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Granular Materials

Macroscopic matters (um~Kkm)
(Quantum effects are negligible.)

Examples:
sand, toner particles, coffee, volcanic

ehavior Is different from

usual gas, liquid, or solid
Example: Brazil nut effect
Larger particles move up.
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Flow of granular materials

Liquid-like

» Surface flow of sand mountains 27—

»Only particles near the surface
can flow (liquid-like).

= Other parficles do not move (solid-like). |0|:e o =
Coexistence of both states in one system. i_gm . Mxﬁﬁéﬁ |
B Existence of the jamming density g 7 gg o
* ¢ < ¢;: liquid-like response ] N %
* @ > ¢ solid-like response o ) b

10

10% 102 10° 10
v/ 1@l

T. Hatano, JPSJ 77, 123002 (2008)
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Viscosity

a(p),

Y

Example: Suspension
Dilute case (Einstein, 1906):

» Viscosity n(p) = characterizes noneq. transport

Ns(®)
No

=1+2¢ (¢ <0.03)

ns(e) _
No B
Shear rate dependent viscosity
» Shear thickening (thinning):
Viscosity becomes large (small)
as y increases.

ense case (near jaomming):

Example: granular gas
n «< y (Bagnold scaling)
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(1 — %)_2 (empirical)

Solvent viscosity: n,

Shear rate: y

attractive
(yield stress)

entropic — |
and viscous —{

boundary
confinement ——
(dilatant)

viscous
(hydroclusters)

sore” V) viscous

(laminar)

53
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Shear thickening

« Discontinuous shear thickening (DST):

viscosity discontinuously increases.

Pe
: : : R. Mari, et al., PNAS 112,15326 (2015)
= DST is studied in many contexts and setups.

DST for dense systems (simulations) e o il
utual friction is important. MO J e
M. Otsuki & H. Hayakawa, Phys. Rev. E 83, 051301 (2011) £ 10| 0k X X =
R. Seto, et al., Phys. Rev. Lett. 111, 218301 (2013) 105 | FIdBdF—
DST for colloidal systems (experiments) .

« Normal stress difference

Is also important.
C. D. Cwalina & N.J. Wagner, J. Rheol. 58, 949 (2014)

“Inertial effect” is often ignored for suspension. (overdamped)
If this is not ignored, system is called as
“inertial suspensions” (a model of aerosols or colloid)
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System: frictionless, Stokes’ drag 10

» No thickening for ¢ = 0.63
X Only contact contribution

Rheology of dilute gas-solid suspensions
without thermal noise

Quenched-Ingnited transition
DST-like transition for temperature
but not for viscosity

2022/3/16

Previous studies of inertial suspension

I | 1
~ _ Simulations -
¢ =0.64 .
m =10’
> -7
- 0.56 0.63 T =10 .
0.6 N

2
= Dense suspension (soft-core particles) =
(¢ Kawasaki, Ikeda, & Berthier, EPL (2014) 10'F O
» Thinning — thickening — thinning for ¢ < 0.60 100k

1 1 1 1 1
10° 10® 107 10° 10° 10* 10° 107

Y70

(¥ Tsao and Koch, JFM 296, 211 (1995) V2 10}

I ~#Quenched staté

-----------------------

5 10 15 20
St



DST = discontinuous shear thickening

Our prEViOUS works CST = ::Oﬁnntinuous shear thickening
e 0 = (141

Kinetic theoretical approach o Soen

considering the thermal noise 0* 1az | 10 e, —

(Hard-core system)

» Boltzmann-Enskog theory well describes -
monodisperse systems up to ¢ < 0.50. 10"

» DST-like transition in the dilute system
(3 H. Hayakawa and S. Takada, PTEP 2019, 083J01 (2019)

» DST-like to CST-like as the density /
(3 H. Hayakawa, S. Takada, and V. Garzo, PRE 96, 042903 (2017)

» Mpemba effect in the relaxation process

(7 S. Takada, H. Hayakawa, and A. Santos,
Phys. Rev. E 103, 032901 (2021)

