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Abstract

We study Seiberg-Witten Geometry to describe the non-perturbative low-energy be-
havior of N = 2 supersymmetric gauge theories in four dimensions. The method of N =1
confining phase superpotential is employed for this purpose. It is shown that the ALE
space of type ADE fibered over CP' is natural geometry for the N = 2 supersymmetric
gauge theories with ADE gauge groups. Furthermore, we obtain in this approach previ-
ously unknown Seiberg-Witten geometry for four-dimensional N = 2 gauge theory with
gauge group Eg with massive fundamental hypermultiplets. By considering the gauge
symmetry breaking in this Fg gauge theory, we also obtain Seiberg-Witten geometries for
N = 2 gauge theory with SO(2N.) (N. < 5) with massive spinor and vector hypermul-
tiplets. In a similar way the Seiberg-Witten geometry is determined for N = 2 SU(N.,)

(N, < 6) gauge theory with massive antisymmetric and fundamental hypermultiplets.
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Chapter 1

Introduction

For almost 25 years four-dimensional supersymmetric gauge field theories have been in-
vestigated very intensively. One reason for this is that supersymmetric theories have a
remarkable property of canceling out the divergence in the self-energies which is desir-
able to construct a more natural phenomenological model at high energies beyond the
standard model. Furthermore a proposal of the unification of the gauge groups of the
standard model seems to be more attractive by requiring the theory to have softly broken
supersymmetry.

Supersymmetric gauge theories have also been considered as theoretical models to un-
derstand the strong coupling effects. These effects such as color confinement and chiral
symmetry breaking are difficult to study analytically in the theories without the super-
symmetry. On the other hand the action of the supersymmetric field theory is highly
constrained by its supersymmetry and in some cases even the exact descriptions of the
low-energy theories of these have been obtained on the basis of the idea of duality and
holomorphy [1]-[4]. Consequently, the non-perturbative effects in the supersymmetric
theory can be evaluated quantitatively.

Another reason for the importance of the study of supersymmetric gauge field theories
is their close relation to the superstring theory. Superstring theories receive a lot of
current research interest since they are the only known unified models including quantum
gravity in a consistent manner and have enough gauge symmetries to contain the standard
model. Moreover the superstring theory predicts the spacetime supersymmetry. Therefore

supersymmetric gauge field theories naturally appear in the study of the superstring



theory.

In the superstring theory, the supersymmetric gauge field theories appear in two ways.
A conventional way is to have a supersymmetric field theory on the lower dimensional
spacetime after the ten-dimensional superstring is compactified. The other novel way
is that supersymmetric gauge theories in various dimensions are realized on the world
volume of D-branes which are higher dimensional objects on which the open strings can
end. In the framework of the superstring theory, the gauge field theories with extended
supersymmetry * are important because ten-dimensional superstring theories have more
supercharges than lower-dimensional N = 1 (i.e. minimal) supersymmetric theory and
some or all of these supercharges are unbroken if we compactify the superstring theory
on a suitably chosen manifold.

In the case of N = 2 supersymmetry, a substantial progress was made by Seiberg
and Witten [3, 4]. They have shown that the low-energy effective theory of the Coulomb
phase of four-dimensional N = 2 supersymmetric SU(2) gauge theory can be described
by an auxiliary complex curve, called the Seiberg-Witten curve, whose shape depends
on the vacuum moduli v = Tr ®2. In this beautiful mathematical description, massless
solitons are recognized as vanishing cycles associated with the degeneracy of the curves
and their masses are obtained as the integral of certain one-form, which is called the
Seiberg-Witten form, over these cycles. Soon after these works, generalizations to the
other N = 2 supersymmetric gauge theory with the classical gauge groups have been
carried out by several groups [5]-[12]. However all these generalizations are based on
the assumption that auxiliary complex curves are of hyperelliptic type. Without this
assumption, simple extensions of the original work [3, 4] are not promising to determine
the curves. Thus it is desired to invent other methods for deriving the curve without the
assumption on the types of curves.

To this end, we notice the fact that the singularity of quantum moduli space of the
vacua of the theory corresponds to the appearance of massless solitons. Near the singular-

ity, therefore, we observe interesting non-perturbative properties of the theories. Moreover

*Here the extended supersymmetric theory has more supercharges than minimal supersymmetric the-
ory (N = 1 supersymmetry). For example, the N = 2 supersymmetry is two times as large as the N =1
supersymmetry



the Seiberg-Witten curves are determined almost completely from the information of the
locations of singularities on the moduli space. In order to explore physics near N = 2
singularities the microscopic superpotential explicitly breaking N = 2 to N = 1 super-
symmetry is often considered [3, 4, 13, 14]. Examining the resulting superpotential for a
low-energy effective Abelian theory it is found that the generic N = 2 vacuum is lifted
and only the singular loci of moduli space remain as the N = 1 vacua where monopoles
or dyons can condense. The resulting N = 1 theory is shown to be in the confining phase
in accordance with the old idea of the confinement via the condensation of monopole.

This observation suggests that we may start with a microscopic N = 1 theory which we
introduce by perturbing an N = 2 theory by adding a tree-level superpotential built out of
the Casimirs of the adjoint field in the vector multiplet [13, 15, 16] toward the construction
of the N = 2 curves. Let us concentrate on a phase with a single confined photon in our
N =1 theory which corresponds to the classical SU(2) x U(1)"! vacua with r being the
rank of the gauge group. Then the low-energy effective theory containing non-perturbative
effects provides us with the data of the vacua with massless solitons [17, 13]. From this
we can identify the singular points in the Coulomb phase of N = 2 theories and construct
the N = 2 Seiberg-Witten curves. This idea, called ”confining phase superpotential
technique”, has been successfully applied to N = 2 supersymmetric SU(N,) pure Yang-
Mills theory [15]. We extend their result to the case of N = 2 supersymmetric pure Yang-
Mills theory with arbitrary classical gauge group [19] as well as N = 2 supersymmetric
QCD [21] (see also [13]-[20]). The resulting curves are hyperelliptic type and agree with
those of [7]-[12].

On the other hand, for exceptional gauge groups there were proposals based on the
relation between Seiberg-Witten theory and the integrable systems that Seiberg-Witten
curves are not realized by hyperelliptic curves [23, 24, 25]. In [23] it is claimed that
the Seiberg-Witten curves for the N = 2 supersymmetric pure Yang-Mills theory with
arbitrary simple gauge group are given by the spectral curves for the affine Toda lattice
which has a form of a foliation over CP'. For G5 gauge group, this has been confirmed
by the confining phase superpotential [26] and the one instanton calculation [27].

The application of the confining phase superpotential technique to the Eg, E'7, g gauge

groups seems to be difficult at first sight because of the complicated structure of the



E,, groups. Nonetheless we have shown that this technique can be applied in a unified
way in determining the singularity structure of moduli space of the Coulomb phase in
supersymmetric pure Yang-Mills theories with ADE gauge groups [28]. Not only the
classical case of A,., D,. groups but the exceptional case of Fg, Er, Eg groups can be treated
on an equal footing since our discussion is based on the fundamental properties of the
root system of the simply-laced Lie algebras. The resulting Riemann surface is described
as a foliation over CP' and satisfies the singularity conditions we have obtained from the
N =1 confining phase superpotential. This Riemann surface is not of hyperelliptic type
for exceptional gauge groups.

In the consideration within the scope of four-dimensional field theory, it was unclear
if the Riemann surface in the exact description is an auxiliary object for mathematical
setup or a real physical object. It turns out that four-dimensional N = 2 gauge theory
on R? is realized in the type IIA superstring theory by an Neveu-Schwarz fivebrane on
R* x ¥ where ¥ is the Seiberg-Witten curve [29]. (This fivebrane description of the gauge
theory is more transparent in view of 11 dimensional M theory [30].) The T-dual of this
curved fivebrane configuration is obtained as type I1B superstring theory compactified on a
Calabi-Yau three-fold which is a compact complex Kéhler manifold of complex dimension
three with vanishing first Chern class. Here we should take this Calabi-Yau three-fold
to be a form of K3 fibration over CP' with a certain limit which implies the decoupling
of gravity. The singularities of K3, where some two-cycles get shrinked, are classified by
the ADE singularity types and the gauge group of four-dimensional theory corresponds
to these ADE singularities of K3. From the point of view of four-dimensional theory,
this limiting Calabi-Yau three-fold is considered as a higher dimensional generalization
of the auxiliary Seiberg-Witten curve and called Seiberg-Witten geometry. For ADE
type gauge groups, this Seiberg-Witten geometry may be a more natural object than the
curve since the curve depends on the representation of the gauge group, furthermore,
there are the Seiberg-Witten geometries which are difficult to be reduced to the curve.
Surprisingly it has been shown that this Seiberg-Witten geometry of the form of ADE
singularity fibration over CP' naturally appears in the framework of the confining phase
superpotential [28, 31, 32] despite that this method has no relation to K3 or Calabi-Yau
manifold at first sight.



Some extension to include matter hypermultiplets in representations other than the
fundamentals can be also considered as the compactification on the Calabi-Yau three-
fold [33, 34]. In his approach, however, only massless matters have been treated and
the representation of matters are very restricted. On the other hand, the technique
of confining phase superpotential can be also applied to supersymmetric theories with
matter hypermultiplets and be used to investigate wider class of the theory. Indeed we
have succeeded in deriving previously unknown Seiberg-Witten geometries for the N = 2
theory with Eg gauge group with the massive fundamental hypermultiplets [31]. Moreover
breaking the Fg symmetry down to SO(2N.) (N. < 5), we derive the Seiberg-Witten
geometry for N = 2 SO(2N,.) theory with massive spinor and vector hypermultiplets [32].
In the massless limit, our SO(10) result is in complete agreement with the one obtained in
[34]. Breaking of Eg to SU(N,) (N, < 6) is also considered in [32], and the Seiberg-Witten
geometry for the N =2 SU(N,) theory with antisymmetric matters have been obtained.
The singularity structure exhibited by the complex curve obtained by M-theory fivebrane
[35, 36] is realized in our result. This is regarded as non trivial evidence for the validity
of our results.

As we have described so far the four-dimensional N = 2 supersymmetric gauge field
theories have very rich physical content and their relation to the superstring theory renders
them further interesting subjects to study. In particular the Seiberg-Witten geometry
plays a very important role to control the dynamics of N = 2 theories. Our aim in this
thesis is to understand the Seiberg-Witten geometry for various N = 2 supersymmetric
theories in the systematic way. In particular, we study the Seiberg-Witten curve and
Seiberg-Witten geometry of the N = 2 supersymmetric theory using the confining phase
superpotential.

The organization of this thesis is as follows. In chapter two, we review the exact
description of the low-energy effective theory of the Coulomb phase of four-dimensional
N = 2 supersymmetric gauge theory in terms of the Seiberg-Witten curve or Seiberg-
Witten geometry. In chapter three, we derive the Seiberg-Witten curves of N = 2 su-
persymmetric gauge theories by means of the N = 1 confining phase superpotential. In
chapter four, we apply the confining phase superpotential method to the N = 1 super-

symmetric pure Yang-Mills theory with an adjoint matter with classical or ADE gauge



groups. The results can be used to derive the Seiberg-Witten curves for N = 2 super-
symmetric pure Yang-Mills theory with classical or ADE gauge groups in the form of a
foliation over CP'. Transferring the critical points in the N = 2 Coulomb phase to the
N =1 theories we find non-trivial N = 1 SCFT with the adjoint matter field governed by
a superpotential. In chapter five, using the confining phase superpotential we determine
the curves describing the Coulomb phase of N = 2 supersymmetric gauge theories with
matter multiplets. For N = 2 supersymmetric QCD with classical gauge groups, our
results recover the known curves. We also obtain previously unknown Seiberg-Witten
geometry for four-dimensional N = 2 gauge theory with gauge group Eg with massive
fundamental hypermultiplets. By considering the gauge symmetry breaking in this Fj
gauge theory, we also obtain Seiberg-Witten geometries for N = 2 gauge theory with
SO(2N.) (N, < 5) with massive spinor and vector hypermultiplets. In a similar way the
Seiberg-Witten geometry is determined for N = 2 SU(N,) (N. < 6) gauge theory with
massive antisymmetric and fundamental hypermultiplets. Finally, chapter six is devoted

to our conclusions.



Chapter 2

Seiberg-Witten Geometry

In this chapter we review the exact description of the low-energy effective theory of the
Coulomb phase of four-dimensional N = 2 supersymmetric gauge theory in terms of the

Seiberg-Witten curve or the Seiberg-Witten geometry.

2.1 Seiberg-Witten curve

Let us consider N = 2 supersymmetric pure Yang-Mills theory with the gauge group G.
This theory contains only an N = 2 vectormultiplet in the adjoint representation of G
which consists of an N = 1 vector multiplet W, and an N = 1 chiral multiplet ®. The
scalar field ¢ belonging to ® has the potential

V(g) = Trfo, o' (2.1)

This is minimized by taking ¢ = 3" ¢; H*, where H® belongs to the Cartan subalgebra, and
thus the classical vacua of this theory are degenerate and parametrized by the Casimirs
built out from ¢; after being divided by the gauge transformation. The set of Casimirs is
a gauge invariant coordinate of the space of inequivalent vacua which is called the moduli
space.

The generic classical vacua of the theory have unbroken U(1)" gauge groups and are
called the Coulomb phase where r = rank G. At the singularity of the classical moduli
space of vacua, there appears a non-Abelian unbroken gauge group which implies that
massless gauge bosons exist there. For the Abelian gauge group case, it is known from

supersymmetry that the general low energy effective Lagrangian up to two derivatives is
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completely determined by a holomorphic prepotential F and must be of the form

1 - 1
L=t | [a0r(@®)+ [d0 (5 r@wew.)], (2.2)
T
in the N = 1 superfield language. Here, ® = 31, ®; H*, and

K(®,0) = ags) P, (2.3)

is the Kahler potential which prescribes a supersymmetric non-linear o-model for the field

®, and
O*F(P)
®); = .
" = 55,00,
This Lagrangian (2.2) contains the terms Im(7;;)F; - F; + Re(;) F; - Fj, from which we
see that

(2.4)

_ 0(¢) | Ami
o) = 21 T P9

represents the complexified effective gauge coupling. Classically, F(®) = %TOTF ®2 where

(2.5)

To is the bare coupling constant.

How is this classical moduli space of vacua modified by the quantum effects? Seiberg
and Witten have proposed for the SU(2) pure Yang-Mills theory on the basis of holo-
morphy and duality that the quantum moduli space of vacua is still parametrized by the
Casimirs, but all the vacua have only U(1) [3]. Although there are still singularities in the
moduli space, the singularities in the quantum moduli space correspond to the appearance
of the massless monopoles or dyons, not to the massless gauge bosons. Moreover it has
been shown that the prepotential F, in particular the coupling constant 7, and also the
mass of the BPS saturated state are computed from the geometric data of the auxiliary
complex curve, called the Seiberg-Witten curve, and a certain meromorphic one-form over
it, called the Seiberg-Witten form Agy . Here the Seiberg-Witten curve is determined as
the function over the moduli space of vacua. The Seiberg-Witten type solutions for other
N = 2 theories with larger gauge groups and matters have been obtained in [4]-[12].

As an illustration of the basic idea of Seiberg-Witten, we briefly review the case of
the N = 2 supersymmetric SU(2) pure Yang-Mills theory. In this case, there are two

singularities corresponding to the appearance of the massless monopole or dyon at u =



+2A2, where u = %TI‘(bQ and A is the scale of the theory. Note that the classical singularity

at the origin v = 0 disappears. The Seiberg-Witten curve is a torus and given by
2
y? = (xQ - u) —4A* = (xz —u+ 2A2) (xz —u— 2A2) , (2.6)

which is degenerate as y? = z%(2? F 4A?) at the singular point u = +2A?. The Seiberg-
Witten one-form takes the form

1 dx
A = — o2 . 2.7
W= 7 o) (27)

The mass of the BPS state which has electric charge p and magnetic charge ¢ is given in

terms of the integral of A\gy over the canonical basis homology cycles of the torus «, § as
m = |pa + qapl, (2.8)

where the period integrals

a(u) = ji)\sw, (2.9)
ap(u) = }é Asw (2.10)

are associated with the chiral superfields belonging to the electric U(1) multiplet and
its dual magnetic U(1) multiplet respectively. The coupling constant of the low-energy

theory is identified with the period matrix of this torus which is written as

_ dap(u)
da(u)

(2.11)

which has the required properties Im(7) > 0.
The Seiberg-Witten curves for the other classical gauge groups are also proposed and

verified by the one instanton calculation. One for the N =2 SU(N.) gauge theory is
y? = P(x)? — 4A(x), (2.12)

where P(x) = (det (x — ®)) is the characteristic equation of ® which is chosen as the
N. x N, matrix of the fundamental representation. For the N = 2 SU(N,) pure Yang-
Mills theory, A(z) = A*Me [5, 6] and for the N = 2 SU(N,) theory with N; fundamental
flavors (QCD) [9, 10],

A(z) = N*Ne7Ns dety, (z +m), (2.13)

10



where m is the Ny x N; mass matrix of the fundamental flavors.

