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DISCLAIMER

Lecture is limited to an elementary level.

Textbook knowledge is only partially needed.

□ Quantization / Gauge Theories / Chiral Anomaly


Not much “Knowns” but much “unknowns” 

□ Knowns can be all found in published papers.

□ If unknowns are solved, new works can be published!


Expressions (coefficients/signs) might have typos.

□Matter of convention…
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Feedbacks are always welcome 
      (taken into a forthcoming textbook)!
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Noether Current

Theory has a symmetry under
<latexit sha1_base64="VaQBDRQfSEFY6Wj7tGhQHdrGR1o="></latexit>

� ! �0 + ✏��
<latexit sha1_base64="n+I5Psw0RtlAOqbEGoIO00Pv4tQ="></latexit>

S[�0] = S[�] +

Z
dx ✏(x)@µj

µ(x) and
<latexit sha1_base64="EI9q5A+CYcfHc5/GXCsPK9Cfof4="></latexit>

D� = D�0

<latexit sha1_base64="iqPasb2NrFtKQdSAr8xfCtq4sIo="></latexit>

Z ⇠
Z

D� eiS[�]

if Z unchanged.

<latexit sha1_base64="ZLH8ITkRg3bBQOHqVGQNej51WnM="></latexit>

h@µjµ(x)i = 0

Conserved Current
<latexit sha1_base64="Eu9/D7sanzJvICgSo6Bt2Ukhy98="></latexit>Z

D�0 eiS[�0] �
Z

D� eiS[�]

'
Z

D� eiS[�] i

Z
dx ✏(x)@µj

µ(x) = 0
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Example
Translational symmetry:

<latexit sha1_base64="lH7NiAVI3Dq6Ce0cvjs+EuPULMU="></latexit>

xµ ! x0µ � ✏µ
<latexit sha1_base64="v7LR7sOCj4uG6ps6ovVqgmPwdAE="></latexit>

�(x) ! �0(x) + ✏µ@µ�(x)
<latexit sha1_base64="snNjMUuOwVfL8pFO6UU4LvepvaY="></latexit>

S[�0]� S[�] =

Z
dxL[�0(x)]�

Z
dxL[�(x)]

'
Z

dx

⇢
�@L
@�

✏⌫@⌫�� @L
@(@µ�)

@µ[✏
⌫@⌫�]

�

=

Z
dx


�✏⌫@⌫L� (@µ✏

⌫)
@L

@(@µ�)
@⌫�

�

=

Z
dx ✏⌫@µ


��µ⌫L+

@L
@(@µ�)

@⌫�

�
Canonical 
Energy-Momentum 
Tensor



August 6, 2021 @ summer school  online

Symmetry

5

Fermionic Action in the presence of A
<latexit sha1_base64="L20NRvLDg9uYQbvia+nqfsRaH48="></latexit>

Z[A] ⇠
Z

D ̄D eiS[ ̄, ,A]

U(1) symmetry
<latexit sha1_base64="Bs/D/G1oKIVwHyVP3G2BFDTlPtk="></latexit>

 ! ei✏ 0 '  0 + i✏ L is invariant under this transf.
<latexit sha1_base64="2lBaXipZBBw/Ebhqjt0dHbBDEWI="></latexit>

S[ ̄0, 0]� S[ ̄, ] '
Z

dx


i✏ ̄

@L
@ ̄

+
@L

@(@µ )
@µ(�i✏ )

�

=

Z
dx i✏ @µ

@L
@(@µ )

 

�

<latexit sha1_base64="XiOA4WEReN97zbLdJhF6QQqqdSU="></latexit>

h@µjµi = 0 jµ =  ̄�µ Number conservation

<latexit sha1_base64="NFJ2f/tutpSv4prUI3wFGk7TzTs="></latexit>

L =  ̄[i�µ(@µ + ieAµ)�m] 
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Fermionic Action in the presence of A
<latexit sha1_base64="L20NRvLDg9uYQbvia+nqfsRaH48="></latexit>

Z[A] ⇠
Z

D ̄D eiS[ ̄, ,A]

U(1)A symmetry

Chirality conservation

<latexit sha1_base64="vughBiICuEeLP3xjt/ClTHI1r/I="></latexit>

 ! ei✏�5 0 '  0 + i✏�5 

<latexit sha1_base64="NFJ2f/tutpSv4prUI3wFGk7TzTs="></latexit>

L =  ̄[i�µ(@µ + ieAµ)�m] 

<latexit sha1_base64="p5JB8iYyP5YS79VyFZzUCiv+EdA="></latexit>

L ! L� 2i✏m ̄�5 
<latexit sha1_base64="RoQcZkH8eLowZ6/KdB+7iIZI3fM="></latexit>

S[ ̄0, 0]� S[ ̄, ] '
Z

dx


�i✏ ̄�5

@L
@ ̄

+
@L
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@µ(�i✏�5 )

�

=

Z
dx i✏ @µ

@L
@(@µ )

�5 

�

<latexit sha1_base64="6dkzsMP5+K2htoyUR0Fn1Y1A6dQ="></latexit>

h@µjµAi = 2m ̄i�5 jµA =  ̄�µ�5 

Explicit Breaking
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Fermionic Action in the presence of A
<latexit sha1_base64="L20NRvLDg9uYQbvia+nqfsRaH48="></latexit>

Z[A] ⇠
Z

D ̄D eiS[ ̄, ,A]

U(1)A symmetry

Chiral Anomaly

<latexit sha1_base64="vughBiICuEeLP3xjt/ClTHI1r/I="></latexit>

 ! ei✏�5 0 '  0 + i✏�5 

<latexit sha1_base64="NFJ2f/tutpSv4prUI3wFGk7TzTs="></latexit>

L =  ̄[i�µ(@µ + ieAµ)�m] 

<latexit sha1_base64="p5JB8iYyP5YS79VyFZzUCiv+EdA="></latexit>

L ! L� 2i✏m ̄�5 
<latexit sha1_base64="ip8meJ3pZiC5MFhL94FVeWbVLs0="></latexit>

D ̄D ! ei��[A]D ̄0D 0

Explicit Breaking

Anomaly

<latexit sha1_base64="TW04NlOumh4S7Zwm1+W0hLYPda0="></latexit>

��[A] = �
Z

dx ✏a[A]

<latexit sha1_base64="qdxCwupRzb8Hq0ouTPUF8N0sXn4="></latexit>

h@µjµAi = a+ 2m ̄i�5 

Anomaly is “topological”
<latexit sha1_base64="cfeirjEVCGsIkPSUeRseK9lto9s="></latexit>Z

dx a = (integer) = QW
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Winding number and Chern-Simons current

<latexit sha1_base64="5bevO+8tIek3DF0glPZS+JFlLeg="></latexit>

QW [A] =

Z
ddx @µK

µ
Winding number is unchanged 
under continuous A changes 
(changed under large A transf.)

