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素粒子標準模型は、実験により精密に検証され
ているが、 様々な未解決問題が残され、
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この講義では、標準模型ヒッグス場を
高次元ゲージ場の一部とみなし、 階層性問題
を解決するゲージ・ヒッグス統一理論について
解説する。 模型構築の基礎を詳しく説明し、
そこから予言される物理について、
標準模型との相違点を比較しながら議論する。
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One of the problems in the Standard Model: 
Hierarchy Problem

…

Introduction

Quantum corrections to the Higgs mass 
is sensitive to the cutoff scale of the theory

2
2

216Hmd p
L

»
Too large!!

(Natural cutoff scale is 
Planck scale or GUT scale)

2
Hmd = + +



To get Higgs mass 125 GeV, 
unnatural fine tuning of parameters is required

   
mH

2 = m0
2 +δm2 ≈O 100GeV( )2( )

classical Quantum 
corrections



To get Higgs mass 125 GeV, 
unnatural fine tuning of parameters is required

   
mH

2 = m0
2 +δm2 ≈O 100GeV( )2( )

classical Quantum 
corrections

1.00000000000000000000000000000001
– 1.00000000000000000000000000000000 !!

m0
2 ,δm2 ≈O 1018GeV( )2⎛

⎝
⎞
⎠Naively, we have

32 digits of fine tuning



Problem: We have NO symmetry forbidding the scalar mass
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Mass term is forbidden 
by chiral symmetry
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f y«        SUSY

Mass term is forbidden 
by chiral symmetry

 
A

5
    ↔    Aµ

GHU

Mass term is forbidden 
by the gauge symmetry

Higher dimensional
Lorentz invariance

Higher dimensional gauge symmetry

Identified with
Higgs in the SM
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5A

A5 → A5 + ∂5ε x, y( )+ i ε x, y( ),A5⎡⎣ ⎤⎦

Indeed, the (local) mass term           can be forbidden
by the gauge symmetry for 5th component of the gauge field

In other words, no local counter term is allowed
⇒ No quadratic divergence, finite



2
5A

A5 → A5 + ∂5ε x, y( )+ i ε x, y( ),A5⎡⎣ ⎤⎦

Indeed, the (local) mass term           can be forbidden
by the gauge symmetry for 5th component of the gauge field

In other words, no local counter term is allowed
⇒ No quadratic divergence, finite

This symmetry is very useful in the orbifold model 
since it is operative even on the branes G → H

   
∵ A5 → A5 + ∂5εG H x, y0( ) + i εG H x, y0( ), A5

⎡⎣ ⎤⎦

Gersdorff, Irges & Quiros (2002)

Z2 odd Z2 odd=0
No quadratic divergence 

from brane localized Higgs mass



lD-dim QED on S1@1-loop Hatanaka, Inami & Lim (1998)

l5D Non-Abelian gauge theory on S1/Z2@1-loop
Gersdorff, Irges & Quiros (2002)

l6D Non-Abelian gauge theory on T2@1-loop
Antoniadis, Benakli & Quiros (2001)

l6D Scalar QED on S2@1-loop Lim, NM & Hasegawa (2006)

l5D QED on S1@2-loop
NM & Yamashita (2006); Hosotani, NM, Takenaga & Yamashita (2007)

l5D Gravity on S1@1-loop (GGH) Hasegawa, Lim & NM (2004)
…

Explicit calculations of Higgs mass



Higgs mass calculation



Hatanaka, Inami & Lim (1998)Consider (D+1)-dim QED on S1
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Ex. take D=4 (5 dimension case) & m=0,α=π

Higgs mass is too small
→ generic prediction of GHU
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1: Realizing small Higgs VEV α << 1 
by choosing appropriate matter content

mH～ mW/(4πα) (mW = α/R)
Haba, Hosotani, Kawamura & Yamashita (2004)

Adachi, NM (2018)
2: D > 5 dimensions

Fij
2 contains the Higgs quartic coupling g2[Ai, Aj]2

Higgs mass is generated at leading order
mH = 2mW is predicted in 6D on T2/Z3 model 

Scrucca, Serone, Silvestrini & Wulzer (2003)

3: Warped dimension (ex. Randall-Sundrum model)

Higgs mass is enhanced by curvature scale kπR～30
Contino, Nomura & Pomarol (2003)

Way out to get 125 GeV Higgs mass 



Is this finite mass consistent with gauge symmetry??
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Is this finite mass consistent with gauge symmetry??

・Gauge field mass term forbidden
by gauge symmetry is a local mass term

⇒ No reason to exclude non-local mass term

・5D gauge symmetry is broken to 
4D gauge symmetry via compactification

⇒ No reason to forbid mass of A5 



Is this finite mass consistent with gauge symmetry??

・Gauge field mass term forbidden
by gauge symmetry is a local mass term

⇒ No reason to exclude non-local mass term

・5D gauge symmetry is broken to 
4D gauge symmetry via compactification

⇒ No reason to forbid mass of A5 

In a theory compactified on non-simply connected 
space, non-local Wilson-loop for a zero mode of A5 
is physical

   
W = exp ig dx5 A5!∫⎡

⎣
⎤
⎦



Wilson-loop                                      is

gauge invariant under gauge transformation 
A5 → A5 + ∂5θ(xM)

   
W = exp ig dx5 A5!∫⎡

⎣
⎤
⎦



Wilson-loop                                      is

gauge invariant under gauge transformation 
A5 → A5 + ∂5θ(xM)

In GHU, zero mode of A5 as SM Higgs is 
Wilson-line (WL) or AB phase

Higgs potential (Higgs mass) is understood 
as a function of non-local WL phase

   
W = exp ig dx5 A5!∫⎡

⎣
⎤
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It was believed for the Higgs mass & potential
to be finite at any order of perturbation, 

but it was shown that this is not true, 
i,e, Higgs potential becomes divergent 

at 4-loop through 4-Fermi interactions
Hisano, Shoji and Yamada, JHEP02 193  (2020)

Yamada, PTEP vol.9 (2021) 093B01

(log) Divergence from 4-Fermi interactions 
cannot be controlled by gauge symmetry

All order finiteness might be true only for YM theory



Gauge-Higgs sector



Model building of gauge-Higgs unification

A5 is an SU(2) adjoint originally, not SU(2) doublet
⇒ need to enlarge the gauge group

G → SU(2)L x U(1)Y
adj→ doublet + other reps

Simplest G
SU(3)



Model building of gauge-Higgs unification

A5 is an SU(2) adjoint originally, not SU(2) doublet
⇒ need to enlarge the gauge group

G → SU(2)L x U(1)Y
adj→ doublet + other reps

Simplest G
SU(3)

Consider 5D SU(3) model on S1/Z2 with Parity: 
P = diag (-,-,+)

   

Aµ x, y + 2πR( ) = Aµ x, y( ), A5 x, y + 2πR( ) = A5 x, y( )
PAµ x,− y( )P† = Aµ x,+ y( ), PA5 x,− y( )P† = −A5 x,+ y( )
PAµ x,πR − y( )P† = Aµ x,πR + y( ), PA5 x,πR − y( )P† = −A5 x,πR + y( )

Boundary conditions



S1

y=0y=πR

S1/Z2

Orbifold S1/Z2

y=0
y=πR

Fixed
point

Z2: y → −y
Identify

・To obtain chiral fermions
・Symmetry Breaking



Boundary conditions

   

Aµ x, y + 2πR( ) = Aµ x, y( ), A5 x, y + 2πR( ) = A5 x, y( )
PAµ x,− y( )P† = Aµ x,+ y( ), PA5 x,− y( )P† = −A5 x,+ y( )
PAµ x,πR − y( )P† = Aµ x,πR + y( ), PA5 x,πR − y( )P† = −A5 x,πR + y( )

Relative parity between Aµ and A5 should be opposite

  
Fµ5 = ∂µ A5 − ∂5 Aµ − ig Aµ , A5

⎡⎣ ⎤⎦

Parities of the 1st term and the 2nd term 
are necessarily opposite
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Only (+,+) mode has massless mode (“0 mode”)
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0( ) = 1
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SU(2) x U(1)
gauge fields
SU(3)→