The Seiberg-Witten curves for N =2 SO(2N,) gauge theory read [8]
y* = P(x)? — 422 A(2), (2.14)

where P(x) = (det (x — ®)) = P(—x) is the characteristic equation of ® which is chosen
as the 2N, x 2N, matrix of the fundamental representation. Here for the pure Yang-Mills
case A(z) = A*W™e=1) and for the QCD case

A(z) = AP D-2Ny detoy, (v +m) = A(—x). (2.15)
For SO(2N, + 1) gauge groups, the curves are
1 2
W = (P(@) — 4 A(z), (2.16)
x
with A(x) = A22Ne=1) for the pure Yang-Mills theory [7] and
A(z) = A\2CNem1=Ny) deton, (z +m) = A(—x), (2.17)

for QCD [11, 12].
The curves for Sp(2N..) theory are slightly different from the ones for the other gauge
groups. They are given by

2y = (2*P(x) + 2B(x)) — 4A(a), (2.18)
with B = A?Ye*2 and A(x) = A??Ne+2) for the pure Yang-Mills theory [11], whereas
B(z) = AXNt2Nipfm (2.19)

and
A(Z’) = A2(2Nc+27Nf) det2Nf (:C -+ m) = A(—l') (220)
for QCD [11].
There is an interesting connection between the four-dimensional N = 2 pure Yang-

Mills theory and the integrable systems. The connection is that the Seiberg-Witten curve
for the N = 2 pure Yang-Mills theory with the gauge group G is identified with the

11



spectral curve for the periodic Toda theory for the group G [23]. Moreover the Seiberg-
Witten form and relevant one-cycles can be also read from the spectral curve. What
we want to emphasize here is that this correspondence is true for the arbitrary simple
groups, especially for the exceptional groups. However, as we will see just below, for
the exceptional gauge group case the Seiberg-Witten curve is not of hyperelliptic type.

Introducing the characteristic polynomial in = of order dim R
Pr(z,uy) = det(z — Pr), (2.21)
where R is an arbitrary representation of GG, the spectral curve is given by

}373(1', z,u) = Pr <x, g, + Ok <z + M)) =0, (2.22)
z

which has a form of a foliation over CP'. Here ®5 is a representation matrix of R and
u, are Casimirs built out of ®. If we choose R as a large representation of GG, however,
the genus of the curve is larger than the rank of G. This means that we should suitably
choose 2r cycles to define a and ap since the unbroken gauge group is U(1)". In particular,
for the exceptional gauge groups, the dim R is always much larger than r. Although this
problem is solved just in terms of the integrable system, it seems somewhat unnatural and
we expect that there exists a more transparent formulation. Indeed the generalization
of the Seiberg-Witten curve to the complex dimension three manifold, which is called
Seiberg-Witten geometry, is motivated by the string theory and is recognized to provide
us with a desired formulation. This description is equivalent to the one using the curve
for the theory considered in this section and more interestingly available to the N = 2
exceptional gauge theory with the matter flavors and N = 2 classical gauge theory with
matter flavors in the non fundamental representation. They have not been described in

term of the curve so far. We will discuss this generalization in the following sections.

2.2 Seiberg-Witten geometry

To see how the Seiberg-Witten geometry arises from the string theory, we first consider
the Fs x Eg heterotic string theory on K3 x T2. In the low energy region, this theory
becomes effectively four dimensional N = 2 supersymmetric theory with possibly non-

Abelian gauge bosons and gravitons. To obtain the four dimensional non-Abelian gauge
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field theory without gravity, we should take the limit o/ — 0 and simultaneously the weak
string coupling limit as

% = —blog (\/JA) — 00, (2.23)

Ghet
where gpe; is a coupling constant of the heterotic string theory, which is considered as

the four dimensional gauge coupling at the plank scale o’ “2 and b is the coefficient of
the one loop beta function of the gauge field. The condition (2.23) is required to make
the dynamical scale of the non-Abelian gauge theory A fixed at a finite value. Although
in this setting we can obtain the four dimensional N = 2 supersymmetric non-Abelian
gauge field theory, it is still difficult to compute the prepotential F of the Coulomb phase
of the theory if the coupling constant gs.; (more precisely A) is not small.

Fortunately there is a duality between the heterotic string theory on K3 x T? and
the type ITA string theory on a Calabi-Yau three-fold X3 [37, 38]. What is important is
that the type ITA dilaton, whose expectation value is the type IIA string coupling, is in
hypermultiplet. Therefore in the type IIA side the exact moduli space of the Coulomb
phase can be determined from classical computation. Here we have used the fact that the
N = 2 supersymmetry prevents couplings between neutral vector and hypermultiplets in
the low energy effective action [39]. Note that the heterotic string coupling constant is
converted to the geometrical data, Kahler structure moduli. Since the Kahler structure
moduli is corrected by the string world sheet instantons, the type IIA description is not
sufficiently simple to deal with. Remember here that the mirror symmetry maps the
type ITA superstring on X3 to a type IIB superstring on the mirror Calabi-Yau three-fold
X5 with interchanging the Kéhler structure moduli and the complex structure moduli.
Thus in this type IIB description classical string sigma model answer for the original
vector moduli space is already the full exact result. This implies that the Seiberg-Witten
geometry for the gauge field theory is identified with the compactification manifold Xj.
The Calabi-Yau three-fold has the canonical holomorphic three-form 2 and a,ap are
obtained as the integration of {2 over the three-cycles I'y,, ,I'gs, I,J =1,.. ., hn(f(g) +1,
which span a integral symplectic basis of Hjz, with the a-type of cycles being dual to the
[B-type of cycles,

a; = Q, ap; = / Q. (2.24)
Ty

Ta,

13



Here ¢, 7 runs from one to the rank of the gauge group of the heterotic string theory. The
other cycles is not relevant in the field theory limit since its integration diverges in the
limit o/ — 0.

To obtain the Seiberg-Witten geometry, we should take the limit o/ — 0 of X5. To this
end, we introduce the asymptotically local Euclidean space (ALE space) Wapg(z;) = 0
with ADE singularity at the origin. Here the polynomial Wapg(z;) is given as follows

1 -1 —2
Wa, (z1, 79, 23;0) = 27+ 2oms +vory" vl 2+ vy g, (2.25)

Wp, (z1, 22, 3350) = 21" ' + 2129° — x5
Fpmy "2 g A Va(r—2)T1 + Va(r—1) + Vr2,(2.26)

. 4, 3, .2
Wy (21, 22, 235w) = 7 + 25 + 23

+wo ZE%IQ + W5 T1T9 + Wg ZL‘% + wg o + w9 x1 + W12, (227)

W, (21,9, x3;w) = 12+ s + :133 — Wox2 g — Wex?

—wgr1Ty — wlong — W12T1 — W14T2 — W18, (228)
W (21, 29, 235w) = 2% + 25° + 22 — wyr 25 — wew1 73

—wlgl’% — W41 T2 — 'wlgl'g — W42 — W3, (229)

where v, and wy, correspond to the degree & Casimirs which resolve the singularity at the
origin. Then the mirror Calabi-Yau three-fold X for the N = 2 pure Yang-Mills theory
is written as

2h
Wy, (x5, z;wy) = e(z +—+ WADE(mj,wk)> + o(e?) = 0, (2.30)

where € = o/2 and the gauge group is represented by the ADE singularity. Here h is the
dual Coxeter number for the ADE Lie algebra. Therefore the Seiberg-Witten geometry
for the N = 2 pure Yang-Mills theory is obtained as

2h

It is relatively easier for the SU(N.) gauge group case to see the equivalence of the
description using this Seiberg-Witten geometry and the Seiberg-Witten curve [29]. From

the fact that the variables xy, x3 are both quadratic in W, _,, it was shown that these

—1

14



variables can be ”integrated out” from Wy, _, [29]. Then changing the coordinate y =
—2z 4+ P, we see that the curve (2.12) is equivalent to the corresponding Seiberg-Witten
geometry. For SO(2N,) case almost the same procedure can be applied, while for E, case
the Seiberg-Witten geometry (2.31) does not resemble to the curve (2.22). This problem
is solved by finding a certain transformation of (2.31) to get(2.22) [24, 25].

15



Chapter 3

Confining Phase Superpotential

In this chapter, we will apply the confining phase superpotential technique to the N = 2
supersymmetric pure Yang-Mills theories. A simplest example of the application of this
is the N = 2 SU(2) gauge theory [13]. We will see that only for this case the confining
phase superpotential technique is exact and for other cases this technique is applicable

under a mild assumption.

3.1 Simplest example: SU(2) gauge theory

For the SU(2) gauge group, we take a tree-level superpotential W = mu, where u =
%Tr ®2 and m is a mass parameter of the adjoint chiral superfield ®. If m is very small,
we can consider this theory as the N = 2 supersymmetric SU(2) pure Yang-Mills the-
ory perturbed by the N = 1 small mass term . The exact low-energy theory of the
N = 2 theory near the massless monopole singularity has a U(1) vector multiplet and a
monopole hypermultiplet with a superpotential determined by the requirement of N = 2

supersymmetry
Wi, = ApMM, (3.1)

where Ap is the dual U(1) vector multiplet and the M, M are monopole hypermultiplet
[3]. Note that the bosonic part of Ap is ap and its VEV determines the mass of the
monopole. Thus the equation of motion, which should be satisfied for a supersymmetric

ground state, of the theory perturbed by W becomes

ef )
0 = W — ApM, (3.2)




0 = 20— ApM, 3.3
M P (3:3)
owerrt 0Ap ~
= = MM 4
0 ou ou tm, (3.4)

where We/f = W, +W. The equations (3.2), (3.3) may be reduced to 0 = (A) = (Ap),
which means that only the N = 2 vacuum where the monopole becomes massless remains
as N = 1 vacuum. From the equation (3.3), we see that there is a non-zero monopole
condensation (MM) = —m)/ 834?13. The non zero monopole condensation is regarded as
the source of confinement.

On the other hand, if mass m is very large, then we can integrate out the adjoint
chiral superfield ® and low-energy effective theory becomes the N = 1 supersymmetric
SU(2) pure Yang-Mills theory which is believed to be in the confining phase. The relation
between the high-energy scale A and the low-energy scale Ay, is determined by matching

the scale at the adjoint mass m as
A*2 = AP2(m) 2 (3.5)

Since the gaugino condensation dynamically generates the superpotential in the N = 1

SU(2) theory the low-energy effective superpotential takes the form
Wy, = +2mA”. (3.6)

Although this effective superpotential is evaluated in the region of large m, it is shown that
(3.6) is exact for all values of m [13] by virtue of holomorphy, symmetry and asymptotic
dependence on the parameter of the theory [1]. Thus the relation (u) = W /dm = +2A?
holds exactly. Finally taking the N = 2 limit m — 0, we obtain the correct singularities
of the moduli space of the N = 2 supersymmetric SU(2) Yang-Mills theory at u = +2A2.

The N = 2 supersymmetric SU(2) QCD, which has fundamental hypermultiplets, has
been studied in an analogous way and shown to yields the known singularity structure of

the curve [15, 16].

3.2 QOutline of confining phase superpotential

In this section, we generalize the above method to the case of other gauge groups. Let

us consider the low energy theory for a generic vacuum in the Coulomb phase of N =
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2 supersymmetric gauge theory with the gauge group G. Generically the low energy

rank@ pure Yang-Mills

behavior of this theory is described by N = 2 supersymmetric U(1)
theory. As in the previous section, we add a tree level superpotential W = Y, grus,
where uy are the Casimirs built out of the adjoint chiral superfield ®, to this N = 2
theory. According to the technique called the confining phase superpotential [18], we
concentrate on investigating the vicinity of a singular point of the N = 2 moduli space of

vacua where a single monopole or dyon becomes massless. The low energy N = 1 theory

has a superpotential which is approximately given by
Weff == AD(uk)MM + nguk, (37)
k
as in the SU(2) case. The equation of motion of this perturbed theory becomes

Ap(ug) = 0, (3.8)
8AD(uk)
8uk

It is important in this equation that only the N = 2 vacua with, at least, a single massless

MM = —g. (3.9)

monopole or dyon remain as the N = 1 vacua. In these N = 1 vacua, the monopole or
dyon can condense so as to confine a single U(1) photon.

Conversely, we can start with a microscopic N = 1 gauge theory which is obtained
from an N = 2 gauge theory perturbed by W. If we can calculate the low energy effective
superpotential as the function of the scale A of the original theory and g;, then by taking
the N = 2 limit g; — 0 we can find the location of the singularity in the moduli space of
the N = 2 theory.

Let us consider N = 2 SU(3) Yang-Mills theory as an illustration of the method.
Perturbing by W = mu + gv, where u = %TNI)2 and v = %Tr@3, leads to classical vacua

with ® = 0, in which SU(3) is unbroken, and
& = diag (m mn —2m> , (3.10)

in which there is a classically unbroken SU(2) x U(1). We focus on the vacuum with
unbroken SU(2) x U(1) gauge group. In the semiclassical approximation, the low-energy
theory for this vacuum consists of the N = 1 SU(2) Yang-Mills theory with a superpoten-
tial W and a decoupled N = 2 U(1) Yang-Mills theory. (This U(1) theory is free and we
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can ignore it in the following consideration.) The scale A of this SU(2) theory is related

to the high-energy SU(3) scale A by

122 3m\ 23

which is obtained by matching the SU(3) scale to the SU(2) scale at the scale (m/g) —
(—2m/g) = (3m/g) of the W bosons which become massive by the Higgs effect. The

superpotential 1474 may be evaluated as

~ 1 1 . 3am g
W = §W”(m/g) TT(I)?S*U(z)"‘ﬁWW(m/g) Tr®yr(y) = TTTCD%U@)"‘gTr(I)gU(z)a (3.12)

where W (z) = 222 + £2° and ®gy(2) is an unbroken SU(2) part of ®. Note that in W
we suppress the terms which are not relevant to the SU(2) theory. Therefore the adjoint
chiral superfield ®g7(2) has a mass 3m and can be integrated out. We are then left with
an N =1 SU(2) pure Yang-Mills theory with a scale Ay, which is related to the scale A
by

A3? = (3m)2A%2 = g2AS. (3.13)

Since the gaugino condensation dynamically generates the superpotential in the N = 1
SU(2) pure Yang-Mills theory the low-energy effective superpotential finally takes the

form

m3

Wy, = ”gf +2A% = 7z + 2gA%, (3.14)
where the first term is the tree level term W evaluated for & = diag(m/g, m/g, —2m/g).
We note that to obtain (3.14) we should integrate out all the fields in the original theory
then no dynamical fields are remained.

The superpotential (3.14) is certainly correct in the limit m > A and m/g > A,
where the original theory is broken to our low energy theory at a very high scale. In
the case of (3.14), however, we can not directly rule out additive corrections of the form
Wa =32 an(m3/g*)(gA/m)®". We will simply assume that (3.14) is exact for all values
of the parameters [18]. This assumption is referred to as the assumption of vanishing Wa
[17]. We will see in the following that this assumption is correct at least for the theory

we have investigated. However there is a subtle point concerned with the choice of the

basis of the Casimirs of the gauge group. This point is discussed later. It will be seen
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also that the statement that W = 0 seems to reflect the absence of mixing of various
classical vacua like 8 vacua in QCD.

Once assuming (3.14) is exact, we obtain

(w) = ?;L =3 @) , (3.15)
(v) = 8;? — -2 (?) £ 203, (3.16)

In the N = 2 limit m,g — 0, these two vacua of the perturbed theory must lie on the
singularities of the moduli space of the Coulomb phase of the N = 2 theory since in this
limit the vacuum condition (3.9) is valid. Therefore the vacua (3.16) must parameterize
the singularities of the Seiberg-Witten curve y* = (2% —zu—v)?—4A° for the N = 2 SU(3)
pure Yang-Mills theory. The singularities of the curve are indicated by the discriminant
locus

Agp@) = 4u® — 270> — 108A° F 108vA® = 0. (3.17)

Indeed, if we eliminate m/g from (3.16) then we obtain Agys) = 0. We have thus con-
firmed that the proposed Seiberg-Witten curve for SU(3) pure Yang-Mills theory is correct
using the confining phase superpotential. Note that the parameter of the singularities of
the N = 2 moduli space corresponds to the ratio m/g.

In the following chapters, we will apply this confining phase superpotential technique
to various N = 2 supersymmetric gauge theories in order to verify the proposed Seiberg-

Witten geometries or derive the new Seiberg-Witten geometries if they are unknown.
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Chapter 4
N =2 Pure Yang-Mills Theory

4.1 Classical gauge groups

Now we apply the confining phase superpotential method to N = 2 supersymmetric pure
Yang-Mills theories with classical gauge groups.

First we begin with the SU(N.) gauge theory [18]. The gauge symmetry breaks
down to U(1)Ne~! in the Coulomb phase of N = 2 SU(N,) Yang-Mills theories. Near
the singularity of a single massless dyon we have a photon coupled to the light dyon
hypermultiplet while the photons for the rest U(1)Y<=2 factors remain free. We now

perturb the theory by adding a tree-level superpotential

N,
< 1
W = Z nlip, u, = —Tro", (4.1)
n

n=1
where @ is the adjoint N = 1 superfield in the N = 2 vectormultiplet and ¢, is an auxiliary
field implementing Tr ® = 0. In view of the macroscopic theory, we see that under the
perturbation by (4.1) only the N = 2 singular loci survive as the N = 1 vacua where a
single photon is confined and the U(1)™<=2 factors decouple.

The result should be directly recovered when we start with the microscopic N = 1
SU(N,.) gauge theory which is obtained from N = 2 SU(N,) Yang-Mills theory perturbed
by (4.1). For this we study the vacuum with unbroken SU(2) x U(1)e=2. The classical
vacua of the theory are determined by the equation of motion W’ (®) = 2-Ne, ¢,®*~1 = 0.

