
Black hole and shock wave collisions
in higher dimensions

Carlos A. R. Herdeiro
Departamento de Física da Universidade de Aveiro

Portugal

Kyoto, Japan, 17 January 2013

Part II with Flávio Coelho, Carmen Rebelo and Marco Sampaio
JHEP 07 (2011) 121; PRL 108 (2012) 181112; arXiv: 1206:5839 [hep-th]

Part I with V. Cardoso, L. Gualtieri, A. Nerozzi, U. Sperhake, H. Witek, M. Zilhão
PRD 81 (2010) 084052; 82 (2010) 104014; 83 (2011) 044017

Thursday, January 17, 2013



Ultra-relativistic particle collision:

Thursday, January 17, 2013



Ultra-relativistic particle collision:

Thursday, January 17, 2013



Ultra-relativistic particle collision:

γ,W±, Z0, g, . . .

Thursday, January 17, 2013



Ultra-relativistic particle collision:

γ,W±, Z0, g, . . .
At sufficiently high 

energies:
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Ultra-relativistic particle collision:

γ,W±, Z0, g, . . .

At energies well above the Planck energy, black hole production sets in, accompanied by the 
coherent emission of real gravitons (gravitational waves) ‘t Hooft ’87;

At sufficiently high 
energies:
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Ultra-relativistic particle collision:

The corresponding computations should follow completely from the well known laws of general 
relativity, since any non-trivial quantum field theoretical phenomena are well hidden behind the 

horizon” (on which quantum corrections become small for s large).
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Ultra-relativistic particle collision:

The corresponding computations should follow completely from the well known laws of general 
relativity, since any non-trivial quantum field theoretical phenomena are well hidden behind the 

horizon” (on which quantum corrections become small for s large).

Graviton dominance in ultra-high-energy scattering
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Formation of an Apparent Horizon (AH)
from a high energy collision of boson stars
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Formation of an Apparent Horizon (AH)
from a high energy collision of boson stars

Depicted is the magnitude of the scalar field. Copyright Frans Pretorius; http://physics.princeton.edu/~fpretori/
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What is the fraction of the total energy radiated away 
(inelasticity) 

in a head-on collision of two particles
at (almost) the speed of light
computed in classical gravity?
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Part I:

Black hole collisions using numerical relativity:

- in higher-dimensions
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Study black holes head-on collisions (e.g. test cosmic censorship)

Head on collision of equal mass black holes (no spin). Copyright Ulrich Sperhake.

Sperhake, Cardoso, Pretorius,
Berti, Gonzales, ’08
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Study black hole scattering problem 
(e.g. analyse energy conversion and orbital motion)

Non-head on collision of equal mass black holes (no spin). Copyright Ulrich Sperhake.

Sperhake, Cardoso, Pretorius,
Berti, Hinderer, Yunes ’09

Ultra-relativistic regime
E

M
� 35± 5%

Luminosity

0.1
c5

G

Remnant black hole 
very close to extremal

a � 0.95 M

Two special values for impact 
parameter:

-scattering threshold
-threshold for immediate merger
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The numerical evolution of Einstein’s field equations in a generic background has the potential to

answer a variety of important questions in physics: from applications to the gauge-gravity duality, to

modeling black hole production in TeV gravity scenarios, to analysis of the stability of exact solutions,

and to tests of cosmic censorship. In order to investigate these questions, we extend numerical relativity to

more general space-times than those investigated hitherto, by developing a framework to study the

numerical evolution ofD dimensional vacuum space-times with an SOðD" 2Þ isometry group forD $ 5,
or SOðD" 3Þ for D $ 6. Performing a dimensional reduction on a (D" 4) sphere, the D dimensional

vacuum Einstein equations are rewritten as a 3þ 1 dimensional system with source terms, and presented

in the Baumgarte, Shapiro, Shibata, and Nakamura formulation. This allows the use of existing 3þ 1
dimensional numerical codes with small adaptations. Brill-Lindquist initial data are constructed in D
dimensions and a procedure to match them to our 3þ 1 dimensional evolution equations is given. We

have implemented our framework by adapting the LEAN code and perform a variety of simulations of

nonspinning black hole space-times. Specifically, we present a modified moving puncture gauge, which

facilitates long-term stable simulations in D ¼ 5. We further demonstrate the internal consistency of the

code by studying convergence and comparing numerical versus analytic results in the case of geodesic

slicing for D ¼ 5, 6.

DOI: 10.1103/PhysRevD.81.084052 PACS numbers: 04.25.D", 04.25.dg, 04.50."h, 04.50.Gh

I. INTRODUCTION

Numerical relativity is an essential tool to study many
processes involving strong gravitational fields. In four
space-time dimensions, processes of this sort, such as black
hole (BH) binary evolutions, are of utmost importance for
understanding the main sources of gravitational waves,
which are expected to be detected by the next generation
of ground based [Laser Interferometer Gravitational-Wave
Observatory (LIGO), VIRGO] and space based [Laser
Interferometer Space Antenna (LISA)] interferometers.
Long-term stable numerical evolutions of BH binaries
have finally been achieved after four decades of efforts
[1–3]. The numerical modeling of generic spinning BH
binaries in vacuum Einstein gravity is an active field of

research, with important consequences for gravitational
wave detection in the near future.
Numerical relativity in a higher-dimensional space-

time, instead, is an essentially unexplored field, with tre-
mendous potential to provide answers to some of the most
fundamental questions in physics. Recent developments in
experimental and theoretical physics make this a pressing
issue. We refer, in particular, to the prominent role of BHs
in the gauge-gravity duality, in TeV-scale gravity, or even
on their own as solutions of the field equations. These are
some of the most active areas of current research in gravi-
tational and high energy physics.

A. Motivation

(i) AdS/CFTand holography. In 1997–1998, a powerful
new technique known as the AdS/CFT correspon-
dence or, more generally, the gauge-string duality
was introduced and rapidly developed [4]. This holo-
graphic correspondence provides an effective de-
scription of a nonperturbative, strongly coupled
regime of certain gauge theories in terms of higher-
dimensional classical gravity. In particular, equilib-
rium and nonequilibrium properties of strongly
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In higher dimensions: Dimensional reduction by isometry and quasi-matter

Impose “axial” symmetry SO(D-3); make dimensional reduction on (D-4)-sphere

D-dimensional vacuum Einstein equations yield 4-dimensional Einstein equations
with “quasi-matter” (scalar field)
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second strongest contribution to the wave signal. As dem-
onstrated in the right panel of Fig. 2, however, its ampli-
tude is 2 orders of magnitude below that of the quadrupole.

A convergence analysis also using the lower resolution
simulations of models HD5ec and HD5em is shown in
Fig. 9 and demonstrates overall convergence of third to
fourth order, consistent with the numerical implementa-
tion. From this analysis we obtain a conservative estimate
of about 4% for the discretization error in the wave form.

In practice, numerical simulations will always start with
a finite separation of the two black holes. In order to assess
how accurately we are thus able to approximate an infall
from infinity, we have varied the initial separation for
models HD5a to HD5f as summarized in Table I. For small

d we observe two effects which make the physical inter-
pretation of models HD5a–HD5c difficult. First, the am-
plitude of the spurious initial radiation increases and
second, the shorter infall time causes an overlap of this
spurious radiation with the merger signal. As demonstrated
in Fig. 10 for models HD5e and HD5f, however, we can
safely neglect the spurious radiation as well as the impact
of a final initial separation, provided we use a sufficiently
large initial distance d * 6rS of the BH binary. Here, we
compare the radiation emitted during the head-on collision
of BHs starting from rest with initial separations 6:37rS
and 10:37rS. The wave forms have been shifted in time by
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FIG. 8 (color online). Left panel: The l ¼ 2 component of the KI wave form for model HD5ef extracted at radii Rex=rS ¼ 20, 40 and
60 and shifted in time by Rex=rS. Right panel: The l ¼ 2 and l ¼ 4 mode of the KI function for the same simulation, extracted at
Rex=rS ¼ 60. For clarity, the l ¼ 4 component has been rescaled by a factor of 100.
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ponent of the KI function generated by model HD5e extracted at
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(red dashed line) and 2.33 (green dashed-dotted line) indicating
third and fourth order convergence.
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(coordinate) distance d ¼ 6:37rS (black solid line) and d ¼
10:37rS (red dashed line). The wave functions have been shifted
in time such that the formation of a common apparent horizon
corresponds to !t ¼ 0 and taking into account the time it
takes for the waves to propagate up to the extraction radius
Rex ¼ 60rS.
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smaller; this is consistent with the factor of 100 differ-
ence of the corresponding wave multipoles observed in
Fig. 8, and the quadratic dependence of the flux on the
wave amplitude.