Orqe(T) — Ors(T)
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Motivation

We would like to know
Impact of softness of particles on the rheology

Suspension Granular system

Hard-core Soft-core Soft-core Our theoretical tool:

Hayakawa &

£ Dilute LN N Kinetic theory
2 PTEP (2019) y
% Hayakawa, Takada, | | Why kinefic theory?
Z‘ & Garzd
O |Moderately PRE (2017),
)] dense Takada, Hayakawa,
- Santos, & Garzd
= PRE (2020)
- Kawasaki, lkeda,
g Dense & Berthier
)

EPL (2014)




Kinetic theory of granular gases

» Ogawa; Savage and Jeffrey, 1978~1981

Beginning of application of
inelasfic Boltzmann equation
to granular system

» Brey et al., 1998
lication of Chapman-Enskog method

O inelastic Boltzmann equation

Transport coefficients for dilute system
» Garzo & Dufty, 1999
Extension to finite density (Enskog equatio

Phys. Fluid. 25, 0706503 (2013)

Kinetic theory is a powerful tool

2022/3/16 to freat the system for ¢ < 0.5

S. Chialvo and S. Sundaresan,




Model and setup (Suspension)

» System = Parficle + Solvent

» Pgriicle:

monodisperse (mass m, diameter d)

dri

_Di
m + Vylex
dpl

1
ZF@) + = 7pi 8, + §i(8)

|Shecr (shear rate: y) |

Interparticle interaction = harmonic potential

aU(r ) T ; 2 or
eh _  TE\y) N ij ij
R = - o) =5(1-) o(1-9)

Hydrodynamic interaction

Noise ferm

Fi! = —(p; (Stokes' drag, ¢ = 3mdny/m) (satisfies fluctuation-

2022/3/16

dissipation theorem)
Temperature T,py




Langevin model for suspensions

Langevin equo’non =2 Fij — {p; + m¢;

Boltzmann equation for the inertial suspension

L d 0
(§£ v 'f(V SR Ie ( +[/<V|f,f)]

shear drag from the solvent parficle inferaction

ollision integral: J[VIf, f1 = [ aV, [ dkos(x, Vi2)Viz
X[fry, Vi, O)f(ry, Vo, 6) — f(r, Ve, Of (2, Vo, t)]
os(x, V12): collision cross section
determined from the scattering problem
Softness appears here.

Tenv

V + - W f(V,t)

(Dimensionless) control parameters:
@ Packing fraction: ¢ @ Shearrate: y* =y/¢

3 Particle softness: ¢* =

1

U ' ; 262 @ Env. temp.: &epy = /Tem“"—
2022/3/16
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Softness of particles

» Scattering analysis

0 - fuo bdu

i ey

= sin‘lg + C,F(p,v) + C,I1(a; p|v) + Cstan™ 1y + C,

Intfroduction of Omega in’reg_;rol:

[e%) 1
4{3,2(T*) EJ dy y7e_3’2f db*b*sin? y (b*, 2yNT*)
0 0

« The rafio of the coll. freq. of soft particles 107
to that of hard-core particles 102 |
Q;,Z = Vsoft/ VHC Oy
« Low T: hard-core like (03, = 1) 10
» High T: softer and softer (Q; , — 0) 106 |
10
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Enskog Kinetic equation for the inertial suspension

0 0 Topy O

Evolution equation for the kinetic siress:

0 .
5= Pap + V(0axPyp + 8pxPya) = —2{(Pap = nTenvOap) = Aagp

Kinetic stress: Py = m[ dVV, Vs f(V,t)
Moment of the collision integral: A,z = —m/J aviy V] (VIf, f)
This equation is NOT closed!

Closure: Grad’'s moment method Maxwellian distribution

3

k m\3 mvy?2
fF(V) = fu) <1+%<Z‘—ﬁ— a,;)vavﬁ) @ =1 (577) exp(— z?)