Then the roots a; of
N.—1

W(z) = zg —gn. 1] (@ — a) (4.2)

=1
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give the eigenvalues of ®. In particular the unbroken SU(2) x U(1)"~2 vacuum is de-
scribed by
® = diag(a1, a1, az, a3, -, an,1). (4.3)

In the low-energy limit the adjoint superfield for SU(2) becomes massive and will be
decoupled. We are then left with an N = 1 SU(2) Yang-Mills theory which is in the

Ne=2 are decoupled.

confining phase and the photon multiplets for U(1)
The relation between the high-energy SU(N,) scale A and the low-energy SU(2) scale
Ay is determined by first matching at the scale of SU(N.)/SU(2) W bosons and then by

matching at the SU(2) adjoint mass M,q. One finds [40], [18]

N.—1 2
AQNC = AL3.2 ( H ((11 — az)> (Mad)_Q. (44)
i=2
To compute M,q we decompose
=, + 00+ 50, (4.5)

where 0® denotes the fluctuation along the unbroken SU(2) direction and §® along the

other directions. Substituting this into W we have
o -1 2y i—2
W = Wcl+zgiT Tr (607 ") + -+
=2

1
= Wa+ §W”(a1) Tr 62 - - -

1 Ne
= Wua+ 5 9N [I(a1 — a;) Tr6@* +-- -, (4.6)
i=2
where [0®,P,] = 0 has been used and W, is the tree-level superpotential evaluated in

the classical vacuum. Hence, M,q = gn, [12% ‘(a1 — a;) and the relation (4.4) reduces to
AL® = g% AN (4.7)

Since the gaugino condensation dynamically generates the superpotential in the N =1

SU(2) theory the low-energy effective superpotential finally takes the form [18]

Wi =Wy £+ 2A° = Wy £ 295 A (4.8)
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We simply assume here that the superpotential (4.8) is exact for any values of the

parameters. (This is equivalent to assume Wa = 0 [17], [18].) From (4.8) we obtain

() = 0 = i) 20, (19

with u< being a classical value of u,. As we argued above these vacua should correspond
to the singular loci of N = 2 massless dyons. This can be easily confirmed by plugging

(4.9) in the N =2 SU(N,) curve [6], [5]

2
y? = (det(z — ®))* — 4A*Ne = (xNC — %C:(si):vNc_i> — 4NN, (4.10)
i=2

where i
ksi+ > isg_iu; =0, k=12, (4.11)

i=1

with sg = —1 and s; = u; = 0. We have
y2 _ (ch _ sglxNC_Q L S%C) (ch _ sglch—Q R S%c + 4ANC>

= (@) (r—ay) (@ —an1) (@ =) (v —ay_1) £4AY). (412)

Since the curve exhibits the quadratic degeneracy we are exactly at the singular point of
a massless dyon in the N =2 SU(N,) Yang-Mills vacuum.

Let us now apply our procedure to the N =2 SO(2N,) Yang-Mills theory. We take a
tree-level superpotential to break N =2 to N =1 as

N.—1

W = Z GJonlan + AU, (4.13)

n=1
where

1
Ugy = — Tr O,
2n

v=Pfd= P @n2 ... (4.14)

9Ne |€i1i2j1j2'
!
and the adjoint superfield ® is an antisymmetric 2N, x 2N, tensor. This theory has
classical vacua which satisfy the condition

N.—1 )\

W'(®) = Z 92i((1)2i_1)ij N meij k?lf’lellz-"Cl)klkzcblll2 - =0. (4.15)
i=1 c :
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For the skew-diagonal form of ®

¢ = diag(oaeg, 09e1, 02€9, -+, 09eN,-1), 09 =1 ( (1) _01 ) (4.16)
the vacuum condition (4.15) becomes
N.—1 ] ) A N.—1
ST gai(—1) e, + (—z’)NcT ei =0, 0<n<N,-1 (4.17)
= €n i=o

Thus we see that e, (# 0) are the roots of f(x) defined by
flx)= > gaur® +d, (4.18)

— (_\Nely 77Ne—1
where we put d = (—1)V 3 A2 e
Since our main concern is the vacuum with a single confined photon we focus on the

unbroken SU(2) x U(1)Ne=! vacuum. Thus writing (4.18) as

Nc—1
f@) = g1y I (2° = af), (4.19)
=1
we take
b = diag(agal, O2a1, 0202, " " ,0'2@]\[671) (420)

with d = (=) 3 Aa 17X " a;. We then make the scale matching between the high-energy
SO(2N,) scale A and the low-energy SU(2) scale A. Following the steps as in the SU(N..)

case yields
Ne—1 2

A22(Ne=1) AL3-2 < H (a% - CL?)) (Mad)—Q’ (4.21)

=2
where the factor arising through the Higgs mechanism is easily calculated in an explicit

basis of SO(2N.). In order to evaluate the SU(2) adjoint mass M,q we first substitute

the decomposition (4.5) in W and proceed as follows:

Ne—1

W = cl+zgz

(6D2D%2) + A (PE,6®) (Plagy.—2Pur) +

Ncl

= Wy+ Z gz 6(1)2@21 ) + A <iTr5cI>Q> (Nﬁl(_mk)> 4.

k=2
= Wy+ li (ﬂx))’ Tr6d? +

2dx x
Nc—1
= Wa+gw.-1 ] (a] —a)) Tro®* + -, (4.22)
=2
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where Pf, is the Pfaffian of a upper-left 4 x 4 sub-matrix and Pfyy,_s) is the Pfaffian
of a lower-right 2(N, — 2) x 2(N. — 2) sub-matrix. Thus we observe that M,q cancels
out the Higgs factor in (4.21), which leads to A% = gg(Nc_l)A‘l(NC*l). The low-energy

superpotential is now given by
Wy, =Wy £20L° = Wy £ 2gyn, 1y A*N7Y, (4.23)

where the second term is due to the gaugino condensation in the low-energy SU(2) theory.

The vacuum expectation values of gauge invariants are obtained from W, as

oWy,

<u2n> - ag - ugln<ga )‘) =+ 2A2(NC_1)5TL7NC—1>
2n
ow
(v) = 8; = va(g, \). (4.24)

The curve for N =2 SO(2N,) is known to be [§]

y* = (det(z — <I)))2 — AN WNem1)

Ne—1 ’ )
= (szC — 3 (sgi) Mo <U>2> — 4NN D gt (4.25)
i=1
where
k
ksi 4+ isp_iug = 0, k=12, (4.26)
i=1
with sg = —1. At the values (4.24) of the moduli coordinates we see the quadratic
degeneracy
Y = (-TQNC — sy — . S5N—1)T + ng)
X (xQNC — sgle(Nfl) — = sgl(NC_l)x2 + 03+ 4A2(NC’1):U2>
= (¢"—a7)’(a® —a3) -+ (2" — af,4)
x((a? = a})*(2 = a3) -+ (2” — af, ) & 402N Va?), (4.27)

This is our desired result. Notice that the apparent singularity at (v) = 0 is not realized
in our N = 1 theory. Thus the point (v) = 0 does not correspond to massless solitons in

agreement with the result of [8].
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Our next task is to study the SO(2N, + 1) gauge theory. A tree-level superpotential
breaking N =2 to N =1 is assumed to be

N,
< 1
W = Z JonUon,, Uop = %TI' (I)2n‘ (428)

n=1

The classical vacua obey W/(®) = Y g5;®%~1 = 0. The eigenvalues of ® are given by

the roots a; of
Ne—1

N, A
W'(z) =3 g™ ' = gan [] (2° — a7). (4.29)
i=1

i=1
As in the previous consideration we take the SU(2) x U(1)Y~! vacuum. Notice that
there are two ways of breaking SO(2N, + 1) to SU(2) x U(1)"~1. One is to take all
the eigenvalues distinct (corresponding to SO(3) x U(1)Ne~1). The other is to choose
two eigenvalues coinciding and the rest distinct (corresponding to SU(2) x U(1)"e=! with
a; # 0). Here we examine the latter case

o = diag(agal, 0201, 02Q2,***,020N_.—1, 0), 09 = 7 < ? _01 > . (430)

In this vacuum the high-energy SO(2N, + 1) scale A and the low-energy SU(2) scale Ap

are related by
Ne—1 2

e ot (T ) (™, a)

i=2
where the SU(2) adjoint mass M,q is read off from

& 2i—1 2z 2i—2
W o= Wcl—FZgziTTr((S(I) 22y 4 ...
=1

1
= Wa+ W (ar) Two® + -

Ne—1
= Wa+ gon.a] H (af —ai) Trod* +---. (4.32)

1=2

So, we obtain A% = g2y a?A*?Ne=1) The low-energy effective superpotential becomes
Wy =Wy +2A° = Wy £ 2gon,a A2V (4.33)

If we assume Wa = 0 the expectation values (uy;) are calculated from Wp, by expressing

a1 as a function of go;.
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For the sake of illustration let us discuss the SO(5) theory explicitly. From (4.33) we
get

1
(ug) = 2af £ —A3,
ai
(ug) = af FaA® (4.34)
and a? = —go/gs. We eliminate a; from (4.34) to obtain
27A™ — A%uj + 36 Auguy — uyug + Sujui — 16u] = 0. (4.35)
This should be compared with the N =2 SO(5) discriminant [7]
s3(27TA'? — ASs? — 36A°s,59 + s1sy + 8s7s3 + 16s5)* = 0, (4.36)

where s; = uy and sy = uy — u3/2 according to (4.26). Thus we see the discrepancy
between (4.35) and (4.36) which implies that our simple assumption of W = 0 does
not work. Inspecting (4.35) and (4.36), however, we notice how to remedy the difficulty.

Instead of (4.28) we take a tree-level superpotential

1
W = gas1 + gaS2 = gaua + ga <U4 - 2u§> : (4.37)

The classical vacuum condition is
W (®) = (g2 — gauz)® + g,®* = 0. (4.38)

To proceed, therefore, we can make use of the results obtained in the foregoing analysis

just by making the replacement

g4 — ga= Ga,
g2 — 2= ga — U2 (4.39)

(especially evaluation of M,q is not invalidated because Trd® = 0.) The eigenvalues of ®

are now determined in a self-consistent manner by

W'(z) = g + Guz® = Gy <352 + :Z) = gyr(z® —a?) = 0. (4.40)
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Then we have uS = 2a? = —24>/gs and go = —gy from (4.39), which leads to
a2=2 (4.41)
94

Substituting this in (4.33) we calculate (s;) and find the relation of s; which is precisely
the discriminant (4.36) except for the classical singularity at (sq) = 0.

The above SO(5) result indicates that an appropriate mixing term with respect to uy;
variables in a microscopic superpotential will be required for SO(2N, + 1) theories. We
are led to assume

Ne—1

W = Z go; U2; + 9ga2N.SN, (442)

i=1
for the gauge group SO(2N, + 1) with N, > 3. Then the following analysis is analogous
to the SO(5) theory. First of all notice that

SN, = UaN, — Ug(N.—1)U2 + (polynomials of ug,, 1 <k < N, —1). (4.43)
Therefore the eigenvalues of ® are given by the roots of (4.29) with the replacement

92N. — §2N. = §2N.,

92(Ne—1) —  J2(Ne—1) = g2(N.—1) — U2J2N,- (4.44)

Then we have uy = a2 + S 57! a? = a? — Go(n.-1)/J2n, and find

o2 = P2Neml), (4.45)
92N.

It follows that the effective superpotential is given by

Wi =W £ 2, /Gan, gav_n AN (4.46)

The vacuum expectation values of gauge invariants are obtained from W as

(sa) = s(9), 1<n<N,—2
1 o
() = salo) % AN
(sn.) = s¥.(9) £ aA?eh, (4.47)
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For these (s;) the curve describing the N = 2 SO(2N, + 1) theory [7] is shown to be

degenerate as follows:

v = (det( <I>)> — 4 \2NeD)
)

= (2N — (s 22 — (sy,_1)2? — (sn,) + 2zA*Ne)
( 2Nc <81> 2(Ne—1) R <5Nc—1>x2 - <5NC> o 2$A2Nc—l)
2
- {(ﬁ — a2 - @) (0 - ) £ AP (— . z)}
2
X {(x2 —a})?(x* —a3) - (2 — af,_,) £ AP (—Z —ay — 296) }
1

a1
A2Nc—1>

ai

= (- ap (<x+a1>2<x2—a%)---(xZ—a?VC-NA >

(- ape =@ - G T (1.15)

Thus we see the theory with the superpotential (4.42) recover the N = 2 curve correctly
with the assumption Wa = 0. As in the SO(2N,) case, the singularity at (sy,) = 0, which
corresponds to the classical SO(3) x U(1)™e~! vacuum, does not arise in our theory.

We remark that the particular form of superpotential (4.42) is not unique to derive
the singularity manifold. In fact we may start with a superpotential

Ne—1

W= 3" gai (ugi + hi(s)) + gan. (sn, + hn.(s)) (4.49)

i=1

where h;(s) are arbitrary polynomials of s; with j > N, — 2, to verify the N = 2 curve.

However, we are not allowed to take a superpotential such as W = S gy;5,, because

there are no SU(2) x U(1)"~! vacua (there exist no solutions for gon,—1)). Note also
that there are no SO(3) x U(1)Me~! vacua in the theory with superpotential (4.49).

Finally we discuss the Sp(2N,.) gauge theory. The adjoint superfield ® is a 2V, x 2N,

tensor which is subject to

'p=JdJ <= J® is symmetric, (4.50)
where J = diag(iog, - - - ,i09). Let us assume a tree-level superpotential
N, 1
W = Z GgonUn,, Uop = —Tr @271. (451)
=1 2n
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Then our analysis will become quite similar to that for SO(2N.+1). The classical vacuum

with unbroken SU(2) x U(1)Ne=! gauge group corresponds to

J® = diag(oia1, o1a1, 0102, -+, 01aN,-1), o1 = < (1) (1) ) . (4.52)
The scale matching relation becomes
Ne—1 2
AZ'(NC""l) — A 3:2: Eail ( H (CL% — af)) (Mad)_l- (453)
=2
Since the SU(2) adjoint mass is given by Maq = gon.a? [IX% H(a? — a2) we get Ap® =

Gon, A2Vt /g2 The low-energy effective superpotential thus turns out to be

W, =W, + Q%AQ(M“X (4.54)
1

Checking the result with Sp(4) we encounter the same problem as in the SO(5) theory.
Instead of (4.51), thus, we take a superpotential in the form (4.37), reproducing the N = 2
Sp(4) curve [11]. Similarly, for Sp(2N.) we study a superpotential (4.42). It turns out

that (s;) are calculated as

(sn) = s‘ff(g), 1<n<N, -2,
2
(Sn.—1) = 5%0—1(9) - 7A2(Nc+1),
1
4
(sn.) = si.(9)+ CT%AZ(N““). (4.55)

These satisfy the N = 2 Sp(2N,) singularity condition [11] since the curve exhibits the

quadratic degeneracy

x2y2 _ ( (det( <I>)> AQ(NC+1)> _ AANet1)
( 2(Nc+1) <Sl>l'2NC o <SNC—1>x4 . <5Nc>x2 + 2A2(NC+1))

><( VA —(sp)a?e — o = (swa)at = (sw,)a?)

X (xQdet(x - @Cl)>
2(Nce+1)
= (2% —a})? <x2(x2 —a3)- (¥ —ay,_q) + Aa%> X (3:2det(a: - @Cl)) . (4.56)

It should be mentioned that our remarks on SO(2N, + 1) theories also apply here.
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4.2 ADE gauge groups

Our purpose in this section is to show that, under an appropriate ansatz, the low-energy
effective superpotential for the Coulomb phase is obtained in a unified way for all ADE
gauge groups just by using the fundamental properties of the root system A. Let us
consider the case of the gauge group G is simple and simply-laced, namely, G is of ADE
type. Our notation for the root system is as follows. The simple roots of G are denoted as
a; where 1 <4 < r with r being the rank of G. Any root is decomposed as a = Y°I_; a‘ay.
The component indices are lowered by a; = ;7:1 Aijaj where A;; is the ADE Cartan

matrix. The inner product of two roots «, 3 are then defined by

a-f= Zab Z TAGY (4.57)

3,j=1

where 3 = >1_, b'a;. For ADE all roots have the equal norm and we normalize o? = 2.

In our N =1 theory we take a tree-level superpotential

W= geus(®), (4.58)

k=1
where uy, is the k-th Casimir of G constructed from ® and g, are coupling constants. The
mass dimension of wuy is e; + 1 with e, being the k-th exponent of G. When g, = 0 ®
is considered as the chiral field in the N = 2 vector multiplet and we have N = 2 ADE
supersymmetric gauge theory.

We first make a classical analysis of the theory with the superpotential (4.58). The
classical vacua are determined by the equation of motion 2 a<1> = (0 and the D-term equation.
Due to the D-term equation, we can restrict ® to take the values in the Cartan subalgebra
by the gauge rotation. We denote the vector in the Cartan subalgebra corresponding to

the classical value of ® as a = Y°!_; a’e;. Then the superpotential becomes

a) = ki grug(a), (4.59)

and the equation of motion reads

Z r aaz ) _o. (4.60)
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For g, # 0 we must have

J(a) = det (ag;w) = 0. (4.61)

According to [41] it follows that

Ja)=c ] a-a, (4.62)

aceAt

where AT is a set of positive roots and ¢; is a certain constant.

The condition J(a) = 0 means that the vector @ hits a wall of the Weyl chamber and
there occurs enhanced gauge symmetry. Suppose that the vector a is orthogonal to a
root, say, og

a-a; =0, (4.63)

where a; may be taken to be a simple root. In this case we have the unbroken gauge
group SU(2) x U(1)"~! where the SU(2) factor is spanned by {«a; - H, E,,, E_,, } in the
Cartan-Weyl basis. If some other factors of J vanish besides a - a; the gauge group is
further enhanced from SU(2). Since SU(2) x U(1)"~! is the most generic unbroken gauge
group we shall restrict ourselves to this case in what follows.