SU(2)xU(1)
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Gauge boson spectrum



( )0
5

5

2, , ,
n n nW Z
n a n a n aM M M A
R R R g Rg
+ +

= = = =

lW, Z, γ are identified with zero modes: 
MW = a/R,  MZ = 2a/R,  Mγ = 0

SU(2)xU(1) → U(1) realized if a is nonzero

lMZ = 2MW → cosθW = ½ (θW:weak mixing angle)
(sin2θW = ¾ >> 0.23 (exp))

In SM, sin2θW = gY
2/(gY

2 +g2
2) is NOT be 

predictable since gY & g2 are independent
In GHU, predictable since gY & g2 are related



( )0
5

5

2, , ,
n n nW Z
n a n a n aM M M A
R R R g Rg
+ +

= = = =

lW, Z, γ are identified with zero modes: 
MW = a/R,  MZ = 2a/R,  Mγ = 0

SU(2)xU(1) → U(1) realized if a is nonzero

lMZ = 2MW → cosθW = ½ (θW:weak mixing angle)
(sin2θW = ¾ >> 0.23 (exp))

lNon-zero KK modes of A5 are eaten 
by non-zero KK modes of Aµ

(“Higgs mechanism”)



Wrong prediction of θW
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Check the hypercharge of Higgs doublet
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⎜
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⎟
⎟
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⎜
⎜
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⎟
⎟
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⎜
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Check the hypercharge of Higgs doublet

( )
( )

( )
2

2
2

22 2 2

3 3sin 0.23
43

Y
W

Y

gg
g g g g

q = = = ¹
+ +

Exp Too Big!!

Well-known by Fairlie, Manton (6D on S2 w/ monopole bkgd)

G2 SO(5)      SU(3)
sin2θW 1/4         1/2          3/4         



Way out to get a correct θW

1: Additional U(1)

AY =
′g A8 + 3g ′A

3g 2 + ′g 2
,AX =

3gA8 − ′g ′A

3g 2 + ′g 2
⇒ gY =

3g ′g
3g 2 + ′g 2

SU(3) x U(1)’ →SU(2)L x U(1)Y x U(1)X
Scrucca, Serone & Silvestrini (2003)

   
∵ A8 =

′g AY + 3gAX

3g 2 + ′g 2
⇒ gA8 ⊃

′g
3g 2 + ′g 2

gAY



Gell-Mann matrices



Way out to get a correct θW

AY =
′g A8 + 3g ′A

3g 2 + ′g 2
,AX =

3gA8 − ′g ′A

3g 2 + ′g 2
⇒ gY =

3g ′g
3g 2 + ′g 2

2
2

2 2 2 2
3sin

4 3
Y

W
Y

g
g g g g

q = =
¢+ +

   
∵ A8 =

′g AY + 3gAX

3g 2 + ′g 2
⇒ gA8 ⊃

′g
3g 2 + ′g 2

gAY

1: Additional U(1) SU(3) x U(1)’ →SU(2)L x U(1)Y x U(1)X
Scrucca, Serone & Silvestrini (2003)

adjustable of θW by tuning g’



Way out to get a correct ΘW

2: Localized gauge kinetic terms

   
L = − 1

2g5
2 TrFMN F MN − 1

2g4
2 δ y( ) + 1

2 ′g4
2 δ y −πR( )⎡

⎣
⎢

⎤

⎦
⎥TrFµν F µν

SU(2) x U(1) invariantSU(3) invariant

4D effective
Gauge coupling

By tuning g4, g’4, sinΘW is adjustable
  

1
geff

2 = 1
g5

2 dy fAµ

0( ) y( )( )2

0

πR

∫ + 1
g4

2 +
1
′g4

2



Matter Content
$

Yukawa Coupling



Quark & Lepton embedding

Consider a fundamental rep of SU(3)

3 = (q, q-1, 1-2q)T (q: electric charge)



Quark & Lepton embedding

Consider a fundamental rep of SU(3)

3 = (q, q-1, 1-2q)T (q: electric charge)
Putting q=2/3, we get

3 = 21/6 + 1-1/3 = (2/3, -1/3, -1/3)T = (uL, dL, dR)T



Quark & Lepton embedding

Consider a fundamental rep of SU(3)

3 = (q, q-1, 1-2q)T (q: electric charge)
Putting q=2/3, we get

3 = 21/6 + 1-1/3 = (2/3, -1/3, -1/3)T = (uL, dL, dR)T

 ψ −y( ) = Pγ 5ψ y( ),   P = diag −,−,+( )
This can be obtained by Z2 parity as

Relative parity between LH and RH should be opposite

   
Lfermion ⊃ψ R ∂5ψ L ⇒ γ5 insertion



Consider a fundamental rep of SU(3)

3 = (q, q-1, 1-2q)T (q: electric charge)
Putting q=2/3, we get

3 = 21/6 + 1-1/3 = (2/3, -1/3, -1/3)T = (uL, dL, dR)T

 ψ −y( ) = Pγ 5ψ y( ),   P = diag −,−,+( )
This can be obtained by Z2 parity as

Only fundamental reps cannot incorporate 
right-handed up-type quarks as well as leptons

Quark & Lepton embedding



Only fundamental reps cannot incorporate 
right-handed up-type quarks as well as leptons

As one of the embeddings, tensor product is useful

 ψ −y( ) = P⊗P( )γ 5ψ y( ),  ψ −y( ) = P⊗P⊗P( )γ 5ψ y( ) 

Quark & Lepton embedding



Only fundamental reps cannot incorporate 
right-handed up-type quarks as well as leptons

2-rank sym: 6* =   3L-1/3 + 2L1/6 (Q) + 1L2/3

3R-1/3 + 2R1/6 + 1R2/3 (uR)

∵ 3*x3* = (2-1/6 + 11/3)x(2-1/6 + 11/3)

Many massless exotics ⇒ brane localized mass term

As one of the embeddings, tensor product is useful

 ψ −y( ) = P⊗P( )γ 5ψ y( ),  ψ −y( ) = P⊗P⊗P( )γ 5ψ y( ) 

Quark & Lepton embedding



Only fundamental reps cannot incorporate 
right-handed up-type quarks as well as leptons

2-rank sym: 6* =   3L-1/3 + 2L1/6 (Q) + 1L2/3

3R-1/3 + 2R1/6 + 1R2/3 (uR)

∵ 3*x3* = (2-1/6 + 11/3)x(2-1/6 + 11/3)
P x P = diag(-,-,+) x diag(-,-,+)

Many massless exotics ⇒ brane localized mass term

As one of the embeddings, tensor product is useful

 ψ −y( ) = P⊗P( )γ 5ψ y( ),  ψ −y( ) = P⊗P⊗P( )γ 5ψ y( ) 

Quark & Lepton embedding



Only fundamental reps cannot incorporate 
right-handed up-type quarks as well as leptons

2-rank sym: 6* =   3L-1/3 + 2L1/6 (Q) + 1L2/3

3R-1/3 + 2R1/6 + 1R2/3 (uR)

3-rank sym: 10 =   4L1/2 + 3L0 + 2L-1/2 (L) + 1L-1

4R1/2 + 3R0 + 2R-1/2 + 1R-1 (eR)

As one of the embeddings, tensor product is useful

 ψ −y( ) = P⊗P( )γ 5ψ y( ),  ψ −y( ) = P⊗P⊗P( )γ 5ψ y( ) 

Quark & Lepton embedding

Many massless exotics ⇒ brane localized mass term



Only fundamental reps cannot incorporate 
right-handed up-type quarks as well as leptons

2-rank sym: 6* =   3L-1/3 + 2L1/6 (Q) + 1L2/3

3R-1/3 + 2R1/6 + 1R2/3 (uR)

3-rank sym: 10 =   4L1/2 + 3L0 + 2L-1/2 (L) + 1L-1

4R1/2 + 3R0 + 2R-1/2 + 1R-1 (eR)

As one of the embeddings, tensor product is useful

 ψ −y( ) = P⊗P( )γ 5ψ y( ),  ψ −y( ) = P⊗P⊗P( )γ 5ψ y( ) 

Quark & Lepton embedding

RH neutrino can be embedded into SU(3) singlet



In SM, quarks & leptons obtain masses
through Yukawa coupling

yψ RHψ L

Fermion mass

mq,lψ Rψ L
H=<H>⇒

In SM, fermion mass (Yukawa) hierarchy 
cannot be explained 



In gauge-Higgs unification, 
Yukawa coupling = gauge coupling

How can we get fermion mass hierarchy???

