solid circles represent the values of Z3

element. (a) In the ordinary QCD, the fermion determinant is real
on the bold line. (b) In the theory with Z3 symmetry, the fermion
determinant is real on the three bold lines.

UNDERSTANDING QCD AT HIGH DENSITY FROM A … PHYSICAL REVIEW D 93, 056009 (2016)

056009-7

[H. Kouno, et al., Phys. Rev. D 93, 056009(2016)]

LZ3�QCD =
Nf�

f=1

�̄f (��D�
� + m)�f +

1
4g2

F a
µ�

2

[T. Iritani, et al., JHEP11(2015)159]

Polyakov loop Φ



1-4. 研究目的
✓ QCDにおいて、Z3対称性と符号問題についての 
関係性を調べる 

✓ 格子QCDによる数値計算では、 
　　　　　　　　　　　計算コストが大きくなる 

✓ QCDから導かれるとされる 
　　　“3状態Potts模型(スピン模型)’’を用いて計算 

✓ 模型のZ3対称化前と後で、符号問題の深刻さを比較
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2-1. Potts模型
✓ QCD + 高温・強結合極限 → 3状態Potts模型 
 
 
 
                           “κ大 → 高温, κ小 → 低温”に対応 

✓ QCDのstatic quark極限 … 
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ZPotts =
�
D� exp

�

��
�

<i,j>

�(�i,�j)

�

� {�} = {1, e±i2�/3}

[T. A. DeGrand, and C. E. DeTar, Nucl. Phys. B225 (1983) 590-620 ]

=3

Z =
�
DU exp

�
�SG[U ] + e�(M�µ)/T � + e�(M+µ)/T ��

�

� =
�

d3xtr

�
P exp

�
�

� �

0
dt A4(x, t)

��

[S. Chandrasekharan, Nucl. Phys. (Proc. Suppl.) 94 (2001) 71-78]



2-2. Z3対称化したPotts模型
✓ Potts模型をZ3対称化 … 

✓                         では 
符号問題が起きない 
→符号問題が起きるように 
　“意図的に”スピンを選ぶ(計13状態)
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{�} = {1, e±i2�/3}

Re(Φx)

Im(Φx)

=3

Z =
�

D� e�S

S = ��
�

�i,j�

�(�i,�j)�
�

i

�
g1e

�2M/T |�i|2

+g2e
�3(M�µ)/T (�i)3 + g3e

�3(M+µ)/T (��i )
3
�

g1 = g2 = g3 = 1

[J. Greensite, Phys. Rev. D 90, 114507(2014)]



2-3. Setup, 測定量
✓ 体積：6 * 6 * 6   (スピン模型のため、空間方向のみ)  

✓ パラメータ： 

✓ Order parameter :  

✓ Phase factor :  

✓ Reweighting →

8

|�| =

�����
1

V

X

i

�i

�����

�|�|� =
�|�|e�iSI �
�e�iSI �

0 � µ/M � 1.6, 0.4 � � � 1, M/T = 10

e�iSI , SI = Im[S]

(Polyakov-loop like value)



3-1. 結果：Z3対称化前
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3-2. 結果：Z3対称化後
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Phase factor <|Φ|>
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3-3. 結果：位相因子の比較
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4-1. まとめ

✓ Z3対称性と符号問題の関係について解析した 

✓ 計算コストの観点から、 
　　　QCDから導かれる“3状態Potts模型”を用いた 

✓ Z3対称化を行った模型では、通常模型よりも符号問
題が深刻でなくなることが示された
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4-2. 今後
✓ Z3対称化された模型の作用の形のもととなったもの  

              = “effective Polyakov line model (PLM)” 

✓ この模型にZ3対称化を行うと 
　　　　　　　閉じ込めと非閉じ込めは縮退する 

✓ (右図)上記の効果を 
　　Z3対称化したPotts模型に取り入れた 

✓ 動的変数がゲージ場からPolyakov lineに 
→ Haar measure の効果が必要 

✓ PLMによるZ3対称化の計算を実行する
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ご清聴ありがとうございました



Backup
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Ex 0-1. Z3-Potts model
✓ Action … 

✓ Spin … 
✓ 3 state :   
✓ 4 state :  
✓ 7 state :  

✓ Results … (left:3 state, center:4 state, right:7 state)
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=3

S = ��
�

�i,j�

�(�i,�j)�
�

i

�
e�2M/T |�i|2

+e�3(M�µ)/T (�i)3 + e�3(M+µ)/T (��i )
3
�

{�} = {1, exp[±i2�/3], 0}
{�} = {1, exp[±i2�/3]}

{�} = {1, exp[±i2�/3], 0,
1
3

exp[±i�/3],�1
3
}
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Ex 0-2. Quark number density
✓ quark number density … 

✓ 3 stateの結果が“1”となるよう規格化 

✓ κ = 0.65 
✓ 3 state … 常に1 
✓ 7 state, 13 state …  
μ/M ~ 1で急激に増加 

✓ partition function ~ 0 (?)  
→ Lee-Yang zeros  
          analysesが有効かも

17

nq =
T

V

�

�µ
log Z
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Ex 1. QCD → Potts model
✓ 格子QCDにおいて… 

