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DISCLAIMER

SR gih, WD, TR, OB, B, OB DG, B, DR, BRSPS, HEB

B Lecture is limited to an elementary level.

B Textbook knowledge is only partially needed.
0 Quantization / Gauge Theories / Chiral Anomaly

P Not much “Knowns” but much “unknowns”
0 Knowns can be all found 1n published papers.
0 If unknowns are solved, new works can be published!

B Expressions (coefficients/signs) might have typos.
0 Matter of convention...

Feedbacks are always welcome
(taken into a forthcoming textbook)!

August 6, 2021 @ summer school online 2



Symmetry

ARt e N g R 00 SR PR OGS G e, Db, SN

Noether Current
Z o~ / D¢ e*519)

Theory has a symmetry under ¢ — ¢’ + ed¢ if Z unchanged.
S[¢'] = S[¢] + /daj e(x)0,7" () and D¢ = Do’

/ D¢’ e51¢ / D e'51?] - Conserved Current
0,5" =0
2/Dﬁbeis i/da:e(x)(?“j“(a:) =0 " ()
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SR N OGN BN OGN SN NP ih o, Db, RGP, B Pingi, ey
Example
Translational symmetry: z* — 2/ —

cb(év) = ¢'(x) + 0o (a )

::/gxg /dxcwwn
~ /dxig—ge”(?yqb (a;) u[e”d ¢]}
= /da: _—61/8 L — (8M6”)8(gf¢) 3u¢]

/

oL
dx € — oM ¢ | Canonical
xe%[”£+mm@a4

Energy-Momentum

Tensor
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Symmetry

ot G g RN T G, N G, O g SN e, QR0 S

Fermionic Action in the presence of 4
Al ~ /D¢D¢ S Al Yliv* (0, + ieA,) — m]y
U(1) symmetry

Y — e Y’ ~ " +ier L is invariant under this transf.

S o) = S0l = [ doieb s + 5= S0, (i)

. oL
— /dxze@ua(auw)zb]

Number conservation |{9,j*) =0  j* = y"y
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Symmetry

Pyt g RN R G R R NP g AN R B0 g Y

Fermionic Action in the presence of 4
Al ~ /D¢D¢ S Al Yliv* (0, + ieA,) — m]y

U(1)a symmetry Explicit Breaking
W — "y ~ ) +ieysp L — L — 2iemapysy)

_ _ _ oL oL
SW,W]—SW,M2/dw[—@6¢%aw 50,0) O (—ieysv)
7
oL
:/dl’léa,ua(a w)”}%wl
7

Chirality conservation |(9,j%) = 2myivsy jh = Py ys1)

August 6, 2021 @ summer school online 6



Chiral Anomaly

Wit W g N e, Ny SR SRR SRS SRR P e

Fermionic Action in the presence of 4
Al ~ /D¢D¢ S Al Yliv* (0, + ieA,) — m]y
U(1)a symmetry

. Explicit Breaking
W — "y ~ ) +ieysp L — L — 2iemapysy)
DYDY — TADY DY sT(A] = - / d cal A]
Anomaly

Chiral Anomaly (0uj%) = a+ 2mapiys1)

Anomaly is “topological” / dx a = (integer) = Qw
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Chiral Anomaly

AR et gt G g Rt R 0 N i IR T IS SN

Winding number and Chern-Simons current

d% 0, K"  under continuous 4 changes
(changed under large A transtf.)

To make the energy finite, A should go to a pure gauge
at infinite distance, i.e., F' ~ (.
In some gauges, spatial surface terms are dropped.

QwlA] = /dT 0 /dd_lx K’ =v(r = 400) — v(T = —0)

See: Classical Theory of Gauge Fields
by V. Rubakov

—a 0 a 2a ¢
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Chiral Anomaly

G0t W G G OGP, G g DT, N T N, Y
Topological susceptibility and the 6 angle

If the theory has massless fermions, we can choose
axially rotated fields without affecting the classical action.

= €'Y > tdeysy)

D&pw N 6i5F[A] D&/D?p/
The theory has an ambiguity of adding éI" ~ eQw
If the theory had an additional term:

ZA; 0] ~ /D@ZD@D e OTORW by OF 7 A; 9]’920 =0

2 2
Topological susceptibility is zero: XQ " <QW> ~ 39 InZ
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Chiral Anomaly

AR et gt G g Rt R 0 N i IR T IS SN

For massless fermions
JU v

It is said that U(1)a is “explicitly” broken, and
n’ meson is not a Nambu-Goldsone boson anymore...