As will be shown below, 
fermion masses except for top quark are relatively easy

Big 
Hurdle



In gauge-Higgs unification, 
Yukawa coupling = gauge coupling

How can we get fermion mass hierarchy???

As will be shown below, 
fermion masses except for top quark are relatively easy

1: Localizing fermions@different point in 5th direction

Yukawa ～ exponentially suppressed overlap integral
Arkani-Hamed & Schmaltz (1999)

2: Bulk fermions mixed with localized fermions 
@the fixed points

Non-local Yukawa coupling   Csaki, Grojean & Murayama (2002)

Big 
Hurdle



1: Yukawa coupling from localizing fermions @different points

1: To localize fermions at different points along 
the 5th direction, bulk masses are introduced

2: To be consistent with Z2 orbifold, 
Z2 parity of bulk mass must be odd ⇒ kink mass



1: Yukawa coupling from localizing fermions @different points

1: To localize fermions at different points along 
the 5th direction, bulk masses are introduced

2: To be consistent with Z2 orbifold, 
Z2 parity of bulk mass must be odd ⇒ kink mass

Consider a 5D fermion satisfying the following Dirac equation

( ) ( )

( ) ( ) ( )
( )
( )

5

0 ,

1 0
, , , 0,1,2,3,5 ,

1 0

M
M

M
M M M

i D M x y

y
D igA M

y

y

i yµ

e y

g g e

é ù= G -ë û
>ìï= ¶ - G = = = í

- <ïî

 
   

 

Focusing zero modes 

( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
0 0 5, ,L R L R L R L Rx y x f yy y g y y= -!  



Zero mode wave functions

y

0 πR

LR

Small overlap
4D effective Yukawa coupling

πMR >> 1
Fermion masses except top is easy, but top is hard
No need of unnatural fine-tuning for 5D parameters M,R

  

0 = ∂ y− Mε y( )⎡⎣ ⎤⎦ fL
0( ) y( )→ fL

0( ) y( ) = 2M
e2π MR −1

eM y

0 = ∂ y+ Mε y( )⎡⎣ ⎤⎦ fR
0( ) y( )→ fR

0( ) y( ) = 2M
1− e−2π MR e− M y

   

Y = g4 dyfL
0( ) y( ) fR

0( ) y( )
0

πR

∫ = g4 dy 4M 2

1− e−2π MR( ) e2π MR −1( )0

πR

∫

   ≈ 2π MRg4e
−π MR ≤ g4 ⇔ mf ≤ mW



Top mass generation Cacciapaglia, Csaki & Park (2005)

Consider large dimensional reps, 
then an upper bound on fermion mass is modified as follows

t Wm nm£ (n: # of indices of rep)

For mt = 2mW⇒ need a 4-index rep top is embedded
To saturate this bound, bulk mass should be zero 

Simplest example:

(15*)-2/3 → (1, 2/3)(tR) + (2, 1/6)(tL)
+ (3, -1/3) + (4, -5/6) + (5, -4/3) 

*



N enhancement

Consider a rank N symmetric tensor of SU(3)

・・・

Decompose it into SU(2) reps as 3 = 2 + 1 
and make a singlet & a doublet

singlet ・・・1 1 1 1 unique

doublet ・・・1 1 2 1 etc

N boxes

N patterns

Canonical kinetic term ⇒ 1/√N

Yukawa = 1R 2L 2H ⇒ N x 1/√N = √N



3 = 2L1/6(Q) + 1L-1/3
2R1/6 + 1R-1/3(dR)

6* = 3L-1/3 + 2L1/6(Q) + 1L2/3
3R-1/3 + 2R1/6 + 1R2/3(uR)

10 = 4L1/2 + 3L0 + 2L-1/2(L) + 1L-1
4R1/2 + 3R0 + 2R-1/2 + 1R-1(eR)

15* = 5L-4/3 + 4L-5/6 + 3L-1/3 + 2L1/6(Q) + 1L2/3
5R-4/3 + 4R-5/6 + 3R-1/3 + 2R1/6 + 1R2/3(tR)

Fermion matter content

Down quark
sector

Up quark
sector

(except for top)

Charged lepton
sector

Unwanted massless exotics (blue reps) & two extra 
Qs must be massive by brane localized mass terms

Top
quark



2: Mixing between bulk and boundary localized fermions

Consider the massive bulk fermion 
coupling to SM fermions on the branes

Csaki, Grojean & Murayama (2002)

Mixing mass term between bulk & brane fermions

 

ε L

πR
ψ dQL

 

ε R

πR
qRχ

s
  ψ

d A5χ
s

<A5>
Schematically,

y=yL y=yR

Bulk gauge 
interaction 

    

LBulk = Ψi /DΨ + !Ψi /D !Ψ− M Ψ !Ψ + !ΨΨ( )    Ψ ⊃ψ d ,χ s

LBrane = δ y − yL( ) iQLσ
µ ∂µQL +

ε L

πR
ψ dQL + h.c.

⎡

⎣
⎢

⎤

⎦
⎥ +δ y − yR( ) iqLσ

µ ∂µ qL +
ε R

πR
qRχ

s + h.c.
⎡

⎣
⎢

⎤

⎦
⎥

 !Ψ opposite parity to Ψ



2: Mixing between bulk and boundary localized fermions

Consider the massive bulk fermion 
coupling to SM fermions on the branes

Integrating out massive fermion generates mass term as

0

R
yig dyA MR

f L
MR

L R R L R WMRe ReQ m M Mq e
p

ppe pe p e e- -µò Þ

Csaki, Grojean & Murayama (2002)

Mixing mass term between bulk & brane fermions

Exponentially suppressed coupling
⇒ easy to generate fermion masses except for top

How do we obtain top mass???

    

LBulk = Ψi /DΨ + !Ψi /D !Ψ− M Ψ !Ψ + !ΨΨ( )    Ψ ⊃ψ d ,χ s

LBrane = δ y − yL( ) iQLσ
µ ∂µQL +

ε L

πR
ψ dQL + h.c.

⎡

⎣
⎢

⎤

⎦
⎥ +δ y − yR( ) iqLσ

µ ∂µ qL +
ε R

πR
qRχ

s + h.c.
⎡

⎣
⎢

⎤

⎦
⎥

 !Ψ opposite parity to Ψ



2: Mixing between bulk and boundary localized fermions

Consider the massive bulk fermion 
coupling to SM fermions on the branes

Integrating out massive fermion generates mass term as

0

R
yig dyA MR

f L
MR

L R R L R WMRe ReQ m M Mq e
p

ppe pe p e e- -µò Þ

Csaki, Grojean & Murayama (2002)

Mixing mass term between bulk & brane fermions

How do we obtain top mass???

    

LBulk = Ψi /DΨ + !Ψi /D !Ψ− M Ψ !Ψ + !ΨΨ( )    Ψ ⊃ψ d ,χ s

LBrane = δ y − yL( ) iQLσ
µ ∂µQL +

ε L

πR
ψ dQL + h.c.

⎡

⎣
⎢

⎤

⎦
⎥ +δ y − yR( ) iqLσ

µ ∂µ qL +
ε R

πR
qRχ

s + h.c.
⎡

⎣
⎢

⎤

⎦
⎥

By mixing effects ε



Flavor Mixing $ CPV



Flavor mixing in SM

    

Lyukawa = − yd
ijQL

i HdR
j − yu

ijQL
i !HuR

j + h.c.