The total integrated energy emitted throughout the head-
on collision is presented in the left panel of Fig. 12. We find
that a fraction of Erad=M ¼ ð8:9# 0:6Þ % 10&4 of the
center of mass energy is emitted in the form of gravita-
tional radiation. We have verified for these models that the
amount of energy contained in the spurious radiation is
about 3 orders of magnitude smaller than in the physical
merger signal.

An independent estimate for the radiated energy can be
obtained from the apparent horizon area A4 in the effective
four dimensional space-time by using the spherical sym-
metry of the post-merger remnant hole. Energy balance
then implies that the energy E radiated in the form of GWs
is given by

E

M
¼ 1&MAH

M
¼ 1& A4

4!r2S
; (4.6)

where MAH is the apparent horizon mass. The estimate
E=M is shown in Fig. 12 and reveals a behavior qualita-
tively similar to a damped sinusoid with constant offset.
Indeed, by using a least square fit, we obtain a complex
frequency rS!' 0:97& i0:29, again similar to the funda-
mental l ¼ 2 quasinormal mode frequency [see discussion
around Eq. (4.5)]. At late times, 1&MAH=M asymptotes
to 1&MAH=M' ð9:3# 0:8Þ % 10&4 which agrees very
well with the GW estimate, within the numerical un-
certainties.

V. DISCUSSION

In this paper we have developed a formalism to extract
gravitational radiation observables from numerical simu-
lations of head-on collisions of BHs in D dimensions.
Moreover, we have performed such simulations in D ¼
4, 5. The D ¼ 4 case serves as a test of our formalism and
demonstrates consistency of our results with the literature.
The D ¼ 5 case is entirely new. Besides obtaining the
corresponding wave forms, we have shown that the total
energy released in the form of gravitational waves is
approximately ð0:089# 0:006Þ% of the initial center of
mass energy of the system, for a head-on collision of two

BHs starting from rest at very large distances. As a
comparison, the analogous process in D ¼ 4 releases a
slightly smaller quantity: ð0:055# 0:006Þ%. We summa-
rize the main results for head-on collisions of two BHs
starting from rest in four and five space-time dimensions in
Table II.
We have further performed a variety of tests of the wave-

extraction formalism. Besides testing the proximity of the
numerical coordinate system to the Tangherlini back-
ground space-time, we have demonstrated good agreement
between the radiated energy as derived directly from the KI
master function with the values obtained from the horizon
area of the post-merger remnant hole. Finally, the ring-
down part of the wave form yields a quasinormal mode
frequency in excellent agreement with predictions from
BH perturbation theory.
The radiative efficiency Erad=M in Table II shows that

head-on collisions starting from rest in five dimensions
generate about 1.6 times as much GW energy as their
four dimensional counterparts. It will be very interesting
to investigate to what extent this observation holds for
wider classes of BH collisions. We can compare the radia-
tion efficiency with the upper limit derived by Hawking
[76] from the requirement that the horizon area must not
decrease in the collision. This leads to the area bound
Earea

M ( 1& 2&ðð1Þ=ðD&2ÞÞ. Evidently, this bound decreases
with dimensionality, while in the present computation it
increases when going from D ¼ 4 to D ¼ 5. As also
shown in the table, the generation of GWs in head-on
collisions starting from rest is about 3 orders of magnitude
below this bound. In four dimensions it has already been
demonstrated that there exist more violent processes which
release more radiation than the head-on collisions consid-
ered in this work [36–38].
In the context of this work, it would be particularly

interesting to compute the gravitational radiation emitted
when a point particle falls into a higher dimensional BH
(the four dimensional calculation is done in the classic
work by Davis et al. [77]). This analysis can be done by
linearizing Einstein’s equations. While such an analysis
was done for infall at high energies [54,55], it has not been
done for infalls from rest. The four dimensional case shows
that by scaling the point-particle results properly with the
reduced mass, one gets surprisingly good agreement with
full nonlinear studies [78]. An obvious question is whether

TABLE II. Main results for head-on collisions in D ¼ 4 and 5 dimensions. We list the ring
down frequency !, the total energy radiated in gravitational waves, the upper bound Earea on the
radiated energy obtained from Hawking’s area theorem and the fractional energy in the l ¼ 4
multipole relative to the quadrupole radiation.

D rS!ðl ¼ 2Þ Erad=Mð%Þ Earea=Mð%Þ Erad
l¼4=E

rad
l¼2

4 0:7473& i0:1779 0.055 29.3 <10&3

5 0:9477& i0:2561 0.089 20.6 <10&4
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in the Baumgarte, Shapiro, Shibata, and Nakamura formulation. This allows the use of existing 3þ 1
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nonspinning black hole space-times. Specifically, we present a modified moving puncture gauge, which
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I. INTRODUCTION

Numerical relativity is an essential tool to study many
processes involving strong gravitational fields. In four
space-time dimensions, processes of this sort, such as black
hole (BH) binary evolutions, are of utmost importance for
understanding the main sources of gravitational waves,
which are expected to be detected by the next generation
of ground based [Laser Interferometer Gravitational-Wave
Observatory (LIGO), VIRGO] and space based [Laser
Interferometer Space Antenna (LISA)] interferometers.
Long-term stable numerical evolutions of BH binaries
have finally been achieved after four decades of efforts
[1–3]. The numerical modeling of generic spinning BH
binaries in vacuum Einstein gravity is an active field of

research, with important consequences for gravitational
wave detection in the near future.
Numerical relativity in a higher-dimensional space-

time, instead, is an essentially unexplored field, with tre-
mendous potential to provide answers to some of the most
fundamental questions in physics. Recent developments in
experimental and theoretical physics make this a pressing
issue. We refer, in particular, to the prominent role of BHs
in the gauge-gravity duality, in TeV-scale gravity, or even
on their own as solutions of the field equations. These are
some of the most active areas of current research in gravi-
tational and high energy physics.

A. Motivation

(i) AdS/CFTand holography. In 1997–1998, a powerful
new technique known as the AdS/CFT correspon-
dence or, more generally, the gauge-string duality
was introduced and rapidly developed [4]. This holo-
graphic correspondence provides an effective de-
scription of a nonperturbative, strongly coupled
regime of certain gauge theories in terms of higher-
dimensional classical gravity. In particular, equilib-
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second strongest contribution to the wave signal. As dem-
onstrated in the right panel of Fig. 2, however, its ampli-
tude is 2 orders of magnitude below that of the quadrupole.

A convergence analysis also using the lower resolution
simulations of models HD5ec and HD5em is shown in
Fig. 9 and demonstrates overall convergence of third to
fourth order, consistent with the numerical implementa-
tion. From this analysis we obtain a conservative estimate
of about 4% for the discretization error in the wave form.

In practice, numerical simulations will always start with
a finite separation of the two black holes. In order to assess
how accurately we are thus able to approximate an infall
from infinity, we have varied the initial separation for
models HD5a to HD5f as summarized in Table I. For small

d we observe two effects which make the physical inter-
pretation of models HD5a–HD5c difficult. First, the am-
plitude of the spurious initial radiation increases and
second, the shorter infall time causes an overlap of this
spurious radiation with the merger signal. As demonstrated
in Fig. 10 for models HD5e and HD5f, however, we can
safely neglect the spurious radiation as well as the impact
of a final initial separation, provided we use a sufficiently
large initial distance d * 6rS of the BH binary. Here, we
compare the radiation emitted during the head-on collision
of BHs starting from rest with initial separations 6:37rS
and 10:37rS. The wave forms have been shifted in time by
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smaller; this is consistent with the factor of 100 differ-
ence of the corresponding wave multipoles observed in
Fig. 8, and the quadratic dependence of the flux on the
wave amplitude.

The total integrated energy emitted throughout the head-
on collision is presented in the left panel of Fig. 12. We find
that a fraction of Erad=M ¼ ð8:9# 0:6Þ % 10&4 of the
center of mass energy is emitted in the form of gravita-
tional radiation. We have verified for these models that the
amount of energy contained in the spurious radiation is
about 3 orders of magnitude smaller than in the physical
merger signal.