0, T =0,(js — K*) =0 Conserved current???

If so, another (unobserved) massless boson cannot be avoided?

Let’s see a more concrete form of the CS current in the
Abelian and the non-Abelian theories.
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CS Current

ARt e N g R 00 SR PR OGS G e, Db, SN

Triangle (ABJ) Anomalies

2 E-B
ED: 1N ¢ prof -

Q ) 8,LL~]A — 167T2 ¢ F,L“/FO‘B

H e’ prof ¢’ prof
K" = —HE A,/aaAﬁ — —8?6 AVFOzﬁ
2
QCD: 9,5, = 1g7r2 M Py F . Foptrt?
Usually only the flavor-singlet is anomalous.
2N
€ IVf

2
KH = — E’uyaﬁtrA,/(Fa[g — gAaAB)

1672

CS currents are NOT gauge invariant ... unphysical?
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CS Current

Wit W g N e, Ny SR SRR SRS SRR P e

Proton Spin Crisis

. @ @ Each quark has 1/2,
Proton Spin = 1/2 @ and three constitute 1/2

[ H~
u({\¥
‘gt
Al
“Buy

EINE A @1990@0)%@?%\%
[P FDRE TS ?

Au = 0.74 + 0.08
Ad = —0.51+0.08 = ¥ = Au+ Ad+ As=0.00=+0.24

As = —0.23 £ 0.08
Quark spins sum up to zero!?

These are old values, but
qualitatively similar today
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CS Current

ARt e N g R 00 SR PR OGS G e, Db, SN
Proton Spin Crisis

ERIADINEOYEELFEDLRT
[(BFOAE Y ahs ? ]

5 VIR CIRET 20K LT, BZHO 7 L—"— 1R

STEBEOERY P (Ul vy ) OREIRQCD

DWhWAEZAT /<) —DhHICHhs I EBHIoNT

W5 DT EAEETSHE () ROEZIAIBKD LI

B BNETHS LNV 2pDs/ V=TI -T  Badly criticized by

fes e / Jaffe-Manohar (1990)
a
= Ag 9

Aut Ad+ As— du+ Ad+ As— Ny e 4

He}

[8] Altarelli-Ross (1988)
[9] Carlitz-Collins-Mueller (1988)
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CS Current

AR et gt G g Rt R 0 N i IR T IS SN
Axial Current and Spin
Axial Current is nothing but the spin of fermions.

Rotation: z" — (0% + €/)x”
oL

O(Ox\Y)
= QE’WA(:U“(‘?V — " oM — 2P

Noether current: J* = (0¥ — 2" " — iXH )

JOH is the conserved charge (angular momentum)
SHY — h~yVS M) represents the spin

. 1 ... . 1 - . |
qQl — = z]ksjk:_ 1 _ gt
o€ 2¢’Y”Y5¢ 97 A
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CS Current

SR SR R O SR R SR R D SR T SRS SR TR NS SR

Axial Current and Spin
2(Q%)s" = (N(p, s)|ljAIN(p, 5))

One proton state with
momentum p and spin s

Fig. 3. Coupling of AZ to the proton through the triangle diagram.

[Jaffe-Manohar (1990)]
_ O (QQ) @ne might erroneously arrive aD

E(QQ) — Z(Qz) o Nf AQ(QQ) Conclusion

dein [8, 9
Naive value from made in [3, 9]
the quark model?

Gluon contribution???
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CS Current

SR, Nt B, et N, e NP in gt g, R B, Ry, SN
Axial Current and Spin
(N, )|y v N (p, 5)) = B(t)s" + (1 - s)I"R(t)
l=p —p, t=1°
(N, )N St FFIN (p, ) = i(1 - 5) (1)

“Accidentally” similar form...
[Jaffe-Manohar (1990)]

Z(t) 1 h( ) - (t) No distinction between
/ t — 0 Ny—N f A 2 and the matrix elements

of the anomaly.

Residue of “massless” 1’ propagation???

Instantons make 7’ massive, so this is zero!
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A side story about n’

ARt e N g R 00 SR PR OGS G e, Db, SN

Would-be NG boson killed by anomaly
In the large-/V limit: — @ ~ 2N
= =

Quark loops are suppressed.

How can X and « be balanced in the large-/N limit?

More specifically, in a theory with massless fermions
the vacuum expectation of the anomaly is always zero
(0 derivatives are all zero). How can it be true?