         →−QL
lUd

il † yd
ij HVd

jkdR
k − yu

ijQL
lUu

il † yu
ij !HVu

jkuR
k + h.c.

         = −QL
l !yd

ii HdR
k − yu

ijQL
l !yu

ii !HuR
k + h.c

Yukawa coupling can be diagonalized 
by bi-unitary transformations

    

LW ∼ uL
iWµ

+γ µ Uu
†Ud( )

VCKM

"#$ %$

ij
dL

j + dL
iWµ

−γ µ Ud
†Uu( )

VCKM
†

"#%

ij
uL

j

In mass eigenstates, flavor mixings appear 
in charged current



In GHU, yukawa coupling is gauge coupling, 
which seems to be no flavor mixing

If the bulk mass are flavor non-diagonal, 
flavor mixing seems to be generated 

but it is NOT true

can be diagonalized 
by a suitable unitary transformation,

leaving the kinetic term invariant

 
Mijε y( )ψ iψ j

Flavor mixing in GHU

 
Mijψ

iψ j



We are led to introduce 
brane localized mass terms,

which are necessary to make exotics heavy
& are the sources of flavor mixing

as will be seen below



Brane localized 
fields

Brane mass matrices
(off-diagonal elements
are generically allowed)

“Flavor mixing”

“2Nx2N unitary matrix”

    

L = − 1
4

F MN FMN +ψ 3
i i D − M iε y( )( )ψ 3

i +ψ 6
i i D − M iε y( )( )ψ 6

i

     +δ y( ) 2πRQR
i x( ) ηijQ3L

j x, y( ) + λijQ6 L
j x, y( )⎡⎣ ⎤⎦ +!

     �

LBM
Q ∼ δ y( )QR η  λ⎡⎣ ⎤⎦

Q3

Q6

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥L

= δ y( ) ′QR mdiag�0⎡⎣ ⎤⎦
QH

QSM

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥L

������
Q3

Q6

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥L

=
U1�U3

U2�U4

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

QH

QSM

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥L

,�U QQR = ′QR



( ) ( )0 0 2
iR i iii i RM

L RR
Y dyf f RM e

p p

p
p -

-
= »ò

( )
†

3 † † †
3 3 4 4†

4

ˆ
1

ˆ
d dR d dL

CKM uL dL N N

u uR u uL

Y V Y U V
V V V U U U U

Y V Y U V
´

ì =ï = + =í
=ïî

     

Yukawa coupling

Diagonalization

Yukawa coupling with flavor mixing
   

LYukawa = g5 Ay
6d iQ3

i + g5 Ay
6u iQ6

i

        ⊃ g5 Ay
6d iU3

ijQSM
j + g5 Ay

6u iU4
ijQSM

j

        → g5 Ay
6 dR

i 0( )Yd
iiU3

ijQSM
j 0( ) + uR

i 0( )Yu
iiU4

ijQSM
j 0( )( )



M3,6 ∝ 1 (Yu,d ∝ 1) case (flavor symmetry restored)

( )

† †
3 43 4

† 2 † †
3 3 3 1

† 2 † †
4 4

†

4

†

ˆ ˆ

ˆ ˆ

1

d dR dL d dL dL U U U U
uL dL

u uR uL u

CKM uL dL dL d

uL u

L

L

Y V U V Y V U U V
V V

V V V V

Y V U V Y V U U V

V

+ =

=

ì = ® =ï ¾¾¾¾¾® µí
= ® =

=

ïî
Þ µ No mixing

  

                   

To get flavor mixing, 
we need non-degenerate bulk masses

as well as the off-diagonal brane masses
(specific to gauge-Higgs unification)

Lesson



FCNC in SM
Flavor Changing Neutral Current processes 

are severely constrained 

mixing    
c
Λ2 sdds ⇒Λ ≥100TeV ,c ≈O 1( ) exp( )K 0 − K 0

・No tree level process by Z boson exchange 
・1-loop process by charged current suppressed 

⇒ GIM mechanism

W W

 d s

 s d

   
≈ g 2

16π 2

mc
2 − mu

2( )2

MW
2 mc

2 sinθc cosθc( )2 g 2

MW
2 ≈10−8∼−7 g 2

MW
2



FCNC in GHU
FCNC@tree level even in QCD sector

0 mode sector (flat mode function): 
No mixing  O.K.

Nonzero KK gluon couplings 
induce nontrivial flavor mixing

⇒ flavor mixing@tree level

   

Lstrong ⊃
gs

2πR
Gµ

0( ) ψ R
i 0( )γ µψ R

i 0( ) +ψ L
i 0( )γ µψ L

i 0( )( )
         + gsGµ

n( )ψ R
i 0( )γ µψ R

j 0( ) VdR
† IRR

0n0( )VdR( )
ij

         + gsGµ
n( )ψ L

i 0( )γ µψ L
j 0( ) VdL

† U3
†ILL

0n0( )U3 +U4
†ILL

0n0( )U4( )VdL
⎡
⎣⎢

⎤
⎦⎥ij



(i) LR type (ii) LL type (iii) RR type

Figure 1: The diagrams of D0 − D̄0 mixing via KK gluon exchange

listed above,

∼
∞∑

n=1

g2s
4

(−1)n

M2
n

(
V †
uLU

†
3I

(0n0)
RR U3VuL + V †

uLU
†
4I

(0n0)
RR U4VuL

)

21

×
(
V †
uRI

(0n0)
RR VuR

)

21

(
ūLλ

aγµcL
)(
ūRλ

aγµcR
)
. (4.6)

Similarly, the LL and the RR type diagrams of Fig. 1 give

∼−
∞∑

n=1

g2s
4

1

M2
n

(
V †
uLU

†
3I

(0n0)
RR U3VuL + V †

uLU
†
4I

(0n0)
RR U4VuL

)2
21

×
(
ūLλ

aγµcL
)(
ūLλ

aγµcL
)
, (4.7)

∼−
∞∑

n=1

g2s
4

1

M2
n

(
V †
uRI

(0n0)
RR VuR

)2
21

(
ūRλ

aγµcR
)(
ūRλ

aγµcR
)
. (4.8)

The sum over the integer n is convergent and the coefficients of the effective lagrangian

(4.6)-(4.8) are suppressed by the compactification scale as 1/M2
c where Mc = R−1. We

can verify, as we expect, that the coefficient vanishes in the limit of universal bulk masses

M1 = M2 = · · · by use of the unitarity condition (3.4), since I(0n0)RR is proportional to the

unit matrix in this limit;

V †
uL

(
U †
3I

(0m0)
RR U3 + U †

4I
(0m0)
RR U4

)
VuL

M1=M2= ···−−−−−−−→ V †
uL

(
U †
3U3 + U †

4U4

)
VuLI

(0m0)
RR ∝ 1n×n ,

V †
uRI

(0m0)
RR VuR

M1=M2= ···−−−−−−−→ VuRV
†
uRI

(0m0)
RR ∝ 1n×n . (4.9)

Comparing the calculation of (4.6)-(4.8) with the experimental data, we can obtain a

lower bound on the compactification scale. The most general effective Hamiltonian for

∆C = 2 processes due to some “new physics” at a high scale ΛNP & MW can be written

as follows;

H∆C=2
eff =

1

Λ2
NP

(
5∑

i=1

ziQi +
3∑

i=1

z̃iQ̃i

)
(4.10)

13

(i) LR type (ii) LL type (iii) RR type

Figure 4: The diagrams of K0 − K̄0 mixing via KK gluon exchange

where

αd ≡−(1− a2) sin 2θdL cos
2θ + (1− b2) sin 2θdL sin

2θ −
√
(1− a2)(1− b2) cos 2θdL sin 2θ ,

α′
d ≡− a2 sin 2θdL cos

2θ′ + b2 sin 2θdL sin
2θ′ − ab cos 2θdL sin 2θ

′. (A.2)

θdR is an angle in the rotation matrix VdR to diagonalize I(00)RL U3U
†
3I

(00)
RL :

tan 2θdR =
2
(
b2 − a2

)
cd sin θ cos θ

(1− a2)c2 − (1− b2)d2 + (a2 − b2)(c2 + d2) sin2θ
. (A.3)

The bag parameters are calculated by lattice simulation as B1 = 0.57, B4 = 0.81 and B5 =

0.56 [?]. fK(# 1.23fπ),mK is the kaon decay constant and the kaon mass, respectively.

