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p 1. イントロダクション
p平均ポテンシャルと一粒子運動・集団運動
p対相関

p 2. 平均場理論
p Hartree-Fock, Hartree-Fock-Bogoliubov
p原子核密度汎関数理論

p 3. QRPA
p RPA, QRPA
p 線形応答理論
p 有限振幅法

p 4. 大振幅集団運動の理論
p ボソン展開法
p 生成座標法
p 時間依存Hartree-Fock-Bogoliubov
p 自己無撞着集団座標法

講義計画



前回まで
原子核内の核子：平均ポテンシャル中を運動
平均ポテンシャル：平均場理論(Hartree-Fock)で相互作用から自己無撞着に決定

対相関はBCS、Hartree-Fock-Bogoliubovで記述。準粒子の導入
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HF状態は粒子・空孔に関する真空

HFB状態は準粒子の真空



原子核の変形は実験でわかるのか？

→ 基底状態だけみてもわからない。励起状態に違いが現れる

平均ポテンシャル(密度)の集団振動
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1p1h励起の組み合わせ
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p 低エネルギーの集団振動励起
p 巨大共鳴など
p pairingがない場合は1p1h励起の重ね合わせ(RPA)
p pairingがある場合は2準粒子励起の重ね合わせ(QRPA)

~

励起状態の理論

自由度：たとえば300個の状態に100粒子つまっている場合(100×200)=20000次元

一粒子軌道でみると
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ĥHF = EHF +
X

p

"pd
†
pdp �

X

h

"hb
†
hbh

<latexit sha1_base64="l3jvWMbTrdrrDnK7WF9HjbYoMyE="></latexit><latexit sha1_base64="l3jvWMbTrdrrDnK7WF9HjbYoMyE="></latexit><latexit sha1_base64="l3jvWMbTrdrrDnK7WF9HjbYoMyE="></latexit><latexit sha1_base64="l3jvWMbTrdrrDnK7WF9HjbYoMyE="></latexit>

平均場Hamiltonian
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ĥHF|�HFi = EHF|�HFi
<latexit sha1_base64="n5rzTd1U/NhDV5XfgR1vAQIp4wI="></latexit><latexit sha1_base64="n5rzTd1U/NhDV5XfgR1vAQIp4wI="></latexit><latexit sha1_base64="n5rzTd1U/NhDV5XfgR1vAQIp4wI="></latexit><latexit sha1_base64="n5rzTd1U/NhDV5XfgR1vAQIp4wI="></latexit>
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粒子励起(A+1系)

空孔励起(A-1系)

一粒子的励起

集団励起 残留相互作用によるph励起の重ね合わせ



集団励起
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Hamiltonianはもともと二体以上
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Hartree-Fockでは二体部分はSlater行列式を使って一体場に近似
ph励起状態間の相互作用も考慮する必要がある

Tamm-Dancoff近似(TDA)

励起状態はHF状態のph励起の重ね合わせ
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のうちd+b+db型を取り込む
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†
⌫ |�HFi

<latexit sha1_base64="ofWf/4ZSgMC/Rzar4Gz1dMI7Kos="></latexit><latexit sha1_base64="ofWf/4ZSgMC/Rzar4Gz1dMI7Kos="></latexit><latexit sha1_base64="ofWf/4ZSgMC/Rzar4Gz1dMI7Kos="></latexit><latexit sha1_base64="dO1RVWgbv0QBXFnWGIM/DJuxBX8="></latexit><latexit sha1_base64="Jsw4HFYnp8dPCTkM79dPBSN5P18="></latexit><latexit sha1_base64="Jsw4HFYnp8dPCTkM79dPBSN5P18="></latexit><latexit sha1_base64="/FY7oRzTRdZvcKcmp8aw2hl7gCE="></latexit><latexit sha1_base64="ofWf/4ZSgMC/Rzar4Gz1dMI7Kos="></latexit><latexit sha1_base64="ofWf/4ZSgMC/Rzar4Gz1dMI7Kos="></latexit><latexit sha1_base64="ofWf/4ZSgMC/Rzar4Gz1dMI7Kos="></latexit><latexit sha1_base64="ofWf/4ZSgMC/Rzar4Gz1dMI7Kos="></latexit><latexit sha1_base64="ofWf/4ZSgMC/Rzar4Gz1dMI7Kos="></latexit><latexit sha1_base64="ofWf/4ZSgMC/Rzar4Gz1dMI7Kos="></latexit>



RPA
TDA: 励起状態にはph間の相互作用が取り込まれるが基底状態はHFのまま

乱雑位相近似(random-phase approximation; RPA) 基底状態にも相関を入れる
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のうち、d+b+db, d+d+b+b+, ddbbを取り込む

フォノン演算子の真空として基底状態を定義

基底状態はHF状態
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調和振動子と同じ方程式

Ĥ = EHF +�ERPA +
X

�

~⌦�Ô
†
�Ô�
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QRPA (quasiparticle RPA) pairingがあるとき
O

†
� =

X

µ⌫

X�
µ⌫↵

†
µ↵

†
⌫ � Y �

µ⌫↵⌫↵µ
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二準粒子励起の重ね合わせ
Ĥ � �N̂ = EHFB +�EQRPA +

X

�

~⌦�Ô
†
�Ô�
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遷移強度と巨大共鳴
基底状態|0>から励起状態|λ>への演算子Fによる遷移確率

巨大共鳴(高励起)

集団励起：集団演算子(多重極演算子など)で強く励起される状態

ΔN=2励起(正パリティ)、ΔN=1(負パリティ)
古典的な形状振動

集団低励起：ΔN=0の励起

巨大共鳴の種類
T=0
(アイソスカラー)

T=1
(アイソベクター)

λ=0(単極子共鳴) ISGMR IVGMR
λ=1(双極子共鳴) - (ISGDR) IVGDR
λ=2(四重極共鳴） ISGQR IVGQR

ガモフ・テラー共鳴(F=στ)、スピン巨大共鳴など



QRPA和則
mk(F̂ ) =

X

�

(~⌦⌫)
�|h�|F̂ |0i|2
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和則(sum rule)

和則比は巨大共鳴の平均励起エネルギーとも対応

Ek =

r
mk

mk�2
E�1  E0  E1  Ē ⌘ m1

m0
 E2

いくつかの和則は平均場から直接計算できる
Thoulessの定理(k=1, energy-weighted sum rule)

Thouless, Nucl. Phys. 22, 78 (1961)

5

applied for the variable 1/! for describing the divergent
increase at around ! = 0. The contour radii were set to
RA1 = 200MeV and RA2 = 1MeV, since in this partic-
ular test case, the smallest and largest energy MQRPA
solution is at 1.3MeV and 128.7MeV, respectively. In
order to systematically evaluate our numerical procedure
between di↵erent moments k, we used the same contour
D for all moments, without simplifying the path as in
Table I.