Topological susceptibility: / dx {qw (x)qw (0))

Cancellation between the
o) W8 = =0
P P gluon and quark loops!?
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A side story about n’

Wit W g N e, Ny SR SRR SRS SRR P e
Would-be NG boson killed by anomaly

In the large-N limit: Pure topological susceptibility

This can be zero at k=0 1f m;2 ~ 1/N

1
VNeer = 01Qun) = s+ (08,74 1m) = 5+ /2Ny m2F,

2Ny 2Ny
2N PCAC
m; = —2f xg)“re) Witten (1979)
f
n
(pure) 2\ 1 ey Massless (Venetizano) ghosts make
XQ ~ (Qw) ;I—If(l) Qv \JaJa) # 0 n’ massive (massless mode unobservable).

Massless ghosts hidden here...
August 6, 2021 @ summer school online 18



CS Current

ot R IR T SRR I R SO g T G e B0 g N
Questions raised by Jatte-Manohar

(iii) What is the relation between the gluon spin and the anomalous current

K,=¢€,,z, TrA(FF* — 24P47). (6.1)

oafBy

We apologize to readers to whom these issues appear elementary and/or well
known. We have found some confusion surrounding each of them in recent work

on g,.

I also apologize to the audience to whom these issues
appear elementary and/or well known.
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Gauge Inv. — Integrated Rels.

ARt e N g R 00 SR PR OGS G e, Db, SN

Integrated relations
In some gauges, spatial surface terms are dropped.

/ dro, / 413 KO = (ry) — v(m)

/ dTaT/dd—lxjfB\ = N5(12) — N5(11)

Ns5(1) — v(7) is a conserved charge.

These are of course all gauge invariant!

Chirality charge: Chern-Simons charge:
Ny = /dd_la:jg v = /dd_laz[{o

August 6, 2021 @ summer school online 20



Gauge Inv. — Integrated Rels.

ARVt WPt OGPt BGPTSR SR SRt R N R N N0

Chern-Simons charge: B :
) — dd 1 KO Gauge inv.

observable!

In the case of the U(1) theory:

62 2

0 _ ijk _ ¢

This itself is NOT gauge invariant, but the integral IS!

2
e
Magnetic Helicity v = —— / d°r A- B
472

Chiral anomaly dictates a new conservation law of
the chiral charge and the magnetic helicity! N. Yamamoto
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Gauge Inv. — External A

GNP DT SN0t e Dbt D W, g, N, BRGNT, NT, Heel
A’s are just background fields, not necessarily dynamical?

In the case of the U(1) theory:

62 2

€
KW = = e 4,004 = —-— """ 1A o

42 872
/ Gauge Inv.

If replaced by external “something”
gauge invariance is okay!

If the theory is $1 compactified along the Euclidean time,
Ao would become gauge invariant!

Ao cannot be gauged away
i R in finite-T field theory.
. ' R3
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Gauge Inv. — External A

SR SR R O SR R SR R D SR T SRS SR TR NS SR
A’s are just background fields, not necessarily dynamical?

Ao cannot be gauged away in finite-7 field theory.
dw = AQ

BY (M) = {dw|w € Q° (M)}
ZHM) = {w € QY M)|dw = 0}
M) =Z'(M)/B'(M)

g ) ~ R - This d.o.f. is the gauge

invariant 4o (zero mode)
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Gauge Inv. — External A

ot G g RN T G, N G, O g SN e, QR0 S
A’s are just background fields, not necessarily dynamical?

Ao cannot be gauged away in finite-7 field theory.
In the case of the U(1) theory:

In the physical term 1t 1s nothing but a chemical potential.

In the case of the SU(N) theory:
This corresponds to the Polyakov loop.

S' ,
O i ; Zy (center) symmetry
|

' ] o 1-form symmetry (spatial 0-form sym.)
. ) R3

August 6, 2021 @ summer school online 24



Gauge Inv. — External A

SRt B g Rt Rt WGP SN SRt N Rt S gt WP,

A’s are just background fields, not necessarily dynamical?

62 2

€
Kt = = e 4,00A5 = — """ NA o

42 872
/ Gauge Inv.

Ao is provided by the chemical potential.
2

K’:—AOBZ V. (ja—K)=0
272

62

27T

Chiral Separation Effect (CSE)
Spin expectation is induced by a finite density + B
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Gauge Inv. — External A

SR SR ORI R IR SRS R IR S S R SRR PR N OISR N R
If a vector current is wanted, the same argument leads to:

62

1 =—=uaB+V xC
272

Chiral Magnetic Effect (CME)
Ua is a chiral chemical potential coupled with vy

~ MATEWO’YMD 9(_:1:)
~ (77;6_2.’75MA75)707;80(e_fm%'u’AtQ?b) U(1)a transf.

