Simple Lie algebra

o: long root, e: short root, (j;aj;; a;): (label;mark;comark), green line: —6, 6; highest
root, W:Weyl group, P: weight lattice, Q) : root lattice, Q" : coroot lattice [A1,..., \]:
Dynkin label.

Definitions and relations
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A,, r>1, (SU(r+1))

(1;1)
(Z1) dim = 72 + 2r,
h=h"=r+1,
(31) W] = (r+1),
: 6=1[1,0,...,0,1],
: P/Q = ZTJrla
(5 (r: 1) exponents = {1,2,...,7}
Cartan matrix:
2 -1 0 0 0
-1 2 -1 0 O
0 -1 2 0 O
A= .
0 0 O 2 -1
0 0 O -1 2
r r—1 r—2 - 2 1
r—1 2(r—1) 2(r—2) 4 2
- 1 r—2 2(r—2) 3(r—2) --- 6 3
r+1 : : : : :
2 4 6 e 2(r—1) r—1
1 2 3 S r—1 T
Quadratic form matrix: A1
Realization with orthonormal basis e;, j=1,...,r+1
Q; = €5 — €541, j:1,2,...,7"

Ar={e,—ej|i,5=1,...,r+1, i<j}




B, r>2, (SO(2r+1))
(1;1;1)

(2;2;2)

1
1
:
ﬁr—lQQ

® (21

Cartan matrix:

2 -1 0 0 O
-1 2 -1 0 O
0 -1 2 0 O
A - . ’
0 0 O 2 =2
0 0 O -1 2

Quadratic form matrix:

Realization with orthonormal basis e},

Q5 = €5 — €541,

O = €y

dim = 2r2 +r,

h = 2r,
hY =2r —1,
|[W| = 2"r!,

0 =10,1,0,...,0,

P/Q:Z27

exponents = {1,3,...
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2(r—1) r—1
r—1 r

j=1...r

i=1,2,...,r—1,

Ay ={e;te; |i,7=1,...,r+1,
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(1;2;1)

(2;2;1)

1
1
:
ﬁr—lQl

O r;1;1)

Cartan matrix:

2 -1 0 0
-1 2 -1 0
0 -1 2 0
A= L
0 0 0 2
0 0 0 -2

Quadratic form matrix:

1
1

Realization with orthonormal basis e},

a; = (ej — ej41)/V?2,

Oy = \/§€r

2
2

3
3

dim = 2r2 +r,

h = 2r,

W =r+1,
W =2"rl,
0=1[2,0,...
PIQ =17,

exponents = {1,3,.. .,

[\
W

i=1,2,...

Ay ={(este) V2 i j=1,...,r+1,

N{V2e, |i=1

T}

70]7

=N

2r — 1}
2 1
4 2
6 3
2(r—1) r—1
2(r—1) r

i <}




D,, r >4, (SO(2r))

(1;1)
(2;2) dim = 2r2 —r,
| h=hY=2r—2,
| W |=2"1rl,
! 6=10,1,0,...,0],
(r—2;2) P/Q =Z4 (r: 0odd),
(r—1;1) = Zoy X Zs (1 : even),
(r;1) exponents = {1,3,...,2r — 3,r — 1}
Cartan matrix:
2 =1 0 0O 0 O
-1 2 -1 0O 0 O
0o -1 2 0o 0 O
A= : :
0 0 O 2 -1 -1
0O 0 O -1 2 0
0O 0 O -1 0 2
2 2 2 - 2 1 1
2 4 4 .- 4
2 46 --- 6 3 3
Al = LN R : : :
5+ o : : :
2 46 20r—2) r—2 r—2
1 2 3 r—2 r/2 (r—2)/2
123 -+ r—2 (r—2))/2 r/2
Quadratic form matrix: A~}
Realization with orthonormal basis e;, j=1,...,r
aj:ej—ej+1, j:1,2,...,7"—1,

Qp = €p_1 + €

Ay ={e;te; |i,7=1,...,r+1, i<}



O L1
O (2;2)
(6@2)—0 (3:3) PR
L W| = 51840,
’ 6 =[0,0,0,0,0,1],
O (1) b/e = %

exponents = {1,4,5,7,8, 11}

Cartan matrix:

2 -1 0 0 0 0
-1 2 -1 0 0 0

0 -1 2 -1 0 -1
A=l 0 0 -1 2 -1 0
0 0 0 -1 2 0

0 0 -1 0 0 2
45 6 4 23
510 12 8 4 6

q1_1]6 1218 12 6 9
3[4 8 12 10 5 6

2 4 6 5 43
36 9 6 36

Quadratic form matrix: A1



(1;2;2)
dim = 52,
i (2;3;3) h =12,

I D)
(3;4:2) W] = 1152,
I 6 =1[1,0,0,0],
(4:21) P/Q = {0},

exponents = {1,5,7,11}

Cartan matrix:

2 -1 0 0 2 3 4 2
-1 2 =2 0 4 | 3 6 8 4
A= o -1 2 -1 AT = 2 4 6 3
0O 0 -1 2 1 2 3 2
Quadratic form matrix:
2 3 21
3 6 4 2
3
2 4 3 3
1231
Realization with orthonormal basis e;, j =1,2,3,4
a=er—e, m=es—e, oaz=e, a=gla—e—e3—e)

Ay ={(e;te;) | 4,7=1,2,3,4, i<j}
N{ei | i=1,2,3,4}

N{(e; L ey tezteq)/2}



G

dim = 14,
h =6,
(1;2;2) hY =4,
ﬁ W] =12,
(2;3;1) 0 =[1,0],
P/Q = {0},

exponents = {1,5}

(2 -3 L (23
=(A) (1)

Quadratic form matrix:
176 3
3\ 3 2

Realization with orthonormal basis e;, j=1,2,3

Cartan matrix:

1
] = €y — €3, Qp = g(el — €9 + 2e3)

1 1 1
AL = {62—63, 5(61—62+263), §(€1+262—63), §(2€1+62+63), e1 + es, 61+62}