As for the external field we considered the following
isoscalar/isovector monopole/quadrupole operators

F̂
ISM =

eZ

A

AX

i=1

r
2

i , (15)

F̂
IVM =

eZ

A

NX

i=1

r
2

i �
eN

A

ZX

i=1

r
2

i , (16)

F̂
ISQ =

eZ

A

AX

i=1

r
2

i Y20(✓i,'i) , (17)

F̂
IVQ =

eZ

A

NX

i=1

r
2

i Y20(✓i,'i)�
eN

A

ZX

i=1

r
2

i Y20(✓i,'i) .

(18)

The above set of operators belongs to K
⇡ = 0+ sec-

tor, and in the same sector neutron and proton pairing
rotational spurious modes may exists, associated to the
breaking of the particle number symmetry. These modes
are generated by the neutron and proton particle number
operators and cannot be excited by above particle-hole
type operators even though they have the same quantum
numbers due to the fact that number operators commute
with other particle-hole operators. Thus the separation
of the spurious mode, as described in Ref. [21], is not
necessary in the present case [23].

To begin with, we checked the convergence of the inte-
gration along A1, A2, and I1 with respect of the number
of integration points, as listed in Tables II, III, and IV,
respectively, by using the isoscalar monopole operator.
From Table II, the integrated values along A1 for nega-
tive k are shown to be small. Analytically, these values
are zero for odd k < 0, thus providing a reflection of the
numerical accuracy of the present calculation. As for the
positive k, the convergence is faster for odd k than even
k. The convergence for k = 1 is excellent, since 6 digits
convergence is achieved already with NA1 = 5. Neverthe-
less, more integration points are necessary for k = 3 and
other positive k. As mentioned, the integration along A1

already contains the whole sum rule for m1 and m3, thus
the results of Table II show that the sum rules of our ma-
jor interest can be computed very e�ciently. Moreover,
the FAM calculation along the A1 arc also converge very
fast, with typically only 6 iterations, since the A1 arc is
located very far from the QRPA poles on the real axis.
In addition to this, each FAM calculation at a given !

along the contour is very easily parallelizable, and this
could significantly reduce the total computational time,

although not so many points are required for the conver-
gence for the m1 and m3 values.
Table III shows the convergence of the integration

along the A2 arc. This part of the contour is required
for the sum rules with negative k. The most important
quantity in the practice in Table III is the inverse energy-
weighted sum rule m�1. The value of m�1 converges
here with NA2 = 16 points, requiring thus more integra-
tion points compared to the case ofm1 andm3 sum rules.
Furthermore, more iterations are required to achieve rea-
sonable convergence in each FAM calculation along the
A2 arc. In the present case typically 50 FAM iterations
are necessary for each !. The choice of the RA2 is more
di�cult than that of RA1 . The radius RA2 has to be
smaller than the lowest QRPA pole, whose energy is not
known in advance, however, on the other hand, the con-
vergence of the FAM calculation for negative k becomes
worse when RA2 is too close to zero.
Table IV shows the convergence of the integrated val-

ues along the imaginary axis I1. As was discussed, this
integration is non-zero only for even k. Simpson’s rule
was used for the positive and negative k, which makes the
convergence fast for the values with large k. The conver-
gence for k = 0 is rather slowly achieved compared with
k = 4 and �4, since the Simpson’s formula approximates
the integrand with the quadratic functions, and the FAM
response function without energy weight cannot be well
approximated with quadratic terms.
To conclude this Section, the sum rules for the isoscalar

and isovector monopole operators are shown in Table V
and compared with the sum rule values computed using
MQRPA (direct evaluation of the r.h.s. of Eq. (14) by
using the matrix QRPA solutions). As shown, the sum
rule from the contour integration reproduces the corre-
sponding values obtained from MQRPA. The results in-
dicate that this technique enables to access to the precise
sum rule values of all energy moments of interest even in
the larger model space where the MQRPA calculation
without additional model space truncation is not possi-
ble. The table also shows the convergence (of integration
along A2) is not enough for k = �4 sum rule which, how-
ever, is not as important as other energy moments shown
there.

B. Thouless theorem for energy-weighted sum rule

Thouless theorem gives the relation between the
energy-weighted sum rules m1(F̂ ) for isoscalar operators

F̂ =
PA

i=1
f(r̂i) or isovector operators F̂ =

PA
i=1

f(r̂i)⌧̂3
and the expectation value of the double commutator at
the ground state [8]

m1(F̂ ) =
1

2
h[F̂ , [Ĥ, F̂ ]]i = 1

2
h[F̂ , [T̂ , F̂ ]]i(1 + )

=
~2
2m

Z
|rf(r)|2⇢(r)dr(1 + ) , (19)k=3,5,...にも同様の定理が存在

誘電定理(k=-1, dielectric theorem)

7

where T̂ is the kinetic energy term in the Hamiltonian,
and  is the enhancement factor which is present in the
case when F̂ is the isovector operator, and shows the
contribution from the residual interaction. Expressions of
the theorem for the operators (15)-(18) are summarized
in Appendix A.

This theorem is exact when both the ground state and
the excited states are many-body shell model states, and
has been proven for the case the expectation value is
taken within the HF approximation with m1 sum rule is
computed with the RPA [13]. This was also extended to
the HFB and QRPA case [14].

In the case of HF, the expression (19) also holds for
Skyrme force due to the �-character of the momentum-
dependent terms [9, 10]. However, as pointed out in
Ref. [12], the theorem has not been proven for a general-
ized EDF which does not have relation with underlying
e↵ective Hamiltonian operator. Therefore the commuta-
tion relation may not hold.