To make the energy finite, A should go to a pure gauge 
at infinite distance, i.e., F ~ 0.

In some gauges, spatial surface terms are dropped.

<latexit sha1_base64="z0iqQ/yzMAu9eB0mvsf9EQPlxIw="></latexit>

QW [A] =

Z
d⌧ @⌧

Z
dd�1xK0 = ⌫(⌧ = +1)� ⌫(⌧ = �1)

244 Tunneling and Classical Solutions in Quantum Mechanics

completely analogous to that undertaken in Section 11.1 and we shall not
present it here.

We further note that calculation of the semiclassical exponential for
the splitting between levels in the quantum mechanics of many variables
(see Problem 11) also reduces to finding an instanton with precisely the
properties described, and calculating its Euclidean action. The sub-
stantiation of this assertion is based on the results of Problem 11 and
essentially repeats that given in Section 11.2.

V (q)

−a a 2a q0

Figure 11.8.

Another example, where instantons of precisely the type described play
a role, is that of a particle in a one-dimensional periodic potential V (q), as
shown in Figure 11.8. The instanton in this system is a classical solution
in Euclidean time, which starts for τ → −∞ from the point q = 0 and
reaches the point q = a for τ → +∞. (The analogous solution, starting
at q = 0 and ending at the point q = −a, is called an anti-instanton).
The Euclidean action of the instanton gives the semiclassical exponent
for tunneling between adjacent minima which, in turn, determines the
energy of the Bloch wave with quasi-momentum θ. In order to explain
this statement, we first note that in the absence of tunneling in the system
there would be an infinite number of degenerate ground states, whose wave
functions ψn(q) = ψ0(q − na) would be confined near the minima q = na,
where n is an arbitrary integer. Here, ψ0 is the ground state in the well
near q = 0. When tunneling is taken into account, the wave functions ψn(q)
are no longer eigenfunctions of the Hamiltonian. In order to construct
approximate wave functions, we define the operator Ta of translation by a,

Taψ(q) = ψ(q − a). (11.30)

See: Classical Theory of Gauge Fields 
         by V. Rubakov
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Topological susceptibility and the q angle

<latexit sha1_base64="vughBiICuEeLP3xjt/ClTHI1r/I="></latexit>

 ! ei✏�5 0 '  0 + i✏�5 
<latexit sha1_base64="ip8meJ3pZiC5MFhL94FVeWbVLs0="></latexit>

D ̄D ! ei��[A]D ̄0D 0

If the theory has massless fermions, we can choose 
axially rotated fields without affecting the classical action.

The theory has an ambiguity of adding dG ~ eQW

<latexit sha1_base64="QSOQwqtdQEcUVgDT08llFLr6Pic="></latexit>

Z[A; ✓] ⇠
Z

D ̄D eiS+i✓QW

If the theory had an additional term:

Topological susceptibility is zero:

<latexit sha1_base64="iQ9+0nHwJqEyMyoNNM/eD4r3Q1I="></latexit>

@n
✓ Z[A; ✓]

���
✓=0

= 0
<latexit sha1_base64="+mTAbivxWGZsVTol91Ean+2r+4I="></latexit>

�Q ⇠ hQ2
W i ⇠ @2

✓ lnZ
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For massless fermions
<latexit sha1_base64="Kj0DV+CTllC+XoedGVix+m7+y8o="></latexit>

@µj
µ
A = @µK

µ

It is said that U(1)A is “explicitly” broken, and 
h0 meson is not a Nambu-Goldsone boson anymore…

<latexit sha1_base64="R2C+7l4xZi8r/5amBrT5n28bQIs="></latexit>

@µJ µ = @µ(j
µ
A �Kµ) = 0 Conserved current???

If so, another (unobserved) massless boson cannot be avoided?

Let’s see a more concrete form of the CS current in the 
Abelian and the non-Abelian theories.
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Triangle (ABJ) Anomalies
<latexit sha1_base64="F3raL3LkZG7fQ4ep71ylBhjCx0s="></latexit>

@µj
µ
A = � e2

16⇡2
✏µ⌫↵�Fµ⌫F↵�

<latexit sha1_base64="bgq6eO7GCShD4bpX2wkt8H5dwNU="></latexit>

Kµ = � e2

4⇡2
✏µ⌫↵�A⌫@↵A� = � e2

8⇡2
✏µ⌫↵�A⌫F↵�

QED:

QCD:

Usually only the flavor-singlet is anomalous.

<latexit sha1_base64="o8Sn4Fy3KK3UIWQDfM0szv6+drc="></latexit>

@µj
µa
A = � g2

16⇡2
✏µ⌫↵�trFµ⌫F↵� trt

a

<latexit sha1_base64="O37pnCDHttF2oPXlGUEC9unAkuE="></latexit>

Kµ = �e2Nf

16⇡2
✏µ⌫↵�trA⌫(F↵� � 2

3
A↵A�)

CS currents are NOT gauge invariant … unphysical?

<latexit sha1_base64="t3YaA9saMUdF2Tmw0qypv/zX8aw="></latexit>⇠ E ·B
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Proton Spin Crisis

Proton Spin = 1/2 Each quark has 1/2, 
and three constitute 1/2

若松さんの1990年の物理学会誌の記事

「陽子のスピンはどこから？」

<latexit sha1_base64="0y14/bdoTTGKwIgmmV8orTPBf2A="></latexit>

�u = 0.74± 0.08

�d = �0.51± 0.08

�s = �0.23± 0.08

These are old values, but 
qualitatively similar today

<latexit sha1_base64="uQ64pQRdp0n64z4YrOJEtzorgRo="></latexit>

⌃ = �u+�d+�s = 0.00± 0.24

Quark spins sum up to zero!?
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Proton Spin Crisis
若松さんの1990年の物理学会誌の記事

「陽子のスピンはどこから？」

[8] Altarelli-Ross (1988) 
[9] Carlitz-Collins-Mueller (1988)

Badly criticized by 
Jaffe-Manohar (1990)
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Axial Current and Spin
Axial Current is nothing but the spin of fermions.
Rotation:

<latexit sha1_base64="KEsSUQcInUWbAdHKFG9fZWMBaFc="></latexit>

xµ ! (�µ⌫ + ✏µ⌫)x
⌫

Noether current:
<latexit sha1_base64="Oo3wWgjZtqmHJM6RW6KBY7ilo2k="></latexit>

J�µ⌫ =
@L

@(@� )
(xµ@⌫ � x⌫@µ � i⌃µ⌫) 