An independent estimate for the radiated energy can be
obtained from the apparent horizon area A4 in the effective
four dimensional space-time by using the spherical sym-
metry of the post-merger remnant hole. Energy balance
then implies that the energy E radiated in the form of GWs
is given by

E

M
¼ 1&MAH

M
¼ 1& A4

4!r2S
; (4.6)

where MAH is the apparent horizon mass. The estimate
E=M is shown in Fig. 12 and reveals a behavior qualita-
tively similar to a damped sinusoid with constant offset.
Indeed, by using a least square fit, we obtain a complex
frequency rS!' 0:97& i0:29, again similar to the funda-
mental l ¼ 2 quasinormal mode frequency [see discussion
around Eq. (4.5)]. At late times, 1&MAH=M asymptotes
to 1&MAH=M' ð9:3# 0:8Þ % 10&4 which agrees very
well with the GW estimate, within the numerical un-
certainties.

V. DISCUSSION

In this paper we have developed a formalism to extract
gravitational radiation observables from numerical simu-
lations of head-on collisions of BHs in D dimensions.
Moreover, we have performed such simulations in D ¼
4, 5. The D ¼ 4 case serves as a test of our formalism and
demonstrates consistency of our results with the literature.
The D ¼ 5 case is entirely new. Besides obtaining the
corresponding wave forms, we have shown that the total
energy released in the form of gravitational waves is
approximately ð0:089# 0:006Þ% of the initial center of
mass energy of the system, for a head-on collision of two

BHs starting from rest at very large distances. As a
comparison, the analogous process in D ¼ 4 releases a
slightly smaller quantity: ð0:055# 0:006Þ%. We summa-
rize the main results for head-on collisions of two BHs
starting from rest in four and five space-time dimensions in
Table II.
We have further performed a variety of tests of the wave-

extraction formalism. Besides testing the proximity of the
numerical coordinate system to the Tangherlini back-
ground space-time, we have demonstrated good agreement
between the radiated energy as derived directly from the KI
master function with the values obtained from the horizon
area of the post-merger remnant hole. Finally, the ring-
down part of the wave form yields a quasinormal mode
frequency in excellent agreement with predictions from
BH perturbation theory.
The radiative efficiency Erad=M in Table II shows that

head-on collisions starting from rest in five dimensions
generate about 1.6 times as much GW energy as their
four dimensional counterparts. It will be very interesting
to investigate to what extent this observation holds for
wider classes of BH collisions. We can compare the radia-
tion efficiency with the upper limit derived by Hawking
[76] from the requirement that the horizon area must not
decrease in the collision. This leads to the area bound
Earea

M ( 1& 2&ðð1Þ=ðD&2ÞÞ. Evidently, this bound decreases
with dimensionality, while in the present computation it
increases when going from D ¼ 4 to D ¼ 5. As also
shown in the table, the generation of GWs in head-on
collisions starting from rest is about 3 orders of magnitude
below this bound. In four dimensions it has already been
demonstrated that there exist more violent processes which
release more radiation than the head-on collisions consid-
ered in this work [36–38].
In the context of this work, it would be particularly

interesting to compute the gravitational radiation emitted
when a point particle falls into a higher dimensional BH
(the four dimensional calculation is done in the classic
work by Davis et al. [77]). This analysis can be done by
linearizing Einstein’s equations. While such an analysis
was done for infall at high energies [54,55], it has not been
done for infalls from rest. The four dimensional case shows
that by scaling the point-particle results properly with the
reduced mass, one gets surprisingly good agreement with
full nonlinear studies [78]. An obvious question is whether

TABLE II. Main results for head-on collisions in D ¼ 4 and 5 dimensions. We list the ring
down frequency !, the total energy radiated in gravitational waves, the upper bound Earea on the
radiated energy obtained from Hawking’s area theorem and the fractional energy in the l ¼ 4
multipole relative to the quadrupole radiation.

D rS!ðl ¼ 2Þ Erad=Mð%Þ Earea=Mð%Þ Erad
l¼4=E

rad
l¼2

4 0:7473& i0:1779 0.055 29.3 <10&3

5 0:9477& i0:2561 0.089 20.6 <10&4
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Other results in higher D:
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FIG. 1: Impact parameters bB and bC are plotted as functions of the initial speed v of each black

hole. For v < 0.6, bB and bC agree with the critical impact parameter bcrit.

NUMERICAL RESULTS

Numerical simulations were performed using SACRA-ND code reported in Ref. [6], in

which the so-called Baumgarte-Shapiro-Shibata-Nakamura formalism [15] together with the

“moving puncture” approach [16] and adaptive mesh refinement algorithm [17] are employed.

The numerical accuracy is monitored by computing L2-norm of the Hamiltonian and mo-

mentum constraints. The convergence of the numerical solution was tested varying the grid

resolutions with the grid spacing as ∆/Rg = 15/320, 12/320, and 10/320. We confirmed a

reasonable convergence behavior (see below).

Numerical simulations were systematically performed varying v and an impact parameter

defined by b ≡ 2!x. For a small velocity v <∼ 0.6, we were always able to determine a critical

value of the impact parameter, b = bcrit, for the merger of two black holes. Namely, for

b < bcrit, two black holes merge to a single spinning black hole whereas for b > bcrit, two

black holes go apart to infinity after one scattering. The zoom-whirl orbit was never found

in 5 dimensions in contrast to the 4D case [12], because the law of the gravitational force

is modified: Note that in the Newtonian limit in 5 dimensions, both gravitational and

centrifugal forces are proportional to r−3 where r is the separation of two objects.

For a high velocity with v > 0.6, by contrast, we were not able to determine the value of

bcrit using our current code. The reason is that for bB < b < bC, the numerical simulation

6

Scattering in D=5  
Okawa, Nakao, Shibata ’11   

(a) (b) (c)

FIG. 2: Color maps of K in the scattering of two black holes with v = 0.7 and b = 3.38Rg ; (a)

before the scattering, (b) during the scattering, and (c) after the scattering. At the stage (b), a

highly elongated domain with a large value of K ! EP/M appears between two black holes. The

solid distorted circles denote the apparent horizon of the black holes.

crashed soon after the scattering of two black holes occurs. Figure 1 plots bB and bC as

functions of v (note that for v ≤ 0.6, bB = bC = bcrit). However, we were able to confirm

that for b < bB, two black holes merges, while for b > bC, the merger does not happen and

two black holes merely go apart to infinity after the scattering. In this paper, we focus on

the case b ≥ bC.

Figure 2 plots the time variation of K in a scattering process with v = 0.7 and b = 3.38Rg.

The value of K is shown in the unit of EPM−1 in the w-x plane. In this figure, the apparent

horizon of each black hole is denoted by the solid circles. When the separation between

two black holes is much larger than Rg, no super-Planckian domain emerges outside the

apparent horizons as long as the mass of each black hole M is larger than EP [see Fig. 2(a)].

By contrast, when the separation is equal to 2–3Rg, a highly elongated domain with a large

value of K ! EP/M is formed between two black holes [see Fig. 2(b)]. Finally, two black

holes are scattered away, and the domain with a large value of K disappears [see Fig. 2(c)].

Figure 3 plots K2 at the center of mass w = x = y = z = 0 as a function of the coordinate

separation between two black holes. In this figure, the time elapses from left to right. Initial

speed of each black hole and the impact parameter are the same as those for Fig. 2. As

the separation between two black holes becomes small, the value of K steeply increases.

7
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crashed soon after the scattering of two black holes occurs. Figure 1 plots bB and bC as

functions of v (note that for v ≤ 0.6, bB = bC = bcrit). However, we were able to confirm

that for b < bB, two black holes merges, while for b > bC, the merger does not happen and

two black holes merely go apart to infinity after the scattering. In this paper, we focus on

the case b ≥ bC.

Figure 2 plots the time variation of K in a scattering process with v = 0.7 and b = 3.38Rg.

The value of K is shown in the unit of EPM−1 in the w-x plane. In this figure, the apparent

horizon of each black hole is denoted by the solid circles. When the separation between

two black holes is much larger than Rg, no super-Planckian domain emerges outside the

apparent horizons as long as the mass of each black hole M is larger than EP [see Fig. 2(a)].

By contrast, when the separation is equal to 2–3Rg, a highly elongated domain with a large

value of K ! EP/M is formed between two black holes [see Fig. 2(b)]. Finally, two black

holes are scattered away, and the domain with a large value of K disappears [see Fig. 2(c)].