We remark here that there is the case in which the SU(2) x U(1)"~! vacuum is not
generic. As a simple, but instructive example consider SU(4) theory. Casimirs are taken

to be

1
uw = -Trd?
2
1
Uy = gTY@g,
1 4 1 2\
us = ZTr(I) —a<2Tr(I>> , (4.64)

where « is an arbitrary constant. If we set o = 1/2 it is observed that the SU(2) x U(1)?
vacuum exists only for the special values of coupling constants, (g2/g3)?> = ¢1/g3. Thus,
for a = 1/2, the SU(2) x U(1)? vacuum is not generic though it does so for o # 1/2. This
points out that we have to choose the appropriate basis for Casimirs when writing down
(4.58) to have the SU(2) x U(1)"~! vacuum generically [19].

Now we assume that there is no mixing between the SU(2) x U(1)"~! vacuum and

other vacua with different unbroken gauge groups. According to the arguments of [49], we
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should not consider the broken gauge group instantons. We thus expect that there is only
perturbative effect in the energy scale above the scale Ay, of the low-energy effective
N =1 supersymmetric SU(2) Yang-Mills theory.

Our next task is to evaluate the Higgs scale associated with the spontaneous breaking
of the gauge group G to SU(2) x U(1)"~'. For this purpose we decompose the adjoint
representation of G to irreducible representations of SU(2). We fix the SU(2) direction
by taking a simple root a;. It is clear that the spin j of every representation obtained
in this decomposition satisfies 7 < 1 since all roots have the same norm and the SU(2)
raising (or lowering) operator shifts a root a to a + a; (or @ — «1). The fact that there
is no degeneration of roots indicates that the j = 1 multiplet has the roots (as,0, —a;)
corresponding to the unbroken SU(2) generators. The roots orthogonal to «; represent
the 7 = 0 multiplets. The j = 1/2 multiplets have the roots a obeying o - a3 = £1. Let
us define a set of these roots by Ay = {a|a € A, a-ay = £1}. For each root v € Ay
there appears a massive gauge boson. These massive bosons pair up in SU(2) doublets
with weights («, @ £ ;) which indeed have the same mass |a - a] = |a - (o £ «a1)] since
a-oap =0.

We now integrate out the fields that become massive by the Higgs mechanism. The
massless U(1)"~! degrees of freedom are decoupled. The resulting theory characterized
by the scale Ay is N =1 SU(2) theory with an adjoint chiral multiplet. The Higgs scale
Ay is related to the high-energy scale A through the scale matching relation

A%:Aﬁf( 1T a-ﬁ) : (4.65)

BeA4, >0

where 2h = 4 + {ny/2, ng is the number of elements in A, and h stands for the dual
Coxeter number of G; h =r + 1,2r —2,12,18,30 for G = A,, D,., Eg, E7, Es respectively.
The reason for 5 > 0 in (4.65) is that weights (5,5 £ ) of an SU(2) doublet are either
both positive or both negative since «y is the simple root, and gauge bosons associated
with < 0 and § > 0 have the same contribution to the relation (4.65).

To fix ¢ we calculate ng by evaluating the quadratic Casimir C5 of the adjoint repre-
sentation in the following way. Taking hermitian generators we express (5 in terms of the

structure constants fuu. through 3=, fapefabe = —C2 6. From the commutation relation
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lay - H, E,] = (a7 - @) E, one can check

Co = ; Y (o) = ; ( > (ar-a)* +2(a - ozl)z) -3 (na +8). (4.66)

aEA aEAy 2

On the other hand, the dual Coxeter number h is given by h = Cy/6? with 0 being the
highest root. We thus find

ng = 4(h — 2) (4.67)
and (4.65) becomes
N =AP I] a8 (4.68)
BEA, B>0

After integrating out the massive fields due to the Higgs mechanism we are left with
N =1 SU(2) theory with the massive adjoint. In order to evaluate the mass of the adjoint
chiral multiplet ® we need to clarify some properties of Casimirs. Let og be an element
of the Weyl group of G specified by a root 3 = >I_, b'a;. The Weyl transformation of a
root « is given by

op(a) = a—(a-B)s. (4.69)

When o5 acts on the Higgs v.e.v. vector a = 3I_; a'e; we have
a' = Z Sgij CLj, Sgij = (52 — bibj, (470)
j=1

where o5(a) = YI_; aa;. Since the Casimirs uy(a) are Weyl invariants it is obvious to

see
0 0 4 (0
= / = J. —
aai Uk(&) aai Uk((l ) ;:1: S/B i (aaj uk<a)>

Let a be a particular v.e.v. which is fixed under the action of 03, then we find the identity

(4.71)

a—a’

r ) ) )
J Jy —
; (% - S47) 5.7 (@) - 0 (4.72)
for all 7, and thus
4 0
This implies that for any v.e.v. vector a and root 3 we can write down
S0 fa) = (a- 8) ul@) (1.7
o od ’
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where ufj(a) is some polynomial of a’. If we set 3 = a;, a simple root, we obtain a useful

formula

0
oa’

As an immediate application of the above results, for instance, we point out that (4.62)

u(a) = a; uy'(a). (4.75)

is derived from (4.74) and the fact that the mass dimension of J(a) is given by
Z e == (dimG —r), (4.76)

where ey, is the k-th exponent of G.
Let us further discuss the properties of u,’(a). Define D,y,, as
Dy = (—1)"""det (812;@(;)) , 1 <mn<r, (4.77)
where 1 < 4,7 < r with ¢ # m, j # n, then Dy, is a homogeneous polynomial of a* with
the mass dimension >, _; e, — e,. We also denote A, as a set of positive roots where oy
and SU(2) doublet roots o with a4+ oy &€ A™ are excluded. If we set a; =0 and a-5 =0

where (3 is any root in A, we see Dy, = 0 from the identity (4.74). Consequently we can

expand
Dy, = hy(a) I] (a-B) + a1 fa(a), (4.78)
BEA.
where h,(a), f.(a) are polynomials of a;. In particular
=c [ (a-B) +aifi(a), (4.79)
BEA

where ¢y is a constant. Notice that the first term on the rhs has the correct mass dimension

since the number of roots in A, reads
1

(dlmG—r—l———Zek— —1), (4.80)
where we have used (4.67) and e, = h — 1.

We are now ready to evaluate the mass of ® in intermediate SU(2) theory. The
fluctuation of W (a) around the classical vacuum yields the adjoint mass. To find the
mass relevant for the scale matching we should only consider the components of & which
are coupled to the unbroken SU(2). The mass Mg of these components is then given by

o 0 9 (4
(8a")? dal

2Mq> = W(CL) 1W1)

0
= ( 15 1W1+2W1>‘ = 2], (4.81)
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where Wi = (35_; grust)(a) and a' are understood as solutions of the equation of motion
(4.60).
To proceed further it is convenient to rewrite the equation motion (4.60) and the

vacuum condition (4.63) with the simple root «; as follows:

Gr:92: 19 = Di:Dig:e-: Dy,
a = 0. (4.82)

The solutions of these equations are expressed as functions of the ratio g;/g.. Then we

notice that J(a) defined in (4.61) turns out to be

"L Ouy, Dy, I Oug Wi
J=> —Dy, = 9k = = Dipa;—.
= Oal , k; Odal gr

(4.83)

Combining (4.62) and (4.79) we obtain

&1

I I | (434)

C2 BeA,, B>0

Upon integrating out the massive adjoint we relate the scale Ay with the scale Ay,

of the low-energy N =1 SU(2) Yang-Mills theory by
A22 = A32 /M2, (4.85)
We finally find from this and (4.65), (4.84) that the scale matching relation becomes
AV = giAh, (4.86)

where the top Casimir u, has been rescaled so that we can set ¢;/cy = 1.
Following the previous discussions and the perturbative nonrenormalization theorem

for the superpotential, we derive the low-energy effective superpotential
Wi = Wal(g) £ 2Ayv 0> = Wa(g) £ 2g,A", (4.87)

where the term +2Ay % appears as a result of the gaugino condensation in low-energy
SU(2) theory and W,(g) is the tree-level superpotential evaluated at the classical values
a’(g). We will assume that (4.87) is the exact effective superpotential valid for all values

of parameters.
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The vacuum expectation values of gauge invariants are obtained from W,

oWr,
g

(ug,) = = u(g) & 2A"0y,. (4.88)

We now wish to show that the expectation values (4.88) parametrize the singularities of

algebraic curves. For this let us introduce
Pr(z,uf) = det(z — ®g) (4.89)

which is the characteristic polynomial in x of order dimR where R is an irreducible
representation of G. Here @ is a representation matrix of R and u§ are Casimirs built
out of ®. The eigenvalues of ®x are given in terms of the weights \; of the representation
R. Diagonalizing &z we may express (4.89) as

Pr(z,a) = ﬁ (x —a-N), (4.90)

=1

where a is a Higgs v.e.v. vector, the discriminant of which takes the form

2
i#j
It is seen that, for a which is a solution to (4.60), we have Agr = 0, that is
Pr(z,u(a)) = 0, Pr(x,uf(a)) =0 (4.92)

for any representation. The solutions of the classical equation of motion thus give rise to
the singularities of the level manifold Pg(z,u§) = 0.

In order to include the quantum effect what we should do is to modify the top Casimir
u, term so that the gluino condensation in (4.88) is properly taken into account. We are

then led to take a curve

]5R(x, z,u) = Pr (x, g, + O r (z + M)) =0, (4.93)
z

where 1 = A?"* and an additional complex variable z has been introduced. Let us check

the degeneracy of the curve at the expectation values (4.88), which means to check if the
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following three equations hold

Pn(x, z,(ug)) = 0, (4.94)
8301573@, z,(ug)) = 0, (4.95)
0. Pr(z, 2, (uy) — (1 _ 52) D, Pr(z, 2, (ug)) = 0. (4.96)

The last equation (4.96) has an obvious solution z = F,/z1. Substituting this into the first

two equations we see that the singularity conditions reduce to the classical ones (4.92)

157%(907 FVH (uk)) = Pr(z, (w) F 0c,2y/1t) = Pr(z, uil) = 0, (4.97)
0. P(x, T/, (ug)) = 0uPr (x, (u) F 0p,2v/11) = 0x Pr(z,uf') = 0. (4.98)

Thus we have shown that (4.88) parametrize the singularities of the Riemann surface
described by (4.93) irrespective of the representation R.

Let us take the N = 2 limit by letting all g; — 0 with the ratio g;/g, fixed, then (4.93)
is the curve describing the Coulomb phase of N = 2 supersymmetric Yang-Mills theory
with ADE gauge groups. Indeed the curve (4.93) in this particular form of foliation agrees
with the one obtained systematically in [23] in view of integrable systems [42],[43],[44].
For Eg and E7 see [24],[25].

Finally we remark that there is a possibility of (4.96) having another solutions besides
z = F/1t. If we take the fundamental representation such solutions are absent for G = A,,
and for G = D, there is a solution with vanishing degree r Casimir (i.e. Pfaffian), but it
is known that this is an apparent singularity [8]. For E, gauge groups there could exist
additional solutions. We expect that these singularities are apparent and do not represent

physical massless solitons.

4.2.1 N =1 superconformal field theory

We will discuss non-trivial fixed points in our N = 1 theory characterized by the mi-
croscopic superpotential (4.58). To find critical points we rely on the construction of
N = 2 superconformal field theories realized at particular points in the moduli space of
the Coulomb phase [14],[45],[46],[47]. At these N = 2 critical points mutually non-local

massless dyons coexist. Thus the critical points lie on the singularities in the moduli
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space which are parametrized by the N = 1 expectation values (4.88) as was shown in the
previous section. This enables us to adjust the microscopic parameters in N = 1 theory
to the values of N = 2 non-trivial fixed points. Doing so in N = 2 SU(3) Yang-Mills
theory Argyres and Douglas found non-trivial N = 1 fixed points [14]. We now show that
this class of N =1 fixed points exists in all ADE N = 1 theories in general.

Let us start with rederiving N = 2 critical behavior based on the curve (4.93). An
advantage of using the curve (4.93) is that one can identify higher critical points and
determine the critical exponents independently of the details of the curve.

If we set 2 = F,/i the condition for higher critical points is
Pr(z,uf) = 0" Pr(z,uf) =0 (4.99)

with n > 2. Hence there exist higher critical points at u, = Smg + 2A"6,, where usmg
are the classical values of u, for which the gauge group H with rank larger than one is
left unbroken. The highest critical point corresponding to the unbroken G is located at
up = +£2A"G, .

Near the highest critical point the curve (4.93) behaves as

ur+z+H:cxh+(5ukxj, (4.100)
2

where the second term on the rhs with j = h — (e, + 1) represents a small perturbation
around the criticality at 5uk = 0. A constant c is irrelevant and will be set to ¢ = 1. Let

= £2A" z = 5u1/ s and z & A" = p, then (4.100) becomes
p ~ 5u,j““f> (FAM 2 (s" + 57)7. (4.101)

We now apply the technique of [46] to verify the scaling behavior of the period integral of
the Seiberg-Witten differential A\gy,. For the curve (4.93) it is known that Agy = xdz/z.

Near the critical value z = F,/u we evaluate

ijSW _ ]{x—fodp

h+42

hs" + jsi
~ 2(h 7)
~ §ds T (4.102)

Since the period has the mass dimension one we read off critical exponents

k=1,2--- 4.1
h+2 ? ? < T ( 03)
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in agreement with the results obtained earlier for N = 2 ADE Yang-Mills theories [46],[47].
When our N = 1 theory is viewed as N = 2 theory perturbed by the tree-level
superpotential (4.58) we understand that the mass gap in N = 1 theory arises from the
dyon condensation [3]. Let us show that the dyon condensate vanishes as we approach
the N = 2 highest critical point under N = 1 perturbation. The SU(2) x U(1)"~! vacuum
in N = 1 theory corresponds to the N = 2 vacuum where a single monopole or dyon
becomes massless. The low-energy effective superpotential takes the form
W = V2AMM + Z 9.Up, (4.104)
k=1
where A is the N = 1 chiral superfield in the N = 2 U(1) vector multiplet, M, M are
the N = 1 chiral superfields of an N = 2 dyon hypermultiplet and U, represent the
superfields corresponding to Casimirs uy(®). We will use lower-case letters to denote the
lowest components of the corresponding upper-case superfields. Note that (a) = 0 in the
vacuum with a massless soliton.

The equation of motion dW,, = 0 is given by

9k 0A ~
——==—MM 1<k< 4.105
\/§ oU, ’ =E=T ( )
and AM = AM = 0, from which we have
g Oa/Ouy
= = 1<k<r-1 4.106
g- 0Oa/Ou,’ =r=rTh ( )

when (a) = 0. The vicinity of N = 2 highest criticality may be parametrized by
(ur) = :|:2Ah5k,r + o €T, ¢, = constant, (4.107)

where € is an overall mass scale. From (4.102) one obtains

0
e 1<k<r (4.108)
so that

Ib o eh—er=1 __, 1<k<r—1 (4.109)
9r

as € — 0. The scaling behavior of dyon condensate is easily derived from (4.105)

(9 R (h-2)/4 __, 4110
<m> ( ﬁ(’?a/@ur) — gr € — U. ( . )
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Therefore the gap in the N = 1 confining phase vanishes. We thus find that N =1 ADE

gauge theory with an adjoint matter with a tree-level superpotential
Wcrit = grur<q)) (4111)

exhibits non-trivial fixed points. The higher-order polynomial w,(®) is a dangerously
irrelevant operator which is irrelevant at the UV gaussian fixed point, but affects the

long-distance behavior significantly [40].
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Chapter 5

N =2 Gauge Theory with Matter
Multiplets

In this chapter, we extend our analysis to describe the Coulomb phase of N = 1 supersym-
metric gauge theories with N; flavors of chiral matter multiplets Q, Qj (1 <i,j < Ny)
in addition to the adjoint matter ®. Here () belongs to an irreducible representation
R of the gauge group G with the dimension dg and @ belongs to the conjugate repre-
sentation of R. A tree-level superpotential consists of the Yukawa-like term Q®'Q in
addition to the Casimir terms built out of ®, and we shall consider arbitrary classical
gauge groups and ADE gauge groups. In the appropriate limit the theory is reduced to
N = 2 supersymmetric QCD.

5.1 Classical gauge groups and fundamental matters

We start with discussing N = 1 SU(N,) supersymmetric gauge theory with an adjoint
matter field ®, N; flavors of fundamentals ) and anti-fundamentals Q. We take a tree-

level superpotential

N r 5 1
W =3 guu,+ > Try, N QP'Q, Uy = ﬁTr ", (5.1)
n=1 =0

where Try, A QIQ = Zi]j[jle()\l)ééi@l@j and r < N, — 1. If we set ()\o)é = m; with
[m,mf] =0, (\)} =8¢, (A\)! =0 for I > 1 and all g; = 0, eq.(5.1) recovers the superpo-
tential in N = 2 SU(N,) supersymmetric QCD with quark mass m. The second term in

(5.1) was considered in a recent work [48].

42



Let us focus on the classical vacua with Q = Q = 0 and an unbroken SU(2) x U (1)Ne—2
symmetry which means ® = diag(ay, ai, as,as,---,an,—1) up to gauge transformations.

Ne=1) In

(Note that the superpotential (5.1) has no classical vacua with unbroken U(1)
this vacuum, we will evaluate semiclassicaly the low-energy effective superpotential. Our
procedure is slightly different from that adopted in [18] upon treating @ and Q. We
investigate the tree-level parameter region where the Higgs mechanism occurs at very
high energies and the adjoint matter field ® is quite heavy. Then the massive particles

are integrated out and the scale matching relation becomes
AP = gf AP (5.2)

where A is the dynamical scale of high-energy SU(N.) theory with Ny flavors and Ay, is
the scale of low-energy SU(2) theory with Ny flavors. Eq.(5.2) is derived by following
the SU(N,) Yang-Mills case [18] while taking into account the existence of fundamental
flavors at low energies [40].