=  ̄i��(xµ@⌫ � x⌫@µ � i⌃µ⌫) 
<latexit sha1_base64="/I/iVE+1fdUKR3FTOB2GYty196I="></latexit>

⌃µ⌫ =
i

4
[�µ, �⌫ ]

<latexit sha1_base64="vit4fXZCtwpPhoPV0GS5wYzYwRA="></latexit>

J0µ⌫ is the conserved charge (angular momentum)
<latexit sha1_base64="UnxnYQeom71+VRaXRfkn+Oy4u/E="></latexit>

Sµ⌫ =  ̄�0⌃µ⌫ represents the spin
<latexit sha1_base64="yyKUMPUiC17ZGL9SlxabJHaXvlc="></latexit>

Si =
1

2
✏ijkSjk =

1

2
 ̄�i�5 =

1

2
jiA
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Axial Current and Spin

One proton state with 
momentum p and spin s

<latexit sha1_base64="gh7BwQpSHA19n/FxpPFCrYCVo8E="></latexit>

⌃(Q2)sµ = hN(p, s)|jµA|N(p, s)iQ2R.L.Jaffe,A.Manohar / Theg, problem 521

Fig. 3. Coupling of A~to the proton through the triangle diagram.

where Lig is an integrated gluon distribution*,

Lig(Q2) = f’dx[g
1(x,Q2) _g1(x,Q2)j. (5.4)

Carlitz et al. [13] especially (although, see also ref. [24]) stress that LiF(Q
2) is

measurable as a two-quark jet contribution to g~(x,Q2). The idea then is that

~(Q2) =~(Q2)- as(Q2)NLig(Q2) (5.5)

with .(Q2) being quark-model like (i.e. 0.60) and approximately cancelled by
the large gluon contribution, LF(Q2).
We agree with the authors of refs. [13,24] that two-quark jet production in e1p1

scattering can be reliably calculated in an appropriate kinematic region and that
the resulting contribution to g~(x,Q2) is given by eq. (5.3). We disagree on two
other points: first, this is not the only “gluonic” contribution to .~(Q2).Any
attempt to isolate a gluonic contribution to .~(Q~)is beset by ambiguities (which
are illustrated by the analysis of U(1) Ward identities given in the following
subsections). And second, separating out the two-quark jet piece, LF(Q2), leaves
behind a piece .~(Q2)which cannot be considered the “intrinsic” quark contribu-
tion. In general it contains gluonic contributions and it is large for “fairly heavy”
quarks which should not appear at all in the “intrinsic” description of the nucleon.
Once .~(Q2)has lost its significance as the “intrinsic” quark contribution, eq. (5.5)
is left without content.
To some extent, the argument of refs. [12, 13] rests on an analysis of those

contributions to the matrix element of A~which involve the triangle diagram (see
fig. 3). They claim, at least in the case of massless quarks, first, that the triangle
diagram contributes LF(Q2) to the sum rule, and second that this is a reliable
calculation in QCD.

* Our notation differs from refs. [12, 13]. The quantities we call ~, .~ and .~1gare called iq’, ziq and
Llg in ref. [131and M~,i~ and ~1g in ref. [121.

<latexit sha1_base64="pbltMGo3q2R72BpcJZssvw00Rnk=">AAACtXichVFNSxtBGH5c+2HTWqO9FLwsDRY9GCahqAiC2B56KolpVHDTZXYzGwdnP9idBHTJH+gf8NCTQinSu3/AS/9AD0KvLZ </latexit>

⌃(Q2) = ⌃̃(Q2)�Nf
↵s(Q2)

2⇡
�g(Q2)

Naive value from 
the quark model?

Gluon contribution???

Conclusion 
made in [8, 9]

R.L.Jaffe,A.Manohar / Theg, problem 525

we find a Ward identity

2M2= ~p~TrF2~p). (5.18)

Eqs. (5.14) and (5.18) have a similar interpretation: if it were not for gluon-medi-
ated interactions, the nucleon would consist of three free, massless quarks. The
ground state mass and axial charge of a “nucleon” composed of free massless
quarks vanishes, so it is not surprising that either can be expressed (by means of
the equations of motion) in terms of gluon operators.

Suppose one attempted to evaluate K(0) in the parton model. A brief calculation
(inserting (N

1a5/2IT)TrFF in gluon Fock states) yields

~parton(0) = Kparton(0) = —

where Lig is the gluon helicity asymmetry defined in eq. (5.4). Comparing this
result with the separation proposed in refs. [12, 131 (see eq. (5.5)), two choices
appear: (1) .~ = 0, or (2) the parton model calculation of K(0) is incomplete. A
possible non-partonic contribution to . has recently been discussed by Forte [531.

Comparing eqs. (5.14) and (5.15) it is clear how one might erroneously arrive at
eq. (5.5), the central result of refs. [12, 13]. Suppose one missed the effects that give
the s~’a mass. This would replace eq. (5.14) by

= —f(0) + K(0), (5.i4a)

where f(0) is the residue of the if-pole in h(t). Next suppose one evaluated K(0) in
the parton model as given by eq. (5.18). The result would be

.Z= —f—~-
1N
1Lig. (5.14b)

Comparing eq. (5.15) one would identity —f as the “intrinsic” quark contribution
(the non-singlet axial charges only get these contributions) and the remainder as
the intrinsic gluonic contribution. Whether the resemblance of eq. (5.14b) to eq.
(5.5) is more than coincidental is hard to say since we are not able to trace the
non-perturbative effects such as instantons (which give the if a mass) or the
deviations from ‘~parton through the parton model calculation.

Finally we turn to a technical question: how can K(0) enter the forward matrix
element of A°~when the matrix element of FF explicitly vanishes in the forward
direction? The answer lies in the triangle diagram. For massless quarks and
on-shell gluons, the off-forward matrix element of the triangle diagram (see fig. 3)
coincides with the matrix element of _i(lhL/12)(cr./2IT)TrFP [54]. This result is

[Jaffe-Manohar (1990)]



August 6, 2021 @ summer school  online

CS Current

16

Axial Current and Spin
<latexit sha1_base64="OmisSJ4X4mzqZuAzbYneNxDnuaE="></latexit>

hN(p0, s)| ̄�µ�5 |N(p, s)i = ⌃(t)sµ + (l · s)lµh(t)
<latexit sha1_base64="2JQj1Kr4lPQ/dSrPYb1zOL+qht0="></latexit>

l = p0 � p, t = l2
<latexit sha1_base64="aRt9sJepAl5/yUM6ps1teDlJIxA="></latexit>

hN(p0, s)|Nf
↵s

2⇡
trFF̃ |N(p, s)i = i(l · s)(t)

<latexit sha1_base64="cpL52RIPuIJTU76/3rQCyydxbAE="></latexit>

⌃(t) + t h(t) = (t)
<latexit sha1_base64="Wva51A+FzozRHCwKulmCPX4rRzU="></latexit>

�Nf
↵s

2⇡
�g

<latexit sha1_base64="rV9Jmw682jL1FVXaVWZ7HhQet4M="></latexit>

t ! 0

Residue of “massless” h0 propagation??? 