Nt=1, τ/a << 1 (SU(3)の高温・強結合極限) 
✓ 時間方向を含むプラケット… 
 
                            ↓  

✓ ゲージ作用…
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Un,4i = U(n,0),4i = U(n,0)4U(n,0)iU
†
(n+î,0)4

U†
(n,0)i

U(n,0)4 = zn (zn � Z3)

U(n,0),4i = znz�
n+î

[T. A. DeGrand, and C. E. DeTar, Nucl. Phys. B225 (1983) 590-620 ]

=3

SG = �1
3

�

n

�

�a

�

3�

i=1

Retr(Un,4i) +
�

a

�

i<j

Retr(Un,ij)

�

�� ��a

�

�

n,i

Reznz�
n+î



Ex 2. Static quark limit
✓ Static Quark極限において、 

                                       ,      : Polyakov loop  

✓ quark数    、antiquark数    … 

✓ 化学ポテンシャル μ → Grand Canonical

19
[S. Chandrasekharan, Nucl. Phys. (Proc. Suppl.) 94 (2001) 71-78]

Z =
�
DU �e�SG�m/T

n n̄

Zn,n̄ =

Z
DU

�n

n!

�⇤n̄

n̄!
e�SG[U ]�m(n+n̄)/T

�

Z =

X

n,n̄

Zn,n̄e
µ(n�n̄)/T

=

Z
DU exp

h
�SG[U ] + e�(m�µ)/T

�+ e�(m+µ)/T
�

⇤
i



Ex 3-1. Z3-QCD
✓ 時間方向…フレーバー依存の境界条件(FDBC) 

✓                                  →        でQCDに一致 
✓            → Z3-QCD 

✓ θfによる変換                             により、 
Lagrangian密度が大きく変わらないように再定義 
 
→

20

�f (�, x) = e�i�f �f (0,x)

�1 = �, �2 = ��, �3 = 0 � = 0

� =
2�

3

�f � exp[�i�fT � ]�f

[H. Kouno, et al., Phys. Rev. D 93, 056009(2016)]

D�
� = �� � i(A� + �̂��,4T ), �̂ = diag(0, 2�/3, 4�/3)

LZ3�QCD =
Nf�

f=1

�̄f (��D�
� + m)�f +

1
4g2

F a
µ�

2



Ex 3-2. Z3対称化の手続き
✓ 模型のZ3対称化 … 

1. 化学ポテンシャルμをフレーバー依存の形へ 
 

2. クォークの寄与を、 
フレーバーについて和をとる（作用） 

✓ フレーバー依存の化学ポテンシャルが、模型全体の
Z3対称化に寄与する
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µf � µ�
f = µf + i�f �f = {0, 2�/3,�2�/3}

Sq =
�

f=u,d,s

Sf (µf )

[H. Kouno, et al., Phys. Rev. D 93, 056009(2016)]



Ex 4-1. effective Polyakov line model
✓ Action of the underlying SU(3) gauge theory SL 

                → effective Polyakov line action (PLA) SP 

✓ heavy quark model …

22 [J. Greensite, Phys. Rev. D 90, 114507(2014)]

exp[SP ] =
�

x

det
�
1 + heµ/T Ux

�P det
�
1 + he�µ/T U†

x

�P exp[S0
P ]

exp[SP ] =
�
DU0DUkD�

�
�

x

�
�
Ux � U0(x, 0)

�
�

exp[SL]

=3

det
�
1 + heµ/T Ux

�
= 1 + heµ/T tr[Ux] + h2e2µ/T tr[U†

x] + h3e3µ/T

det
�
1 + he�µ/T U†

x

�
= 1 + he�µ/T tr[U†

x] + h2e�2µ/T tr[Ux] + h3e�3µ/T

=3

� SP = S0
P + 2Nf

�

x

�
log

�
1 + heµ/T tr[Ux] + h2e2µ/T tr[U†

x] + h3e3µ/T
�

+ log
�
1 + he�µ/T tr[U†

x] + h2e�2µ/T tr[Ux] + h3e�3µ/T
��



Ex 4-2. effective Polyakov line model
✓ Z3 symmetrize PLA …   
 
 
 
 
 

✓ Lxについて、  
閉じ込め　：  
非閉じ込め： 
は縮退する

23

Px =
1
3
tr[Ux] , Lx = 9(P 3

x � PxP �
x) + 1

Px = 0

Px = 1, exp
�
±i2�/3

�
� Z3

[J. Greensite, Phys. Rev. D 90, 114507(2014)]

=3

� SP = S0
P + 2

�

x

�
log

�
1 + 3he3µ/T Lx + 3h2e6µ/T L�x + h3e9µ/T

�

+ log
�
1 + 3he�3µ/T L�x + 3h2e�6µ/T Lx + h3e�9µ/T

��



Ex 5. Haar measure
✓ Partition function …  

✓ PLA … dynamical variables :  

✓ Partition function for PLA …

24

Z =
�
DU eS[U ]

tr
�
Ux

�
= ei�1(x) + ei�2(x) + e�i(�1(x)+�2(x))

(�1(x), �2(x))

ZPLA =
�
D�1D�2

�
�

x

H(�1(x), �2(x))

�
exp

�
SP

�

H(�) = sin2

�
�1(x)� �2(x)

2

�
sin2

�
2�1(x) + �2(x)

2

�
sin2

�
�1(x) + 2�2(x)

2

�

[J. Greensite, Phys. Rev. D 90, 114507(2014)]