The semiclassical superpotential in low-energy SU(2) theory with N; flavors reads

Ne¢ r B
W =3 gaus + Y af Try, A QQ (5.3)
n=1 =0

which is obtained by substituting the classical values of ® and integrating out all the

fields except for those coupled to the SU(2) gauge boson. Here, the constraint Trd< =

a; + Zﬁvchl a; = 0 and the classical equation of motion Zf»v:‘:l_l a; = —gn.—1/9gn, yield [20]
ap = et (5.4)
gn,

Below the flavor masses which can be read off from the superpotential (5.3), the low-energy

theory becomes N =1 SU(2) Yang-Mills theory with the superpotential

Nc
W =>" gud. (5.5)
n=1
This low-energy theory has the dynamical scale Ay, which is related to A through

Ay % = det (Z /\lal1> g NN (5.6)

=0
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As in the previous literatures [18],[19] we simply assume here that the superpoten-
tial (5.5) and the scale matching relation (5.6) are exact for any values of the tree-level
parameters. Now we add to (5.5) a dynamically generated piece which arises from gaug-
ino condensation in SU(2) Yang-Mills theory. The resulting effective superpotential Wi,

where all the matter fields have been integrated out is thus given by

Nc

n=1

N¢
= Y goul £ 295,/ A(ar) (5.7)
n=1

with A being defined as A(x) = A?Ne=Nr det (Z{ZO )\lxl). From (u,) = 0W/0g, we find

Al(al) 1 /
(un) = u (9) % On.n.—1 + O N, (2A(a1) — a1 4'(aq)) - (5.8)
VA(ar) VA(ar)
If we define a hyperelliptic curve
y? = P(x)? — 4A(x), (5.9)

where P(x) = (det (z — ®)) is the characteristic equation of ®, the curve is quadratically

degenerate at the vacuum expectation values (5.8). This can be seen by plugging (5.8) in

P(z)
A,(Cbl) 1

P(x) = Py(x)Fx 24(a1) — a1 A'(ay)), 5.10
() () F \/A(al):F\/A(al)( (a1) (a1)) (5.10)

where P, (z) = det (x — &), and hence
Pla) = 72)/A(@),  Pla) == Aj?j) (5.11)

Then the degeneracy of the curve is confirmed by checking 4?|,—,, = 0 and (r%,y2|x=a1 = 0.

The transition points from the confining to the Coulomb phase are reached by taking
the limit g; — 0 while keeping the ratio g¢;/g; fixed [18]. These points correspond to
the singularities in the moduli space. Therefore the curve (5.9) is regarded as the curve
relevant to describe the Coulomb phase of the theory with the tree-level superpotential

W = > Trn, A Q®'Q. Indeed, the curve (5.9) agrees with the one obtained in [48].
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Especially in the parameter region that has N = 2 supersymmetry, we find agreement
with the curves for N =2 SU(N.) QCD with Ny < 2N, — 1 [9],[10],[11].1

The procedure discussed above can be also applied to the other classical gauge groups.
Let us consider N = 1 SO(2N..) supersymmetric gauge theory with an adjoint matter field
® which is an antisymmetric 2N, x 2N, tensor, and 2Ny flavors of fundamentals (). We

assume a tree-level superpotential

N.—2 ,
< 1
W = 2:1 GonU2n + g2(N.—1)SN.—1 + AU+ 5 ZE:TI’QNJ, A QCI)ZQ, (5.12)
n— -0
where r < 2N, — 1,
1 2n 1 1192 HJ1J2
U2y — %Tr(p 3 v=Pfd = mﬁilinle...q) P cee (513)
and .
ksi+ Y isg_iuz =0, s = —1, k=1,2,---. (5.14)
i=1
Here, 'A; = (—1)'\; and the N = 2 supersymmetry is present when we set (X)} = m/

—1

where [m, m'] = 0, (/\1);" = diag(iog, i09, - - -) With 0y = (? 0

),()\l)é.:()forl>1and
all g; = 0.

As in the case of SU(N,), we concentrate on the unbroken SU(2) x U(1)"~! vacua
with & = diag(aj02, a0, a209, a309, -, ayn,—102) and @ = 0. By virtue of using sy,
instead of ugy, in (5.12) the degenerate eigenvalue of ®; is expressed by g;

o2 = P20 (5.15)

92(N.—1)
as found for the SO(2N.+1) case [19]. Note that the superpotential (5.12) has no classical
vacua with unbroken SO(4) x U(1)Y~! when go(n,—2) 7 0. We also note that the funda-
mental representation of SO(2N,) is decomposed into two fundamental representations of
SU(2) under the above embedding. It is then observed that the scale matching relation
between the high-energy SO(2N,.) scale A and the scale Ay, of low-energy SU(2) theory

with 2Ny fundamental flavors is given by

AL = g3y, gy AT (5.16)

TFor Ny = 2N, — 1 an instanton may generate a mass term and shift the bare quark mass in A(x). If
we include this effect the curve (5.9) completely agrees with the result in [11].
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The superpotential for low-energy N = 1 SU(2) QCD with 2N flavors can be obtained
in a similar way to the SU(N,) case, but the duplication of the fundamental flavors are
taken into consideration. After some manipulations it turns out that the superpotential

for low-energy N =1 SU(2) QCD with 2Ny flavors is written as

Ne—

W = Z Gon G + Ga(N. _1)3N D ieE Z alTrQNf A QQ, (5.17)
n=1 =0
where . . , ,
. 1 Q]_iQ3> __ 1 (QJ +ZQJ>
= LX) = S5 AT 5.18
@ =70 U=\ +i0; (5-18)

Upon integrating out the SU(2) flavors we have the scale matching between A and Ay,
for N =1 SU(2) Yang-Mills theory

AYMG = det (Z )\lall> g%(NC_l)A4(NC_l)_2Nf, (519)
=0

and we get the effective superpotential

Ne—2
W, = Z Gty + 92(N6—1)8f\l/c,1 + M £ 2A3,,

n=1
Nc—2

= Z gnu +gg( _1)SN 1+)\U :':292(]\7 —1) A(CL1>, (520)

n=1

where A is defined by A(x) = AMN=D=2Vs det (X7, Miat) = A(—x).

The vacuum expectation values of gauge invariants are obtained from W, as

A(a ,
(sn) = si(g9) % 6n,Nc—27,ﬁ e — <2A ay) —a?A (al)) ,
A al 1/ al
(v) = v(g), (5.21)
where A'(z) = 52 A(z). It is now easy to see that a curve
y? = P(x)* — 42" A(7) (5.22)

with P(x) = (det (x — ®)) is degenerate at these values of (s,), (v), and reproduces the
known N = 2 curve [12], [11].
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The only difference between SO(2N,) and SO(2N, + 1) is that the gauge invariant
Pf ® vanishes for SO(2N, + 1). Thus, taking a tree-level superpotential

N.—1 r
c 1
W = z:l 92nU2n + ganN.SN. t+ 3 ;:Tlmvf N QP'Q, r < 2N, (5.23)
n— —0

we focus on the unbroken SU(2) x U(1)Me~! vacuum which has the classical expectation
values ® = diag(aj02,a109,a209, -, an,—102,0) and @ = 0 [19]. As in the SO(2N,)
case we make use of the scale matching relation between the high-energy scale A and the

low-energy N =1 SU(2) Yang-Mills scale Ay,

AYM6 = det (Z )\lCLll) ggNng(Nc_l)A2(2Nc_1_Nf). (524)
=0

As a result we find the effective superpotential

Ne—1
WL = Y gantly + gan.s, £ 203y
n=1

Ne—1

= > Gnttf] + gan, SN, £ 2\/92N592(N571)A(a1)7 (5.25)

n=1

where A is defined as A(x) = A2CNe=1=Ny) det (Z}”ZO )\l:rl).
Noting the relation af = ga(n.—1)/g2n, [19] we calculate the vacuum expectation values

of gauge invariants

) =) % dn i (R )
- 5n7Nc\/jﬁ(alA(al)—a‘?A'(al)). (5.26)

For these (s,) we observe the quadratic degeneracy of the curve

Y’ = (1P(:c))2 — 42 A(x), (5.27)

T

where P(x) = (det (x — ®)). In the N = 2 limit we see agreement with the curve con-
structed in [12],[11]. The confining phase superpotential for the SO(5) gauge group was
obtained also in [26].
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Let us now turn to Sp(2N.) gauge theory. We take for matter content an adjoint field
® and 2N; fundamental fields Q). The 2N, x 2N, tensor ® is subject to td = J®.J with

J = diag(iog, - - - ,i09). Our tree-level superpotential reads
N.—1 1 r
W= Zl Gontian + 2N SN, + 5 lz Tran, N QJP'Q, (5.28)
n— =0

where '\, = (—1)"*1)\; and r < 2N, — 1. The classical vacuum with the unbroken SU(2) x

U(1)Ne=1 gauge group corresponds to

JO = diag(alal, giay, 0'1612,"',0'1(ZNC,1), g1 = < (; é ) s (529)

where a? = Go(N.-1)/92n.. The scale Ay, for low-energy SU(2) theory with 2Ny flavors is

expressed as [19]

9 2
I (5:30)
92(N.—-1)

There exists a subtle point in the analysis of Sp(2N,) theory. When Sp(2N.) is broken
to SU(2) x U(1)Ne=1 the instantons in the broken part of the gauge group play a role
since the index of the embedding of the unbroken SU(2) in Sp(2N.) is larger than one (see
eq.(5.30)) [49],[50]. The possible instanton contribution to Wy, will be of the same order
in A as low-energy SU(2) gaugino condensation. Therefore even in the lowest quantum
corrections the instanton term must be added to Wi,.

For clarity we begin with discussing Sp(4) Yang-Mills theory. In this theory by the
symmetry and holomorphy the effective superpotential is determined to take the form
Wp=f (%AQ) g—‘zAﬁ with f being certain holomorphic function. If we assume that there
is only one-instanton effect, the precise form of Wp including the low-energy gaugino
condensation effect may be given by

Wy, = 22‘%/\6 + 2“1‘%/\6, (5.31)

92 92
as in the case of SO(4) ~ SU(2) x SU(2) breaking to the diagonal SU(2). This is due
to the fact Sp(4) ~ SO(5) and the natural embedding of SO(4) in SO(5). Our low-
energy SU(2) gauge group is identified with the one diagonally embedded in SO(4) =~
SU(2) x SU(2) [49],[51]. Accordingly, in Sp(2N.) Yang-Mills theory, we first make the
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matching at the scale of Sp(2N.)/Sp(4) W bosons by taking all the a; — a; large. Then

the low-energy superpotential is found to be
Wy = Wy + 2928 p2(Net) 4 9F20e p2(Net 1) (5.32)

ay a1
Let us turn on the coupling to fundamental flavors ) and evaluate the instanton
contribution. When flavor masses vanish there is a global O(2Ny) ~ SO(2Ny) x Zs
symmetry. The couplings \; and instantons break a “parity” symmetry Z,. We treat this
Z, as unbroken by assigning odd parity to the instanton factor A?Ne*2=Nr and O(2N;)
charges to A;. Symmetry consideration then leads to the one-instanton factor proportional
to B(a;) where

B(z) = A*Net2=Nrpf ( > Alxl> : (5.33)

[ even

Note that B(x) is parity invariant since Pfaffian has odd parity. Thus the superpotential
for low-energy N =1 SU(2) QCD with 2N, flavors including the instanton effect turns

out to be
Nq—1 r N 92
W = Z gznuéln + QQNCS%C + Z al1T1"2Nf A QQ + 2¢B(a1)> (5.34)
n=1 1=0 92(Ne~1)
where

. Q{‘) ol (Qé)

i ) — 2 ) . 5.35

v=(g)  2=(g 539

When integrating out the SU(2) flavors, the scale matching relation between A and the
scale Ayp; of N =1 SU(2) Yang-Mills theory becomes

r 2 2
Ayp® = det (Z /\lall> (gch ) NPENeA2=Ng), (5.36)
)

1=0 92(Ne~1

and we finally obtain the effective superpotential

N.—1 2
WL = Z gnu;l + QQNCS?\lfC + 2A?)’/M + 2 gQNC B(al)
n=1 g2(Nc_1)
Ne—1 g2
= Y gt + oy 5%, + 20N (B(al) + A(a1)> , (5.37)
n—1 92(N.—1)

where A(z) = A22Ne2-N9) det (27, Mia!).
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The gauge invariant expectation values (s,) are

1
<Sn> = S;:zl(g) + 6n,Nc—1E (—23(&1) + Q(I%B/(al) +
1

Aoy (2 i) )

1 1
+ Oun.— |4B(a1) — 202B'(a)) + (4A(ar) — aiA'(a1)) | - (5.38)
aj A(al)
Substituting these into a curve
2y = (2 P(x) +2B(x)) — 4A(2), (5.39)

we see that the curve is degenerate at (5.38). In this case too our result (5.39) agrees
with the V = 2 curve obtained in [11].

Before concluding this section, we should note that the effective superpotentials W,
obtained in this section are also confirmed in the approach based on the brane dynamics

53, 54].

5.2 ADE gauge groups and various matters

Let us consider N = 1 gauge theory with the ADE gauge group and N; flavors of chi-
ral matter multiplets Qi,Qj in addition to the adjoint matter ®. We take a tree-level

superpotential

T q N
W =73 grur(®) + > Trw, 7 QORQ, (5.40)
=0

k=1
where ®p is a dg X dr matrix representation of ® in R and (v);;, 1 <,j < Ny, are the
coupling constants and ¢ should be restricted so that QQJZRQ is irreducible in the sense
that it cannot be factored into gauge invariants. If we set (yo); = m! with [m, m'] = 0,
(1)% = V265, ()i = 0for I > 1 and all g; = 0, (5.40) reduces to the superpotential in
N = 2 supersymmetric Yang-Mills theory with massive Ny hypermultiplets.

Let us focus on the classical vacua of the Coulomb phase with Q = Q = 0 and an
unbroken SU(2) x U(1)"~! gauge group symmetry. The vacuum condition for ® is given

by (4.82) and the classical vacuum takes the form as in the Yang-Mills case
Pp=diag(a - A,a- A, -+, a4 Aay), (5.41)
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where )\; are the weights of the representation R. In this vacuum, we will evaluate
semiclassically the low-energy effective superpotential in the tree-level parameter region
where the Higgs mechanism occurs at very high energies and the adjoint matter field ® is
quite heavy. Then the massive particles are integrated out and we get low-energy SU(2)
theory with flavors.

This integrating-out process results in the scale matching relation which is essentially
the same as the the Yang-Mills case (4.86) except that we here have to take into account
flavor loops. The one instanton factor in high-energy theory is given by A2*~!{R)Ns  Here
the index [(R) of the representation R is defined by I[(R)da = Tr(7,1}) where T, is the
representation matrix of R with root vectors normalized as o? = 2. The index is always

an integer [52]. The scale matching relation becomes

ABZURING 2 p2hU(R)N; (5.42)

where Ay is the scale of low-energy SU(2) theory with massive flavors.
To consider the superpotential for low-energy SU(2) theory with Ny flavors we de-
compose the matter representation R of G in terms of the SU(2) subgroup. We have
nRr
R = P Ry @ singlets, (5.43)
s=1
where R o) stands for a non-singlet SU(2) representation. Accordingly Q' is decom-
posed into SU(2) singlets and Q% (1 <i < Ny, 1 < s < ng) in an SU(2) representation
Riv@)- Q; is decomposed in a similar manner. The singlet components are decoupled in
low-energy SU(2) theory.
The semiclassical superpotential for SU(2) theory with N; flavors is now given by

r nrR q ~
W= Z gkuil + Z Z(CL ' )"Rs)l Ter i Qst> (544)
k=1 s=11=0

where \g, is a weight of R which branches to the weights in Ry (o). Here we assume that
R is a representation which does not break up into integer spin representations of SU(2);
otherwise we would be in trouble when 9 = 0. The fundamental representations of ADE
groups except for Eg are in accord with this assumption.

We now integrate out massive flavors to obtain low-energy N = 1 SU(2) Yang-Mills

theory with the dynamical scale Ay);. Reading off the flavor masses from (5.44) we get
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the scale matching
ANy = grAa),
nR q I(REU@))
APHRNG TT S det (Z (a- )\Rs)l> : (5.45)
s=1 =0

where [(Rgy;(y)) is the index of Ry ) which is related to I(R) through

A(a)

R) =z (R (5.46)

The index of the spin m/2 representation of SU(2) is given by m(m + 1)(m + 2)/6.
Including the effect of SU(2) gaugino condensation we finally arrive at the effective

superpotential for low-energy SU(2) theory
WL = Wcl(g) + 2A§/M = Wcl(g) + 297" A(CL), (547>

The expectation values (u) = OWp,/Jgy, are found to be

VA

(uj) = Cli?c‘)g” 1< <r—1,
J
! dg,. 0 )
Up) =
) = o2 (Ve 3 SO

/
Ik

r—1
, 0
= ul+2 <\/_ Z gk ‘/_> : (5.48)
where we have set g, = gr/g, and used the fact that u$’ and A are functions of g, since
a; in (5.47) are solutions of (4.60) (see also (4.82)).
Let us show that the vacuum expectation values (5.48) obey the singularity condition
for the family of (r—1)-dimensional complex manifolds defined by W = 0 with coordinates

zZ,x1," -, Tr—1 wWhere

W=2z+

Alwn) _ Zz;:cl (ul - ufl(:cn)) : (5.49)

z

Here we have introduced the variables z; (1 < i < r — 1) instead of g, to express A(g),)

and u¢(g’), ¥, = 1 and u; are moduli parameters. The manifold W = 0 is singular when

ow_,ow
0z ox;

= 0. (5.50)
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Then, if we set z = £/ A(xy), 2 = g5, and u; = (u;) it is easy to show that the singularity

conditions are satisfied

Wi = =2/A0) ~ 3o () - ') = 0

ow
2.0 = °
oW 1 0A(gr) 9 < /o ,>
—| = + = () + o | Do g (g
Oz, A(gy) 995 ) 9g; ; (91
= —u(g;) —i—gTaa <W> =0, 1<j<r-—1 (5.51)
gj r

Thus the singularities of the manifold defined by W = 0 are parametrized by the expec-
tation values (ug).