This is usually the case in the HFB approximation
when using Skyrme EDF, since the pairing functional
does not originate from the same Skyrme interaction.
Also, the use of Slater approximation with Coulomb ex-
change is another source of a deviation from a Hamilto-
nian. In addition to these, the typical approximation to
omit tensor part of the Skyrme EDF also results discrep-
ancy between EDF and e↵ective interaction [36]. To the
best of our knowledge, Thouless theorem has not been
proven in the case of a generalized EDF.

In the following, we refer the value (19) as “HFB value”
of the energy-weighted sum rule. In Table VI the energy-
weighted sum rules from the HFB and FAM are shown
and compared with di↵erent size of the model space. In
small model space ofNsh = 5 there is a non-negligible dif-
ference between the sum rule obtained from the FAM and
Eq. (19). The di↵erence becomes smaller with increasing
the model space. The relatively larger di↵erence we ob-
serve at small Nsh is based on poor representation of the
operator F̂ in the small basis space, and the derivative
of the function f(r̂) in Eq. (19) is not performed accu-
rately. In spite of the fact that SLy4 functional com-
bined with volume pairing cannot be related to under-
lying e↵ective Hamiltonian, the numerical results show
that Thouless theorem provides a reasonably good ap-
proximation about the value of the sum rule for Skyrme
EDF case.

The time-odd part of the Skyrme EDF reads

Eodd =
X

t=0,1

⇥
C

s
t (⇢0)s

2

t + C
�s
t st ·�st

+ C
j
t j

2

t + C
rj
t st · (r⇥ jt) + C

T
t st · Tt

⇤
. (20)

By taking the Skyrme interaction as a starting point, the
time-odd and time-even coupling constants of the Skyrme
EDF are related to each other. That is, by fixing time-
even coupling constants, the time-odd part becomes also
determined. This choice also guarantees the gauge in-
variance of the EDF [37]. In the EDF picture, however,

coupling constants of time-odd part could be treated as
an independent parameters, of which some of them can
be constrained by the gauge invariance [38, 39]. With
gauge invariance kept and tensor terms excluded, the last
term of Eq. (20), proportional to C

T
t , vanishes. For a

normal HFB calculation of an even-even nucleus, where
time-reversal symmetry is not broken, the time-odd part
does not contribute, and so it does not a↵ect the HFB
value (19). However, when time-reversal symmetry be-
comes broken, like the case of FAM calculation, these
terms become active.

As shown in Table VI, the current-current term C
j
t j

2

t is
necessary to reproduce approximately the HFB value of
the energy-weighted sum rule of the multipole operators
considered here. This indicates that with the given tran-
sition operator, the gauge invariance of the term ⇢⌧ � j2

should not be broken when linking Thouless theorem and
QRPA sum rules. Other terms in the time-odd functional
do not change the energy-weighed sum rule. The local
gauge symmetry also connects the term with C

rj
t to the

spin-orbit term C
rJ
t , but the numerical results show this

term does not a↵ect the energy-weighted sum rule of mul-
tipole operators.

C. Dielectric theorem for inverse energy-weighted

sum rule

The dielectric theorem connects the inverse-energy-
weighted sum rule with the potential energy curvature.
This theorem was proposed in Ref. [9] for the HF case,
and it has been proven in the HFB framework in Ref. [19].
From the dielectric theorem, the inverse energy-weighted
sum rule is computed from the relation

m�1(F̂ ) =
1

2

@
2

@�2
E [R(�)]

����
�=0

=
1

2

@ h�(�)| F̂ |�(�)i
@�

�����
�=0

,

(21)

where the generalized density R(�) is computed from the
HFB state |�(�)i which is obtained by minimizing the
ground state energy with a linear constraint ��F̂ . We
use the latter relation to compute the m�1 sum rule.
The derivative is evaluated with a finite di↵erence of
�� = 0.0001MeV e�1 fm�2. The m�1 values computed
from the dielectric theorem are listed and compared with
those obtained from the FAM in Table VII. Good agree-
ment is already found in Nsh = 5 model space where
m�1 is not converged yet against the size of the model
space, indicating that the theorem works well, indepen-
dently of the size of the model space. This is consistent
with the proof in Ref. [19] which is valid for any size of
quasiparticle configurational space.

|φ(λ)>線形拘束-λFで計算したHFB状態

QRPAコードのチェック、近似の妥当性をみるのみも使われる



QRPA計算例
巨大共鳴

双極子巨大共鳴

Yoshida and Nakatsukasa, Phys. Rev. C 83, 021304(R) (2011)

Skyrme SkM* functional

Terasaki and Engel, Phys. Rev. C 84, 014332 (2011)

γ振動

Lorentzian smearing dB

d!
=

�

2⇡

X

�>0

 
|h�|F̂ |0i|2

(⌦� � !)2 + �2
� |h�|F̂ †|0i|2

(⌦� + !)2 + �2

!
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低励起集団状態

QRPA解は行列の固有値・固有ベクトルで離散的



QRPA解とHFB状態の安定性
QRPA方程式の性質 X,Y, Ωが解であれば、 Y*, X*, -Ωも解
HFBが安定解であればすべてのΩは実数(正と負)
HFBが不安定であれば虚数となるΩが存在

安定解

ある変位(ph自由度、変形度など)任意の変位(ph自由度、変形度など)

不安定解

例えば対称性に制限のあるコードでHFB方程式を解くと不安定解が現れる
・球対称コードで計算したHFB解が変形の自由度に対して不安定
・軸対称変形コードで計算したHFB解が非軸対称変形に対して不安定
・パリティ対称性を課して計算したHFB解がY30変形に対して不安定

QRPA解の性質をみることでHFB解の安定性がわかる

RPA解の詳細な構造：Nakada, Prog. Theor. Exp. Phys. 2016, 063D02, 2017, 023D03



QRPA方程式のPQ表示
QRPA方程式 [Ĥ, Ô

†
�] = ~⌦�Ô

†
�
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調和振動子と同じ形→座標・運動量による表示が可能

P̂� =
1

i

r
M�~⌦�

2
(Ô� � Ô

†
�)
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Ĥ � �N̂ = EHFB � 1
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PQ表示のQRPA方程式