D&Dw N ei(sF[A]DTE/Dw/

\

Chiral chemical potential = -dep. 0 angle!
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Gauge Inv. — External A

ARt e N g R 00 SR PR OGS G e, Db, SN

Equation of motion read from axion QED:
2

1 e
Lcos— axwell — ——F I/F'LW 0
CS—M 11 A 7 - (x) 167‘(‘2

The 0 term would not affect the EOM if @ is constant but...

PR, Fop

2

€
V- -E=p- 5 5(V0)-B
A V x C 1f static
Induced charge
: /

€

VXB—80E=]+2—7_‘_2[(80(9)B—(V(9)XE]

Induced currents
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Chiral Magnetic Effect

ARt e N g R 00 SR PR OGS G e, Db, SN

Intuitive Picture

“The Chiral Magnetic Effect” by Fukushima, Kharzeev, Warringa (2008)

Right-handed particles
Momentum parallel to Spin

A
|
A
|

Momentum anti-parallel to Spin

ﬂ Left-handed particles

August 6, 2021 @ summer school online 28



Rotation Induced Current

G0t W G G OGP, G g DT, N T N, Y

Chiral Anomaly on Geometry

1

Vila = 3843

GILWPARMVQBRp)\aB

For details, see a textbook by Parker-Toms.

Chern-Simons current

1

KH =
0672

et PATe (9,07 +

grﬁ
3

paraa)\)

Not gauge invariant — not written in terms of tensors only.

Is there any “something” that makes it gauge invariant?

Honestly, I do not fully understand this point yet...

August 6, 2021 @ summer school online
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Rotation Induced Current

ARt e N g R 00 SR PR OGS G e, Db, SN

Rotation (along the zaxis) " 5T 4+ 4T
oI Oy = —oTY oz — %  Rotation angular velocity

Expand the CS current in terms of @ and the first order gives:
. w
4872

If the theory is put in a finite-7 and constant curvature space,
this expression is simplified as

W . T? R
K= g > AT (1_2_967r2>”
Direct calculation
Chiral Vortical Effect

KZ

(ROxOx + ROyOy B nya?y - Rywyrﬂ)
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Rotation Induced Current

ot R IR T SRR I R SO g T G e B0 g N

Chiral Vortical Effect from Anomalous Hydrodynamics

Son-Suruwka (2009) |

Relativistic (covariant) vorticity: w" = — VP U, Or\Up
Current: j!' =nu" —oT(g"" + u“u’/)(‘?y(%)

Conclusion:

2 un | 1 . e

Strategy: Inserting E and B and “define” the entropy
current s* and require 9,,s" > 0
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Rotation Induced Current

ot G g RN T G, N G, O g SN e, QR0 S
Chiral Vortical Effect from Anomalous Hydrodynamics

Hydrodynamic Equations
= Conservation Laws in terms of Hydro Variables

0,T" = F"*jy, 0,j" =CE"B,

EF = FMy, BF = leﬂ'“)fﬁu,,z«iw
2

T = (e + p)utu” — pgh” + wH"
~ O(9)

" = nut 4+ *
Ideal Hydro Dissipative terms
— Entropy production
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Rotation Induced Current

Wit W g N e, Ny SR SRR SRS SRR P e
Chiral Vortical Effect from Anomalous Hydrodynamics

Hydrodynamic Equations
= Conservation Laws in terms of Hydro Variables

T = (e + p)utu” — pgh” + wH"
gH = nut +v*
po_ By i U p u u u
v = —oT(g"" — utu )0,,(T> + o EF+Ewt + EB
st = sut — %V”qLDw“ + D B*

D, Dpg
Oust = (.. )2+ (...) +... $ &8y D,
u () (o) All solved!
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Coming back to...

ARt e N g R 00 SR PR OGS G e, Db, SN

Questions raised by Jatte-Manohar

(iii) What is the relation between the gluon spin and the anomalous current
K,=€ya5, TL A(FPY — $4P47). (6.1)
oL
p v VAl _ SNV
(P 0" — x¥ O — XM )4
O(O\Y)
= iy (xH 0¥ — 2" 0H — XM )

J)x,ul/ _

Similar calculations are possible for the gluon part:

1 _
J=—=Uysyv+E XA -iv (x x V) + E(x x V)A
2 \/_/¥ —_— - - —_— _/
T 4G LY, LE,
AS

1
2
August 6, 2021 @ summer school online
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Coming back to...