The constant αs is estimated to be αs(µK) ≈ 0.268 for µK = 2.0GeV [?]. Combining

these results, we obtain

∆mK(KK) ∼−1.61× 102 · (Rfπ)
2

×
[{

(αd + α′
d)

2 + sin22θdR
}
SLL
KK − 65.0 · sin 2θdR(αd + α′

d)S
LR
KK

]
[MeV]

(A.4)

The room for the “New Physics”contribution∆mK(NP) is basically given by the difference

between the experimental data and the standard model prediction [?], [?]. Though the

short-distance contribution due to the box diagram in the standard model [?] is reliably

calculated the long-distance contribution has uncertainty. Thus here we take an attitude

that ∆mK(NP) can be as large as the experimental value:

∣∣∆mK(NP)
∣∣ < ∆mK(Exp) = 3.48× 10−12 [MeV] (A.5)

Identifying ∆mK(NP) with our result ∆mK(KK) we obtain a lower bound for the com-

pactification scale:

R−1 ! 6.32× 102
√{

(αd + α′
d)

2 + sin22θdR
}
SLL
KK − 65.0 · sin 2θdR(αd + α′

d)S
LR
KK [TeV] .

(A.6)

The obtained numerical result is given in Fig. ?? where the first term inside the square

root in (??) is dominant. The lower bound on the compactification scale R−1 ranges from

2.8TeV to 43TeV depending on the value of sin θ′.
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K 0 − K 0

D0 − D0

 

Bd
0 − Bd

0

   &
Bs
0 − Bs

0

bLdL(sL)

Ga(n)
µ

dR(sR)bR

bLdL(sL)

Ga(n)
µ

dL(sL)bL

bRdR(sR)

Ga(n)
µ

dR(sR)bR

(i) LR type (ii) LL type (iii) RR type

bLsL

Ga(n)
µ

sRbR

bLsL

Ga(n)
µ

sLbL

bRsR

Ga(n)
µ

sRbR

(i) LR type (ii) LL type (iii) RR type

Figure 1: The diagrams of B0
d – B̄

0
d (top row) and B0

s – B̄
0
s (bottom row) mixing via KK gluon

exchange

bRsR

Ga(n)
µ

=
gs
2

(
V †
dRI

(0n0)
RR VdR

)

32
λaγµR , (4.4c)

bLsL

Ga(n)
µ

=
gs
2
(−1)n

{
V †
dL

(
U †
3I

(0n0)
RR U3 + U †

4I
(0n0)
RR U4

)
VdL

}

32
λaγµL , (4.4d)

Gb(n′)
νGa(n)

µ
= δnn′δab

ηµν

k2 −M2
n

(
’t Hooft-Feynman gauge

)
. (4.4e)

The non-zero KK gluon exchange diagrams, which give the dominant contribution to the

process of B0
d – B̄

0
d and B0

s – B̄
0
s mixing, are depicted in Fig. 1.

Note that in the case of the K0 – K̄0 mixing which is given by similar diagrams to

those in Fig. 1 [11], ‘LR type’ diagram seems to give dominant contribution at first glance,

because the hadronic matrix element of LR type effective 4-Fermi lagrangian is relatively

enhanced with a factor mK
md+ms

[11, 12] compared to the matrix elements of LL and the

RR type effective lagrangian. However, in the case of the B0
d – B̄

0
d and B0

s – B̄
0
s mixing,

the factors mB
md+mb

and mB
ms+mb

are not so large and in addition to the LR type diagram we

calculate LL and RR type diagrams as well, similarly to the D0 – D̄0 mixing.5

By noting the fact k2 "
(
n
R)

2 for n #= 0 being the mass of n-th KK gluon and kµ being

external momentum, the contribution of each type diagram about the B0
d – B̄

0
d mixing of

Fig. 1 is written in the form of effective four-Fermi lagrangian obtained by use of Feynman

5It turns out that even in the case of K0 – K̄0 mixing, the LL and RR type processes is not less
important and even give dominant contribution [12].
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Lower bounds of 
compactification scale in GHU

   

K 0 − K 0 :O 10( )TeV

D0 − D0 :O 1( )TeV

Bd
0 − Bd

0 , Bs
0 − Bs

0 :O 1( )TeV
“K0-K0bar”, Adachi, Kurahashi, Lim and NM, JHEP1011 (2010) 015
“D0-D0bar”, Adachi, Kurahashi, Lim and NM, JHEP1201 (2012) 047
“B0-B0bar”, Adachi, Kurahashi, NM and Tanabe, PRD85 (2012) 096001



“GIM-like” mechanism
The above results are smaller than 

that from naïve order estimate 

  

1
M KK

2 ψψψψ ⇒

M KK ≥1000TeV K 0 − K 0 , D0 − D0( )
M KK ≥ 400TeV Bd

0 − Bd
0( )

M KK ≥ 70TeV Bs
0 − Bs

0( )

⎧

⎨
⎪⎪

⎩
⎪
⎪

This apparent discrepancy can be understood 
since the “GIM-like” mechanism works in GHU

i.e. FCNC processes are automatically suppressed 
for 1st & 2nd generation of quarks



    

SKK
LR = πR

−1( )n

n2 IRR
1 0n0( ) − IRR

2 0n0( )( )2

n=1

∞

∑

       − π
2

2
e−2πRM1

+ e−2πRM 2( )
          − π

2R
M 1( )2

− M 1M 2 + M 2( )2

M 1M 2 M 1 − M 2( ) e−2πRM1

− e−2πRM 2( ) πRM i 1( )

SKK
LL RR( ) = πR 1

n2 IRR
1 0n0( ) − IRR

2 0n0( )( )2

n=1

∞

∑ 
π
8R

M 1 − M 2( )2

M 1M 2 M 1 + M 2( )

In the large bulk mass limit, 
the KK mode sum can be approximated as follows

2
2

2

ii qRM

W

m
e

m
p- Û

similar to
GIM suppression

2 2

2
c u

W

m m
m
-

exponential
suppression!!

Power suppression



CP violation
In SM, CP symmetry is broken by the CKM phase

⇒ Nobel prize of Kobayashi & Maskawa

Now, higher dimensional origin 
of CP violation is discussed

One of the approaches to explain 
baryon asymmetry is EW baryogenesis

CP violation is required to work this mechanism
(one of the Sakharov’s conditions)

CP violation from CKM phase is NOT enough and
additional CP violation is necessary 



CP violation

   

P : xµ , y( ) = xµ ,− y( )
P :ψ xµ , y( ) = γ 0ψ xµ ,− y( )
P : Aµ , Ay( ) xµ , y( ) = Aµ ,−Ay( ) xµ ,− y( )

⎧

⎨
⎪⎪

⎩
⎪
⎪

Parity

Adachi, Lim & NM, PRD(2009)



CP violation

   

P : xµ , y( ) = xµ ,− y( )
P :ψ xµ , y( ) = γ 0ψ xµ ,− y( )
P : Aµ , Ay( ) xµ , y( ) = Aµ ,−Ay( ) xµ ,− y( )

⎧

⎨
⎪⎪

⎩
⎪
⎪

Parity

   
C †γ µC = − γ µ( )T

,C †γ 5C = γ 5( )T

Charge
Conjugation

   

C : xµ , y( ) = xµ ,− y( )
C :ψ xµ , y( ) = iγ 2ψ * xµ ,− y( )
C : Aµ , Ay( ) xµ , y( ) = −Aµ , Ay( )T

xµ ,− y( )