P, Qはエルミート演算子
P̂� =

X

µ<⌫

P�
µ⌫↵

†
µ↵

†
⌫ + P�⇤

µ⌫↵⌫↵µ
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RPA方程式のPQ表示
RPA方程式 ✓

A B
B⇤ A⇤

◆✓
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M�

✓
P�

P�⇤

◆

<latexit sha1_base64="ay1p/y1V666Lii+dDfWCQmIozII="></latexit><latexit sha1_base64="ay1p/y1V666Lii+dDfWCQmIozII="></latexit><latexit sha1_base64="ay1p/y1V666Lii+dDfWCQmIozII="></latexit><latexit sha1_base64="ay1p/y1V666Lii+dDfWCQmIozII="></latexit>

規格化 �
Q�⇤ Q�

�✓ P�0

�P�0⇤

◆
= i~���0

<latexit sha1_base64="5+TPi0rSNAnhMgl3I5TeRaa+CQE="></latexit><latexit sha1_base64="5+TPi0rSNAnhMgl3I5TeRaa+CQE="></latexit><latexit sha1_base64="5+TPi0rSNAnhMgl3I5TeRaa+CQE="></latexit><latexit sha1_base64="5+TPi0rSNAnhMgl3I5TeRaa+CQE="></latexit>

A,B行列が実数のときはQRPAで対角化する行列の次元を半分にできる

(A+B)(A�B)Q� = ~2⌦2
�Q

�
<latexit sha1_base64="f4mGDqUvalsqLowwg878g0Og5BQ="></latexit><latexit sha1_base64="f4mGDqUvalsqLowwg878g0Og5BQ="></latexit><latexit sha1_base64="f4mGDqUvalsqLowwg878g0Og5BQ="></latexit><latexit sha1_base64="f4mGDqUvalsqLowwg878g0Og5BQ="></latexit>



QRPAと対称性
HFB解での連続対称性の破れ：平均ポテンシャル(一体場で対称性が破れている)

・並進対称性
・回転対称性(変形)
・ゲージ対称性(対相関)

もともとのHamiltonianは対称性を持っているが一体平均場のHamiltonian
では自発的に対称性が破れる(P: 破れた対称性の演算子)

[Ĥ, P̂ ] = 0
<latexit sha1_base64="OIHWmO6Bn/WXROQgh7mG8rJQWOA="></latexit><latexit sha1_base64="OIHWmO6Bn/WXROQgh7mG8rJQWOA="></latexit><latexit sha1_base64="OIHWmO6Bn/WXROQgh7mG8rJQWOA="></latexit><latexit sha1_base64="OIHWmO6Bn/WXROQgh7mG8rJQWOA="></latexit>

[ĥHFB, P̂ ] 6= 0
<latexit sha1_base64="M4j9PC+A/f2Y+NEtSQbwoBcsXc4="></latexit><latexit sha1_base64="M4j9PC+A/f2Y+NEtSQbwoBcsXc4="></latexit><latexit sha1_base64="M4j9PC+A/f2Y+NEtSQbwoBcsXc4="></latexit><latexit sha1_base64="M4j9PC+A/f2Y+NEtSQbwoBcsXc4="></latexit>

[Ĥ, P̂�] = i~⌦2
�M�Q̂�

<latexit sha1_base64="+KdrxT47/sah9xT3AcuQ6gjOFww="></latexit><latexit sha1_base64="+KdrxT47/sah9xT3AcuQ6gjOFww="></latexit><latexit sha1_base64="+KdrxT47/sah9xT3AcuQ6gjOFww="></latexit><latexit sha1_base64="+KdrxT47/sah9xT3AcuQ6gjOFww="></latexit>

[Ĥ, Q̂�] = � i~
M�

P̂�
<latexit sha1_base64="uVa22vtvsIHKsntN0bbz0EoFF/Q="></latexit><latexit sha1_base64="uVa22vtvsIHKsntN0bbz0EoFF/Q="></latexit><latexit sha1_base64="uVa22vtvsIHKsntN0bbz0EoFF/Q="></latexit><latexit sha1_base64="uVa22vtvsIHKsntN0bbz0EoFF/Q="></latexit>

PQ表示のQRPA方程式

✓
A B
B⇤ A⇤

◆✓
P

�P ⇤

◆
= 0

<latexit sha1_base64="duhdJHEMDDcu6w/MUtxHdhsffqU="></latexit><latexit sha1_base64="duhdJHEMDDcu6w/MUtxHdhsffqU="></latexit><latexit sha1_base64="duhdJHEMDDcu6w/MUtxHdhsffqU="></latexit><latexit sha1_base64="duhdJHEMDDcu6w/MUtxHdhsffqU="></latexit>

[Ĥ, P̂ ] = 0
<latexit sha1_base64="OIHWmO6Bn/WXROQgh7mG8rJQWOA="></latexit><latexit sha1_base64="OIHWmO6Bn/WXROQgh7mG8rJQWOA="></latexit><latexit sha1_base64="OIHWmO6Bn/WXROQgh7mG8rJQWOA="></latexit><latexit sha1_base64="OIHWmO6Bn/WXROQgh7mG8rJQWOA="></latexit>

対称性が破れた系でのPはRPAのゼロ・エネルギー解(spurious解)
HFBで自発的に破れた対称性はQRPAで回復(南部・ゴールドストーンモード)



対称性の自発的破れと南部・ゴールドストーンモード

系が自発的に対称性が破れると状態が無限に縮退する
対称性を回復するゼロ・エネルギー集団モード
(南部・ゴールドストーン)が発生

破れた対称性 平均場 南部・ゴールドストーン解
(QRPA)

Kπ
(量子数)

並進対称性 重心が原点に固定 重心運動 1-

回転対称性
SU(2)

変形 集団回転
z軸対称：x軸 or y軸回転
非軸対称：３次元回転

1+, 2+

粒子数保存
(U(1)ゲージ対称性)

対凝縮・超伝導 対回転 0+

アイソスピン対称性 中性子ー陽子混合 アイソスピン回転 0+



QRPAのゼロ・エネルギー解

もともとのHamiltonianは対称性を持っているが一体平均場のHamiltonian
では自発的に対称性が破れる(P: 破れた対称性の演算子)

[Ĥ, Q̂�] = � i~
M�

P̂�
<latexit sha1_base64="uVa22vtvsIHKsntN0bbz0EoFF/Q="></latexit><latexit sha1_base64="uVa22vtvsIHKsntN0bbz0EoFF/Q="></latexit><latexit sha1_base64="uVa22vtvsIHKsntN0bbz0EoFF/Q="></latexit><latexit sha1_base64="uVa22vtvsIHKsntN0bbz0EoFF/Q="></latexit>