Figure 3 plots K2 at the center of mass w = x = y = z = 0 as a function of the coordinate

separation between two black holes. In this figure, the time elapses from left to right. Initial

speed of each black hole and the impact parameter are the same as those for Fig. 2. As

the separation between two black holes becomes small, the value of K steeply increases.
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FIG. 3: K2 at the center of mass as a function of the coordinate separation between two black

holes. The parameters v and b are the same as those for Fig. 2. The time proceeds from left to

right. The results with three grid resolutions are plotted.

Then, after the black holes slightly goes through the periastron, the maximum value of K

is reached. The maximum value Kmax in the best resolution run is

Kmax ! 19
(

EP

M

)

. (15)

In this scattering process, the event horizons of these black holes do not merge with each

other, because these black holes go away toward infinity separately after this scattering.

Hence, by the symmetry of this system, the center of mass is not enclosed by the event

horizon. This fact implies that even if each black hole is a classical object before the

scattering, a visible super-Planckian domain can emerge in the vicinity of the center of mass

in 5D general relativity.

Figure 4 plots the maximum values of K for the scattering of a fixed impact parameter

at the center of mass as a function of v. The results only for b > bC are plotted. This

shows that the maximum value of K increases steeply with v, and thus, the super-Planckian

domain appears to be always visible in high-velocity collisions. This also suggests that for

v → 1, the maximum value of K would be much larger than EP/M .
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Part II:

Shock wave collisions in D-dimensions
(semi-analytical technique)
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Gravitational field of a point particle at rest:
J
H
E
P
0
7
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using results from appendix B, a workable expression is obtained to extract the energy

carried out by the gravitational radiation (formulas (4.7) and (4.8)). These expressions are

evaluated numerically to yield the results presented in the table above. The wave forms

are exhibited and an interpretation is given for the domain where they have support and

peak. We also discuss the approximations used in our derivation and further comment on

our results in section 5.

2 One D-dimensional shock wave in Rosen form

The D-dimensional Tangherlini solution with mass M is [25]

ds2 = −
(

1 −
16πGDM

(D − 2)ΩD−2

1

rD−3

)

dt2 +

(

1 −
16πGDM

(D − 2)ΩD−2

1

rD−3

)−1

dr2 + r2dΩ2
D−2 ,

(2.1)

where dΩ2
D−2 and ΩD−2 are the line element and volume of the unit D − 2 sphere. The

Aichelburg-Sexl solution [15] is found by boosting this black hole and then taking simul-

taneously the limit of infinite boost and vanishing mass, keeping the total energy µ fixed.

We use a coordinate system (u, v, xi), where the retarded and advanced times (u, v) are

(t − z, t + z) in terms of Minkowski coordinates, and xi are the remaining Cartesian co-

ordinates on the plane of the shock, i = 1 . . . D − 2, such that the transverse radius is

ρ =
√

xixi. The resulting geometry for a particle moving in the +z direction is

ds2 = −dudv + dρ2 + ρ2dΩ2
D−3 + κΦ(ρ)δ(u)du2 , (2.2)

where κ ≡ 8πGDµ/ΩD−3. The function Φ depends only on ρ and takes the form [16]

Φ(ρ) =











−2 ln(ρ) , D = 4

2

(D − 4)ρD−4
, D > 4

. (2.3)

The coordinates used in (2.2) are of Brinkmann type [26]. Presenting the shock wave

in this chart, geodesics and their tangent vectors appear discontinuous across the shock.

One can, however, introduce a new coordinate system defined by [16]

u = ū ,

v = v̄ + κθ(ū)

(

Φ +
κū(∇̄Φ)2

4

)

= v̄ + κθ(ū)

(

Φ +
κūΦ′2

4

)

,

xi = x̄i + κ
ū

2
∇̄iΦ(x̄)θ(ū) ⇒

{

ρ = ρ̄
(

1 + κū θ(ū)
2ρ̄ Φ′

)

φa = φ̄a

, (2.4)

where θ is the Heaviside step function and Φ and its derivative Φ′ are evaluated at ρ̄.

In this new chart both geodesics and their tangents are continuous across the shock at

ū = u = 0; φa are the angles on the (D − 3)-sphere and a = 1 . . . D − 3. Using (2.4) the

metric becomes [18–20]

ds2 = −dūdv̄ +

(

1 +
κūθ(ū)

2
Φ′′

)2

dρ̄2 + ρ̄2

(

1 +
κū θ(ū)

2ρ̄
Φ′

)2

dΩ̄2
D−3 , (2.5)
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In this new chart both geodesics and their tangents are continuous across the shock at
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Gravitational field of a point particle moving at the speed c:

Curved
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using results from appendix B, a workable expression is obtained to extract the energy

carried out by the gravitational radiation (formulas (4.7) and (4.8)). These expressions are

evaluated numerically to yield the results presented in the table above. The wave forms

are exhibited and an interpretation is given for the domain where they have support and

peak. We also discuss the approximations used in our derivation and further comment on

our results in section 5.
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)−1
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(2.1)

where dΩ2
D−2 and ΩD−2 are the line element and volume of the unit D − 2 sphere. The

Aichelburg-Sexl solution [15] is found by boosting this black hole and then taking simul-

taneously the limit of infinite boost and vanishing mass, keeping the total energy µ fixed.

We use a coordinate system (u, v, xi), where the retarded and advanced times (u, v) are

(t − z, t + z) in terms of Minkowski coordinates, and xi are the remaining Cartesian co-

ordinates on the plane of the shock, i = 1 . . . D − 2, such that the transverse radius is

ρ =
√

xixi. The resulting geometry for a particle moving in the +z direction is

ds2 = −dudv + dρ2 + ρ2dΩ2
D−3 + κΦ(ρ)δ(u)du2 , (2.2)

where κ ≡ 8πGDµ/ΩD−3. The function Φ depends only on ρ and takes the form [16]

Φ(ρ) =











−2 ln(ρ) , D = 4

2

(D − 4)ρD−4
, D > 4

. (2.3)

The coordinates used in (2.2) are of Brinkmann type [26]. Presenting the shock wave

in this chart, geodesics and their tangent vectors appear discontinuous across the shock.

One can, however, introduce a new coordinate system defined by [16]

u = ū ,

v = v̄ + κθ(ū)

(

Φ +
κū(∇̄Φ)2

4

)

= v̄ + κθ(ū)

(

Φ +
κūΦ′2

4

)

,

xi = x̄i + κ
ū

2
∇̄iΦ(x̄)θ(ū) ⇒

{

ρ = ρ̄
(

1 + κū θ(ū)
2ρ̄ Φ′

)

φa = φ̄a

, (2.4)

where θ is the Heaviside step function and Φ and its derivative Φ′ are evaluated at ρ̄.

In this new chart both geodesics and their tangents are continuous across the shock at

ū = u = 0; φa are the angles on the (D − 3)-sphere and a = 1 . . . D − 3. Using (2.4) the

metric becomes [18–20]

ds2 = −dūdv̄ +

(

1 +
κūθ(ū)

2
Φ′′

)2

dρ̄2 + ρ̄2

(

1 +
κū θ(ū)

2ρ̄
Φ′

)2

dΩ̄2
D−3 , (2.5)
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using results from appendix B, a workable expression is obtained to extract the energy

carried out by the gravitational radiation (formulas (4.7) and (4.8)). These expressions are

evaluated numerically to yield the results presented in the table above. The wave forms

are exhibited and an interpretation is given for the domain where they have support and

peak. We also discuss the approximations used in our derivation and further comment on

our results in section 5.

2 One D-dimensional shock wave in Rosen form

The D-dimensional Tangherlini solution with mass M is [25]

ds2 = −
(

1 −
16πGDM

(D − 2)ΩD−2

1

rD−3

)

dt2 +

(

1 −
16πGDM

(D − 2)ΩD−2

1

rD−3

)−1

dr2 + r2dΩ2
D−2 ,

(2.1)

where dΩ2
D−2 and ΩD−2 are the line element and volume of the unit D − 2 sphere. The

Aichelburg-Sexl solution [15] is found by boosting this black hole and then taking simul-

taneously the limit of infinite boost and vanishing mass, keeping the total energy µ fixed.