Instantons make h0 massive, so this is zero!

[Jaffe-Manohar (1990)]

No distinction between 
S and the matrix elements 
of the anomaly.

“Accidentally” similar form…
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Would-be NG boson killed by anomaly
In the large-N limit:

Quark loops are suppressed.

More specifically, in a theory with massless fermions 
the vacuum expectation of the anomaly is always zero 
 (q derivatives are all zero).  How can it be true?

How can S and k be balanced in the large-N limit?

Topological susceptibility:
Cancellation between the 
gluon and quark loops!?

<latexit sha1_base64="7sL4jibHEnmn1TTBKNqh64cg1ps="></latexit>Z
dx hqW (x)qW (0)i
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Would-be NG boson killed by anomaly
In the large-N limit:

This can be zero at k = 0 if mh2 ~ 1/N

<latexit sha1_base64="mcuAyDvmgahVcp+WMxrkvjAEvAg="></latexit>

�Q(k
2) =

X

ghosts

N2
c a

2
n

k2 �M2
n

+
X

mesons

Ncc2n
k2 �m2

⌘

<latexit sha1_base64="COBUtUL2P+uoDysJu78frAgqSfg="></latexit>p
Ncc⌘ = h0|QW |⌘i = 1

2Nf
h0|@µjµA|⌘i =

1

2Nf

p
2Nf m

2
⌘f⌘

<latexit sha1_base64="n9wYjlbNkZE49YUoeTHsNVHEMWM="></latexit>

m2
⌘ =

2Nf

f2
⌘

�(pure)
Q

Pure topological susceptibility

Witten (1979)

<latexit sha1_base64="kkg2EO5yQM1LiEK8d8vy0a8tuGk="></latexit>

�(pure)
Q ⇠ hQ2

W i ⇠ lim
q!0

qµq⌫hjµAj
⌫
Ai 6= 0

Massless ghosts hidden here…

Massless (Venetizano) ghosts make 
h0 massive (massless mode unobservable).

PCAC
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Questions raised by Jaffe-Manohar

R.L. Jaffe, A. Manohar / The g, problem 527

Here a5(m) is the strong interaction coupling constant at the heavy quark scale,
and ~ is the gluon field strength tensor. Thus the proton matrix element of Oti
is obtained by taking the proton matrix element of the right-hand side of eq. (5.21),
with the result

A

3
QCD

s~Lic=(p,s~O’~p,s>=O 2 (5.22)mf

since proton matrix elements of the gluon field strength operators are of order
A~cD.Thus we find

A2

Lic=0 2 =Lic— —Lig, (5.23)
mf 211-

in contradiction to the picture proposed in refs. [12, 13]: since Lie 0, it is not
possible to have (a

5/2IT)Lig large unless Lie is comparable.
Finally, it is instructive to use the methods of ref. [13]to see how Lie 0 comes

about. The calculation of the box diagram reveals two distinct contributions to
gf’(x, Q

2) from a massive quark. One, peaked at k ~ ~ contributing to two-jet
production, is put in the gluonic contribution. The other, peaked at k

1 m, is
lumped into Lie. The two contributions explicitly cancel to the order displayed in
by eq. (5.23).

6. Angular momentum, spin sum rules, and the anomalous current K~

In this section we review the operator description of angular momentum in a
theory of quarks and gluons. We derive the sum rule for the nucleon’s spin and
relate the terms that appear there to local operators and to quark and gluon
distribution functions in an infinite momentum frame. Some of the issues we must
confront are:
(i) What is the operator description of the spin and orbital angular momentum of
quarks and gluons?
(ii) How are the matrix elements of the angular momentum density tensor, M/*VA,
normalized?
(iii) What is the relation between the gluon spin and the anomalous current

~ 4A~AY). (6.1)

(iv) Is there a sum rule for the nucleon’s angular momentum in an infinite
momentum frame and does it get a contribution from the orbital angular momen-
tum of quarks and gluons?

528 R.L. Jaffe, A. Manohar / Theg, problem

We apologize to readers to whom these issues appear elementary and/or well
known. We have found some confusion surrounding each of them in recent work
on g1.

6.1. THE TENSOR M~
5AND A GENERAL ANGULAR MOMENTUM SUM RULE

The current associated with translations is the stress tensor, ~ which is
conserved, t9,~T”~= 0, symmetric, ~ = 1~, and gauge invariant. The current
associated with Lorentz transformations is a rank-3 tensor constructed entirely
from T~[55],

M’”’5 ~ —x5T’”’. (6.2)

M~VAis conserved, t9~M~5= 0, because T’~is symmetric and conserved. M~~5is
gauge invariant, and has no totally antisymmetric part,

c~
5M = 0, (6.3)

or equivalently

M~
5 +MA~+ M~A/*= 0. (6.4)

It is a textbook exercise to verify that the conserved charges,

fd3xM0~, (6.5)

P fd~xT°~, (6.6)obey the algebra of the Poincaré group. There are no quantum anomalies in thisalgebra (at least for ordinary gauge theories in flat four-dimensional space-time).
We wish to study the single nucleon matrix element of M°~’5in hopes of relating

it to the nucleon’s spin. Because of the explicit factors of x’-’- in the definition of
M”5, its matrix elements are rather more singular than operators which may be
more familiar, and more care must be taken with them. To warm up, we consider
the properties of T,~.Let p, s) be a plane wave nucleon state with momentum p~
and spin s,~,normalized to <p, s~p’,s) = 2E(2IT)3~3(p—p’). Define a form factor
for an insertion of T,~with momentum k on a single nucleon line:

Y~(p,k,s) fd4x(p~,sIT~~(x)Ip,s)eikX• (6.7)

For reasons which will become clear shortly, we do not consider the most general
case but instead constrain s’ = s. We translate ~ to x = 0 and perform the

I also apologize to the audience to whom these issues 
appear elementary and/or well known.
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Integrated relations
In some gauges, spatial surface terms are dropped.