2022/3/16



Ads‘eef of (2:Iync1mic equations: Dimensionless quantities
e — —§y*n;;y +2(1—-0) 0 = TT : femperature
dAf 271" “ L 20 Ag = 2L anisofropic tfemperature
?__y xy_(v-l' ) Tenvk
dIly,, _ <1 3 9) 4D, [}, = nTzV: kinetic shear stress
dt 3 95
V' = 5\/—92 zfpfenv\/_
Then, the steady rheology is described by
i ) 3(6-1)
" Z)V "0 + 2 All quantities are written
e V0 + 2 as a function of the temperature.
kXY _
R A )k
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Steady rheology

(b)

= DST-like behavior 108 |
even for soft system e
107 ¢
» 2 step DST-like behaviors .
for harder system T 10t

= Shear thinning in high shearregime ~ 10°;

Kinefic theory reproduces 1006 o &
the sim. results. Y

10" |
102 |
1010 |
% 108 |
L/
10* |
10? |
10°

» “‘Does this behavior survive even
IN denser sifuationse”

2022/3/16 14



Extension to denser system

Enskog kinetic equation for the inertial suspension

0
m dV

A P 9 (T, . Tenv
14 —xf(,t) (ﬁ([ +

W, 0) +[JE vif, f}

shear drag from the solvent particle interaction

Collision integral: Jg[VIf, f1 = [ dV,J dkos(x, Vi)Via[f P (1,1 + 1ink, VI, V5, t) — FP (1,7 — rinink, V4, Vs, t)]
os(x, V1,): coltision cross section, f(z)(rl,rz,Vl,Vz,t) =~ gof (r, V1, ) f (1, V5, t): decoupling approx.

. , 06 2 1
Closure: Grad's mog;enf method =3 '*H;Zy 21— 6) — gAfma
m [ Py, T
f) = fm) (1 "‘ﬁ(n_ﬁ_ 504?) VaVﬁ) oAl
W p— —2’)/ Ha:y — 2A9 - 5A$$ _|_ 5Ayy,
Maxwellian distribution 000
fu) = (5) exp (— 2T> ot
8H;y y . « .

2022/3/16



Denser system

» DST-like behavior survives

even for finite density.
(& CST-like for hard-core system)

» Shear thinning in high shear regimen*

» Kinetic theory reproduces
e sim. results.

kinetic _—
- contact

For large v,

2022/3/16 ’Y

10*

102

10° ¢

Parameters:
¢ = 0.10,0.20,0.30
e =10% &, = 1.0

p

. O 030 ——

Kinetic contribution » Contact conftribution

13 ‘ k 1 C 1
\E\El ny = Vz mvi,xvi,y > ny = Vz Z xijfij,y
[

i j#i

102 = Inertia plays a role in this DST-like behavior.
(= cannot be ignored)




Stokes’ + lubrication model

Fi' = —%;6,p

2022/3/16

. 5
0= Py /Vom = 0o (1420 +49% +42¢°):
n,. Empirical expression of
the apparent viscosity in the low shear limit

» DST occurs at Pe =~ 10.

» More realistic hydrodynamic interaction
Stokes’ + lubrication model:

6
¢ij has nondiagonal components

aled viscosity 7 = n/n, against the Peclet number Pe =

(a) 1
7
Parameters:
¢ = 0.30
e =10% &, = 1.0

k+i
1

——Agl’l) @(TC s rij) (l * ])

3mdng 1 1,1 .
——Oap + ZEAik,aﬁe(rc — 1) (0 =)
Cijap =
ik

Ag},’;)ﬁ: function of E = rij/|rij| (rij = rj = ri)
(3 Kim & Karrila, “Microhydrodynamics”)
1. = dy + A: cutoff length (1 = 0.25d)

03

102 -

101 -

100 -

3mned3 .

env




Discussion: Estimation

» Aerosol
d~10"m,p~1g/cm3 E ~10GPa=>m ~ 107 1? kg
Viscosity of air: ng ~ 107> Pa - s
DST takes place at y. ~ 103 1/s = shear speed 10 m/s if L = 1 cm