Let us explain how the known curves for SU(V,) and SO(2N,) supersymmetric QCD
are reproduced from (5.49). First we consider SU(N,) theory with N; fundamental flavors.
Here we denote the degree i Casimir by u; and correspondingly change the notations for

x; and g;. It is shown in [20],[21] that

q
A= NN"Nidety, (Z(al)lm> : a' = gy._1, (5.52)

=0

and hence (5.49) becomes

Alxn,— Ne
W=z+ Alenet) 7w (up — ul(x)). (5.53)
z i=2
Since A depends only on xx,_; one can eliminate other variables xy, - - -, xy__o by imposing

OW/0x; = 0 to get the relation

ull (zn) = uy (5.54)
for 2 < j < N.— 2, and then
W=z A ) -l ) (5.55)
Remember that
0 = det (al - <I>cl) = (a") — s (a" )Nt — o =5 (5.56)
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where

k

1

ksk+ Y isg—1u; =0, u, = —Tr ®", k=12, (5.57)
n

i=1

with sp = —1 and s; = u; = 0. We see with the aid of (5.56) that

uf, + vty = (ufy, = s, +ovea (U, — sy ) + (5, + 2aesi )

= (un, —sn,) + TN —1(Un.—1 — SN.—1)
+ ((l’Na—l)Nc —so(wn, )N = - SNc—z) : (5.58)

where (5.54) and the fact that sy, = uy, + (polynomial of uy, 2 < k < N, — 2) have been
utilized. We now rewrite (5.55) as

Az
W = z+ ,(z) — (un, + run, 1) + (uf\l,c + xuf\l,c_l)
A
— > + (‘1') + ch _ Sszc_l —_— e e — SNC7 (559)
z

where xy__; was replaced by x for notational simplicity. This reproduces the hyperelliptic
curve derived in [48],[21] after making a change of variable y = z — A(x)/z and agrees
with the N = 2 curve obtained in [9],[10],[11] in the N = 2 limit .

Next we consider SO(2N.) theory with 2V, fundamental flavors (). Following [21] we

take a tree-level superpotential

Ne—
W = Z 9okU2k + g2(N.—1)SN.—1 + AU+ — Z Tl"ng M QCI) Q, (560)
n=k
where
= —Tro? 1<k<N,—1
2k ok ) = = 1iV¢ )
Vo= Pf@ = Weil’léjljgmq)ilm@jljz e (561)
and .
ksk+ Y isg_iuz =0, so = —1, k=1,2,---. (5.62)
i=1
According to [19] we have
N.—1
(al)Q = gé(NC—2)a =2 H mj v = _95(1\76—2))‘//2 (5.63)
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and [21]
q
A = NN D=2N ety (Z(&)W) : (5.64)

1=0
and thus No—1
A - —
AN2) S i) — oo~ oM w)), (569

=1

W=z+

where X = \/ga(n,—1) was replaced by  and ga;/ga(n.—1) by ;.
In view of (5.64) we again notice that there are redundant variables which can be

eliminated by imposing the condition OW/dz; = 0 so as to obtain

cl

U (Ty) = Ug; (5.66)

for 1 < j < N.— 3. We then find

W:Z+m
Z

— (uavo—1) — u§in, 1) (Tn)) — Tn—2(Ua(v.—2) — UGN, gy (Tn))

— 2(v — v (zy,)). (5.67)

Using det(a' — ®,) = 0 we proceed further as in the SU(N,) case. The final result reads

A 1 _ ¢ 2
w = z+—(y) + - (yNC = sy T = = sy + v (@) )
2y
—z(v — v (xy,))
A 1
= 24 (Zy) a Zﬁy +yNet — syt — e — sy — (5.68)

where we have set y = xy,_2 and used (5.63). It is now easy to check that imposing
OW/0x = 0 to eliminate x yields the known curve in [21] which has the correct N = 2
limit [12],[11].

It should be noted here that adding gaussian variables in (5.59) and (5.68) we have

Aly n n
Wa,, = z+ (Zl)+y1—82y1 e — s 4yl 5,
Ay 1 e e
Wp, = z+ (Zl)—4y§y1+y1 b sy — =5 — vy + 5. (5.69)

These are equations describing ALE spaces of AD type fibered over CP'. Inclusion of
matter hypermultiplets makes fibrations more complicated than those for pure Yang-Mills

theory. For A, the result is rather obvious, but for D,, it may be interesting to follow how
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two variables y;, y2 come out naturally from (5.49). These variables are traced back to
coupling constants gan—2)/gam-1), A/ga(n—1), respectively, and their degrees indeed agree
1] = [920n—2)/ G2tn-1)) = 2, [12] = [N g2n—1)] = 1 — 2.

This observation suggests a possibility that even in the FE,, case we may eliminate
redundant variables and derive the desired ALE form of Seiberg-Witten geometry directly

from (5.49). This issue is considered in the next subsection.

5.2.1 FEj theory with fundamental matters

In this subsection we will show that an extension of [28] enables us to obtain exceptional
Seiberg-Witten geometry with fundamental hypermultiplets. The resulting manifold takes
the form of a fibration of the ALE space of type FEs.

Let us consider N = 1 E gauge theory with Ny fundamental matters Qi,()j (1<
i,j < Ny) and an adjoint matter ®. Q%,Q; are in 27 and 27, and ® in 78 of Fg. The
coefficient of the one-loop beta function is given by b = 24 — 6N¢, and hence the theory
is asymptotically free for Ny = 0,1,2,3 and finite for Ny = 4. We take a tree-level

superpotential

W =" guse(®) + Tr, % QQ + Try, 11 QPQ, (5.70)
kes

where S = {2,5,6,8,9,12} denotes the set of degrees of Ez Casimirs s,(®) and gi, (74)?
(1 <i,j < Ny) are coupling constants. A basis for the Es Casimirs will be specified
momentarily. When we put (yo)i = v/2m} with [m, mf] =0, (v1)! = V267 and all g, = 0,
(5.70) is reduced to the superpotential in N = 2 supersymmetric Yang-Mills theory with
massive Ny hypermultiplets.

We now look at the Coulomb phase with Q = Q = 0. Since ® is restricted to take the

values in the Cartan subalgebra we express the classical value of ® in terms of a vector *

6
a=Y a (5.71)
i=1
with «; being the simple roots of Fg. Then the classical vacuum is parametrized by

® = diag (a- A, a- Ay, -+, a- Xoy), (5.72)

*Our notation is slightly different from [28]. Here we use a; with lower index instead of a’ in [28].
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where \; are the weights for 27 of Es. For the notation of roots and weights we follow

[52]. We define a basis for the Eg Casimirs u(P) by

1 1 1 n 1 3
Up = Us = —— Ug = —— —
27 719 X2 5 60 X5 6 6X6 6. 122 X2
1 N 1 1 4 1 N 1
Ug = —— — - — Ug = ———
8T T4 T g NBNe T o o X 0= 7 0t gy X
1 N 1 13
Uiz = 60 X12 5. 6% X6 5.193 X2X5
5 9 1 29 6
— - — —_— 5.73
"‘2 193 X2X8 3. 64 X2X6 + 10- 126 X2 ( )
where x, = Tr ®". The standard basis w(®P) are written in terms of uy, as follows
1 1 1
wy = S, w5 = =7 s, ws = o= (us —u3)
1 ( N 1 1 4> 1 ( 1, )
w u UsU u Wy = —— (U9 — —usu
8968426827 9 4g \Uo = yU2ls |,
1 3 3 5 3 1
= — - : 5.74
REEVET (u12 gt T guts T gt ¥ gt ) (5:74)

The basis {uy} and (5.74) were first introduced in [24]." In our superpotential (5.70) we
then set

1

Sy = Wg, S5 = W;5, S¢ = We, Sg = Ws, S9 = Wy, S12 = Wiz — ng' (5.75)
We will discuss later why this particular form is assumed.
The equations of motion are given by
8W Osi(
= il = 0. (5.76)
da; keS aa,

Let us focus on the classical vacua with an unbroken SU(2) x U(1)® gauge symmetry. Fix

the SU(2) direction by choosing the simple root aq, then we have the vacuum condition
a-op = 2a; —as = 0. (5.77)

It follows from (5.76), (5.77) that

9o _ Dig
g1z Di2

TThe Casimirs uy, ug, ug, U4, Us, ug in [24] are denoted here as us, us, ug, ug, g, w12, respectively.
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2 2 2 2 2
=73 <2a1a5a4 — aga3 + azay + ajaz — azag + azag
2 2 2 2
—2a1a5 + 2a1a5 — 2a5a1 — asay — 2a1a3a6 + 2a4a3a1),

95 _ Dis

g1z Diqo
— 2 4
= —@(12a1a5a4 6ajaz — 6aia; — 4ajas + dasa; + 2a3ay + 2a3a6 — a
—3ajai — 3aza — a3 — ag — 12a,a5a; — 2asasa; + Sajazag + 3a}
+6a1a4a3 — 8a4a3a1 — 2a5a4a3 — 2a4a3a6 + 6a1a5a4 — 2a4a3a6
+2asa2as — 2a2 2a4aia6 — ap — 2a2 — 2a%a} — 6a?

+2azag + 2ajag + 2aza; + 6a’azas — Sajazas + S8ajaza; — 4azaaz

+2asasa3a6 + 4asagaias + 2a3a4 3a4a§ + 2a4a§ + 2aia5 + 2a2a3),

Yo _ Die
G2 Diqe
1
=193 (4a3a1a5 18ajajas + 13aza; — — Tajad + 9ajag + ) . (5.78)

where Dy j, is the cofactor for a (1, k) element of the 6 x 6 matrix [0s;(a)/0a;], i € S and
j=1,...,6 [28]. In (5.78) the explicit expression for gs/gi2 is too long to be presented
here, and hence suppressed. Denoting y1 = go/¢12, Y2 = gs/g12, Y3 = g6/ 12, we find that
the others are expressed in terms of vy, yo

92 Ds 5 yy 95 D25
29
g12 D2 12 ! g12 D2 12

= Y1Y2. (5-79)

This means that our superpotential specified with Casimirs (5.75) realizes the SU(2) x
U(1)° vacua only when the coupling constants are subject to the relation (5.79).

Notice that reading off degrees of y1, ya, ys from (5.78) gives [y1] = 3, [y2] = 4, [y3] = 6.
Thus, if we regard yi, y2, y3 as variables to describe the Ejg singularity, (5.78) and (5.79)
may be identified as relevant monomials in versal deformations of the Fy singularity. In
fact we now point out an intimate relationship between classical solutions corresponding
to the symmetry breaking Fg D SU(2) x U(1)° and the Fg singularity. For this we
examine the superpotential (5.40) at classical solutions

Wa = 03 (2) 0
kes \J12

= g (5520 + syaye + slus + sy + sy + 5h) (5.80)
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Evaluating the RHS with the use of (5.77)-(5.79) leads to
Wa = —gi2 (20iys + 93 — v3) - (5.81)
It is also checked explicitly that

—4dy1yz = 2S§’y1y2 + sf—fyg + Sgla

=3y; = S5yt siyn+sg,
—2y7 +2y3 = s¢. (5.82)

To illustrate the meaning of (5.80)-(5.82) let us recall the standard form of versal

deformations of the Ejg singularity
Wi (21, T2, 133 W) = T} + 25 + 23 4wy 2320 +Ws T1 29 + W6 T3 4 Ws Ty +Wwo Ty +wra, (5.83)

where the deformation parameters wy, are related to the Eg Casimirs via (5.74) [24]. Then
what we have observed in (5.80)-(5.82) is that when we express wy in terms of a; as

wy, = w(a) the equations

OWg oWg OWg
_ 6 _ 6 _ 6 _ 84
0y 0xs 03 0 (5:84)

Wg,

can be solved by *

nen@ wen@ s (w@-ne-50) e

under the condition (5.77). This observation plays a crucial role in our analysis.

When applying the technique of confining phase superpotentials we usually take all
coupling constants g, as independent moduli parameters. To deal with N =1 Eg theory
with fundamental matters, however, we find it appropriate to proceed as follows. First
of all, motivated by the above observations for classical solutions, we keep three coupling
constants gg = g6/ 912, 95 = 9s/g12 and g5 = go/g12 adjustable while the rest is fixed as

’ o2

gy = 9595, g5 = gsge with g = gr/g12. Taking this parametrization it is seen that the
equations of motion are satisfied by virtue of (5.79) in the SU(2) x U(1)® vacua (5.77).

¥We have observed a similar relation between the symmetry breaking solutions SU(r +1) (or SO(2r))
D SU(2) x U(1)"! and the A, (or D,) singularity.
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Note here that originally there exist six classical moduli a; among which one is fixed by
(5.77) and three are converted to gy = y1(a), g = y2(a) and g5 = y3(a), and hence we are
left with two classical moduli which will be denoted as &;. Without loss of generality one
may choose & = s (a) and & = s&(a).

We now evaluate the low-energy effective superpotential in the SU(2) x U(1)® vacua.
U(1) photons decouple in the integrating-out process. The standard procedure yields the
effective superpotential for low-energy SU(2) theory [18],[28]

Wi = —gi2 (203us + v — 13) £ 203, (5.86)

where the second term takes account of SU(2) gaugino condensation with Ay ), being the
dynamical scale for low-energy SU(2) Yang-Mills theory. The low-energy scale Ay is
related to the high-energy scale A through the scale matching [28]

Ag/M = 9%214(@)7
6
Ala) = A6y H detn, (vo +i(a-As)), (5.87)
s=1
where A are weights of 27 which branch to six SU(2) doublets respectively under Eg D
SU(2) x U(1)°. Explicitly they are given in the Dynkin basis as

M= (1,0,0,0,0,0), No=(1,-1,0,01,0)
)\3 = (17 _17 07 17 _17 0)7 )\4 = (17 _17 15 _17 07 0)7
A= (1,0, -1,0,0,1), Ao = (1,0,0,0,0, —1). (5.88)

Notice that 3°_, A\; = 3a;.
Let us first discuss the Ny = 0 case, i.e. Eg pure Yang-Mills theory, for which A(a) in

(5.87) simply equals A?*. The vacuum expectation values are calculated from (5.86)

ow, —~
ﬁglj = (W(y1,v2,u5) = — (20hys + 43 — v3) £ 20",
oW, <8W(y1,yz,y3;8)> — dys
g12 Oy oy ’
LW, <8W(y17yz,y3;8)> _ 3
gi2 Oys o o
1 oWy, OW (Y1, Yo, y3: 5) 2
_ — = —2y; + 2ys, 5.89
— ( e ) yi + 2y (5.89)
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where y1,y2, y3 and g1 have been treated as independent parameters as discussed before

and

W<y1a Yo, Y3} S) = S2 y%?h + S5Y1Y2 + S6 Y3 + Ss Y2 + So Y1 + S12- (5.90)

Define a manifold by W, = 0 with four coordinate variables z, y;, y2, y3 € C and

A4 _
Wo=2+ T (Qy%yza + yS’ — y?, + W (Y1, Y2, Ys; 5)) =0. (5.91)

It is easy to show that the expectation values (5.89) parametrize the singularities of the

manifold where

MWy Wy Wy, IV

= = = =0. 5.92
0z oI o Jys ( )
Making a change of variables y; = xy, Y2 = ¥9, y3 = —ix3 + 2% + s¢/2 in (5.91) we have
A24
24+ — — Wgy(21, 22, x3;w) = 0. (5.93)
z

Thus the ALE space description of N = 2 Eg Yang-Mills theory [29],[24] is obtained from
the N =1 confining phase superpotential.

We next turn to considering the fundamental matters. In the N = 2 limit we have
Ala) = A6V . 85 [T, f(a,my) with f(a,m) = [I°_,(m + a - ;). After some algebra

we find
fla,m) =mb +2&m* — 8mBy, + (522 — 12y2> m? + 4&sm — 4y — Sys, (5.94)

where we have used (5.75)-(5.78). Let us recall that, in viewing (5.86), we think of
(Y1, Y2, Y3, &2, &5, g12) as six independent parameters. Then the quantum expectation values

are given by

g?fj = (W(y1,y2,ys5;8)) = — (2yfy3 +y5 — y§> + 2\/A(y1,y2,y3;£,m),
gluaav?ZL = (aW(ylé‘;f’ U5 S)> = —dy1ys £ 2831\/14(%, Y2, Ys; &, m),
gl@;;; _ <8W(Z/18,:Zy/227y3§5)> _ _3ygi2;y2\/A(yl,y2,y3;§,m),
;ua;y? _ <aW(y18,§§,y3; s)> 2y 4+ 2y, + 2(;2:))\/A(y1,y2,y3;§,m). (5.95)
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Similarly to the Ny = 0 case one can check that these expectation values satisfy the

singularity condition for a manifold defined by

1 _
24— Alyr o, ysi §m) — (251ys + 3 — v3 + W (Y1, 92,933 5) ) = 0. (5.96)

Note that s, in W are quantum moduli parameters. What about &, & in the one-

{

instanton factor A7 Classically we have & = s{' as was seen before. The issue is thus

cl
7

whether the classical relations &; = s¢* receive any quantum corrections at the singularities.
If there appear no quantum corrections, & in A can be replaced by quantum moduli
parameters s;. Let us simply assume here that & = s = (s;) for i = 2,5 in the N = 1
SU(2) x U(1)5 vacua. This assumption seems quite plausible as long as we have inspected
possible forms of quantum corrections due to gaugino condensates.

