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Methods

We use a binary mixture of frictionless soft particles in two dimensions,
where the size ratio is R, /Rs = 1.4 and the number of particles is N = 2097152.

« Displacements around mechanical equilibrium, |gq(t)) = ({ui(t)}iﬂ,...,N)T

o ) A s 3
<8 L0

« Linear equations of motion, m|G(t)) = —D|q(t)) — B|q(t))

0%E(0)

« Dynamical matrix (Hessian), D = [
dqk0q; kl=1,--2N

02%R(0)

« Damping matrix, BE[ . ]
ping 0qx0q; k,l=1,-2N

« Elastic energy, E(t) = ";—”Ziq Eij(t)z

bt =
B %

. . . . . o .r‘\f..‘:.q‘o".- e ;:
- Dissipation function, R(t) = ZZK]- ()2 SRR e Rt

., ) Static packing made by the FIRE.
cf. Durian’s bubble model or balanced contact damping.
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Numerical
simulations

Initial standing wave

We numerically solve the linear equations of motion with initial
velocities,
u;(0) = Asinlk-r;(0)] (@ =1-,N)

« Amplitude, |A| = 1073d,/t,, where dy = R, + Rs and t, = ym/k,, .

2T (n=123,:)

+ Wave number, k = |k| = —

« A-k = Ak for the analysis of longitudinal mode.

« A-k =0 for the analysis of transverse mode.

. t k :
« Inelasticity, e=f =% _ _1_ \yhere we examine ¢ = 1 and 0.1.

to Jm/kn n Jmkn
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Numerical
analyses

Fourier transform, a(k,t) = ¥V, w;(t)e~Tkmi(®

- Longitudinal mode, 1, (k,t) = {it(k,t) - k}k , where k = k/k .

« Transverse mode, up(kt) = u(k,t) — i, (k,t) (b)

« Autocorrelation function, C,(k,t) = (u,(k,t) - 1,(—k,0)),
fora=L,T.

Cr(k,t)

- Fitting to a damped oscillation, C,(k,t) ~ e Te®t cosQ, (k)t 4

t/to
We analyze the dependence of the dispersion relation Q, (k)
and attenuation coefficient T, (k) on the proximity to jamming.
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The Ioffe-Regel

limits

Note that C,(k,t) oscillates only if
(k)
Qg (k)

Otherwise, C,(k,t) is overdamped.

<1

The ratio is an increasing function of k
and less than unity if k < kIR .

The loffe-Regel limit is defined as
Q5 (kG = Ty (kG

H. Mizuno, S. Mossa, and J.-L. Barrat, PNAS 111, 11949 (2014).
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Relations to G’
and G"

In long wave lengths, transverse sound speed is

e Storage and loss moduli,
G'(w) and ¢"(w) . (k)

Qr(k
vr(k) = —— x {G'(w)

e Inlong wave lengths,

and the attenuation coefficient is
Or(k) < /G'(w)k

Iy (k) < Qr(k)?

6" (w) | G"(@) (2 () G"(w)
k2 oo FT(k) X o (UT(k) (UG’((U)

H. Mizuno and R. Yamamoto, Phys. Rev. Lett. 110, 095901 (2013)
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Critical scaling of
G' and G"

In long wave lengths (w < p ),

G"(w 1
(@) ~p? e
e Near jamming, pressure, w p
p—0
Therefore,
e Critical scaling,
1/2 vr(k) /G (w) ~ p*/*
G'(w) ~{P
wl/?
6" (w) . Qr(k)?
[r(k) o« ———=<Qr(k)* ~
1/2 wG'(w) p
6" (@) ~ {w/p (w <p)
w2 (w>p) 2
Lr(k) <QT(k)> --- quadratic
K. Baumgarten and B.P. Tighe, Soft Matter13, 8368 (2017) p p
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