⎧

⎨
⎪
⎪

⎩
⎪
⎪

Origin of −y from

Adachi, Lim & NM, PRD(2009)



   

CP : xµ , y( ) = xµ , y( )
CP :ψ = iγ 0γ 2ψ *

CP : Aµ , Ay( ) = −Aµ ,−Ay( )T

⎧

⎨
⎪⎪

⎩
⎪
⎪

CP violation

CP

  
Ay ≠ 0 ⇒ CP is spontaneously broken 

because Ay is CP odd 

is CP invariant
   
L =ψ iγ µ ∂µ−γ

5 ∂ y− Mε y( ) + gAyγ 5⎡⎣ ⎤⎦ψ



Even if M=0, CP seems to be broken ⇒ Not true

   
L =ψ iγ µ ∂µ−γ

5 ∂ y− Mε y( ) + gAyγ 5⎡⎣ ⎤⎦ψ



Even if M=0, CP seems to be broken ⇒ Not true

In M=0 case, chiral rotation                    can remove
iγ5 from the last term in Lagrangian keeping 

other terms invariant
⇒ Ay is CP even in this case

  ψ → e
iπ
4
γ 5

ψ

To break CP, an interplay Ay and M is important

   
L =ψ iγ µ ∂µ−γ

5 ∂ y− Mε y( ) + gAyγ 5⎡⎣ ⎤⎦ψ



Even if M=0, CP seems to be broken ⇒ Not true

In M=0 case, chiral rotation                    can remove
iγ5 from the last term in Lagrangian keeping 

other terms invariant
⇒ Ay is CP even in this case

  ψ → e
iπ
4
γ 5

ψ

To break CP, an interplay Ay and M is important

Neutron EDM (P, CP violating)

Y. Adachi, C.S. Lim, NM, PRD80 (2009) 055025

5D GHU@1-loop 1/R > 2.6TeV (SM@3-loop)

   
L =ψ iγ µ ∂µ−γ

5 ∂ y− Mε y( ) + gAyγ 5⎡⎣ ⎤⎦ψ



CP violation in even extra dimensions

CP can be broken by the geometry 
of compactified spaces 

C.S. Lim, NM, K. Nishiwaki, PRD81(2010) 076006

Consider 6D theory compactified on T2/Z4

Z4 transformation

T2/Z4: points on 2-dim torus 
by Z4 transformation 
are identified 



C, P transformations preserving 4D C, P 
acting on 6D Dirac fermions

   
P :Ψ6 → γ 0 ⊗σ 3( )Ψ6 ,   C :Ψ6 → C ⊗σ 3( )Ψ6

T



C, P transformations preserving 4D C, P 
acting on 6D Dirac fermions

   
P :Ψ6 → γ 0 ⊗σ 3( )Ψ6 ,   C :Ψ6 → C ⊗σ 3( )Ψ6

T

   P : y, z( )→ y, z( ),    C,CP : y, z( )→ y,−z( )
  Ψ6iΓ

M ∂M Ψ6Invariance of                     leads to



C, P transformations preserving 4D C, P 
acting on 6D Dirac fermions

   
P :Ψ6 → γ 0 ⊗σ 3( )Ψ6 ,   C :Ψ6 → C ⊗σ 3( )Ψ6

T

   P : y, z( )→ y, z( ),    C,CP : y, z( )→ y,−z( )
CP is a complex conjugate 

of ω = (y+iz)/√2
Z4 after CP is −90° rotation 

NOT +90°
⇒ CP & T2/Z4 is incompatible

  Ψ6iΓ
M ∂M Ψ6Invariance of                     leads to



C, P transformations preserving 4D C, P 
acting on 6D Dirac fermions

   
P :Ψ6 → γ 0 ⊗σ 3( )Ψ6 ,   C :Ψ6 → C ⊗σ 3( )Ψ6

T

   P : y, z( )→ y, z( ),    C,CP : y, z( )→ y,−z( )
CP is a complex conjugate 

of ω = (y+iz)/√2
Z2 after CP is −180° rotation 

equivalent to +180°
⇒ CP & T2/Z2 is compatible

  Ψ6iΓ
M ∂M Ψ6Invariance of                     leads to



For those interested in these issues

日本物理学会誌 vol.65, No7, 2010



EW symmetry breaking



SM Higgs potential is fixed 
by the following requirements

・SU(2)L×U(1)Y invariance
・Renormalizability

V H( ) = µ2H †H + λ H †H( )2⇒

Vacuum stability λ > 0 assumed
→ cannot be predicted in SM

SM Higgs potential



Vacuum depends on a sign of µ2

µ2 > 0 µ2 < 0

H

V(H) V(H)

H = 0 H ≠ 0
µ2 < 0 ⇒ SU(2)L×U(1)Y →U(1)em

(sign of µ2 cannot be predicted in SM)

SM Higgs potential

H



Electroweak symmetry breaking

In GHU, EW symmetry is dynamically broken 
by the Hosotani mechanism  Hosotani (1983,1989)

Higgs potential is radiatively generated 
since the tree level potential is forbidden 

by gauge invariance (Coleman-Weinberg potential)
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Poisson 
resummation

Calculation of the effective potential (Adj rep)

  

n+ a
R

⎛
⎝⎜

⎞
⎠⎟

exp − n+ a
R

⎛
⎝⎜

⎞
⎠⎟

2

t
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥n=−∞

∞
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t3 iπm( )exp −
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− 2π ima
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Ex1. 5D SU(2) model on S1/Z2
with Nf fundamental fermions

  
V a( ) = 3

128π 7 R5

1
n5 −3cos 2πna⎡⎣ ⎤⎦ + 4N f cos πna⎡⎣ ⎤⎦⎡⎣ ⎤⎦

n=1

∞

∑
fundGauge + ghost

Kubo, Lim & Yamashita (2002)

YM: SU(2) unbroken Fermion in fundamental rep

minimum@α=1



Gauge symmetry breaking

SU(2) → U(1)@S1/Z2 → ??@a=1

Wilson line phase

     

W = P exp ig dy A5
1 σ 1

2S1!∫
⎛
⎝⎜

⎞
⎠⎟
= exp ig a

gR
σ 1

2
2πR

⎛
⎝⎜

⎞
⎠⎟
= exp iπaσ 1( )

      ⇒ exp iπσ 1( ) = − I → W ,T 3⎡⎣ ⎤⎦ = 0  

SU(2) → U(1) → U(1)
U(1) is unbroken



Ex. 5D SU(3) model on S1/Z2 with Nf fundamental 
& Na adjoint fermions

( ) ( ) [ ] [ ]( ) [ ]7 5 5
1

3 1 4 3 cos 2 2cos 4 cos
128 a f

n
V a N na na N na

R n
p p p

p

¥

=

é ù= - + +ë ûå
adjoint fundGauge + ghost

2 fund
SU(2)xU(1) -> U(1)xU(1)

1 adj
SU(2)xU(1) -> U(1)

Kubo, Lim & Yamashita (2002)

a

V(a)

YM
unbroken

1 fund
unbroken



     

W = P exp ig dy A5S1!∫( ) =
1 0 0
0 cos πa( ) isin πa( )
0 isin πa( ) cos πa( )

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
  a mod 2( ) =

SU 2( )×U 1( ) for a = 0

U 1( )′ ×U 1( ) for a =1

U 1( )em
 for other cases

⎧

⎨
⎪
⎪

⎩
⎪
⎪

( )
6 6

6 0
5 52 2

a T TA A
gR

= º

Wilson line phase

U(1) x U(1)’ unbroken

( )
( )