<latexit sha1_base64="NB4qZODcB4xA73VxEqpm1J7LOm8="></latexit>Z ⌧2
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These are of course all gauge invariant!
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N5(⌧)� ⌫(⌧) is a conserved charge.
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Chirality charge: Chern-Simons charge:
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Chern-Simons charge:

In the case of the U(1) theory:

This itself is NOT gauge invariant, but the integral IS!

<latexit sha1_base64="gjLJo9Dq0PMNB0eSW51huhZK+3Y="></latexit>
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Magnetic Helicity

Chiral anomaly dictates a new conservation law of 
the chiral charge and the magnetic helicity! N. Yamamoto

Gauge inv. 
observable!
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A’s are just background fields, not necessarily dynamical?
In the case of the U(1) theory:

<latexit sha1_base64="bgq6eO7GCShD4bpX2wkt8H5dwNU="></latexit>
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✏µ⌫↵�A⌫@↵A� = � e2

8⇡2
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Gauge Inv.
If replaced by external “something” 
gauge invariance is okay!

If the theory is S1 compactified along the Euclidean time,

A0 would become gauge invariant!

QCD matter in extreme environments 4

(a)

R3

S1

zk

(b)

Figure 1. (a) Graphical representation of the Polyakov loop in Euclidean space-
time. The centre transformation multiplies zk on the Polyakov loop matrix. (b) Left:
Polyakov loop correlator that is a counterpart of the closed Wilson loop. The correlator
is centre invariant because zk · z∗k = 1. Right: An opened-up figure whose temporal
edges are contracted by the periodic boundary condition.

While the perturbative QCD calculations are useful at high temperature (for the

state-of-the-art calculations up to three-loop order, see [22, 23]), it is necessary to

develop a non-perturbative method to go down towards Tc. In this section we first

look over the perturbative results, and then, we will proceed to several non-perturbative

approaches. As we have stated, in this review, we mostly address the pure gluonic sector

and the deconfinement order parameter. We postpone the discussions on dynamical

quark effects to section 3.

The conventional choice of the order parameter for quark deconfinement at finite

temperature is the (traced) Polyakov loop [24, 25]. The Polyakov loop matrix and its

traced quantity are denoted respectively as

L = P exp
[
ig

∫ β

0

dx4 A4(x, x4)
]
, Φ =

1

Nc
〈trL〉 , (3)

in the imaginary-time formalism of the finite-temperature field theory. Figure 1 (a) is

a graphical representation on the manifold of S1 × R3. The Polyakov loop expectation

value, Φ, can be interpreted as the partition function in the presence of a static-quark

source. The logarithm of Φ thus yields the single-quark free energy fq as in standard

thermodynamics; fq = −T lnΦ. In the quark deconfined phase Φ and fq take a finite

value, whereas Φ → 0 and fq → ∞ in the quark confined phase.

This behaviour of the Polyakov loop is understood from Wilson’s standard criterion

of confinement [26]. As seen in figure 1 (b) the Wilson loop on S1 × R3 amounts to

the correlator of the Polyakov loop L and the anti-Polyakov loop L†. In the confined

phase the Wilson loop shows the area law (in the absence of dynamical quarks) and the

deconfinement phase results in the perimeter law, which can be interpreted in terms of

the Polyakov loop as

Confined Phase

〈W (C)〉 ∼ e−σwΣ(C) ⇒ 〈trL†(r → ∞) trL(0)〉 → 0 ⇒ Φ = 0 (4)

Deconfined Phase

A0 cannot be gauged away 
in finite-T field theory.



August 6, 2021 @ summer school  online

Gauge Inv. — External A

23

A’s are just background fields, not necessarily dynamical?
A0 cannot be gauged away in finite-T field theory.

<latexit sha1_base64="zVsCv0d8Zn8645XNDkRg/GiU8Ik="></latexit>

d! = A0
<latexit sha1_base64="/uWLyWumbl9ml5wa1dPv1Np8eSk="></latexit>

B1(M) = {d!|! 2 ⌦0(M)}
<latexit sha1_base64="cz1OeN6kIJUUl1VOx0eIY2ToTS4="></latexit>

Z1(M) = {! 2 ⌦1(M)|d! = 0}
<latexit sha1_base64="o06wKfXeV41/VpqG0DTG/p3ynRE="></latexit>

H
1
dR(M) = Z

1(M)/B1(M)

This d.o.f. is the gauge 
invariant A0 (zero mode)
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A’s are just background fields, not necessarily dynamical?
A0 cannot be gauged away in finite-T field theory.

In the case of the U(1) theory:

In the physical term it is nothing but a chemical potential.

In the case of the SU(N) theory:

This corresponds to the Polyakov loop.

QCD matter in extreme environments 4

(a)

R3

S1

zk

(b)

Figure 1. (a) Graphical representation of the Polyakov loop in Euclidean space-
time. The centre transformation multiplies zk on the Polyakov loop matrix. (b) Left:
Polyakov loop correlator that is a counterpart of the closed Wilson loop. The correlator
is centre invariant because zk · z∗k = 1. Right: An opened-up figure whose temporal
edges are contracted by the periodic boundary condition.

While the perturbative QCD calculations are useful at high temperature (for the

state-of-the-art calculations up to three-loop order, see [22, 23]), it is necessary to

develop a non-perturbative method to go down towards Tc. In this section we first

look over the perturbative results, and then, we will proceed to several non-perturbative

approaches. As we have stated, in this review, we mostly address the pure gluonic sector

and the deconfinement order parameter. We postpone the discussions on dynamical

quark effects to section 3.

The conventional choice of the order parameter for quark deconfinement at finite

temperature is the (traced) Polyakov loop [24, 25]. The Polyakov loop matrix and its

traced quantity are denoted respectively as

L = P exp
[
ig

∫ β

0

dx4 A4(x, x4)
]
, Φ =

1

Nc
〈trL〉 , (3)

in the imaginary-time formalism of the finite-temperature field theory. Figure 1 (a) is

a graphical representation on the manifold of S1 × R3. The Polyakov loop expectation

value, Φ, can be interpreted as the partition function in the presence of a static-quark

source. The logarithm of Φ thus yields the single-quark free energy fq as in standard

thermodynamics; fq = −T lnΦ. In the quark deconfined phase Φ and fq take a finite

value, whereas Φ → 0 and fq → ∞ in the quark confined phase.