We use a coordinate system (u, v, xi), where the retarded and advanced times (u, v) are

(t − z, t + z) in terms of Minkowski coordinates, and xi are the remaining Cartesian co-

ordinates on the plane of the shock, i = 1 . . . D − 2, such that the transverse radius is

ρ =
√

xixi. The resulting geometry for a particle moving in the +z direction is

ds2 = −dudv + dρ2 + ρ2dΩ2
D−3 + κΦ(ρ)δ(u)du2 , (2.2)

where κ ≡ 8πGDµ/ΩD−3. The function Φ depends only on ρ and takes the form [16]

Φ(ρ) =











−2 ln(ρ) , D = 4

2

(D − 4)ρD−4
, D > 4

. (2.3)

The coordinates used in (2.2) are of Brinkmann type [26]. Presenting the shock wave

in this chart, geodesics and their tangent vectors appear discontinuous across the shock.

One can, however, introduce a new coordinate system defined by [16]

u = ū ,

v = v̄ + κθ(ū)

(

Φ +
κū(∇̄Φ)2

4

)

= v̄ + κθ(ū)

(

Φ +
κūΦ′2

4

)

,

xi = x̄i + κ
ū

2
∇̄iΦ(x̄)θ(ū) ⇒

{

ρ = ρ̄
(

1 + κū θ(ū)
2ρ̄ Φ′

)

φa = φ̄a

, (2.4)

where θ is the Heaviside step function and Φ and its derivative Φ′ are evaluated at ρ̄.

In this new chart both geodesics and their tangents are continuous across the shock at

ū = u = 0; φa are the angles on the (D − 3)-sphere and a = 1 . . . D − 3. Using (2.4) the

metric becomes [18–20]

ds2 = −dūdv̄ +

(

1 +
κūθ(ū)

2
Φ′′

)2

dρ̄2 + ρ̄2

(

1 +
κū θ(ū)

2ρ̄
Φ′

)2

dΩ̄2
D−3 , (2.5)
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using results from appendix B, a workable expression is obtained to extract the energy

carried out by the gravitational radiation (formulas (4.7) and (4.8)). These expressions are

evaluated numerically to yield the results presented in the table above. The wave forms

are exhibited and an interpretation is given for the domain where they have support and

peak. We also discuss the approximations used in our derivation and further comment on

our results in section 5.

2 One D-dimensional shock wave in Rosen form

The D-dimensional Tangherlini solution with mass M is [25]

ds2 = −
(

1 −
16πGDM

(D − 2)ΩD−2

1

rD−3

)

dt2 +

(

1 −
16πGDM

(D − 2)ΩD−2

1

rD−3

)−1

dr2 + r2dΩ2
D−2 ,

(2.1)

where dΩ2
D−2 and ΩD−2 are the line element and volume of the unit D − 2 sphere. The

Aichelburg-Sexl solution [15] is found by boosting this black hole and then taking simul-

taneously the limit of infinite boost and vanishing mass, keeping the total energy µ fixed.

We use a coordinate system (u, v, xi), where the retarded and advanced times (u, v) are

(t − z, t + z) in terms of Minkowski coordinates, and xi are the remaining Cartesian co-

ordinates on the plane of the shock, i = 1 . . . D − 2, such that the transverse radius is

ρ =
√

xixi. The resulting geometry for a particle moving in the +z direction is

ds2 = −dudv + dρ2 + ρ2dΩ2
D−3 + κΦ(ρ)δ(u)du2 , (2.2)

where κ ≡ 8πGDµ/ΩD−3. The function Φ depends only on ρ and takes the form [16]

Φ(ρ) =
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
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
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−2 ln(ρ) , D = 4

2

(D − 4)ρD−4
, D > 4

. (2.3)

The coordinates used in (2.2) are of Brinkmann type [26]. Presenting the shock wave

in this chart, geodesics and their tangent vectors appear discontinuous across the shock.

One can, however, introduce a new coordinate system defined by [16]

u = ū ,

v = v̄ + κθ(ū)

(

Φ +
κū(∇̄Φ)2

4

)

= v̄ + κθ(ū)

(

Φ +
κūΦ′2

4

)

,

xi = x̄i + κ
ū

2
∇̄iΦ(x̄)θ(ū) ⇒

{

ρ = ρ̄
(

1 + κū θ(ū)
2ρ̄ Φ′

)

φa = φ̄a

, (2.4)

where θ is the Heaviside step function and Φ and its derivative Φ′ are evaluated at ρ̄.

In this new chart both geodesics and their tangents are continuous across the shock at

ū = u = 0; φa are the angles on the (D − 3)-sphere and a = 1 . . . D − 3. Using (2.4) the

metric becomes [18–20]

ds2 = −dūdv̄ +

(

1 +
κūθ(ū)

2
Φ′′

)2

dρ̄2 + ρ̄2

(

1 +
κū θ(ū)

2ρ̄
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dΩ̄2
D−3 , (2.5)
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using results from appendix B, a workable expression is obtained to extract the energy

carried out by the gravitational radiation (formulas (4.7) and (4.8)). These expressions are

evaluated numerically to yield the results presented in the table above. The wave forms

are exhibited and an interpretation is given for the domain where they have support and

peak. We also discuss the approximations used in our derivation and further comment on

our results in section 5.

2 One D-dimensional shock wave in Rosen form

The D-dimensional Tangherlini solution with mass M is [25]

ds2 = −
(

1 −
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(D − 2)ΩD−2

1

rD−3

)

dt2 +

(

1 −
16πGDM

(D − 2)ΩD−2

1

rD−3

)−1

dr2 + r2dΩ2
D−2 ,

(2.1)

where dΩ2
D−2 and ΩD−2 are the line element and volume of the unit D − 2 sphere. The

Aichelburg-Sexl solution [15] is found by boosting this black hole and then taking simul-

taneously the limit of infinite boost and vanishing mass, keeping the total energy µ fixed.

We use a coordinate system (u, v, xi), where the retarded and advanced times (u, v) are

(t − z, t + z) in terms of Minkowski coordinates, and xi are the remaining Cartesian co-

ordinates on the plane of the shock, i = 1 . . . D − 2, such that the transverse radius is

ρ =
√

xixi. The resulting geometry for a particle moving in the +z direction is

ds2 = −dudv + dρ2 + ρ2dΩ2
D−3 + κΦ(ρ)δ(u)du2 , (2.2)

where κ ≡ 8πGDµ/ΩD−3. The function Φ depends only on ρ and takes the form [16]

Φ(ρ) =
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




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−2 ln(ρ) , D = 4

2

(D − 4)ρD−4
, D > 4

. (2.3)

The coordinates used in (2.2) are of Brinkmann type [26]. Presenting the shock wave

in this chart, geodesics and their tangent vectors appear discontinuous across the shock.

One can, however, introduce a new coordinate system defined by [16]

u = ū ,

v = v̄ + κθ(ū)

(

Φ +
κū(∇̄Φ)2

4

)

= v̄ + κθ(ū)

(

Φ +
κūΦ′2

4

)

,

xi = x̄i + κ
ū

2
∇̄iΦ(x̄)θ(ū) ⇒

{

ρ = ρ̄
(

1 + κū θ(ū)
2ρ̄ Φ′

)

φa = φ̄a

, (2.4)

where θ is the Heaviside step function and Φ and its derivative Φ′ are evaluated at ρ̄.

In this new chart both geodesics and their tangents are continuous across the shock at

ū = u = 0; φa are the angles on the (D − 3)-sphere and a = 1 . . . D − 3. Using (2.4) the

metric becomes [18–20]

ds2 = −dūdv̄ +

(

1 +
κūθ(ū)

2
Φ′′

)2

dρ̄2 + ρ̄2

(

1 +
κū θ(ū)
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Gravitational field of two colliding shock waves:

CurvedCurved

In a head on collision we expect a black hole to form
(smoking gun: find an apparent horizon)
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Very similar in D dimensions; at u=0, v=0: Eardley and Giddings ‘02

Radiation from aD-Dimensional Collision of Shock Waves: A Remarkably
Simple Fit Formula

Flávio S. Coelho, Carlos Herdeiro, and Marco O. P. Sampaio
Departamento de Fı́sica da Universidade de Aveiro and I3N, Campus de Santiago, 3810-183 Aveiro, Portugal

(Received 9 February 2012; published 2 May 2012)

Recently we estimated the energy radiated in the head-on collision of two equal D-dimensional

Aichelburg-Sexl shock waves, for even D, by solving perturbatively, to first order, the Einstein equations

in the future of the collision. Here, we report on the solution for the odd D case. After finding the wave

forms, we extract the estimated radiated energy for D ¼ 5, 7, 9, and 11 and unveil a remarkably simple

pattern, given the complexity of the framework: (for all D) the estimated fraction of radiated energy

matches the analytic expression 1=2" 1=D, within the numerical error (less than 0.1%). Both this fit and

the apparent horizon bound converge to 1=2 as D ! 1.