Now we find that Seiberg-Witten geometry of N = 2 supersymmetric QCD with gauge

group Fg is described by
1
2z 4+ —A(xy, xo, x3;w,m) — Wg, (21, 22, x3;w) = 0, (5.97)
2
where a change of variables from y; to ; as in (5.93) has been made in (5.96) and

A(‘/L‘h To, T3, W, m)
N
= A%-6Ny . gNs H (mi6 + 2w2m,~4 — 8mi3x1 + (wg — 12:L‘2) mf
i=1
+4wsm; — dwoxy — 8(2? — ixs + w6/2)) . (5.98)

The manifold takes the form of ALE space of type Fg fibered over the base CP'. Note
an intricate dependence of the fibering data over CP' on the hypermultiplet masses.
This is in contrast with the ALE space description of N = 2 SU(N.) and SO(2N.,)
gauge theories with fundamental matters. In (5.97), letting m; — oo while keeping
A2A=6N; 1% 6 = A24 finite we recover the pure Yang-Mills result (5.93).

As a non-trivial check of our proposal (5.97) let us examine the semi-classical singu-
larities. In the semi-classical limit A — 0 the discriminant A for (5.97) is expected to

take the form A o« AgAjy, where Ay is a piece arising from the classical singularities

associated with the gauge symmetry enhancement and A, represents the semi-classical
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singularities at which squarks become massless. When the N; matter hypermultiplets
belong to the representation R of the gauge group GG we have

Ny Ny
Ay = [ detaxa(m;1 — &%) = T PE (mi;u), (5.99)

i=1 i=1
where d = dim R, m, are the masses, ®? denotes the classical Higgs expectation values
and PZ(x;u) is the characteristic polynomial for R with u; being Casimirs constructed
from ®<.

For simplicity, let us consider the case in which all the quarks have equal bare masses.
Then we can change a variable z3 to Z3 so that A = A(Z3;w, m) is independent of z; and

x9. Eliminating z; and xs from (5.97) by the use of

oWg OWp
6 — 5 -0 5.100
83:1 8x2 ’ ( )

we obtain a curve which is singular at the discriminant locus of (5.97). The curve is
implicitly defined through

_ A(Zs:
WE@ <J~]3, w; — (5@12 (2 + W)) = 07 (5101)

z

where W g, (Z3;w;) = Wg,(21(Z3, w;), o(T3, w;), T3;w;) and @1 (T3, w;), 12(T3,w;) are so-
lutions of (5.100). Now the values of Z3 and z at singularities of this curve can be
expanded in powers of Aw. Then it is more or less clear that the classical sin-
gularities corresponding to massless gauge bosons are produced. Furthermore, if we
denote as R(W,A) the resultant of Wg,(Z3;w;) and A (Z3;w,m), then R(W,A) = 0
yields another singularity condition of the curve in the limit A — 0. We expect that
R(W, A) = 0 corresponds to the semi-classical massless squark singularities as is observed
in the case of N = 2 SU(N.) QCD [9],[22]. Indeed, we have checked this by explicitly

computing R(W, A) at sufficiently many points in the moduli space. For instance, taking

Wy = 2,ws = H,ws = 7,wg =9, w9 = 11 and w2 = 13 in the Ny = 1 case, we get

R(W, A)
= m? (3m' 4 12m® 4 ) (26073m*" + 258552 m™ + )"
(m27 1 24m2 1 240 m2 + 240 m22 4 2016 m2* + 3360 m2° + 16416 m*®
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134944 m"® + 88080 m!” + 216576 m'® 4 448864 m'® + 607488 m'*

42198272 m" — 296000 m'? 4 4177792 m™ — 3407104 m™® + 7796224 m”
+10664448 m® — 31708160 m” + 41183232 m°® — 21889792 m° + 15575040 m*
—17125120m> — 38456320 m? — 3461120 m + 9798656) : (5.102)

while the Fg characteristic polynomial for 27 is given by
P (w;u)
= 2%+ 12wpa® + 60wiz™ + 48wsz™ + (96ws + 168w) 2" + 336waws2™
+ (528wyws + 294w} + 480ws ) ' + (1344w, + 1008wiws ) ' + -+ (5.103)

We now find a remarkable result that the last factor of (5.102) precisely coincides with
P27 (m;u)! Hence the manifold described by (5.97) correctly produces all the semi-classical
singularities in the moduli space of N = 2 supersymmetric Fg QCD.

If we choose another form of the superpotential (5.70), say, the superpotential with
s; = w; for i € S instead of (5.75) we are unable to obtain Ay in (5.99). As long as we
have checked the choice made in (5.75) is judicious in order to pass the semi-classical test.
At present, we have no definite recipe to fix the tree-level superpotential which produces
the correct semi-classical singularities, though it is possible to proceed by trial and error.
In fact we can find Seiberg-Witten geometry for N = 2 SO(2N..) gauge theory with spinor
matters and N = 2 SU(N,) gauge theory with antisymmetric matters [31].

In our result (5.97) it may be worth mentioning that the gaussian variable 3 of the

FEg singularity appears in the fibering term.

5.2.2 Gauge symmetry breaking in Seiberg-Witten geometry

Staring with the V = 2 Seiberg-Witten geometry with Eg gauge group with massive fun-
damental matters, we construct the Seiberg-Witten geometry with SU(N.) and SO(2N,)
gauge groups with various matter contents, in the rest of this section. All these geometries
we will obtain take the form of a fibration of the ALE spaces over a sphere.

To this end, we first discuss how to implement the gauge symmetry breaking in the
general Seiberg-Witten geometry by giving appropriate VEV to the adjoint scalar field in
the N = 2 vector multiplet.
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Classically the VEV of the adjoint Higgs ® is chosen to take the values in the Cartan
subalgebra. The classical moduli space is then parametrized by a Higgs VEV vector
a=Y"_,ad'a;. At the generic points in the classical moduli space, the gauge group G is
completely broken to U(1)". However there are singular points where G is broken only
partially to []; G} x U(1)! with G’ being a simple subgroup of G. If we fix the gauge
symmetry breaking scale to be large, the theory becomes N = 2 supersymmetric gauge
theory with the gauge group [; G}, x U(1)! and the initial Seiberg-Witten geometry reduces
to the one describing the gauge group G after taking an appropriate scaling limit.

We begin with the case of N = 2 supersymmetric SU(r 4+ 1) gauge theory with
fundamental flavors. The Seiberg-Witten curve for this theory is given by [5, 9]

Ny
y? = det,y (v — Pr)? — AN T (my — 2). (5.104)
i=1

Choosing the classical value (®g) as

(Pr)a = diag((a'), () = (a'), (a®) = (@®),---, (@) = (@' "), —(a"))
= diag(M,M,M,---, M,—rM), (5.105)

where M is a constant, we break the gauge group SU(r+ 1) down to SU(r) x U(1). Note
that this parametrization is equivalent to (a’) = jM which means (a;) = d;,(r + 1) M.
Setting a; = 0;,(r + 1)M + da; and m; = M + m], we take the scaling limit M — oo
with A2 =N = % held fixed. Then we are left with the Seiberg-Witten curve
corresponding to the gauge group SU(r)

(y/)Q _ {(I/ . 5a1) (x' B (5a2 . 5@1)) . (x' . (_5ar—1))}2 B A/Qr—Nf l—il(m; i x/),
- (5.106)

where 1y = \/T%M and ' = x — M. Notice that we must shift the masses m; to obtain

the finite masses of hypermultiplets in the SU(r) theory with N; flavors.

Now we consider the case of N = 2 theory with a simple gauge group G. When we
assume the nonzero VEV of the adjoint scalar, the largest non-Abelian gauge symmetry
which is left unbroken has rank r — 1. As we will see shortly, this largest unbroken gauge

symmetry is realized by choosing

1309
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where M is an arbitrary constant and iy is some fixed value. Under this symmetry
breaking (5.107), a gauge boson which corresponds to a generator Ej, where the subscript
b =Y, b'a; indicates a corresponding root, has a mass proportional to (a)-b = M b. This
is seen from [(a)-H, E,) = ({(a)-b) E}, where H; are the generators of the Cartan subalgebra.
Thus the massless gauge bosons correspond to the roots which satisfy b = 0 and the
unbroken gauge group becomes G x U(1) where the Dynkin diagram of G’ is obtained
by removing a node corresponding to the ig-th simple root in the Dynkin diagram of G.
The Cartan subalgebra of G is decomposed into the Cartan subalgebra of G’ and the
additional U(1) factor. The former is generated by E,, € G obeying [E,,, Es_,| >~ ap-H
with k # 4o, while the latter is generated by «;, - H. Therefore, we set

ai = (A7) M + éd, (5.108)

where scalars corresponding to G’ have been denoted as da with da® = 0. Note that the
U(1) sector decouples completely from the G’ sector and the Weyl group of G’ naturally
acts on da out of which the Casimirs of G’ are constructed.

When the gauge symmetry is broken as above, we have to decompose the matter

representation R of G in terms of the subgroup G’ as well. We have
nR
R =P R, (5.109)
s=1

where R, stands for an irreducible representation of G’. Accordingly Q! is decomposed
into Q% (1 <i < Ny, 1 <s < ng)ina G representation R. Q; is decomposed in a
similar manner. After the massive components in ¢ are integrated out, the low-energy
theory becomes N = 2 G’ x U(1) gauge theory. The U(1) sector decouples from the G’
sector and we consider the G’ sector only. The semiclassical superpotential for this theory

can be read off from (5.40). We have

Ny nr N . ng A
W= ; (ﬁ 2_:1 ({a) - A, +mi) Qis QL + \/52_:1 Qi Pr. Q;) , (5.110)

where g, is a weight of R which branches to the weights in Rs. This implies that we

should shift the mass m; as
mi = —{a) - Ar,, +m = ~M(Ag, )" +m] (5.111)
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to obtain the G’ theory with appropriate matter hypermultiplets. Note that we can
choose R, for each hypermultiplet separately. This enables us to obtain the Ny matters
in different representations of G’ from the Ny matters in a single representation of G.
In the limit M — oo, some hypermultiplets have infinite masses and decouple from the

theory. Then the superpotential (5.110) becomes
Nf B ) Nf ~ .
W=v23 mQi,Qi +V2Y Qi Pz, Q. (5.112)
1=1 i=1

and the resulting theory becomes N = 2 theory with gauge group G’ with hypermultiplets
belonging to the representation R,. Note that (a) - Ag, is proportional to its additional
U(1) charge.

In the known cases, the low-energy effective theory in the Coulomb phase is described

by the Seiberg-Witten geometry which is described by a three-dimensional complex man-

ifold in the form of the ALE space of ADE type fibered over CP*!
Ny

1
2+ = AIRINy H XE(x1, 29, w3;0,m;) — We(w1, 29, 3;0) = 0, (5.113)
z i=1

where 2z parametrizes CP!, h is the dual Coxeter number of G and [(R) is the index of the
representation R of the matter. Here Wg (21, 22, x3;a) = 0 is a simple singularity of type
G and XE(z1, 12, 23;a,m;) is some polynomial of the indicated variables. Note that the
simple singularity W¢ depends only on the gauge group G, but the XZ(zy, z2, x3;a, m;)
depends on the matter content of the theory.

Starting with (5.113) let us consider the symmetry breaking in the Seiberg-Witten
geometry. In the limit M — oo, the gauge symmetry G is reduced to the smaller one G'.
The Seiberg-Witten geometry is also reduced to the one with gauge symmetry G’ in this
limit. We can see this by substituting a = (a) 4+ da into (5.113) and keeping the leading
order in M. To leave the j-th flavor of hypermultiplets in the G’ theory, its mass m; is
also shifted as in (5.111). After taking the appropriate coordinate (], x%,x%) we should

have
WG<1]1,I2,ZL‘3;G) = Mh_h/WG’(xllvxéa‘rg;éa> + O(Mh_h/)u
X (w1, 20, w350, m5) = MI(R)_I(RSJ‘)XSSj (2, vy, 255 0a, m) + o(MIRI=IRs; )Y

(5.114)
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Figure 5.1: Eg Dynkin diagram

Rs. . . . .
where Wy is a simple singularity of type G’, X’ is some polynomial of the indicated
variables, A’ is the dual Coxeter number of G’ and [(R;) is the index of the representation
Rs; of G'. The dependence on M can be understood from the scale matching relation

between theories with gauge group G and G’

A2 —(RN;—3 I(R:,)

(5.115)

where A’ is the scale of the G’ theory. Thus, in the limit M — oo, the Seiberg-Witten

geometry becomes

N
1 N ! .
2+ ;A/ 2/ =350 URsy) 1T X7 (&), 2y, 2f; 6a,m)) — W (2, 2, %3 6a) = 0, (5.116)
j=1
where 2/ = z/M" ",
Next, we will apply this reduction procedure explicitly to the N = 2 gauge theory
with gauge group Eg with N; fundamental hypermultiplets.

5.2.3 Breaking Fs gauge group to SO(10)

There are two ways of removing a node from the Dynkin diagram of Fg to obtain a simple
group G’ (see fig.5.1). When a node corresponding to as (or ag) is removed, we have
G' = SO(10) (or SU(6)). The former corresponds to the case of G' = SO(10) and the
latter to G’ = SU(6). First we consider the breaking of Eg gauge group down to SO(10)
by tuning VEV of ® as (a;) = M¢;5. Using the inverse of the Cartan matrix we get
(i) = (2M, 4M, SM, 3 M, 40, M).
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The Seiberg-Witten geometry for N = 2 gauge theory with gauge group Fg with Ny
fundamental matters is proposed in [31]

N
1 !
z+ ;A24’6Nf I X327 (21, 22, 35w, m;) — Wi (21, T2, 735 w) = 0, (5.117)

=1

where

0% w) = 2] +ad+a2 2 2 5.118
£ (X1, Ta, T3, W) = X} + 5+ X5 +Wo BT +Ws T1X9 + W T +Ws To +wg 1+ w1z, (5.118)

and

X;Z(xla T2, T3; W, ml)
= 8 (mi6 + 2wem;t — 8mdxy + (wg — 12:62) m;>

Hwsm; — dwawy — 8(7F — iz + we/2)) . (5.119)

Here wy, = wg(a) is the degree k Casimir of Eg made out of a; and the degrees of xy, 9
and z3 are 3, 4 and 6 respectively. Now, substituting a; = M, 5 + da; into wy(a) and
setting da”® = 0, we expand Wy, and X27 in M. As discussed in the previous section,
there should be coordinates (z), 2%, #4) which can eliminate the terms depending upon

M'" (5 <1<12) in Wg,. Indeed, we can find such coordinates as,

2 1 1

ry = —EM?’—ZM.CU&—EM’UJ%
1 1 1 1 1
To = QM4+EM2$II+§MQM2+§$/2+6U}§’
1
T3 = —21—6M2x§,. (5.120)

Then the Ejg singularity Wy, is written as

1 4
W (21, T2, 23, w) = (4M> W, (), 7, v v) + O(M?), (5.121)
where
Wp, (21, 29, x3;0) = it mae? — 132 4 v + v4a:f + vgx1 + vg + V5T, (5.122)

and vy = v (da) is the degree k Casimir of SO(10) constructed from da;. If we represent

® as a 10 x 10 matrix of the fundamental representation of SO(10), we have vy = 5 Tr®?
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and vy = 2iPf®. Thus we see in the M — oo limit that the Seiberg-Witten geometry
for N = 2 pure Yang-Mills theory with gauge group Fg becomes that with gauge group
SO(10).

Next we consider the effect of symmetry breaking in the matter sector. The funda-
mental representation 27 of Eg is decomposed into the representations of SO(10) x U(1)

as

27 =16_, ©10: B 1_4, (5.123)

where the subscript denotes the U(1) charge a;-A; (1 < < 27). The indices of the spinor
representation 16 and the vector representation 10 are four and two, respectively. Let us
first take the scaling limit in such a way that the spinor matters of SO(10) survive. Then
the terms with M" (I > 3) in X7 must be absent after a change of variables (5.120) and
the mass shift m; = M + m,; (see (5.111)). In fact we find that

X%‘Z(xla T2, T3, W, ml) = MZX%)(; (1”,17 :BIQa xé? v, msi) + O<M)’ (5124)
where

1 1 1 1 1 1
Xll?(;(xhx?v T3;0,m) = m' + (xl + 2U2> m® —mxy + x5 — — <U4 — Ug) — =V — *xf.

2 4 4 4 2
(5.125)
In order to make the vector matter of SO(10) survive, we shift masses as m; = —%M +Miy;-
The result reads
XE‘Z(J;I; T2, 2350, mz) = M4Xé(; (‘r/lv ZE/27 Ié? v, mvi) + 0(M3)7 (5126>
where
X}ljg(xl,xg,xg; v,m) =m? — ;. (5.127)
Assembling (5.121), (5.124), (5.126) and taking the limit M — oo with
A}q%éf)\gszv?zvj\iv _ QL6+3Ne+3N, 7 —(8—2Ns—4N,) A 24-6N; (5.128)

kept fixed, we now obtain the Seiberg-Witten geometry for N = 2 SO(10) gauge theory
with N, spinor and N, vector hypermultiplets
1 6oan,—2n, T 116 10
zZ+ *ASO_(lofN_SNU” H XD5($1, T, T3;0, mSi) H XD5 (fh T, T3;0, mvj)
i=1

z ke

—Wpg (21,22, 23;0) = 0, (5.129)
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where Ny = Ng + N,. In the massless case m,, = m,, = 0, our result agrees with
that obtained from the analysis of the compactification of Type IIB string theory on
the suitably chosen Calabi-Yau threefold [34]. This is non-trivial evidence in support of
(5.117). Moreover the Seiberg-Witten geometry derived in [34] is only for the massless
matters with Ny — N, = —2. Here our expression is valid for massive matters of arbitrary
number of flavors.