This behaviour of the Polyakov loop is understood from Wilson’s standard criterion

of confinement [26]. As seen in figure 1 (b) the Wilson loop on S1 × R3 amounts to

the correlator of the Polyakov loop L and the anti-Polyakov loop L†. In the confined

phase the Wilson loop shows the area law (in the absence of dynamical quarks) and the

deconfinement phase results in the perimeter law, which can be interpreted in terms of

the Polyakov loop as

Confined Phase

〈W (C)〉 ∼ e−σwΣ(C) ⇒ 〈trL†(r → ∞) trL(0)〉 → 0 ⇒ Φ = 0 (4)

Deconfined Phase

ZN (center) symmetry
1-form symmetry (spatial 0-form sym.)
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A’s are just background fields, not necessarily dynamical?
<latexit sha1_base64="bgq6eO7GCShD4bpX2wkt8H5dwNU="></latexit>
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Gauge Inv.
A0 is provided by the chemical potential.
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Chiral Separation Effect (CSE)
Spin expectation is induced by a finite density + B
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Chiral Magnetic Effect (CME)
µA is a chiral chemical potential coupled with g5

If a vector current is wanted, the same argument leads to:
<latexit sha1_base64="wsixjVXC5Bwzz/+DNCBckahXJHY="></latexit>
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U(1)A transf.
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Chiral chemical potential = t-dep. q angle!
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Equation of motion read from axion QED:
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The q term would not affect the EOM if q is constant but…
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Intuitive Picture

“The Chiral Magnetic Effect” by Fukushima, Kharzeev, Warringa (2008)

Right-handed particles

Momentum parallel to Spin

Left-handed particles

Momentum anti-parallel to Spin
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Chiral Anomaly on Geometry

For details, see a textbook by Parker-Toms.
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Chern-Simons current

Not gauge invariant — not written in terms of tensors only.

Is there any “something” that makes it gauge invariant? 
Honestly, I do not fully understand this point yet…
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Rotation (along the z axis) <latexit sha1_base64="IOGQNaWRmmMtyqpbFCcpcUhKvCw="></latexit>

� ! �+ ��
<latexit sha1_base64="C6Otv/b+S0Gatjt19iWPLve9A+U="></latexit>

��x
0y = ���y

0x = ! Rotation angular velocity

Expand the CS current in terms of w and the first order gives:
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If the theory is put in a finite-T and constant curvature space, 
this expression is simplified as

<latexit sha1_base64="mYVIGE7NTro7FHL6qdQskub7CrY="></latexit>

jzA =

✓
T 2

12
� R

96⇡2

◆
!

Direct calculation
Chiral Vortical Effect



August 6, 2021 @ summer school  online

Rotation Induced Current

31

Chiral Vortical Effect from Anomalous Hydrodynamics
Son-Suruwka (2009)
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Chiral Vortical Effect from Anomalous Hydrodynamics
Hydrodynamic Equations 
       = Conservation Laws in terms of Hydro Variables

2

where a, b, c numerate the currents, Cabc is symmetric
under permutations of indices and is determined from
the anomalies, ∂µjaµ = − 1

8CabcεµναβF b
µνF c

αβ .

In the local rest frame of fluid, the new contribution
to the current is j = 1

2ξ∇ × v, which means that there
is a current directed along the vorticity. For example, in
a volume of rotating quark matter, quarks with opposite
helicities will move to opposite directions, a phenomenon
which can be called hydrodynamic chiral separation. We
note that the effect is present already at the level of first-
order hydrodynamics. In this respect, this new term in
the current is very unusual: it does not exist in nonrel-
ativistic solutions of chiral molecules (e.g., sugar) in wa-
ter, or in suspensions of chiral objects. In these cases, the
chiral currents contains terms proportional to the third
derivatives of velocity and terms quadratic in first deriva-
tives of velocity [11]. The vorticity-induced current is
specific for relativistic quantum field theory with quan-
tum anomalies.

Entropy current in hydrodynamics with anomalies—
For simplicity consider first a relativistic fluid with one
conserved charge, with a U(1)3 anomaly. To constrain
the hydrodynamic equation, we turn on a slowly varying
background gauge field Aµ coupled to the current jµ.
We take the strength of Aµ is of the same order as the
temperature and the chemical potential, so Aµ ∼ O(p0)
and Fµν ∼ O(p). As in first-order hydrodynamics, we
keep terms of order O(p) in the constitutive equations
for T µν and jµ (or terms of order O(p2) in the equations
of motion). Note that Aµ is not dynamical.

In the presence of an external background field the
hydrodynamic equations obtain the form

∂µT µν = F νλjλ , ∂µjµ = CEµBµ . (5)

where we have defined the electric and magnetic fields in
the fluid rest frame, Eµ = Fµνuν, Bµ = 1

2εµναβuνFαβ .
The right hand sides of these equations take into account
the fact that external field performs work on the system,
and the anomaly. Note that the right hand sides are of
order O(p) or O(p2) in our power counting, which are
within the order hydrodynamic equations.

The stress-energy tensor and the current are

T µν = (ε + P )uµuν + Pgµν + τµν , (6)

jµ = nuµ + νµ, (7)

where τµν and νµ are terms of order O(p) which incorpo-
rate, in particular, dissipative effects. Following Landau
and Lifshitz, we can always require uµτµν = uµνµ = 0.
We find τµν and νµ from the requirement of the exis-
tence of an entropy current sµ with non-negative deriva-
tive, ∂µsµ ≥ 0. Transforming uν∂µT µν + µ∂µjµ using

hydrodynamic equations and ε + P = Ts + µn, we find

∂µ

(

suµ − µ

T
νµ

)

= − 1

T
∂µuντµν − νµ

(

∂µ
µ

T
− Eµ

T

)

− C
µ

T
E · B. (8)

In the standard treatment when the current is not
anomalous, C = 0, this equation is interpreted as the
the equation of entropy production. The first-derivative
parts of the energy tensor and the current have the fol-
lowing form

τµν = −ηPµαP νβ(∂αuβ+∂βuα) −
(

ζ− 2
3η

)

Pµν∂ · u, (9)

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ, (10)

where Pµν = gµν + uµuν , and the entropy production
rate is manifestly positive. However, in the presence of
anomalies the last term in Eq. (8) can have either sign,
and can overwhelm the other terms. Therefore, the hy-
drodynamic equations have to be modified.