DOI: 10.1103/PhysRevLett.108.181102 PACS numbers: 04.50."h, 04.30.Db, 04.60.Bc

INTRODUCTION.—A collision of two pointlike parti-
cles at trans-Planckian center of mass energies is thought to
form a black hole, with an associated emission of gravita-
tional radiation [1,2]. Moreover, as argued by ’t Hooft [3],
this process should be computable by classical general
relativity (GR). Understanding the physics involved is of
conceptual interest, as a probe of the nonlinear, nonpertur-
bative, dynamical regime of GR, and perhaps even of
phenomenological interest, if the current or future gener-
ations of particle colliders, or of cosmic ray detectors, can
probe trans-Planckian energies. This is a conceivable sce-
nario if the fundamental Planck scale is much lower than
the traditional four-dimensional one, as suggested in the
context of D-dimensional gravity (see [4], Sec. 4, for a
recent review).

One important property of this process is the inelasticity
! of the collision: the percentage of the initial center of
mass energy radiated away. An upper bound for ! was
provided in [5] by an apparent horizon argument. This
method uses no information inside the future light cone
of the collision and can be improved by computing the
geometry therein. A method to do so which, albeit pertur-
bative, carries information about a nonperturbative pro-
cess, was devised by D’Eath and Payne [6–8]. This was
recently extended to D dimensions, to first order, by some
of us [9]. Here, we report on the case of odd D. We find an
extra contribution, not taken into account in [9] (and absent
for even D), due to the different structure of the odd-D
Green’s functions. Then, inspection of the result for
4 # D # 11, unveils a remarkable feature: the inelasticity
obtained by the (technically and conceptually involved)
D’Eath and Payne method matches, within the numerical
precision of our method (error smaller than 0.1%), the
simple formula

!1st order ¼
1

2
" 1

D
: (1)

Extrapolating this fit for large D asymptotically matches
the apparent horizon bound.
The inelasticity obtained for 4 # D # 11, together with

the apparent horizon (AH) bound are shown in the follow-
ing table (in percentage of center of mass energy):

D 4 5 6 7 8 9 10 11

AH bound 29.3 33.5 36.1 37.9 39.3 40.4 41.2 41.9
!1st order 25.0 30.0 33.3 35.7 37.5 38.9 40.0 40.9

WAVE FORMS IN ODDDIMENSIONS.—The first order
formalism of D’Eath and Payne was discussed in detail and
generalised to higher D in [9]. Two equal Aichelburg-Sexl
shock waves collide head on in D dimensions. The inelas-
ticity of the process ! can be expressed as (we refer to [9]
for all details)

!1st order ¼
1

8

D" 2

D" 3
lim

"̂!0;r!1

!Z
ðr#ððD"4Þ=2ÞE;vÞ2dt

"
; (2)

where the limit is selecting a radiation extraction point far
away from the collision (r ! 1) and along the collision
axis ("̂ ! 0); the wave form E;v at the spacetime point P
with null coordinates u, v and at a distance # from the
symmetry (collision) axis is

E;vðu;v;#Þ¼"
ffiffiffi
8

p
!D"4

ð2$uÞððD"2Þ=2Þ

Z þ1

0

d#0

#0

'
Z 1

"1
dx

d

dx
½xð1"x2ÞððD"3Þ=2Þ)%ððD"3Þ=2Þð"vÞ;

(3)

where "v is selecting the events that support the radiation
observed at P .
The main difference between the oddD and evenD case

in Eq. (3) is the fractional derivative of the delta function
denoted by its exponent. The fractional derivatives of delta
functions have support not only at the zeros of their argu-
ment but also for positive argument. This is related to the

PRL 108, 181102 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
4 MAY 2012
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Figure 1. Spacetime diagram of the collision in the centre of mass (left panel) and boosted (right
panel) frames. The xi directions are orthogonal to the t and z axis. In the centre of mass frame, the
radiation is symmetric under z → −z. Only the radiation that propagates along a small solid angle
around θ = π in the centre of mass frame (red area, delimited by the polar angle tan θ =

√

β−2 − 1)
is still propagating in the −z direction in the boosted frame. All the radiation in this solid angle is
redshifted in the boosted frame.

which we dub the Rosen form [27] of the shock wave. The geometry for an identical shock

wave traveling in the −z direction is obtained by changing z → −z in (2.2) or equivalently

exchange v̄ ↔ ū in (2.5). Following [12] it is simple to see that in a boosted frame (moving

with respect to the (u, v) chart with velocity β in the −z direction), the oppositely directed

shock waves keep their form, but with new energy parameters, respectively,

κ → eακ ≡ ν , κ → e−ακ ≡ λ , (2.6)

where eα =
√

(1 + β)/(1 − β).

By causality, the spacetime where two shock waves travel in opposite directions along

the z coordinate, is described everywhere by superimposing the two shock wave metrics,

except in the future light cone of the collision. Thus, in the boosted frame the spacetime

geometry reads

ds2 = −dūdv̄ +

[

(

1 +
νūθ(ū)

2
Φ′′

)2

+

(

1 +
λv̄θ(v̄)

2
Φ′′

)2

− 1

]

dρ̄2

+ ρ̄2

[

(

1 +
νū θ(ū)

2ρ̄
Φ′

)2

+

(

1 +
λv̄ θ(v̄)

2ρ̄
Φ′

)2

− 1

]

dΩ2
D−3 , (2.7)

which is valid everywhere except in the future light cone of ū = v̄ = 0. As a consequence

of the collision a strong burst of gravitational radiation (followed by a tail) is expected to

be emitted. An illustration of this signal in the centre of mass/energy and in the boosted

frame is presented in figure 1.

3 The perturbative metric in the future of the collision

We shall now compute the geometry in the future of the collision to first order in pertur-

bation theory. The main idea is that in the boosted frame one shock wave can carry much

– 5 –

Centre of Mass Frame
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Figure 1. Spacetime diagram of the collision in the centre of mass (left panel) and boosted (right
panel) frames. The xi directions are orthogonal to the t and z axis. In the centre of mass frame, the
radiation is symmetric under z → −z. Only the radiation that propagates along a small solid angle
around θ = π in the centre of mass frame (red area, delimited by the polar angle tan θ =

√

β−2 − 1)
is still propagating in the −z direction in the boosted frame. All the radiation in this solid angle is
redshifted in the boosted frame.

which we dub the Rosen form [27] of the shock wave. The geometry for an identical shock

wave traveling in the −z direction is obtained by changing z → −z in (2.2) or equivalently

exchange v̄ ↔ ū in (2.5). Following [12] it is simple to see that in a boosted frame (moving

with respect to the (u, v) chart with velocity β in the −z direction), the oppositely directed

shock waves keep their form, but with new energy parameters, respectively,

κ → eακ ≡ ν , κ → e−ακ ≡ λ , (2.6)

where eα =
√

(1 + β)/(1 − β).

By causality, the spacetime where two shock waves travel in opposite directions along

the z coordinate, is described everywhere by superimposing the two shock wave metrics,

except in the future light cone of the collision. Thus, in the boosted frame the spacetime

geometry reads

ds2 = −dūdv̄ +

[

(

1 +
νūθ(ū)

2
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)2

+
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− 1
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+
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]

dΩ2
D−3 , (2.7)

which is valid everywhere except in the future light cone of ū = v̄ = 0. As a consequence

of the collision a strong burst of gravitational radiation (followed by a tail) is expected to

be emitted. An illustration of this signal in the centre of mass/energy and in the boosted

frame is presented in figure 1.