P: 破れた対称性の演算子(既知)
Q: 対称性演算子と正準共役な座標演算子(未知)
M: 慣性質量(QPRA mass, 未知)

XY表示では計算できない(規格化できない)
✓
A B
B⇤ A⇤

◆✓
X�

Y �

◆
= ~⌦�

✓
1 0
0 �1

◆✓
X�

Y �

◆

<latexit sha1_base64="dmtcsx6b6PIVK8TnsbEjbYwjv/4="></latexit><latexit sha1_base64="dmtcsx6b6PIVK8TnsbEjbYwjv/4="></latexit><latexit sha1_base64="dmtcsx6b6PIVK8TnsbEjbYwjv/4="></latexit><latexit sha1_base64="dmtcsx6b6PIVK8TnsbEjbYwjv/4="></latexit>

[Ĥ, P̂�] = 0
<latexit sha1_base64="w+b869C1z3mrm8LpAHsaHF6grmo="></latexit><latexit sha1_base64="w+b869C1z3mrm8LpAHsaHF6grmo="></latexit><latexit sha1_base64="w+b869C1z3mrm8LpAHsaHF6grmo="></latexit><latexit sha1_base64="w+b869C1z3mrm8LpAHsaHF6grmo="></latexit>

平均場 P Q M
重心を固定 重心運動量演算子 重心座標演算子 全質量(mA)
軸対称変形核(対称軸z) 角運動量演算子Jx, 

Jy
回転角演算子 慣性モーメント

(MOI)

超伝導状態 粒子数演算子 対回転角演算子 対回転のMOI

陽子・中性子混合 アイソスピン演算
子

アイソスピン回転
角演算子

アイソスピン回
転のMOI

h�HFB|[Q̂�, P̂�]|�HFBi = i~
<latexit sha1_base64="78fu+vkF2jZ6zXhL31YcFytCHfc="></latexit><latexit sha1_base64="78fu+vkF2jZ6zXhL31YcFytCHfc="></latexit><latexit sha1_base64="78fu+vkF2jZ6zXhL31YcFytCHfc="></latexit><latexit sha1_base64="78fu+vkF2jZ6zXhL31YcFytCHfc="></latexit>

Ĥ � �N̂ = EQRPA +
X

�>0

~⌦�Ô
†
�Ô� +

X

µ

P̂
2
µ

2Mµ
<latexit sha1_base64="NnUbbhopeWyB2/tWdMxE7uopPeQ="></latexit><latexit sha1_base64="NnUbbhopeWyB2/tWdMxE7uopPeQ="></latexit><latexit sha1_base64="NnUbbhopeWyB2/tWdMxE7uopPeQ="></latexit><latexit sha1_base64="NnUbbhopeWyB2/tWdMxE7uopPeQ="></latexit>

MNG = 2[PR
NG(A+B)�1PR

NG + P I
NG(A�B)�1P I

NG]
<latexit sha1_base64="lNH15384LrRmi7fa5Zya2jX2b0s="></latexit><latexit sha1_base64="lNH15384LrRmi7fa5Zya2jX2b0s="></latexit><latexit sha1_base64="lNH15384LrRmi7fa5Zya2jX2b0s="></latexit><latexit sha1_base64="lNH15384LrRmi7fa5Zya2jX2b0s="></latexit>

NG解からのエネルギーの寄与
PNG = PR

NG + iP I
NG

<latexit sha1_base64="lFveod1S50RyxgehnG5NJvShTgQ="></latexit><latexit sha1_base64="lFveod1S50RyxgehnG5NJvShTgQ="></latexit><latexit sha1_base64="lFveod1S50RyxgehnG5NJvShTgQ="></latexit><latexit sha1_base64="lFveod1S50RyxgehnG5NJvShTgQ="></latexit>



回転対称性の破れの場合

回転バンド
軸対称変形状態(平均場)

回転エネルギー

J=0
J=2J=4
J=6

J=8

対称性を破った変形状態
(物体固定系)

対称性の回復した状態
(実験室系)

NGモードの励起
(回転)

z’
x’

y’
z

x

y

角運動量演算子の固有状態
(J mixed)

E(J) =
~2

2Jrot
J(J + 1)

変形核の計算：主軸の固定が必須
(固定しないと反復が収束しない)

h�HFB|x̂ŷ|�HFBi =0

h�HFB|ŷẑ|�HFBi =0

h�HFB|ẑx̂|�HFBi =0
<latexit sha1_base64="Ef7ct/5tazCAqonl3X6hg+fDot4="></latexit><latexit sha1_base64="Ef7ct/5tazCAqonl3X6hg+fDot4="></latexit><latexit sha1_base64="Ef7ct/5tazCAqonl3X6hg+fDot4="></latexit><latexit sha1_base64="Ef7ct/5tazCAqonl3X6hg+fDot4="></latexit>

主軸がずれた状態：同一エネルギーのHFB状態(縮退)
|�0

HFB
(✓)i = ei✓Ĵx |�HFBi

<latexit sha1_base64="KSS6XVlQSZn5suOi2Bv8acMeSgs="></latexit><latexit sha1_base64="KSS6XVlQSZn5suOi2Bv8acMeSgs="></latexit><latexit sha1_base64="KSS6XVlQSZn5suOi2Bv8acMeSgs="></latexit><latexit sha1_base64="KSS6XVlQSZn5suOi2Bv8acMeSgs="></latexit>

回転対称性が破れたHFB状態は無限に縮退

NGモードは慣性系の変換(物体固定系↔実験室系)



回転の慣性モーメント

Petrík and Kortelainen, Phys. Rev. C 97, 034321 (2018)

Jexp =
3

E(2+1 )
<latexit sha1_base64="KzO9tbW1ssfS3GAXczzNRQnxdyQ="></latexit><latexit sha1_base64="KzO9tbW1ssfS3GAXczzNRQnxdyQ="></latexit><latexit sha1_base64="KzO9tbW1ssfS3GAXczzNRQnxdyQ="></latexit><latexit sha1_base64="KzO9tbW1ssfS3GAXczzNRQnxdyQ="></latexit>

軸対称変形核：回転対称性の破れ
南部・ゴールドストーンモード：集団回転運動(対称軸(z)と直交する軸周り(x,y))
QRPAによる慣性モーメント：Thouless-Valatinの慣性モーメント

