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MASTER EQUATION FORMALISM



Simplification in semi-classical system

Semiclassical — off-diagonal part is completely decoupled

N? components to N components: |p(t))) = (P11, P22 "'a,ONN)T

diagonal part only
d n
—|p)Y =
" [p)) [p))

In this formalism, trace is given by the inner product with
<<f0| — (1919"°91)

(&olp)) =pi1tpp+ - +pyw=Tip

(generalization with off-diagonal part is straightforward)
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Important properties |

Trace of the density matrix must always be unity

d{{y| d|p))

d n
E«Lﬂ(ﬂp)): ” |p)) + (& ” = (ol Z | p))
d
EWOWQ
(£ol H =0
({¢,] : zero mode (&y| = (1,1,---,1)

Constrainton % ) ;=0
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Important properties 2
Suppose the system has unique steady state

By using the right eigenvectors |r,)) (with eigenvalues 4 )

|p(0))) = Z%Im))

n

Time evolution and expected behavior for late time

p() = ), ae™ ) = |r))

n [ — OO

(a, must be chosen to satisfy Trp = 1)

It Is achieved only if all 4, are negative

29



IN THE PRESENCE OF MODULATION
NON-ADIABATIC GEOMETRICAL PHASE

30



Adiabatic limit
Non-dimentionalization
Zi) = F1o)) = e1p) = KIp))
— — € — —
i P P 0 P P
€ =1,/1,
t .7, Characteristic times for modulation and relaxation

Adiabatic IImit
d 1 ~
— —_K
T 1)) - 1))

— All eigenstates except for |r,))) are suddenly dumped

e —> 0

|p(D))e=0 = | 19(A(D)))
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Time evolution of the density matrix

Infinitesimal time evolution

d . A
— 1P =T KO 1)) = 190+ 40))) = 1p0)) = €T AOKO) | p(0)))

0+ 20))) = (1+¢7'20R(0) ) 19(0)) = exp(e™ AOR(©)) | p(6)))

= Y 1) exple™ AR©)) | p(6)) (2 ] = f)

l

— Z exp(e_lei(H)AQ) | r(O))){(£:(0) | p(0)))

Recursive procedure
p(0+ A0))) = D e 5O r(0)))((£.6)]
i.j

X e GO=ADN | k(0 — AO)) (L0 — AO)| p(0 — AD)))




Important remark 1

Eigenstates
K©O)|r(0))) = €0 (0))), ((£{0) | K(O) = e0){(£(0)|
means
K(Ap) [ 1(Ap))) = eA) | T{(Ap))), ((Z{(Ag) | K(Ag) = e(Ag){(Zi(Ag]
A, set of parameters at time ¢

Above equations: eigenstate for fixed parameters A,

(elgenstate for snapshot parameters)
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Time evolution from the Initial state

Path integral-like formula
| p(0+ AD)))
_ 2 o€ EOA0 e e (O)AD | e e (O)AD
e
X | () EH(O) |10 — ADY(L(0 — AD) | -+~ | i (A0))){(Z(AB) | p(0)))
Initial condition

p0)) = D a1 1, (ON(Z,0) [ pO)) = D @, |7, (0)))

l m

| p(60 + AB)))

-1 —1 —1
_ Z B (VN (VNN A (VN

_ m

iaja'”akam

X [ r(0))){(€10) |10 — A0))){{£(0 = AD) | - | i (A0))){(£}(AO) | 1,,,(0)))
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Connection

Connection between different time
d
(£ 7’]-(9 — A0))) = ((£4(0) ] 7}'(9)» — AO((£(O) |% | ’}(9)»

d
= 0, = AOLE(O) | — 11(0)))

Similar to translation in curved space

| (0 — AG))

17(0)
|70 — AO)) -

Quasi adiabatic limit

p(O)) = Y el e @q, |1 (0)))

0
_ Z J dipe Igdxe—lgi(x)ame ¢ dye™e, (%) | F(O){E(P) ] % |7, (P)))
m,i 0
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Important remark 2

There Is no transition fromj#0 — i=0

d
({Zo(0) ] ’”j;éo(@ — A0))) = — AO{{£H(0) | E | 7}-(9)»

d d
== A0—{{ZoO)|1(0))) + A0 (%«fo(é’) | ) [7(0))) =0
= ( -

Orthogonal {£y(0)] = (1,-++,1)

Coefficient for |r,)) Is unchanged

1p(0))) = ag0) | 7(0))) + D a(0)|7,,(0)))
170
Consistent with Trp = 1 — ((£,(0) | p(8))) = ({£,(0) | p(0))) = 1

(If a(0) = 1)
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Special case: initially steady state
K Takahashi, K Fuijii, Y Hino, H Hayakawa, PRL (2020).