3

8

1, 1,0

1,1, 2 3

T diag

T diag

= -

= -

  
a = 1: W = diag 1,−1,−1( )⇒ W ,T 3⎡⎣ ⎤⎦ = W ,T 8⎡⎣ ⎤⎦ = 0

U(1)em unbroken
  
0 < a <1: W , 3T 3 +T 8⎡

⎣
⎤
⎦ = 2 W ,sinθWλ

3 + cosθWλ
8⎡⎣ ⎤⎦ = 0



Simplified model Adachi & NM, PRD98 (2018) 015022

・3rd generation quarks: (tL, bL)T, tR, bR
brane localized fermions@y=πR

・Messenger fermions: Ψ(3(b), 15*(t))
linear combination of Q3R & Q15*R couple to (tL, bL)
B3L & T15*L couple to bR, & tR

SU(3)xU(1) GHU



Simplified model Adachi &NM, PRD98 (2018) 015022

・1st & 2nd generations of q & l: bulk fields (3, 3*)
3(Q, dR), 3*(Q, uR), 3(L, eR), 3*(L, νR)

・QB, LB: brane localized fermions@y=0
to remove exotic SU(2) doublets

・Mirror fermions: ΨM, XM (15*, 15*) for EWSB

SU(3)xU(1) GHU





Higgs potential from mirror fermions



Higgs potential

Z, W, top, bottom, 
exotic fermions, 
mirror fermions



SU(2)xU(1)→U(1)
mH〜127GeV@1.8TeV

EW symmetry breaking & Higgs mass



GUT Extension 1 of GHU
“Towards a Realistic Grand Gauge-Higgs Unification”

C.S. Lim and N.M., PLB653 (2007) 320



Motivations of GUT

In SM, 
・Interactions are NOT unified 
・Matter fields are NOT unified
・Quatization of EM charge cannot 

be explained → prediction of θW
・etc…

⇒ Extension of SM
⇒ Minimal model is SU(5) 



Quick review of SU(5) GUT

・Choice of gauge group GGUT

For GGUT to include SM group SU(3) x SU(2) x U(1)
Rank of GGUT  must be more than 4

Rank 4 simple group: SU(5), SO(8), SO(9), Sp(8), F4

To obtain chiral fermions, 
fermions must belong to complex representations

(real representation can have mass term)

⇒ SU(5)                       Georgi-Glashow (1974)



https://www.quantumdiaries.org/

Ordinary
GUT
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Unification of gauge fields

Adjoint representation of SU(5): 24-dim



   

ψ i 5*( ) =

d1c

d 2c

d 3c

e
−νe

⎛
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⎞

⎠
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⎟
⎟
⎟
⎟

L

,  ψ ij 10( ) =

  0    u3c − u2c − u1 − d1

−u3c  0   − u1c − u2 − d2

 u2c − u1c  0    − u3 − d3

 u1    u2    u3    0   − e+

 d1    d2   d3     e
+   0
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Unification of fermions

Traceless ＝ sum of U(1)em charge must be zero

ex. (νe, e)L Qνe + Qe = -1 ⇒ 1/3 (Qd
c
L) x 3 = 1 canceled

5* = (3*, 1)(dR) + (1, 2*)(νe, e)L
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Unifications of fermions

Remaining fermions (quark doublet, RH up quarks, 
RH ν) are embedded in tensor product of 5 and/or 5* 

10 = 5x5asym 
= (3, 2)(u, d)L + (3, 1)(uR) + (1, 1)(eR)



https://www.quantumdiaries.org/

GGHU!!



In this lecture, 
we discuss some attempts towards 

a realistic grand gauge-Higgs unification 

⇒ 5D SU(6) model on S1/Z2

It is meaningful to consider the grand unified 
version of gauge-Higgs unification scenario 

(“Grand Gauge-Higgs unification”) 
since the hierarchy problem was originally 

addressed in the GUT framework
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Parity assignments

For gauge field
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KK mode expansions Only (+,+) mode has a massless mode



( )( )( )( )( )( )
( )( )( )( )( )( )
( )( )( )( )( )( )
( )( )( )( )( )( )
( )( )( )( )( )( )
( )( )( )( )( )( )

( )( )( )( )( )( )
( )( )( )( )( )( )
( )( )( )( )( )( )
( )( )( )5

, , , , , , , , , ,
, , , , , , , , , ,

, , , , , , , , ,
,

, , , , , ,
, , ,
, , ,

, ,
, ,

, , ,
, , ,
, , ,

, , ,

A Aµ

+ - + - + - - - - - - - - + - + - + + +æ ö
ç ÷

+ - + - + - - - - - - - - + - + - + + +ç ÷
ç ÷+ - + - - + - + - + - - - - - - + -ç ÷= =ç ÷+ - + - - + - + - + - -
ç ÷
ç ÷+ - + - - +
ç ÷ç

+ + + +

+ + + +

+ + + + + +

+ + + + + +

+ + + + + +
÷- - - - - + - + + + +-è ø

( )( )( )
( )( )( )( )( )( )
( )( )( )( )( )( )

, , ,
, , , , , ,
, , , , , ,

æ ö
ç ÷
ç ÷
ç ÷
ç ÷
ç ÷- - - - + -
ç ÷
ç ÷- + - + - - - - - - + -
ç ÷ç ÷+ + + + + - + - + - - -è ø

Focus on 0 modes,

SU(6) → SU(3)C x SU(2)L × U(1)Y× U(1)X

Gauge symmetry breaking

Weinberg 
angle   

sin2θW = 3
8

Same as the Georgi-Glashow
SU(5) GUT



Prediction of θW

Hypercharge U(1)Y generator is 
the same as SU(5) GUT

   

T 24( ) = 1
2 15

2  0  0   0   0
0  2  0   0   0
0  0  2   0   0
0  0  0  − 3  0
0  0  0   0  − 3

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

= 3
5

Y = 3
5

diag 1
3

,1
3

,1
3

,− 1
2

,− 1
2

⎛
⎝⎜

⎞
⎠⎟

  

sin2θW =
gU (1)

2

gSU (2)
2 + gU (1)

2 =
3 5gSU (5)( )2

gSU (5)
2 + 3 5gSU (5)( )2 = 3

8



This gauge symmetry breaking pattern is well-known

SUSY gauge-Higgs ⇒ Burdman & Nomura, NPB656 (2003) 3
Non SUSY gauge-Higgs 
⇒Haba, Hosotani, Kawamura & Yamashita, PRD70 (2004) 015010

This symmetry breaking structure was also 
considered in the pseudo NG boson scenario 
of Higgs boson as global symmetry breaking

Inoue, Kakuto & Komatsu, PTP75(1986) 664 etc…
↓

Very natural from the viewpoint of AdS/CFT 
∵ global sym of 4D ⇔ gauge sym in 5D
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A5 has a zero mode transforming
as an SU(2)L doublet

Standard Model Higgs!!

Focus on 0 modes,



( )( )( )( )( )( )
( )( )( )( )( )( )
( )( )( )( )( )( )
( )( )( )( )( )( )
( )( )( )( )( )( )
( )( )( )( )( )( )

( )( )( )( )( )( )
( )( )( )( )( )( )
( )( )( )( )( )( )
( )( )( )5

, , , , , , , , , , , ,
, , , , , , , , , , , ,
, , , , , , , , , , ,

,
, , , , , , , , ,
, , , , , ,
, , ,

,

, , ,

A Aµ

+ + + + + - + - + - - - - - - - - + - + - + + +æ ö
ç ÷
+ + + + + - + - + - - - - - - - - + - + - + + +ç ÷

ç ÷+ - + - + + + + + + - + - + - + - - - - - -ç ÷= =ç ÷+ - + - + + + + + + - + - + - + - -
ç ÷
ç ÷+ - + - + + + +

+

+ + - +
ç ÷ç ÷- - - - - + - + - + + +è ø

-

( )( )( )
( )( )( )( )( )( )
( )( )( )( )( )( )

,
,

,

, ,
, , , , ,
, , , ,,

+ -

+ -

+

æ ö
ç ÷
ç ÷
ç ÷
ç ÷
ç ÷- - - -
ç ÷
ç ÷- + - + - - - - - -
ç ÷ç ÷+ + + + - ø-è - + - -+

Furthermore,

Colored Higgs has NO zero mode

Doublet-Triplet mass splitting works
(doublet Higgs: massless, Triplet Higgs: 1/2R)

