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Introduction
Definition of Jacobian J;.‘ﬁ

aﬁlq F? . a component of generalized force acting on i-th particle F; = (F}, F),T)",

aqﬂ > g - @ component of generalized i-th particle coordinate g, := (v}, 7/, 6),
! T, : Torque of i th particle,
0, . Rotational degree of i th particle.

AQS, Erictional particles
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Jacobian is an asymmetric matrix. ' - \\
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*J. Chattoraj et al., Phys. Rev. Lett. 123, 095003 (2019).
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Introduction

Frictionless materials Frictional materials

Tool for stability analysis Hessian: 1@ — 0°U
dynamical matrix G 5 aaaB
(dy ) ] aqj ()qj
Oscillatory instability X
Shear rigidity G formula O

with dynamical matrix /

(G can be obtained from H;‘/’, Hessian’s eigenvalues & Hessian's eigenvectors®.
*A. Lemaitre & C. Maloney, J. Stat. Phys. 123, 2 (2006).

Question?
Can we predict G by Jacobian?

Purpose
To obtain the prediction of G in the [Imity — 0
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Our numerical protocol

_Preparation of initial configuration
1. Preparing the frictionless configuration at density ¢ with energy

minimization by FIRE"
2. Incorporating the tangential forces

3. Relaxation by drag force —»Vv; until |F?| < Fy,

v

-Athermal quasistatic shear protocol
.  Applying affine shear deformation Ay to the system with Lees-

*E. Bitzek et al., Phys. Rev. Lett., 97, 170201 (2006 ).

Edwards periodic boundary condition
. Relaxation by drag force —»v,; until |F*| < Fy,

Relaxation
by -V
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Numerical methods

Equation of motion

N—> —_—
X _ Fe_ 77@ F¢: Contact force of i particle
dr? dt
5 T¢ : Torque of i particle
e do,
Iiﬁ =T; - ﬂz ¢, : rotational degree of i particle

Fi = Z (fl]n +fij,t> O(g; + a;,—1;),

‘ J
7 3277
‘ ij,n k nSijn T ijp

P 127 ¢
é Ij,t

l]t 1>ij,n
flj,l‘ *nonslip model
— Our simulated system
2 dimensional binary disks (N = 128),

Step strain: Ay = 10719,

—

Threshold value of mechanical equilibrium condition: Fy,/(k,d,) = 10714,
Density 0.80 < ¢ < 0.90, Tangential ratio 0.0 < k,/k, < 10.0.
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Expression of G by J

We obtain shear modulus G by J:

— 1 2 XX KX dul’; 0) £x dulf(o) duj”ﬂ(())
GO =7 D 3OO + Y. y{0)J50) o POl ==+ — (1)
L,j(i#)) . K=X.V -
Affine sﬂhear mo;julus Non affine shear modulus
. of? ofl . . .
with J;fﬂ S (LN u == u — u?, u0) = g7(Ay) — gf(0) — Ay, - non affine displacement.

agp” MU oqf

Calculation methods of G
— Cauchy’s expression - Jacobian’s expressjc

do, 1

i j>i

;i - X component of forces from j to i particle,

y; -y component of displacements from j to i particle.

It needs f£;:(0), y;(0), fi(Ay), y(Ay).

| | | |
-4 -2 0 2 4

Non affine displacement: x*(0)
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¢-dependence
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Fitted by G(¢p) = G, + c(¢p — ¢,)* with a = 1
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Jacoblan’s expression

¢

reproduces ¢ dependence.

G(¢) has a linear dependence of ¢ — ¢,".

*C.S.O’Hern et al., Phys. Rev. Lett., 88, 7 (2002),

7 E. Somfai et al., Phys. Rev. E, 75, 020301(R) (2007).



Density of State
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An isolated band at low frequency* appears for k, > 0.01.

*C. F. Schreck et al., Phys. Rev. E, 85, 061305 (2012).
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Frictional amorphous solids under quasi-static shear are
analyzed using the Jacobian.

Shear modulus G in the limit y — 0
* Jacobain’s representation can reproduce G.

Density of state D(w,) in the limit y —» 0

. An isolated band at low frequency appears for k, > 0.01.

Future work
» Expanding non affine displacements »(0)

by eigenfunctions of Jacobian

—4 -2 0 2 4
Non affine displacement: u;*(0)
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