In the case of |p(0))) = |r,(0))) = [p>>(0)))

0
0, -1 d
p(0))) = | 76(0))) — ZJ depe s 0| ) (C ) | — | ro(h)))

i#0 0 B dZ)
C
———

"‘Feynman” diagram
Schematic understanding
o Altransition at ¢

) >>//B —  B: exponential dumping
2

A ¢ . .
r)) C: A takes place at any time

"‘Pumping and relaxation”

| 70))
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Slow modulating case

T ex 1

0
0 5 I d
p(0)) ~ 17(0)) = Y. [ dipe s 0| O D) 15 1)
i#0 °0

Only 9 — ¢ < ¢ < 6 contributes

0

~ [7(0))) = ZJ

i£0 O—c

0 . 1 d
depe1r DO | OV AD) ] ” [ 70()))

d
~ | 7y(0))) — 6#20 e DI ONUELO | —11(O))

~ [7O)) — € ) c(0) | r(6)))
170
Deviation from |r,(@))) IS O(e)
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Important remark 3

Fore <1 |p@0))) ~ |7(0)) — € D c(0) | (0)))
170
We neglect the higher orders ~ Born approximation

/ <
/
r3>>c . X 4
7'2>>/A < >< < >< ) B
r1>>‘//'/‘—_\/ G 7 -
Feynman” diagram
o))
0
0 -1 d
1p(0))) ~ | 7(0))) - ZJ depe's %50 | @)Y (LAB) | — | 7o)
iz0 © 0 d¢
0 3 0 . 1 ¢ d d
+22[ dng dé’ejfﬁd)“e eli)g Iz e 81(%2)|”z(9)>><<f1(¢)|%|”J(Cb)>><<f](§)|d_é,|’”o(é)>>
0

i#0 j#0 °¢

-+ ..
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Suggestive example

If we start the modulation at ¢, and stop at 6,

O an, am, ,

A

.

1mni

> A > A

0<0<0, 0, <0< 0, 0,<0 o0 6
D [p@))) = |re(Aip)))

0
(D) 1p(0))) = |ry(A))) = Z[ dqbefid””gwr,-<9>>><<f,.<¢>|%|ro<¢>>>

i£0 © 0

0 0 ;. -1 d
@ 19O = () = 3 | et DNHONED) | )
i#0 "0 =0 (0> 6,
= |rO(Aﬁn)>>
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-Xpected behavior

It we continuously modulate parameters

0
0 5 1 d
p(0))) = | r,(6))) — ZJ depe's ¢ €i<”|r,.<9>>><<f,-<¢>|@|ro<¢>>>
i#0 *0

Exponential factor cut off the contribution from far past

(41(0), 4,(0))

1

| p(0))): quasi local In time

> /11
| p(6))) becomes quasi steady state
which wears the effect from the past

Similar to Fermi liquid
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Geometrical interpretation

In the case of |p(0))) = |r,(0))) = |p>>(0)))

1p(0))) = 1170) + ) C'|r(6)))

1£0
0
| 0, 1 d
Cz — J d¢e f¢d)(€ 8i()()<<fi(¢) |_ | 7‘0(¢)>>
0 dep
“Vector potential”
d d\¥ 0
(D) |% | 75(P))) = E«Lﬂi(ﬁb) |W | 75())) _ g
— T u
“Curvature”
i ool 0df,
0N, OA

U v
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RELATIVE ENTROPY



Distance between two distribution

How to measure the distance between two distribution?