Next we examine the gauge symmetry breaking in the N = 2 SO(10) gauge theory with
spinor matters. When ® acquires the VEV (a;) = M4, 1, namely (a") = (M, M, M, %, %),
the gauge group SO(10) breaks to SO(8). (we rename da; to a; henceforth.) Note that the
spinor representation of SO(10) reduces to the spinor 8s and its conjugate 8c of SO(8).
Upon taking the limit M — oo with a; = (a;) + da;, we make a change of variables in

(5.122)

T = i,
Ty = iMu,
r3 = Mauaj. (5.130)

In terms of these variables, the Ds singularity is shown to be
Wp. (21, T, x3;0) = (—MQ) Wp, (2, 25, x%;u) + O(M), (5.131)
where
W, (21, T, T3; 1) = 21° + 21297 4+ 237 + uow1® + w42y + ug + 200472, (5.132)

uy, is the degree k Casimir of SO(8) constructed from da; and vy = Pfaffian. The contri-

bution (5.125) coming from the matters becomes

Xéﬁ (21, T2, w330, M) = M2X%i(f’5/17$/2>33§? u,m;) + O(M?), (5.133)
where
8s 2 1 ]. 1
Xp (@1, 20, 330, m) = m” + g%~ gt + 7l (5.134)
In the above limit, we have taken m,; = %M + m, which corresponds to the spinor

!
879

representation of SO(8). If we instead take my; = —%M -+ m/., which corresponds to the

conjugate spinor representation, then xs is replaced with —z9 in X zs)j
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If we consider the vector matters of SO(10), we see that a change of variables (5.130)
without the shift of mass does not affect m,; —x1. Therefore, in taking the limit M — oo
with

NEEN 2N = -2 Ao (5.135)
being fixed, we conclude that the Seiberg-Witten geometry for N = 2 SO(8) gauge theory

with N, spinor and N, vector flavors is

12 2N —2N,
Z+ A sstv HXD4 L1, T2, L3, U, msz HXD4 L1, X2, L3, U, m”j)

Jj=1
~Wp, (21,22, w3;5u) = 0, (5.136)
where X3V (1, 2o, x3;u, m) = m? — x;.
There is a Zs action in the triality of SO(8) which exchanges the vector representation

and the spinor representation. Accordingly the SO(8) Casimirs are exchanged as

Vo <> Vg,
1 3
Vg —§v4 + 3Pf + gvg,
1 1 1
Pf o SPf+ 1@4 — 1—6v§,
1 1 1
Vg < Vg + — 16 ZU4’02 + §Pf Vy. (5137)

Thus the Z, action is expected to exchange X%i and ng in (5.136) after an appropriate

change of coordinates x;. Actually, using the new coordinates (x}, z4) introduced by

Lo
T, = ——T) +i=Ty — v
' 271 T T g
3 1 1
Ty = —z§$’1 + 535'2 — i v, (5.138)

we see that the D, singularity (5.132) remains intact except for (5.137) and X7} < X}V.

One may further break the gauge group SO(8) to SO(6) following the breaking pattern
SO(10) to SO(8). Suitable coordinates are found to be zy = x}, x5 = iMah and x5 = Mk,
The resulting Seiberg-Witten geometry for N = 2 SO(6) gauge theory with Ny spinor

flavors and N, vector flavors is

L s N 2N, T ald
z+ A NN, H xg + my;) rm,J —
J=1

—Whp, (21, 22, 23;u) = 0, (5.139)
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where Wp, (11, T2, T3;u) = 112 + 2129% + 3% + Upwy + ug + 2iPf®xy. The sign ambiguity
in (5.139) arises from the two possible choices of the shift of masses in SO(8) theory.

When N; = 0, it is seen that the present SO(2/V,) results yield the well-known curves
for SO(2N,) theory with vector matters [11, 12].

5.2.4 Breaking FE; gauge group to SU(6)

Now we wish to break the Eg gauge group down to SU(6) by giving the VEV (a;) = M, ¢
to @, that is, (a') = (M,2M,3M,2M,M,2M). As in the previous section, we first
substitute a; = Md; ¢ + da; into wy(a) in (5.117) and set da® = 0. Then we expand
Wi, and X27 in M, and look for the coordinates (21, x%, %) which eliminate the terms

depending on M' (7 <1< 12) in (5.117). We can find such coordinates as

T = —2]\/[23:’1 — ix’lwg,
Tg = 116M4+ (Z:E'QJr ix'12+ 112w2)M2,
T3 = 1(150 6+(—éx§+ 120102)M4
+; ( — a)? — 3ah > — xhw, + 125 wy? — 32, M? + ;w5x'1—11()w6,(5.140)
in terms of which the Ejg singularity Wy, is represented as
W (21, 22, 23, w) = (;M)ﬁ Wa, (2], 2, w53 0) + O(MP), (5.141)
where
W, (z1, T2, 23;0) = 2} + Tos + vox1" F + 032 2 + - - 4+ 01 + V1, (5.142)

and vy = vg(da) is the degree k Casimir of SU(6) build out of da;. Hence it is seen in the
M — oo limit that the Seiberg-Witten geometry for N = 2 pure Yang-Mills theory with
gauge group Eg becomes that with gauge group SU(6).
The fundamental representation 27 of Fjg is decomposed into the representations of
SU(6) x U(1) as
27 =159 6, D6_1, (5.143)
where the subscript denotes the U(1) charge ag - \; (1 < ¢ < 27). The indices of the

antisymmetric representation 15 and the fundamental representation 6 are four and one,
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respectively. Thus the terms with M! (I > 3) in XZ7 must be absent after taking the
coordinates (7, x5, %) defined in (5.140). Note that there is no need to shift the mass to

make the antisymmetric matter survive. We indeed obtain a desired expression
Xg(xl,xg,xg;w,mi) = —M?X (2, o, @'y;0,m;) + O(M), (5.144)

where

1
X33 (21, w2, w350, m) = m* — 2mPx; + 3 <3v2 + 22+ x2> m?

+mus — a3 + 7 + 20002 + 3w9? + v3wy + 23 + voxy + vy (5.145)

If we shift the mass as m; = M +my, in order to make the vector matter survive, we find
that
X%Z(xl, To, T3;0,M;) = 2M5X25(x'1,x’2,xg; v, my,) + O(M*), (5.146)

where X,915 (21, 22, x3;v,m) = m~+x;. The shift of masses m; = —M+my, also corresponds
to making the vector matter survive, but the factor (—1) is needed in the RHS of (5.146).

From these observations we can obtain the Seiberg-Witten geometry for N = 2 SU(6)
gauge theory with N, antisymmetric and N} fundamental matters by taking the limit

M — oo while

12—4Ng— N/,

ASU(G)NGNJ/If — (_1)Na212+2N}M_(12_2Na_5N})A24_6Nf (5147)
held fixed. Our result reads
N/
1 12-an,-nN. Na S
ZT ;ASU(G)NaN}f H Xig(ajh T2,T3;, mﬂi) H Xg5 ('rh T, T3;0, mf])
i=1 j=1
—Wa, (21, 22, 23;0) = 0, (5.148)

where Ny = N, + Nj.

We are now able to break SU(r + 1) gauge group to SU(r) successively by putting
(a;) = MJ;,. In sect.2 we have seen that the proper coordinates are chosen to be
xy =2y + M/(r+1),2e = 2 and x3 = Mz} in terms of which Wy, (x, 29, x3;v) =

MWy, (2, xh, 25;0") + O(MP°). Note that the degrees of z;,7r9 and x3 are 1,2 and
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r — 1, respectively. The antisymmetric representation of SU(r + 1) is decomposed into

the antisymmetric and fundamental representations of SU(r) x U(1) as follows

rr+1) (r—1)r
=g, ®rm, (5.149)

where the subscript denotes the U(1) charge. After some computations we can see that the
Seiberg-Witten geometry for N = 2 SU(r+1) (r < 5) gauge theory with N, antisymmetric
and N} fundamental hypermultiplets turns out to be

/
1 2(r+1)—(r—1)Na—N} 7% xc51) Ny

z 4+ ;ASU(T—‘rl)NaN/ XA (xlaanxS;Uamaz H mfj
i=1 7j=1

—Wa, (x1, 22, x3;0) =0, (5.150)

r(r+1)
where X, * is defined as

r(r;»l) 2M , (r;l)r , , , 0
Xy, (:vj;v,mm- = 714_1+mm> =MX, 2 (250", m;;)+ O(M"), (5.151)
T r Ngo— r—(r Ng— N
and AE(U:;?I)(NG ]1\,)} = M* e AZU i) NQ)N, . Explicit calculations yield

3 —mPay + (2m9 + 207 + vy)m 4 227 — 23 + Toxy + Voxy + U3,

XA4(IJ,U Ma;) = M
X8 (z5:0,me;) = m* + x5 — 23 + 227 + v
Az\&g Uy ai 2 3 1 2

X3, (50, me;) = m+ z1 — 3. (5.152)

We also see that
2

Xflli)(mﬁvymai - _§M * mlfz> = M?(z - my,) + O(M?),
X} OM ) = — M, — ) + O(M
A4 (xjﬂv mal - 5 + mfl) - (371 mfl> + ( )7
1

X8, (2550, ma; = =5 M +m),) = M(z} —m), — af) + O(M°)  (5.153)

2
by shifting masses in such a way that the fundamental matters remain.

We now check our SU(N,) results. First of all, for SU(3) gauge group, the antisym-
metric representation is identical to the fundamental representation. Thus (5.150) should
be equivalent to the well-known SU(3) curve. In fact, if we integrate out variables x5 and
3, the Seiberg-Witten geometry (5.150) yields the SU(3) curve with N,+ N} fundamental

flavors.
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Let us next turn to the case of SU(4) gauge group. Since the Lie algebra of SU(4) is
the same as that of SO(6), the antisymmetric and fundamental representations of SU(4)

correspond to the vector and spinor representations of SO(6) respectively. This relation

is realized in (5.150) and (5.139) as follows. If we set x; = %, 2o = iah— 32 — ix’f — 30y
and 3 = iz + 12 + 124° + vy, we find
1
Wy, (xi;0) = —ZWDS(I';; u), (5.154)
where u is related to v through uy = 2vy,uy = —4vy + v5 and Pf = iv3. Moreover we

obtain X§, (x;;v,mq;) = me} — ) and z; —my; = ) —my ;. Thus our SU(4) result is in

accordance with what we have anticipated. This observation provides a consistency check
of our procedure since both SO(6) and SU(4) results are deduced from the Fjg theory via
two independent routes associated with different symmetry breaking patterns.

Checking the SU(5) gauge theory result is most intricate. Complex curves describ-
ing N = 2 SU(N,) gauge theory with matters in one antisymmetric representation and
fundamental representations are obtained in [35, 36] using brane configurations. Let us
concentrate on SU(5) theory with one massless antisymmetric matter and no fundamental

matters in order to compare with our result (5.139). The relevant curve is given by [35]

3

y? 4 2y (2 4 vox® — v3x® + v — vs)

—yA"(32° + 3u92® — v3a? + 3vgx — vs) + 2AM (2t + ver? + vy) = 0. (5.155)
The discriminant of (5.155) has the form
ABrane = Fo(v)A"™(27A™v} + v3)(Hso(v, L))*(Hss (v, L))°, (5.156)

where Fy is some polynomial in v, H, is a degree n polynomial in v and L = —A7/4. If

we set vy = v3 = 0 for simplicity, then

Hso(v, L) = 655360, vs? + 1048576 v4° L? — 33587200 v4" vs5* L + 1600000 v,° v5°
—539492352 v,5 v5 L? + 3261440000 vy v5* L? + 390000000 v4* v5" L
+9765625 v5'° + 143947517952 v,> v5 L* + 5378240000 v, v L?
11457236279296 v4* L 4 53971714048 v5® L°,

Hs(v, L) = 32vl 4+ 432Lvjv: + 17496 L*v i + 177147L°. (5.157)
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We have also calculated the discriminant A,pp of our expression (5.150) with r = 4
and found it in the factorized form. Evaluating Apg,... and Aspg at sufficiently many
points in the moduli space, we observe that A4y p also contains a factor Hso(v, L) with
AEU( n1,0 = L. This fact may be regarded as a non-trivial check for the compatibility of the
M-theory /brane dynamics result and our ALE space description. It is thus inferred that
only the zeroes of a common factor Hs(v, L) in the discriminants represent the physical
singularities in the moduli space.5.

Moreover it is shown that the Seiberg-Witten geometries obtained in this section by
breaking the Fg Seiberg-Witten geometry can be rederived using the method of N =1

confining phase superpotentials [32].

A similar phenomenon is observed in SU(4) gauge theory. We have checked that the discriminant of
the curve for SU(4) theory with one massive antisymmetric hypermultiplet proposed in [35] and that of
our ALE formula (5.150) with r = 3 carry a common factor. See also [55]

7



Chapter 6

Conclusions

In this thesis, we have studied the N = 2 Seiberg-Witten Geometry via the Confining
Phase superpotential technique. In particular, we have shown that the ALE spaces of
type ADE fibered over CP! is natural geometry for the N = 2 supersymmetric gauge
theories with ADE gauge groups.

In chapter two, we have reviewed the exact description of the low-energy effective
theory of the Coulomb phase of four-dimensional N = 2 supersymmetric gauge theory
in terms of the Seiberg-Witten curve or Seiberg-Witten geometry. The Seiberg-Witten
geometry has been derived from the superstring theory compactified on the suitably chosen
Calabi-Yau three-fold.

In chapter three, we have shown how to derive the Seiberg-Witten curves for the
Coulomb phase of N = 2 supersymmetric gauge theories by means of the N = 1 confin-
ing phase superpotential. To put it concretely, we have obtained a low-energy effective
superpotential for a phase with a single confined photon in N = 1 gauge theory. The
expectation values of gauge invariants built out of the adjoint field parametrize the sin-
gularities of moduli space of the N = 2 Coulomb phase. According to this derivation it
is clearly observed that the quantum effect in the Seiberg-Witten curve has its origin in
the SU(2) gluino condensation in view of N = 1 gauge theory dynamics.

In chapter four, we have applied the confining phase superpotential to the N = 1
supersymmetric pure Yang-Mills theory with an adjoint matter with classical or ADE
gauge groups. The results can be used to derive the Seiberg-Witten curves for N = 2

supersymmetric pure Yang-Mills theory with classical or ADE gauge groups in the form
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of a foliation over CP' which is identical to the spectral curves for the periodic Toda
lattice. Transferring the critical points in the N = 2 Coulomb phase to the N = 1
theories we have found non-trivial N = 1 SCFT with the adjoint matter field governed
by a superpotential.

In chapter five, using the technique of confining phase superpotential we have deter-
mined the curves describing the Coulomb phase of N = 1 supersymmetric gauge theories
with adjoint and fundamental matters with classical gauge groups. In the N = 2 limit
our results recover the curves for the Coulomb phase in N = 2 QCD. For the gauge group
Sp(2N.), in particular, we have observed that taking into account the instanton effect in
addition to SU(2) gaugino condensation is crucial to obtain the effective superpotential
for the phase with a confined photon. This explains in terms of N = 1 theory a peculiar
feature of the N =2 Sp(2NV,) curve when compared to the SU(N.) and SO(N,) cases.

Next we have proposed Seiberg-Witten geometry for N = 2 supersymmetric gauge
theory with gauge group Eg with massive N; fundamental hypermultiplets employing
the confining phase superpotentials method. The resulting manifold takes the form of a
fibration of the ALE space of type Fg.

Starting with the Seiberg-Witten geometry for N = 2 supersymmetric gauge theory
with gauge group Fg with massive fundamental hypermultiplets, we have obtained the
Seiberg-Witten geometry for SO(2N.) (N. < 5) theory with massive spinor and vector
hypermultiplets by implementing the gauge symmetry breaking in the Eg theory. The
other symmetry breaking pattern has been used to derive the Seiberg-Witten geometry
for N =2 SU(N.) (N, < 6) theory with massive antisymmetric and fundamental hyper-
multiplets. All the Seiberg-Witten geometries we have obtained are of the form of ALE
fibrations over a sphere. Whenever possible our results have been compared with those
obtained in the approaches based on the geometric engineering and the brane dynam-
ics. It is impressive to find an agreement in spite of the fact that the methods are fairly
different.

Thus our study of the confining phase superpotentials supports that Seiberg-Witten
geometry of the form of ALE fibrations over CP! is a canonical description for wide
classes of the four-dimensional N = 2 supersymmetric gauge field theories. It is highly

desirable to develop such a scheme explicitly for non-simply-laced gauge groups.
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Although we have not discussed in this thesis, in order to analyze the mass of the
BPS states and other interesting properties of the theory, one has to know the Seiberg-
Witten three-form and appropriate cycles in the ALE fibration space. For N = 2 SO(10)
theory with massless spinor and vector hypermultiplets, these objects may be obtained
in principle from the Calabi-Yau threefold on which the string theory is compactified
[34]. Tt is important to find the Seiberg-Witten three-form and appropriate cycles for the

Seiberg-Witten geometry when the massive hypermultiplets exist.
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