The most general modification one can make is to add
the following terms to the U(1) and entropy currents,

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ + ξωµ + ξBBµ, (11)

sµ = suµ − µ

T
νµ + Dωµ + DBBµ, (12)

where ξ, ξB , D, and DB are functions of T and µ. Re-
quiring ∂µsµ ≥ 0 for an arbitrary initial condition, and
using the following identities which follow from the ideal
hydrodynamic equations,

∂µωµ = − 2

ε + P
ωµ(∂µP − nEµ), (13)

∂µBµ = −2ω · E +
1

ε + P
(−B · ∂P + nE · B), (14)

one finds that the following four equations have to be
satisfied

∂µD − 2
∂µP

ε + P
D − ξ∂µ

µ

T
= 0, (15)

∂µDB − ∂µP

ε + P
DB − ξB∂µ

µ

T
= 0, (16)

2nD

ε + P
− 2DB +

ξ

T
= 0, (17)

nDB

ε + P
+

ξB

T
− C

µ

T
= 0. (18)

To proceed further, we change variables from µ, T to
a new pair of variables, µ̄ ≡ µ/T and P . From dP =
sdT + ndµ, it is easy to derive

(

∂T

∂P

)

µ̄

=
T

ε + P
,

(

∂T

∂µ̄

)

P

= − nT 2

ε + P
. (19)
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Ideal Hydro
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Chiral Vortical Effect from Anomalous Hydrodynamics
Hydrodynamic Equations 
       = Conservation Laws in terms of Hydro Variables
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All solved!
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Here a5(m) is the strong interaction coupling constant at the heavy quark scale,
and ~ is the gluon field strength tensor. Thus the proton matrix element of Oti
is obtained by taking the proton matrix element of the right-hand side of eq. (5.21),
with the result

A

3
QCD

s~Lic=(p,s~O’~p,s>=O 2 (5.22)mf

since proton matrix elements of the gluon field strength operators are of order
A~cD.Thus we find

A2

Lic=0 2 =Lic— —Lig, (5.23)
mf 211-

in contradiction to the picture proposed in refs. [12, 13]: since Lie 0, it is not
possible to have (a

5/2IT)Lig large unless Lie is comparable.
Finally, it is instructive to use the methods of ref. [13]to see how Lie 0 comes

about. The calculation of the box diagram reveals two distinct contributions to
gf’(x, Q

2) from a massive quark. One, peaked at k ~ ~ contributing to two-jet
production, is put in the gluonic contribution. The other, peaked at k

1 m, is
lumped into Lie. The two contributions explicitly cancel to the order displayed in
by eq. (5.23).

6. Angular momentum, spin sum rules, and the anomalous current K~

In this section we review the operator description of angular momentum in a
theory of quarks and gluons. We derive the sum rule for the nucleon’s spin and
relate the terms that appear there to local operators and to quark and gluon
distribution functions in an infinite momentum frame. Some of the issues we must
confront are:
(i) What is the operator description of the spin and orbital angular momentum of
quarks and gluons?
(ii) How are the matrix elements of the angular momentum density tensor, M/*VA,
normalized?
(iii) What is the relation between the gluon spin and the anomalous current

~ 4A~AY). (6.1)

(iv) Is there a sum rule for the nucleon’s angular momentum in an infinite
momentum frame and does it get a contribution from the orbital angular momen-
tum of quarks and gluons?
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Similar calculations are possible for the gluon part:
OAM/SAM decomposition 7
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Table 1 Breakdown of the total angular momentum J from various contributions in the canonical
(Ja�e-Manohar) decomposition (upper) and the Belinfante (Ji) decomposition (lower).

defining S ,Bel, satisfying the correct commutation relation. Now we symbolically
summarize the decomposition and the corresponding QCD terminology in Tab. 1.

Now, in this convention, the spin part has no ambiguity; it is gauge invariant
as it should be, representing a physical observable for sure. The subtle (and thus
interesting) point is the orbital part, and then one may be tempted to conclude that the
canonical one makes no physical sense, and this conclusion seems to be unbreakable.
An intriguing possibility has been suggested, however, in the high-energy physics
context [13] inspired by QED studies and photon experiments (see, for example,
Ref. [14] for very inspiring but a little mystical discussions including Lipkin’s Zilch
which is a “useless” conserved charge in QED), which invoked interesting theoretical
discussions; see Ref. [15] for example. In fact, this canonical form can be promoted
to be a gauge-invariant canonical (gic) one (using the terminology of Ref. [16]) as

L ,can ! L ,gic ⌘ �i †x ⇥ Dpure , (25)

where Dpure ⌘ r � ieApure. Here, the vector potential is decomposed into two
pieces, namely, A = Aphys + Apure with Aphys extracted as a gauge invariant part and
Apure makes the field strength tensor vanishing; r ⇥ Apure = 0. More specifically,
under a gauge transformation, A is changed as A ! A+r↵, and then, by definition,
Aphys ! Aphys and Apure ! Apure+r↵. One simplest decomposition satisfying these
requirements is obtained from the Helmholtz decomposition, i.e., any vector can be
represented as a sum of divergence free (transverse) and rotation free (longitudinal)
vectors. For a more concrete demonstration, let us write down an explicit form as

Aphys = r ⇥ a , Apure = �r� , (26)

where

a(x) = 1
4⇡

π
V

dx 0
r0 ⇥ A(x 0)
|x � x 0 | � 1

4⇡

π
S

dS0 ⇥ A(x 0)
|x � x 0 | , (27)

�(x) = 1
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dx 0
r0 · A(x 0)
|x � x 0 | � 1

4⇡

π
S

dS0 · A(x 0)
|x � x 0 | . (28)

In principle, now, all the terms involving A can be made gauge invariant. Then,
a finite di�erence between the canonical and the Belinfante OAM is also a gauge
invariant quantity, which is often called the “potential” orbital angular momentum,
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Here a5(m) is the strong interaction coupling constant at the heavy quark scale,
and ~ is the gluon field strength tensor. Thus the proton matrix element of Oti
is obtained by taking the proton matrix element of the right-hand side of eq. (5.21),
with the result

A

3
QCD

s~Lic=(p,s~O’~p,s>=O 2 (5.22)mf

since proton matrix elements of the gluon field strength operators are of order
A~cD.Thus we find

A2

Lic=0 2 =Lic— —Lig, (5.23)
mf 211-

in contradiction to the picture proposed in refs. [12, 13]: since Lie 0, it is not
possible to have (a

5/2IT)Lig large unless Lie is comparable.
Finally, it is instructive to use the methods of ref. [13]to see how Lie 0 comes

about. The calculation of the box diagram reveals two distinct contributions to
gf’(x, Q

2) from a massive quark. One, peaked at k ~ ~ contributing to two-jet
production, is put in the gluonic contribution. The other, peaked at k

1 m, is
lumped into Lie. The two contributions explicitly cancel to the order displayed in
by eq. (5.23).