T
- | o -0
P1 %)

Naive idea: compare von-Neumann entropies
SN = Tr(—p, Inp)) SYN = Tr(—p, In p,)

Shortcoming: it is not positive-semidefinite

AS*N(p||lo)=—plnp+clne

If AS"N(p||o) > 0, then AS™N(||p) <0
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Useful tool: Relative entropy

Quantum Relative entropy
(Kullback-Leibler-Umegaki relative entropy)

AS®™(p|]o) = Tr[p(Inp — Ino)]
Positive-semidefiniteness
ASH(p|lo) =0  AS®(o||p) =0

(Note that ASKL(p||6) # ASKL(s||p) in general )

Diagonal case (in our study, It is the case)

~AS®™(p| o) = - Z [piInp;; — In 6;;)]

= Z’O” n—< Zpu(l—l) =Tro—Trp =0

il
\ / Inx<x-—1
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Meaning of Relative entropy

Uncertainty of information ~ —1Inp
Entropy =(—plnp) =—-Trplnp

3
—Trp;Inp; =0, —Trp,Inp, =21In2 — —ln3 —TrpzInp; =21n2

Certaln — Uncertain

If we obtain information and p becomes p, — p,

Reduction of the uncertainty ~ —[—Inp; — (=Inp;)]

Average information gain

(Inp; —Inp;) = Trp,(Inp; — Inpy) = AS®H(p, | | p3)

46



Distance from the steady state
Relative entropy between p and p>®

S| 1p°%) = Trp (Inp — In p>°)

In the relaxation process p = p% + )’ p@e (4, < 0)

SKLp11p%%) = ). (pins + D pfli;)e“) In (ﬂins + Zmﬁ?el’o -
l

n

- D S (InpSs —Inpss) =0

n

I = o0

S*(pl1p>%) 2 0 — SE(p>]1p>) =0
relaxation
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Monotonicity of relative entropy

Complete Positive Trace Preserving (CPTP) map
&: p— &) (Tr&(p) =1, &(p) is positive semi-definite)
Monotonic property of relative entropy
S*(pllo) = S*(E(p) || E(0))
(Proof is found in arXiv: 2112.12370)

In the case & is time evolution, p>° is the fixed point
&(p%) = p** K p>>

SKL(p |1 p°%) > SKH(&E(p) | | p°)

E(E(p))
"H-theorem”
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1

Cntropy” of the arbitrary state

Monotonically increasing quantity in time evolution

S(pl1p>°) = = S*(p|1p°®) = = Trp (Inp — In p>®)

Remark 1

S(p||p>>) is negative semi-definite

Remark 2

Maximum value of S(p||p>>) is zero
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In the presence of modulation

Steady states in two parameter setting

I I MI:

Time evolution of the steady state

1, (0) pr(0) (1)
Time evolution
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Two possibility of the definition of entropy

Definition 1
#;(0) Hg(0) py (1)
-0
o >

Time evolution

S(p1(D || py°): Deviation from the initial state

@ S(p, (0] py>) monitors the distance from the initial state
@ even if p,(r) coincides py>, S(p,®)|1py">) is nonzero
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Two possibility of the definition of entropy

Definition 2

/’tL(t) 1T

- (O

() IﬂR(t)

S(p,(®) || pp>): Deviation from the steady state

© S(p,(1)|1p>>) characterize the distance from steady state

& difficult to compare the different time
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Our choice

Definition 2

S(p1(D) | |,0158)

- Deviation from the steady state S(p>°||p?®) =0

- House keeping part Is subtracted
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Important remark

In the presence of the parameter modulation

;. (0) Hr(0) (1)

)

Time evolution

-o-

SS
Py

Sp11p3>) < S(E() |1 E(py>)) # S(E(p)|1p3>)

!

py> 1s no longer the fixed point
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-Xpected behavior

IT Modulation is much slower than other time scales

IML(O) /’lR(O) ML(t) T
-o- - |0
t
pgs > P1SS HR(D)
Slow modulation
S(p(0) |1 p3>) =0 S(p@®) | 1p3>) =0

The effect of the modulation can be detected

S |1p>) # 0
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RESULT 1: GENERAL PROPERTY

After quasi steady state is achieved
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Case of Slow modulation
Expansion In ¢
p=pSS+ep® g ...
e . time scale of the parameter modulation

e = 0 = adiabatic IImit

Relative entropy deviation from steady state

AS(p|1p>>) = S(p>>|1p>) = S(p||p>®)

= Trp (lnp — lnpss)

1 -1
=€ Tilp (p>) pP1+0()
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Linear response calculation

Supervector formalism

o1 =RIp), 1o =195 +elp)) + -

Spectral decomposition

K=Y e, r)(Z,]

e : eigenvalues of K

|7, ), ({¢|: right and left eigenvectors

Kt= ) &' |r,){(¢,|: pseudo inverse of K
m=#0

o0y = D 0 ssyy = D g ssy
o oA, "o
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Geometrical interpretation