ARt e N g R 00 SR PR OGS G e, Db, SN

Questions raised by Jatte-Manohar

(iii) What is the relation between the gluon spin and the anomalous current

K, Tr A*(FP7 — 24P47). (6.1)

Uaﬁy

oL
()
= iy (xh Y — ¥ OF — iXHY )

J)x,ul/ _

R L) YO Y

Similar calculations are possible for the gluon part:

Gauge Spin? Gauge Orbital?
= ——wysyw +E x A —iv'(x x V)w + E(x X V)A
\/—/ N TNV
L AG L, L,
3AT
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Coming back to...

ot R IR T SRR I R SO g T G e B0 g N
Questions raised by Jatte-Manohar

S)\,uu :A/LF)\V _AI/F)\,LL

gauge

E)\,LWJKJ _ A,LLF)\I/ . AVFA,LL_A)\F,LW

CS current looks like a gauge spin, and
the anomaly looks like a spin conservation...???

They are DIFFERENT by a term corresponding to the CME!?

constructs the rotation generators. The spin contribution to Joy 18/ d’x (4 X E).
The analogous integral over €*“*“K_ contains an additional term: [d’xA°B. In

A" =0 gauge the two expressions agree. The same is true for the analogous
Any deep physics???

August 6, 2021 @ summer school online
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Serious Problem in Spin Hydro

GNP DT SN0t e Dbt D W, g, N, BRGNT, NT, Heel
How to construct the hydrodynamics with J ?
Hattori-Hongo-Huang-Matsuo-Taya (2019)

J)\,ul/ _ x,uT)\I/ . CEZ/T)\,LL + EAW/

8)\{])\;“/ =0 AUV JVA % v v
A p—

Spin tensor ~ Anti-symmetric part of the EMT
Z)\MV:uAS,LLV_I_... p:..._l_wlu/SruV
The dynamics of spin S*” is constrained by 9,,s" > 0

Looks good... but not good in gauge theories... ?
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Serious Problem in Spin Hydro

AR et gt G g Rt R 0 N i IR T IS SN

How to construct the hydrodynamics with J ?
An exercise in Peskin-Schroeder

2.1

(a)

(b)

Classical electromagnetism (with no sources) follows from the action
S = /d4a: (—ﬁFWFW), where F,, = 9,4, — 8,A,,.

Derive Maxwell’s equations as the Euler-Lagrange equations of this action, treat-
ing the components A,(z) as the dynamical variables. Write the equations in
standard form by identifying E* = —FU* and ek Bk = _Fij

Construct the energy-momentum tensor for this theory. Note that the usual
procedure does not result in a symmetric tensor. To remedy that, we can add to
TH¥ a term of the form 8y K ¥, where K**¥ is antisymmetric in its first two
indices. Such an object is automatically divergenceless, so

- Pseudo-gauge
T#V — T#u + GAK}"‘“’ /

transformation

is an equally good energy-momentum tensor with the same globally conserved
energy and momentum. Show that this construction, with

K)\,uu - F’U}‘Au,

leads to an energy-momentum tensor T that is symmetric and yields the standard
formulae for the electromagnetic energy and momentum densities:

£=1(E*+B%);, S=ExB. 38



Serious Problem in Spin Hydro

ARt e N g R 00 SR PR OGS G e, Db, SN

How to construct the hydrodynamics with J ?

In gauge theories only symmetrized EMT is gauge invariant!

Oy ARV — _QT/“;’/ 1s missing in a symmetric formulation?

()

J)\,ul/ _ x,uT)\l/ . QjI/T)\,u 4+ Z)\,uy

can be “redefined” to be a conserved angular momentum
in terms of symmetrized EMT as

JAY — pHTAV VP Spin apparently missing!?

I wrote a paper (Fukushima-Pu 2020) but I am not
satisfied with my own arguments yet...
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Summary

ARt e N g R 00 SR PR OGS G e, Db, SN

P Chern-Simons current tells us a lot.
0 CS charge 1s a gauge 1nvariant observable
= Magnetic Helicity in QED.
0 “Something” replacing 4 makes it gauge invariant.
P Rotation effects also induces a current.
0 Curvature / T/ u + w = (axial) current
0 Anomalous hydrodynamics

P Relation between CS current and Spin?
0 Spin (helicity) of gauge field well separated?
0 Spin hydrodynamics with gauge invariant EMT?
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