Belyaevの慣性モーメント：QRPAで残留相互作用vをゼロにしたもの

JBelyaev = 2
X

µ⌫

|h�HFB|Ĵx|µ⌫i|2

Eµ + E⌫
<latexit sha1_base64="61STRUyBcsSgYj6ohvRrfG2nO4s="></latexit><latexit sha1_base64="61STRUyBcsSgYj6ohvRrfG2nO4s="></latexit><latexit sha1_base64="61STRUyBcsSgYj6ohvRrfG2nO4s="></latexit><latexit sha1_base64="61STRUyBcsSgYj6ohvRrfG2nO4s="></latexit>

JTV = 2J⇤
x(A+B)�1Jx

<latexit sha1_base64="jxAVtXzFT+XElkG7gitrPw/SjUE="></latexit><latexit sha1_base64="jxAVtXzFT+XElkG7gitrPw/SjUE="></latexit><latexit sha1_base64="jxAVtXzFT+XElkG7gitrPw/SjUE="></latexit><latexit sha1_base64="jxAVtXzFT+XElkG7gitrPw/SjUE="></latexit>

実験値

対相関：慣性モーメントを小さくする(0+のエネルギーを相対的に下げる)
残留相互作用の効果はBelayevと比べて30%ほど



超伝導状態とゲージ対称性
BCS状態: Bogoliubov準粒子の真空

|�BCSi =
Y

i

↵i↵ī|0i =
Y

i

(ui + via
†
ia

†
ī
)|0i

<latexit sha1_base64="xYYg2OIHz9KPSXfMUpecGPAWVXE="></latexit><latexit sha1_base64="xYYg2OIHz9KPSXfMUpecGPAWVXE="></latexit><latexit sha1_base64="xYYg2OIHz9KPSXfMUpecGPAWVXE="></latexit><latexit sha1_base64="xYYg2OIHz9KPSXfMUpecGPAWVXE="></latexit>

↵µ|�BCSi = 0
<latexit sha1_base64="jkEHIHUi7zL5a1wi4JCrN0MohHk="></latexit><latexit sha1_base64="jkEHIHUi7zL5a1wi4JCrN0MohHk="></latexit><latexit sha1_base64="jkEHIHUi7zL5a1wi4JCrN0MohHk="></latexit><latexit sha1_base64="jkEHIHUi7zL5a1wi4JCrN0MohHk="></latexit>

粒子数保存を破る(軌道i,ibarに粒子対がある状態とない状態の重ね合わせ)
ui(非占有率)とvi(占有率)の２つの量：相対位相(新しい自由度)
通常のBCS/HFB計算ではuiとviは実数に選ぶ(位相の固定)

N̂ =
X

i>0

a†iai + a†
ī
aī

<latexit sha1_base64="ItqEvTsw9PmBbnINOt92POsDShY="></latexit><latexit sha1_base64="ItqEvTsw9PmBbnINOt92POsDShY="></latexit><latexit sha1_base64="ItqEvTsw9PmBbnINOt92POsDShY="></latexit><latexit sha1_base64="ItqEvTsw9PmBbnINOt92POsDShY="></latexit>

|�0
BCS(�)i = ei�N̂ |�BCSi =

Y

i

(ui + vie
2i�a†ia

†
ī
)|0i

<latexit sha1_base64="C+OHOIwpYLxP8rlFVcn95/uxwf4="></latexit><latexit sha1_base64="C+OHOIwpYLxP8rlFVcn95/uxwf4="></latexit><latexit sha1_base64="C+OHOIwpYLxP8rlFVcn95/uxwf4="></latexit><latexit sha1_base64="C+OHOIwpYLxP8rlFVcn95/uxwf4="></latexit>

粒子数演算子
ゲージ回転の角運動量演算子 φ：ゲージ角

(ui, vi) ! (uie
�i�, vie

i�)
<latexit sha1_base64="Yj//VS3JmbNYtbjqGqxYoe7lCqE="></latexit><latexit sha1_base64="Yj//VS3JmbNYtbjqGqxYoe7lCqE="></latexit><latexit sha1_base64="Yj//VS3JmbNYtbjqGqxYoe7lCqE="></latexit>

Bogoliubov変換 で
(a†i , ai) ! (a†ie

i�, aie
�i�)

<latexit sha1_base64="wHS+Bf5P1ZrZ2pqB+C+4CUcIjxc="></latexit><latexit sha1_base64="wHS+Bf5P1ZrZ2pqB+C+4CUcIjxc="></latexit><latexit sha1_base64="wHS+Bf5P1ZrZ2pqB+C+4CUcIjxc="></latexit><latexit sha1_base64="wHS+Bf5P1ZrZ2pqB+C+4CUcIjxc="></latexit>

反交換関係は不変

とするのと同じ↵†
i =uia

†
i � viaī

↵†
ī
=uia

†
ī
+ viai

<latexit sha1_base64="OrpRz+/sRwO/qAwhyXyNn5Cijao="></latexit><latexit sha1_base64="OrpRz+/sRwO/qAwhyXyNn5Cijao="></latexit><latexit sha1_base64="OrpRz+/sRwO/qAwhyXyNn5Cijao="></latexit><latexit sha1_base64="OrpRz+/sRwO/qAwhyXyNn5Cijao="></latexit>

⇢ij =
X

µ>0

(V ⇤
iµVjµ + V ⇤

iµ̄Vjµ̄)
<latexit sha1_base64="YaPmvbLkQ735JoKP9y5tasdO33o="></latexit><latexit sha1_base64="YaPmvbLkQ735JoKP9y5tasdO33o="></latexit><latexit sha1_base64="YaPmvbLkQ735JoKP9y5tasdO33o="></latexit><latexit sha1_base64="YaPmvbLkQ735JoKP9y5tasdO33o="></latexit>

ij =
X

µ>0

(V ⇤
iµUjµ + V ⇤

iµ̄Ujµ̄)
<latexit sha1_base64="jJHxKrbj6/bdYx3eyXtBms99otM="></latexit><latexit sha1_base64="jJHxKrbj6/bdYx3eyXtBms99otM="></latexit><latexit sha1_base64="jJHxKrbj6/bdYx3eyXtBms99otM="></latexit><latexit sha1_base64="jJHxKrbj6/bdYx3eyXtBms99otM="></latexit>