Quantum relative entropy for slow modulation

AS(,Ol |,OSS) — l€2TI' [(a,upSS> <pSS>—1 (aypSS)] dA,u dAv N 0(63)
2 de do
1 dA, dA
= —e™TipSS | (01npSS) (" Inp™) | —L=E + O(€
e T [ (97Inp™) (0Inp™) | Zm g+ 0
1 dA, dA
AS SS — 2 _UU H y+0 3
(pl1p>) €8 — (€”)

g = Trp> [(0” In p>°) (0”lnpss)] :Fisher information matrix
= — Trp>® |0#0” Inp>>| :Hessian matrix of Inp3% x (—1)
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Stabllity of Steady State

Averaged gquantum relative entropy in one-cycle

_ L (" 1, dA, dA,
S ——J df—e~gt*

= + O(e’
Yl T on ), 2 o ap T

Positive semi-definiteness

2
dA\, dA dA\
g,m/ deﬂ dev — Tr ,OSS (d_é“a,u lnpSS> > ()

"Entropy” increases towards any direction

It iImplies the stability of steady state
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Thermodynamic length

Lower bound on “entropy” production

_ e? Jzﬂ do dA, dA

cycle — 9

—gh

0 27 do do

Cauchy-Schwartz inequality
2

r’f do  dA, dA, Jzﬂ do \/ AN, A,
g

_g/’”/ Z
0 27 dd do do do

0 2T

_ e? (7" do  dA, dA
J _g,m/ v > 6232
o 2z° d9 df

S —
cycle 9

Thermal length

1 (*"do d\, dN, 1
F=—| —/e" =— \/ g"dA,dA,
\/5 0 27T do do \/5

ol




WORK AND EFFICIENCY



Work relations

The "work™ (see, for instance, Jarzynski 1997)
W= Jth(t) = [dt(E(t)) = Ja’t(H(t))
It the time dependence only appears through parameters

p(t), H(t) = p(A (1), H(N (1))

. : dA\* oH .
Chain rule H() = yields
dt OAH

oH \ dA*
W= JTI’ p dt
oA ) dt
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Geometrical interpretation

Work represented by contour integral

oH \ dA* oH
W= |Tr| p— | —dt = |Tr | p— | dA*
OAH | dt oM
In the case of the cyclic modulation A ..., = A¢
oH
W= #d{\” Ir | p—
o\H

Work is given by the contour integral of the vector field

W=pP dA\* P =T oH
o 2 = b paAﬂ

/linitial — ’lﬁnal
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Work-density-tensor in parameter space

By using the Stokes’ theorem

W = 9’ dN\*
943 ASH
Q
0P, 6 0P, _ _
R, = — . curvature associated with the work
0N, OA,

1
dSM = —=dA\, A dA
2 7 Y
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Work In one-cycle

Various representations of work

W = ndt(p(t)H(t)) = ﬂg@ﬂd/\” = } R, dSH

Q
oH odl,  osl
P =Tr(p—) R,=—L-—F
g ONH 0N, OA,

"“Work™ Is either positive or negative (opposite direction)

One-cycle

t=0 f=1

It W< 0, work 1s extracted from the system
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—fficiency

Absorption process and release process

Absorption process: W,
=7

Release process: W,

P, - ‘@M‘
AN
>

. 00={

| W _ | Q4 + Opl
O O

Efficiency: n =
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RESULT 2: EFFICIENCY AND POWER
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“First low” In the presence of modulation

The "work”, "entropy” production, and heat

oH
W = 4’)0,’/\” Tr | p—

o O=W+TS
~ 1 2r 1 dA,u dAy — cycle
S j df—e*gh” + O(€)

vele "z ), 27 Tdo e

Efficiency is given by

2
ﬂeff _ W_ ~1— TScycle < 1 _ 62 <
W + TSyerc W W
T 2
nt<1—¢’ 2" p- eW: power

P
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Trade-off relation

Upper bound on power

TF> P
eff<1_ 3 € = —
o=l TeT W
p2 T F?
V]CffSI—G?) =1_ 2
P W3
w3
2 ff
P ST 2(1—;76)
w W
PS— 7\/1—7/]6lcf

Larger efficiency = lower power
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