3 The perturbative metric in the future of the collision

We shall now compute the geometry in the future of the collision to first order in pertur-

bation theory. The main idea is that in the boosted frame one shock wave can carry much
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Figure 1. Spacetime diagram of the collision in the centre of mass (left panel) and boosted (right
panel) frames. The xi directions are orthogonal to the t and z axis. In the centre of mass frame, the
radiation is symmetric under z → −z. Only the radiation that propagates along a small solid angle
around θ = π in the centre of mass frame (red area, delimited by the polar angle tan θ =
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β−2 − 1)
is still propagating in the −z direction in the boosted frame. All the radiation in this solid angle is
redshifted in the boosted frame.

which we dub the Rosen form [27] of the shock wave. The geometry for an identical shock

wave traveling in the −z direction is obtained by changing z → −z in (2.2) or equivalently
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bation theory. The main idea is that in the boosted frame one shock wave can carry much

– 5 –

Boosted Frame

Thursday, January 17, 2013



J
H
E
P
0
7
(
2
0
1
1
)
1
2
1

t

z
θ = 0

θ = π

t

z
θ = 0

θ = π

boosted frame (−z direction)CM frame

Figure 1. Spacetime diagram of the collision in the centre of mass (left panel) and boosted (right
panel) frames. The xi directions are orthogonal to the t and z axis. In the centre of mass frame, the
radiation is symmetric under z → −z. Only the radiation that propagates along a small solid angle
around θ = π in the centre of mass frame (red area, delimited by the polar angle tan θ =

√

β−2 − 1)
is still propagating in the −z direction in the boosted frame. All the radiation in this solid angle is
redshifted in the boosted frame.

which we dub the Rosen form [27] of the shock wave. The geometry for an identical shock

wave traveling in the −z direction is obtained by changing z → −z in (2.2) or equivalently
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be emitted. An illustration of this signal in the centre of mass/energy and in the boosted
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Suggestive agreement with Numerical Relativity II:

Head on collision of fluid particles East, Pretorius ’12   
3

FIG. 1. Snapshots of rest mass density on a logarithmic scale from 10−2 to 102 times the initial maximum density, for
simulations with γ = 8 (top) and γ = 10 (bottom) at times (left to right) t = 0, the initial time; t = 300M∗, shortly after
collision; t = 375M∗, after the appearance of the smaller AHs in the γ = 10 case; t = 424M∗, after the appearance the third,
encompassing AH (white outline) in the γ = 10 case; and t = 700M∗. The black regions are best-fit ellipses to the AHs.
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FIG. 2. Apparent horizon properties for the γ = 10 case.
The AHs labeled 1 and 2 are the two identical (when mirrored
about the collision plane) ones that appear first and are later
encompassed by AH 3. We show (top to bottom): the irre-
ducible masses, the proper distance dp between (and exterior
to) AHs 1 and 2 measured along the collision axis, and the
ratio of the equatorial to polar circumferences.

power) and contains 10% of the energy of the spacetime.
Cases with γ = 9.5, 9.0, and 8.5 also first form two dis-

joint AHs with increasing initial separation the smaller
the boost. However, we were unable to follow these
cases through merger before numerical instabilities set
in on the excision surface. The reason, we believe, is the
smaller boosts form more distorted AH shapes, and our
current approach of excising the best-fit ellipse to the AH
shape is inadequate. We have also been unable to obtain
robust results for significantly higher Lorentz factors due
to high frequency numerical instabilities that develop at
the surface of the boosted stars; however it seems that
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FIG. 3. Total and spin-weight 2 spherical harmonic decom-
position of power in GWs from the γ = 10 case (with γ = 8
in the inset). The small feature at (t− r) < 0 is an artifact of
the initial data and is not include in the estimate of energy.

the third AH appears at nearly the same time in this
gauge as the first two AHs at γ ∼ 12 for the stars con-
sidered here, and for larger boosts we expect a single AH
to form at collision.
Geodesic focusing. — To illustrate the manner in

which a boosted star may act like a gravitational lens
and, during collision, focus the matter of the other star,
we consider a simplified scenario in a spacetime consisting
of a single boosted star. We follow a set of geodesics com-
ing from the opposite direction with the same Lorentz
factor, initially distributed to fill out the volume of what
would have been the other boosted star (i.e., we replace
the second star with a set of tracer particles). These
geodesics are shown in Fig. 4 for γ = 10 with the same
compaction star (2M∗/R∗ = 1/40) described above. As
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= 16± 2% (γ = 10)Energy radiated:
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simulations with γ = 8 (top) and γ = 10 (bottom) at times (left to right) t = 0, the initial time; t = 300M∗, shortly after
collision; t = 375M∗, after the appearance of the smaller AHs in the γ = 10 case; t = 424M∗, after the appearance the third,
encompassing AH (white outline) in the γ = 10 case; and t = 700M∗. The black regions are best-fit ellipses to the AHs.
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Compute the fraction of the total energy radiated away 
(inelasticity) 

in a head-on collision of two D-dimensional shock waves.
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Shock waves approach:
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more energy than the other, since

ν

λ
= e2α =

1 + β

1 − β
⇒ lim

β→1

ν

λ
= ∞ .

Thus, one may face the wave traveling in the −z direction as a small perturbation of the

wave traveling in the +z direction. Since the geometry of the latter is flat for ū > 0, we

make a perturbative expansion of the Einstein equations around flat space, in order to

compute the metric in the future of the collision (v̄, ū > 0). To first order this amounts

to solving the linearised Einstein equations around flat Minkowski spacetime, subject to a

boundary condition given by the metric (2.7) in the limit u = 0+.

The computation will be performed in the more intuitive Brinkmann type coordinates.

To obtain the boundary condition we transform back to these coordinates on u = 0+.

Using (2.4) with κ replaced by ν we find

gµν =
∂x̄α

∂xµ

∂x̄β

∂xν
ḡαβ ,

∂x̄α

∂xµ

∣

∣

∣

∣

u=0+

=







1 0 0
ν2Φ′2

4 1 −νΦ′xj

ρ

−νxiΦ′

2ρ 0 δij






, (3.1)

where ḡαβ is the metric for the weak shock by taking ū = 0 in (2.7). Observe that the

dimension of the parameters ν and λ is [Length]D−3, so we choose to perform the following

rescaling to dimensionless coordinates (u, v, xi) → ν1/(D−3)(
√

2u,
√

2v, xi). Performing the

matrix multiplication and expressing everything in the unbarred dimensionless coordinates,

we write the geometry, on u = 0+, as

gµν = ν
2

D−3

[

ηµν +
λ

ν
h(1)

µν +

(

λ

ν

)2

h(2)
µν

]

, (3.2)

where the flat metric is

ηµνdxµdxν = −2dudv + δijdxidxj . (3.3)

The perturbations2 are

h(1)
uu = (D − 3)Φ′2h(v, ρ) , h(1)

ui = −
xi

ρ

√
2(D − 3)Φ′h(v, ρ) ,

h(1)
ij = 2

(

−δij + (D − 2)
xixj

ρ2

)

h(v, ρ) , (3.4)

h(2)
uu =

(D − 3)2

2
Φ′2h(v, ρ)2 , h(2)

ui = −
xi

ρ

√
2(D − 3)2

2
Φ′h(v, ρ)2 ,

h(2)
ij =

(

δij + (D − 2)(D − 4)
xixj

ρ2

)

h(v, ρ)2 , (3.5)

where

h(v, ρ) ≡ −
Φ′

2ρ

(√
2v − Φ

)

θ
(√

2v − Φ
)

. (3.6)

2The metric (3.2) is exact on u = 0+, even though it has been written as a perturbation of flat spacetime.
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∂xµ

∣

∣

∣

∣
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=
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
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


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Figure 2. Evolution of the weak shock null generators (blue arrows) from the viewpoint of
Brinkmann coordinates in the boosted frame in D = 4. For u < 0 they are at v = 0; then
the generators undergo a discontinuity in v at u = 0, which is ρ dependent and negative for ρ > 1.
They jump to the collision surface (green lines, at u = 0 and v = −

√
2 ln ρ), gain shear and focus
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Figure 3. Evolution of the weak shock null generators (blue arrows) from the viewpoint of
Brinkmann coordinates in the boosted frame in D > 4. For u < 0 they are at v = 0; then
the generators undergo a discontinuity in v at u = 0, which is ρ dependent but always positive.
They jump to the collision surface (green lines, at u = 0, v =
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2/[(D − 4)ρD−4]), gain shear and

focus along the caustic (red line).