密度行列はゲージ回転不変
Hartree-Fockポテンシャルも不変
対密度行列は回転
対ポテンシャルも回転

ゲージ回転はHFでは見えない。超伝導状態で初めて現れる自由度

ij(�) = h�0
HFB

(�)|cjci|�0
HFB

(�)i = e�2i�ij(0)
<latexit sha1_base64="Yug930mbI0qvInHeNecwFAzLqP8="></latexit><latexit sha1_base64="Yug930mbI0qvInHeNecwFAzLqP8="></latexit><latexit sha1_base64="Yug930mbI0qvInHeNecwFAzLqP8="></latexit><latexit sha1_base64="Yug930mbI0qvInHeNecwFAzLqP8="></latexit>

�ij [] =
1

2

X

kl

v̄ijklkl

<latexit sha1_base64="RGcAefkrGZJtKWXhaCd8kV0/hsU="></latexit><latexit sha1_base64="RGcAefkrGZJtKWXhaCd8kV0/hsU="></latexit><latexit sha1_base64="RGcAefkrGZJtKWXhaCd8kV0/hsU="></latexit><latexit sha1_base64="RGcAefkrGZJtKWXhaCd8kV0/hsU="></latexit>

�ij(�) = e�2i��ij(0)
<latexit sha1_base64="Qp8yVIjV4bZDT/eLytrnp6VHVas="></latexit><latexit sha1_base64="Qp8yVIjV4bZDT/eLytrnp6VHVas="></latexit><latexit sha1_base64="Qp8yVIjV4bZDT/eLytrnp6VHVas="></latexit><latexit sha1_base64="Qp8yVIjV4bZDT/eLytrnp6VHVas="></latexit>



ゲージ対称性の破れと対回転

超伝導状態
(複素位相がそろった状態)

E(N) =
1

2JN
(N �N0)

2

対称性を破った超伝導状態
(物体固定系)

対称性を回復した状態
(実験室系)

粒子数演算子の
固有状態

N=N0
N=N0±2
N=N0±4
N=N0±6

N=N0±8

(N mixed)

NGモード励起
(対回転)

対回転バンド対回転エネルギー

BCS/HFBではu,v波動関数を
実数としてゲージ角を固定

|�0
HFB

(�)i = ei�N̂ |�HFBi
<latexit sha1_base64="kzlJgiu9xfavqOOGpJdX6/QCVeg="></latexit><latexit sha1_base64="kzlJgiu9xfavqOOGpJdX6/QCVeg="></latexit><latexit sha1_base64="kzlJgiu9xfavqOOGpJdX6/QCVeg="></latexit><latexit sha1_base64="kzlJgiu9xfavqOOGpJdX6/QCVeg="></latexit>

ゲージ回転した状態：HFB状態と縮退

ゲージ対称性が破れたHFB状態は無限に縮退

NGモードは慣性系の変換(物体固定系↔実験室系)



対回転の慣性モーメント

NH and Nazarewicz, Phys. Rev. Lett.  116, 152502 (2016)

超伝導核(対凝縮)：ゲージ対称性の破れ
南部・ゴールドストーンモード：ゲージ回転運動(U(1))
QRPAによる慣性モーメント：Thouless-Valatinの慣性モーメント

実験値

対相関による対称性の破れは偶々核の二重束縛エネルギー差からも見える
魔法数N=50, 82, 126では対凝縮していない

JTV = 2N(A+B)�1N
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N N

Sn Pb

E(N) = E(N0) + �(N0)�N +
(�N)2

2J (N0)
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Jexp(N) =
4

E(N + 2)� 2E(N) + E(N � 2)
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中性子の対回転慣性モーメントの計算例



中性子・陽子両方のゲージ対称性が破れた場合
中性子と陽子のゲージ対称性が破れた場合
(Δn≠0 and Δp≠0, U(1)nxU(1)p)
[ĤHFB, N̂n] 6= 0 [ĤHFB, N̂p] 6= 0

formal theory: Marshalek, Nucl. Phys. A 275,416 (1977)
first calculation: NH, Phys. Rev. C 92,034321 (2015)

QRPA固有状態の南部=ゴールドストンモードは
中性子と陽子の線形結合
(中性子ー陽子間の残留相互作用のため)

N̂1 = N̂n cos ✓ + ↵N̂p sin ✓

N̂2 = �N̂n sin ✓ + ↵N̂p cos ✓
[ĤHFB, N̂1] 6= 0 [ĤHFB, N̂2] 6= 0

E(N,Z) = E(N0, Z0) + �1(N0, Z0)�N1 + �2(N0, Z0)�N2 +
(�N1)2

2J1(N0, Z0)
+

(�N2)2

2J2(N0, Z0)

Epairrot(N,Z) =
(�N)2

2Jnn(N0, Z0)
+

2(�N)(�Z)

2Jnp(N0, Z0)
+

(�Z)2

2Jpp(N0, Z0)

中性子の対回転エネルギー
陽子の対回転エネルギー

陽子・中性子の空間での２次元回転



中性子・陽子のゲージ対称性が破れた場合

p 3つの慣性モーメント(Jnn,Jnp,Jpp)は実験データとよく一致

中性子と陽子の対回転モードの混合の証拠

Er(Z=68)同位体、N=100同中性子体(すべてプロレート変形)



線形応答理論
QRPAのもう一つの定式化

F̂ (t) = ⌘
⇣
F̂ e�i!t + F̂ †ei!t

⌘
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時間に依存する外場
Fは例えばアイソベクトル双極演算子、四重極演算子など
ηは小さい数

TDHFB(時間依存HFB)方程式
i
@↵µ(t)

@t
= [Ĥ(t) + F̂ (t),↵µ(t)]
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�h�(t)|Ĥ � i~ @

@t
|�(t)i = 0
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↵†
µ(t) =

X

k

h
Ukµ(t)c

†
k + Vkµ(t)ck

i
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時間変化するHFB状態(Slater行列式)を考える

準粒子が時間変化

F̂ =
X

µ<⌫

F 20
µ⌫↵

†
µ↵

†
⌫ + F 02

µ⌫↵⌫↵µ
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Ĥ(t) = Ĥ0 + ⌘

h
�Ĥ(!)e�i!t + �Ĥ

†(!)ei!t
i
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�Ĥ(!) =
X

µ<⌫

⇥
�H

20
µ⌫(!)↵

†
µ↵

†
⌫ + �H

02
µ⌫(!)↵⌫↵µ

⇤
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↵µ(t) = {↵µ + �↵µ(t)}eiEµt
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�↵µ(t) = ⌘
X

⌫

↵†
⌫

⇥
X⌫µ(!)e

�i!t + Y ⇤
⌫µ(!)e

i!t
⇤
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HFBでの準粒子からのずれ

ηの１次の項のみ取り出す
線形応答の方程式(QRPAと同値)

X(ω)、Y(ω)はQRPA解ではない
QRPAはTDHFBの小振幅近似(η<<1)として得られる

✓
A B
B⇤ A⇤

◆
� !