Kawamura, PTP105 (2001) 691, 999



Doublet-Triplet mass splitting problem

Fine-tuning problem between SM Higgs mass 
and colored Higgs mass 

   

V Σ, H( ) =V Σ( ) +V H( ) + λ4 trΣ2( )H †H + λ5H †Σ2H

    V Σ 24( )( ) = −M 2trΣ2 + λ1 trΣ2( )2
+ λ2trΣ

4

    V H 5( )( ) = −m2H †H + λ3 H †H( )2
,  H =

H3

HSM

⎛

⎝⎜
⎞

⎠⎟

Higgs potential in SU(5) GUT

Reormalizability, Σ↔ −Σ, H ↔ −H assumed



  SU 5( ) Σ =Vdiag 2,2,2,−3,−3( )⎯ →⎯⎯⎯⎯⎯⎯ SU 3( )× SU 2( )×U 1( ) @O(MGUT)

    

V Σ , H( )⊃ λ4 tr Σ
2( )H †H + λ5H † Σ

2
H − m2H †H + λ3 H †H( )2

               = m3
2H3

†H3 + m2
2HSM

2

              ⇒
m3

2 = −m2 + 30λ4 + 4λ5( )V 2 ∼O MGUT( )
m2

2 = −m2 + 30λ4 + 9λ5( )V 2 ≈ 0

⎧
⎨
⎪

⎩⎪

m〜O(MGUT), V〜O(MGUT)

← Fine-tuning!!
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The difference between 
L & R components are 

only a relative parity sign 

In 2nd 6* rep, 
the signs of parity @y=0 

are flipped

1 generation of SM q & l are elegantly embedded into 
the following representations (w/ RH ν)
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No Massless Exotics!!
(zero modes are just SM)

No SM Anomalies!!
(U(1)X broken by anomalies)

1 generation of SM q & l are elegantly embedded into 
the following representations (w/ RH ν)
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Difference from the conventional GUT

*

⇒ These fields belong to the same multiplets in the usual GUT

Down-type quark Yukawa & charged lepton Yukawa 
cannot be generated by the gauge interaction…



GUT Extension 2 of GHU
“Fermion Mass Hierarchy in Grand Gauge-Higgs Unification”

N.M. and Yoshiki Yatagai, PTEP (2019) 8, 083B03

“Improving Fermion Mass Hierarchy 
in Grand Gauge-Higgs Unification 

with Localized Gauge Kinetic Terms”
N.M. and Yoshiki Yatagai, EPJC80 (2020), 10, 933

“Fermion Mass Hierarchy and Mixing 
in Simplified Grand Gauge-Higgs Unification”

N.M., Haruki Takahashi and Yoshiki Yatagai, 2205.05824 [hep-ph]

“Gauge Coupling Unification 
in Simplified Grand Gauge-Higgs Unification”

N.M., Haruki Takahashi and Yoshiki Yatagai, 2207. [hep-ph]



・SM quarks & leptons are localized on the boundary 
・Yukawa couplings are generated 

by bulk & boundary couplings
・Quark & lepton masses 

except for top quark are reproduced
・125 GeV Higgs mass is obtained 

by introducing extra bulk fermions

“Fermion Mass Hierarchy 
in Grand Gauge-Higgs Unification”

N.M. and Yoshiki Yatagai, PTEP (2019) 8, 083B03



“Improving Fermion Mass Hierarchy 
in Grand Gauge-Higgs Unification 
with Localized Gauge Kinetic Terms”

N.M. and Yoshiki Yatagai, EPJC80 (2020), 10, 933

・Localized gauge kinetic terms are introduced 
to reproduce top quark mass 

   

Lgauge = − 1
4

F MN FMN − 2πRc1δ y( ) 1
4

F µν Fµν − 2πRc2δ y −πR( ) 1
4

F µν Fµν

        ⇒ g4
2 → 1+ c1 + c2( )g4

2

        ⇒ mfermion → 1+ c1 + c2 mfermion

・Fermion mass hierarchy except for ν is reproduced
(bulk fermions: 20, 15, 6 reps/gen)



“Improving Fermion Mass Hierarchy 
in Grand Gauge-Higgs Unification 
with Localized Gauge Kinetic Terms”

N.M. and Yoshiki Yatagai, EPJC80 (2020), 10, 933

・Electroweak symmetry breaking and 
125 GeV Higgs mass are obtained 

by introducing extra massive bulk fermions 
(simplified than 120 rep in previous paper)
1: 15 rep x 3 → 1/R 〜 8TeV, m15〜 1.6TeV
2:  6 rep x 5 → 1/R = 16.2TeV, m6 〜 3TeV   



“Fermion Mass Hierarchy and Mixing 
in Simplified Grand Gauge-Higgs Unification”

N.M., Haruki Takahashi and Yoshiki Yatagai, 2205.05824 [hep-ph]
“Gauge Coupling Unification 

in Simplified Grand Gauge-Higgs Unification”
N.M., Haruki Takahashi and Yoshiki Yatagai, 2207. [hep-ph]

Unsatisfying points in the previous model
・ generation mixings and CP phase not reproduced
・ too many bulk fermions 
⇒ Landau pole 





Ψ: 20, 15, 15’, 6, 6’ reps greatly reduced









Quark masses, mixings and CP phase



Lepton masses, mixings and CP phase



RGE of SM gauge couplings
In higher dimensional theory, gauge coupling has 

a power-law dependence on energy scale
since gauge coupling is dimensionful

Dienes, Dudas & Gherghetta (1998, 1999)

⇒ unification scale is likely to be naively lower 
than 4D GUT scale 

bi: β-function of SM fields
!"!(±): β-function of bulk field with (anti-)periodic BC

The last term depends linearly on energy scale



Gauge coupling unification



Unification scale is relatively high
〜O(1014) GeV!!

Bulk fermions are embedded in SU(6) reps
⇒ #$!(+) +#$!(-)  = -2/3 
⇒ the difference of gauge couplings is dominated

by log contributions 



Summary

lGauge-Higgs unification is a very attractive 
scenario beyond the SM alternative to SUSY

and an effective field theory of string theory

lControlled by gauge principle & very predictive
Higgs mass, potential → finite

lFermion masses except for top are easy,
but nontrivial for top Yukawa 

lFlavor mixings and CP phase are harder 
to be realized, but possible



Summary
l EWSB @loop level 

Once the matter content is fixed, 
1/R is a unique free parameter in Higgs potential
⇒ very predictive contrary to SM case

l GUT extension is interesting
⇒ relatively high unification scale



Outlook
In addition to building more realistic models 

of EW symmetry breaking,
many issues & problems to be explored

lDM
・Fermion DM in GHU

NM, T. Miyaji, N. Okada, S. Okada, JHEP07 (2017) 048
NM, N. Okada, S. Okada, PRD96 (2017) 115023
・Vector DM in GHU

NM, N. Okada, S. Okada, PRD98 (2018) 075021
lStrong CP

Y. Adachi, C.S. Lim, NM, PTEP2022 (2022) 5,053B06;
arXiv: 2205.00161 (accepted in PTEP)



Outlook
In addition to building more realistic models 

of EW symmetry breaking,
many issues & problems to be explored

lBaryon asymmetry
・EW baryogenesis in GHU

NM, K. Takenaga, PRD72 (2005) 046003
Y. Adachi, NM, PRD101 (2020) 036013

lInflation
N.Arkani-Hamed, H-C. Cheng, P. Creminelli, L. Randall,

PRL90 (2003) 221302
lMore…



Outlook
In addition to building more realistic models 

of EW symmetry breaking,
many issues & problems to be explored

Personally, recent interest is focused on 
GHU in magnetic flux compactification, too

T. Hirose, NM, JHEP1908 (2019) 054; J. Phys. G48 055005
JHEP2106 (2021) 159

K. Akamatsu, T. Hirose, NM, arXiv: 2205.09320



ペスキンの素粒子物理本、翻訳しました!!



Thank you!!