6. Angular momentum, spin sum rules, and the anomalous current K~

In this section we review the operator description of angular momentum in a
theory of quarks and gluons. We derive the sum rule for the nucleon’s spin and
relate the terms that appear there to local operators and to quark and gluon
distribution functions in an infinite momentum frame. Some of the issues we must
confront are:
(i) What is the operator description of the spin and orbital angular momentum of
quarks and gluons?
(ii) How are the matrix elements of the angular momentum density tensor, M/*VA,
normalized?
(iii) What is the relation between the gluon spin and the anomalous current

~ 4A~AY). (6.1)

(iv) Is there a sum rule for the nucleon’s angular momentum in an infinite
momentum frame and does it get a contribution from the orbital angular momen-
tum of quarks and gluons?
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Table 1 Breakdown of the total angular momentum J from various contributions in the canonical
(Ja�e-Manohar) decomposition (upper) and the Belinfante (Ji) decomposition (lower).

defining S ,Bel, satisfying the correct commutation relation. Now we symbolically
summarize the decomposition and the corresponding QCD terminology in Tab. 1.

Now, in this convention, the spin part has no ambiguity; it is gauge invariant
as it should be, representing a physical observable for sure. The subtle (and thus
interesting) point is the orbital part, and then one may be tempted to conclude that the
canonical one makes no physical sense, and this conclusion seems to be unbreakable.
An intriguing possibility has been suggested, however, in the high-energy physics
context [13] inspired by QED studies and photon experiments (see, for example,
Ref. [14] for very inspiring but a little mystical discussions including Lipkin’s Zilch
which is a “useless” conserved charge in QED), which invoked interesting theoretical
discussions; see Ref. [15] for example. In fact, this canonical form can be promoted
to be a gauge-invariant canonical (gic) one (using the terminology of Ref. [16]) as

L ,can ! L ,gic ⌘ �i †x ⇥ Dpure , (25)

where Dpure ⌘ r � ieApure. Here, the vector potential is decomposed into two
pieces, namely, A = Aphys + Apure with Aphys extracted as a gauge invariant part and
Apure makes the field strength tensor vanishing; r ⇥ Apure = 0. More specifically,
under a gauge transformation, A is changed as A ! A+r↵, and then, by definition,
Aphys ! Aphys and Apure ! Apure+r↵. One simplest decomposition satisfying these
requirements is obtained from the Helmholtz decomposition, i.e., any vector can be
represented as a sum of divergence free (transverse) and rotation free (longitudinal)
vectors. For a more concrete demonstration, let us write down an explicit form as

Aphys = r ⇥ a , Apure = �r� , (26)

where

a(x) = 1
4⇡

π
V

dx 0
r0 ⇥ A(x 0)
|x � x 0 | � 1

4⇡

π
S

dS0 ⇥ A(x 0)
|x � x 0 | , (27)

�(x) = 1
4⇡

π
V

dx 0
r0 · A(x 0)
|x � x 0 | � 1

4⇡

π
S

dS0 · A(x 0)
|x � x 0 | . (28)

In principle, now, all the terms involving A can be made gauge invariant. Then,
a finite di�erence between the canonical and the Belinfante OAM is also a gauge
invariant quantity, which is often called the “potential” orbital angular momentum,

Gauge Spin? Gauge Orbital?
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They are DIFFERENT by a term corresponding to the CME!?

CS current looks like a gauge spin, and 
the anomaly looks like a spin conservation…???

534 R.L.Jaffe,A.Manohar / Theg, problem

momentum in an abelian gauge field theory:

J~g)= fd3xE’(xx V)kAt + fd3x(A xE)k. (6.34)

Since E’ is the “momentum” conjugate to A’, the “orbital” term has the expected
form. The spin term is less familiar. If the first term is integrated by parts, we
obtain

J(g)=fdx[xx(EXB)] (6.35)

which may be the form most familiar to the reader.
Apparently, the gauge vector case is not the direct generalization of the Dirac

case, First, the spin contribution to

M~~(spin)=F~A”+F”’~A5 (6.36)

is not directly related to the U(1) axial current, K,,. The analogy with the Dirac
case would have led one to expect M~~(spin)to be

EIi~A(rK,,= Ft’AA~+ F”’-’-A5 + ~ (6.37)

but the term FA”A1~ is missing from M~”(spin). Furthermore, FA~Ati is not
separately conserved so there is no superpotential which can convert the spin term
to the form (6.37). eti”~”K,,and M~,~(spin)are not in the same representation of
the Lorentz group. The former is a vector (~,~-) while the latter contains (-i, ~)
~ (~,~.) in addition to (-~,i.). Finally, the orbital and spin terms in M()~”5are not
separately gauge invariant (although M(~”5is gauge invariant up to a superpoten-
tial). So the decomposition into spin and orbital parts is meaningful only with
reference to a specific gauge.
The distinction between M~~(spin)and  ““5”K,, becomes less clear when one

constructs the rotation generators. The spin contribution to is I d3x (A X E).
The analogous integral over e’~”K,,.contains an additional term: fd3xA°B. In
A’~= 0 gauge the two expressions agree. The same is true for the analogous
generator (f d2x

1 dx — M~’~)for a theory quantized on the light-cone in A + = 0
gauge.
Finally, we quote the generalization of M””” to QCD. With a suitable choice of

a superpotential we obtain

M~ = ~it/iy1*(xA3~ —x”3”)t/i + + ““““t/Jy,,y5tJJ— 2Tr{F~’’(x”0
5—x50”)A,,)

+ 2Tr{F’~A”+ F~I*AA)— ~TrF2(x”g~ —x5g””). (6.38)

Any deep physics???
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How to construct the hydrodynamics with J ?
Hattori-Hongo-Huang-Matsuo-Taya (2019)
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J�µ⌫ = xµT�⌫ � x⌫T�µ + ⌃�µ⌫
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(a)

Spin tensor ~ Anti-symmetric part of the EMT
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The dynamics of spin         is constrained by
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@µs
µ � 0

Looks good… but not good in gauge theories… ?
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How to construct the hydrodynamics with J ?
An exercise in Peskin-Schroeder

Pseudo-gauge 
transformation
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How to construct the hydrodynamics with J ?

In gauge theories only symmetrized EMT is gauge invariant!
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(a)
is missing in a symmetric formulation?
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can be “redefined” to be a conserved angular momentum 
in terms of symmetrized EMT as
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bJ�µ⌫ = xµ bT�⌫ � x⌫ bT�µ Spin apparently missing!?

I wrote a paper (Fukushima-Pu 2020) but I am not 
satisfied with my own arguments yet…



August 6, 2021 @ summer school  online

Summary

Chern-Simons current tells us a lot.

□ CS charge is a gauge invariant observable 

= Magnetic Helicity in QED.

□ “Something” replacing A makes it gauge invariant.

Rotation effects also induces a current.

□ Curvature / T / µ + w = (axial) current

□ Anomalous hydrodynamics

Relation between CS current and Spin?

□ Spin (helicity) of gauge field well separated?

□ Spin hydrodynamics with gauge invariant EMT?

40