» Colloid
~107°m,p ~1g/cm3 E ~1GPa= m ~ 10" kg
Viscosity of water:ny, ~ 1073 Pa - s
DST takes place at y. ~ 10* 1/s = shear speed 10*m/s if L = 1 cm

(b) 10°

» Kinetic femperature becomes 10 times larger. f 1010
10

s it possible to achieve this? o2
= This will open for all researchers. 10!
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Case for nonlinear drag

» Question:

» By solving scattering problem, the drag coeff. becomes
(W) = (1 +yv?). T
» Change the env. Temperature at t = 0. p(ni) A

env

No external force

What happens if the drag coefficient has velocity dependence?

T(Lar)

env

& i

Velocity distribution func. deviates from the Maxwellian
INn The relaxation process.

Detect this deviation in terms of a,

3
F© = fu(© (1 Fag(3et -3¢ +1—5)>,f<c) =A== |

2 2 8 (2, m
2022/3/16
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d kg
-—ﬂ)———[aw@+ “ﬂf(ﬂ Jolf, f1.
o _ —2(60 — 1)(1 + 5y8) — 106°a,.
dr )
e ! - T Tem
e = —8“}/(9 —-1)- E — 8’}/ + 44’}’9 H= T(tﬂﬂ 9[] = T(tﬂﬂ T = {:(}T
64 9 cnv cnv
+ﬁ(ﬁ§e]w @sz (k_*)‘ (Iz.

1073 1072 107" 10°

Deviation has a peak at a certain time.
Softness is not important in the relaxation process.

Good agreement with the simulation.
2022/3/16




Extension to granular sysiem

» QOur theory itself can treat only elastic collision.

®» Assumption: collisions occur instantaneously.

(Hard-core like)

, 1+4+e P
v1 == v1 - 2 (vlz k)k
. 1+e .
/ v, =V, + > (v - K)k
‘Boltzmann equation
o G,
ETan Vya_V;C f,0) =JVIf, f) Softness

Collision integral: J[VIf, f1 = [ dV,[ dkos(x, Vi2)Vis

2022/3/16

X |2 fru Vi, OF (ra, Vo, £) = f(r, Vi, OF (12, Vo, )

Hard-core like treatment



Boltzmann equation

d d v .
<a‘ m,)f( O =JVIf.f)

' Evolution equation for the kinetic siress:

aP SaxPyp + 8pxPly) = —v(Pig —nT8ap) — ANTS
ot +V( axFyp 1 0px a) = —V\Igp — 1N Ogp niogp
Kme’nc stress: Pl = m [ dVV,Vpf(V, t)
Lo e @) 400
Lo y
v 1+e 10
z [2(1 — )Q% , (T*) + (1 + €)Q5, (TH)], Lol
1/0 10
v():Enaz iy (b)_
5 m Ay
00 , 1 } 1
Qf, =Crrs f dy y*+3e7y f db* b* 10
’ 0 0 é’ 10
1 — (=1 cos’ [20(b* . 29vTH] . R T A ' ‘ :
X = (=1 cos 26067, 2 2 10°  10* 10° 10% 10"  10°

2022/3/16




Resulis:

» Deviations from the Bagnold scaling

5722 + e) |
= 5 5 —moey”,
432(1 —e)(1 +e)* 3 —e)" @
257(2 + e) 1 5.9
= P 3 Moy,
432(1 +e)*(3 —e) @

. 52+e) 52+0) 1m,
T 0 +elG-eP\30-agpo’

TR

B

» Agreement with simulations for y* < 1073

» No solution fory* = 4 x 1073
Assumption does not hold for larger y
Any idea? = No.
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Summary

» We have developed the kinetic theory of soft-core suspension
and granular gases.

®» Suspension:
» Softness induced DST-like behaviors for frictionless system
DST-like behaviors can occur twice.

» Second DST-like behavior survives even for finite density.

» Deviation from the Maxwellian
If the drag coeff. has vel. dependence.

» Granular gas:
» Deviation from the Bagnold scaling
» No solution for larger shear rate
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