✓
1 0
0 �1

◆�✓
X(!)
Y (!)

◆
= �

✓
F 20

F 02

◆
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線形応答計算例

Ebata et al., Phys. Rev. C 82, 034306 (2010)

Canonical-basis TDHFB

Nakatsukasa and Yabana, Phys. Rev. C 71, 024301 (2005)

初期に外場を与え
TDHFB方程式に従って時間発展

16O isoscalar octupole mode

Vext(r, t) = ⌘F (r)�(t)
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有限振幅法
QRPA：AB行列の計算が大変

✓
A B
B⇤ A⇤

◆
� !

✓
1 0
0 �1

◆�✓
X(!)
Y (!)

◆
= �

✓
F 20

F 02

◆
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(Eµ + E⌫ � !)Xµ⌫(!) + �H
20
µ⌫(!) = �F

20
µ⌫

(Eµ + E⌫ + !)Yµ⌫(!) + �H
02
µ⌫(!) = �F

02
µ⌫
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線形応答の方程式を反復法で解く

�H
20
µ⌫(!) =

X

µ0<⌫0

[Aµ⌫µ0⌫0 � (Eµ + E⌫)�µµ0�⌫⌫0 ]Xµ0⌫0(!) +Bµ⌫µ0⌫0Yµ0⌫0(!)

�H
02
µ⌫(!) =

X

µ0<⌫0

[A⇤
µ⌫µ0⌫0 � (Eµ + E⌫)�µµ0�⌫⌫0 ]Yµ0⌫0(!) +B

⇤
µ⌫µ0⌫0Xµ0⌫0(!)
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X(!), Y (!)
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準粒子の変位
平均場Hamiltonianの
変位(一体場)

一体密度の変位を計算
�⇢(!) =UX(!)V T + V ⇤Y T (!)U†

�(+)(!) =UX(!)UT + V ⇤Y T (!)V †

�(�)(!) =V ⇤X†(!)V † + UY ⇤(!)UT
<latexit sha1_base64="+x16cnzOLrsFdMLtgYkS1PzPfMI="></latexit><latexit sha1_base64="+x16cnzOLrsFdMLtgYkS1PzPfMI="></latexit><latexit sha1_base64="+x16cnzOLrsFdMLtgYkS1PzPfMI="></latexit><latexit sha1_base64="+x16cnzOLrsFdMLtgYkS1PzPfMI="></latexit>

�h(!) =(h[⇢+ ⌘�⇢]� h[⇢])/⌘
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一体平均ポテンシャルの変位を計算

Bogoliubov変換

DFTではAB行列が出てくる二体行列要素の計算を回避することができる

Nakatsukasa, Inakura, Yabana, Phys. Rev. C 76, 024318 (2007)
Avogadro and Nakatsukasa, Phys. Rev. C 84, 014314 (2011)

(通常の線形応答の計算)



有限振幅法の計算例

Oishi et al., Phys. Rev. C 93, 034329 (2016)

双極子巨大共鳴 四重極巨大共鳴(非軸対称原子核)

Washiyama and Nakatsukasa, Phys. Rev. C 96, 014304(R) (2017)

行列対角化によるQRPA計算：O(N6)  (Nは準粒子の次元~103程度)
有限振幅法によるQRPA計算：O(N2)の反復計算



pnQRPA
[Ĥ 0

, Ô
†
�] = ⌦�Ô

†
�
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Ô
†
� =

X

µ<⌫

X�
µ⌫↵

(n)†
µ ↵(p)†

⌫ � Y �
µ⌫a

(p)
⌫ a(n)µ
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フォノン演算子として中性子・陽子準粒子対の形を考える

pnQRPA励起状態：基底状態が(N,Z)なら励起状態は(N±1, Z±1)
ベータ崩壊、ガモフ＝テラー巨大共鳴、二重ベータ崩壊など

残留相互作用：中性子ー陽子相互作用のみ
原子核密度汎関数法の場合は中性子ー陽子混合密度の導入が必要

対相関：中性子ー陽子対相関
アイソベクトル型(T=1, S=0)
アイソスカラー型(T=0, S=1)

アイソベクトル型はアイソスピン対称性が使える(Vn=Vp=Vnp)
アイソスカラー型の対相関については(対凝縮の存在も含めて)よくわかっていない

最近のレビュー：Frauendorf and Macchiavelli Prog. Part. Nucl. Phys. 78, 24 (2014)



pnQRPA計算例

Mustonen et al., Phys. Rev. C 90, 024308 (2014)
Yoshida, PTEP 2013, 113D02

Zr

β崩壊の半減期 ガモフ＝テラー共鳴



まとめ
p 励起状態の記述

p 平均場の集団励起は残留相互作用によっておこる

p 集団励起を扱う理論
p Tamm-Dancoff近似
p RPA, QRPA(準粒子乱雑位相近似)

p 1p1hまたは二準粒子励起の重ね合わせで集団励起を記述
p 遷移強度と巨大共鳴・和則
p QRPAとHFB解の安定性

p 対称性の破れとQRPA
p 平均場近似で破れた対称性はQRPAレベルで回復
p QRPAにゼロエネルギー解が発生(南部・ゴールドストーンモード)
p 回転対称性の破れと集団回転運動、慣性モーメント
p ゲージ対称性の破れと対回転、二重束縛エネルギー差

p 線形応答理論・有限振幅法
p 時間依存平均場理論の小振幅近似としてのQRPA
p 行列対角化より効率的

p pnQRPA (β崩壊、ガモフテラー遷移)