3.1 Future development of the metric

To the future of u = 0 the metric will have a perturbative expansion of the type

gµν = ν
2

D−3

[

ηµν +
∞
∑

i=1

(

λ

ν

)i

h(i)
µν

]

, (3.10)

and we should be able to find h(i)
µν by successively solving the Einstein equations at each

order in λ/ν, with the boundary condition expressed before. To first order we therefore have
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Figure 4. Diagram illustrating (a section of) the spatial trajectories of the null generators of
the weak shock, exhibiting their focusing after u = 0. Points at the axis (ρ = 0) will be hit,
simultaneously, by an infinite number of null generators, two of each are in the represented section.
After this event, which is at the caustic, spacetime becomes curved therein, and therefore the
continuation of the rays beyond the axis is merely illustrative and is represented as a dotted line.
For points outside the axis, such as point P , this diagram suggests an initial radiation signal,
associated to ray 1, followed by a later burst, associated to ray 2. We shall see this interpretation
matches the wave forms computed below.

to solve the linearised D-dimensional Einstein equations around Minkowski space, so in the

remainder we consider the linear perturbation hµν in (3.10) and for notational simplicity

drop the “(1)” label. We denote the trace reversed perturbation by barring it h̄µν =

hµν − ηµνh/2, and perform a coordinate transformation of the form xµ → xNµ + (λ/ν)ξµ

hµν → hN
µν = hµν + 2ξ(µ,ν) . (3.11)

This can be chosen such that the De Donder gauge condition is obeyed in u > 0

h̄N αβ
,α = 0 , (3.12)

so that the linearised Einstein equations become simply a set of decoupled wave equations

in Minkowski space for each component:

!h̄N
µν = 0 ⇔

(

−2∂u∂v + ∂2
i

)

h̄N
µν = 0 . (3.13)

In [12], and integral solution for the wave equation !F = 0 in u ≥ 0 with initial data

on u = 0 was used. In appendix A, we show that in D dimensions, the corresponding

solution is

F (u, v, xi) =
1

(2πu)
D−2

2

∫

dD−2x′∂
D−2

2
v′ F (0, v′, x′

i) , (3.14)
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(

−2∂u∂v + ∂2
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)

h̄N
µν = 0 . (3.13)

In [12], and integral solution for the wave equation !F = 0 in u ≥ 0 with initial data

on u = 0 was used. In appendix A, we show that in D dimensions, the corresponding

solution is

F (u, v, xi) =
1

(2πu)
D−2

2

∫

dD−2x′∂
D−2

2
v′ F (0, v′, x′

i) , (3.14)
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u = 0 = v, with the null hypersurface u = 0, is a parabola (dashed blue curve); its points (0, v′, !x′)
obey (3.15). This diagram represents the causal structure of the background metric for unspecified
initial data.

where, for each x′, v′ defines points at the u = 0 hypersurface, which are on the past light

cone of the event (u, v, xi) (cf. figure 5):

v′ = v −
|x − x′|2

2u
, (3.15)

and the derivative operator is suitably defined in Fourier space (with respect to v) for odd

dimensions (see appendix A). Similarly to [12], the gauge condition (3.12) is obeyed in

u > 0 if

h̄N β
α,βv

∣

∣

u=0
= 0 . (3.16)

To see this we first contract the wave equation with another derivative to get !h̄N ,ν
µν = 0.

It then follows from the integral solution (3.14), that if

∂
D−2

2
v h̄N β

α ,β

∣

∣

∣

∣

u=0

= 0 , (3.17)

then the De Donder condition holds everywhere. In particular (3.16) is sufficient, since it

implies (3.17).

3.2 Gauge fixing at u = 0

Condition (3.16) can be written, in terms of the perturbations in the original coordinate

system, using (3.11) (on u = 0). Then, using (3.13) and the fact that the trace of the first

order metric perturbation h vanishes on u = 0, we find, that (3.16) implies, on u = 0

1

2
!

(

ξ i
i, −2ξu,v

)

= h i
ui, v+h u

uu, v −
1

2
h i

uv, i = −(D−3)(D−2)

[

Φ′

ρ

]2

θ
(√

2v − Φ
)

, (3.18)

−!ξ[j,v] = h i
ji, v+h u

ju, v −
1

2
h i

jv, i = 0 , (3.19)
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where the right hand side of (3.18) and (3.19) was computed using (3.4). We look for a

solution of (3.18) and (3.19) which has a power series expansion around u = 0:

ξµ(u, v, xi) = ξ(0)
µ (v, xi) + uξ(1)

µ (v, xi) + . . . (3.20)

One such solution is ξ(0)
µ = ξ(1)

v = ξ(1)
i = 0 and

ξ(1)
u = −

(D − 3)(D − 2)

8

(

Φ′

ρ

)2
(√

2v − Φ
)2

θ
(√

2v − Φ
)

. (3.21)

Applying this gauge transformation, only the uu first order perturbation changes in this

new (De Donder) gauge, on u = 0, which becomes

hN
uu = (D − 3)Φ′2h(v, ρ) + 2ξ(1)

u . (3.22)

Since the metric perturbation is traceless on u = 0, it is traceless everywhere, due to (3.14)

(because ∂vhN (0, v, xi) = 0 so the solution is identically zero). Thus (3.13) becomes

!hN
µν = 0 ⇔

(

−2∂u∂v + ∂2
i

)

hN
µν = 0 . (3.23)

The general solution of (3.23) in u > 0 is again obtained using (3.14) with the replacement

F → hN
µν . Observe that the components of the metric perturbation that vanish at u = 0,

will vanish when u > 0. We can boost back to the centre of mass frame simply by using

the replacements {u, v} → {e−αu, eαv}. At linear order, we can use xN
µ = xµ for the

coordinates in the new gauge. Finally, we can change from units of ν
1

D−3 to units of κ
1

D−3

and obtain the linearised, centre of mass frame metric in u > 0

ds2

κ
2

D−3

= −2dudv + hN
uu(u, v, xk)du2 + 2hN

ui(u, v, xk)dudxi +
[

δij + hN
ij (u, v, xk)

]

dxidxj .

(3.24)

4 Extracting the gravitational radiation

To extract the gravitational radiation produced in the collision we shall use the Landau-

Lifshitz pseudo-tensor [28], which was generalised to higher dimensions in [32]. In terms

of our perturbations hN
µν(u, v, xi), taking into account that they are traceless, it reads (we

omit from now on the superscript N for notational simplicity) [32]:

16πGDtµν
LL = hµν

,αhαβ
,β − hµα

,αhνβ
,β +

1

2
ηµν

(

hαβ
,σhσ

α,β −
1

2
hβσ,αhβσ,α

)

−hµβ
,σh σ,ν

β − hνβ
,σh σ,µ

β + hµα,βhν
α,β +

1

2
hβσ,µh ,ν

βσ .
(4.1)

Despite not being unique or gauge-invariant it is well known that the integral

Eradiated =

∫

t0i
LLnidSdt , (4.2)

computed on a ‘distant’ surface with area element dS outward unit normal ni, is a gauge-

invariant well defined energy ([33], section 4.4).
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solution of (3.18) and (3.19) which has a power series expansion around u = 0:

ξµ(u, v, xi) = ξ(0)
µ (v, xi) + uξ(1)

µ (v, xi) + . . . (3.20)

One such solution is ξ(0)
µ = ξ(1)

v = ξ(1)
i = 0 and

ξ(1)
u = −

(D − 3)(D − 2)

8

(

Φ′

ρ

)2
(√

2v − Φ
)2

θ
(√

2v − Φ
)

. (3.21)

Applying this gauge transformation, only the uu first order perturbation changes in this

new (De Donder) gauge, on u = 0, which becomes

hN
uu = (D − 3)Φ′2h(v, ρ) + 2ξ(1)

u . (3.22)

Since the metric perturbation is traceless on u = 0, it is traceless everywhere, due to (3.14)

(because ∂vhN (0, v, xi) = 0 so the solution is identically zero). Thus (3.13) becomes

!hN
µν = 0 ⇔

(

−2∂u∂v + ∂2
i

)

hN
µν = 0 . (3.23)

The general solution of (3.23) in u > 0 is again obtained using (3.14) with the replacement

F → hN
µν . Observe that the components of the metric perturbation that vanish at u = 0,

will vanish when u > 0. We can boost back to the centre of mass frame simply by using

the replacements {u, v} → {e−αu, eαv}. At linear order, we can use xN
µ = xµ for the

coordinates in the new gauge. Finally, we can change from units of ν
1

D−3 to units of κ
1

D−3

and obtain the linearised, centre of mass frame metric in u > 0

ds2

κ
2

D−3

= −2dudv + hN
uu(u, v, xk)du2 + 2hN

ui(u, v, xk)dudxi +
[

δij + hN
ij (u, v, xk)

]

dxidxj .

(3.24)

4 Extracting the gravitational radiation

To extract the gravitational radiation produced in the collision we shall use the Landau-

Lifshitz pseudo-tensor [28], which was generalised to higher dimensions in [32]. In terms

of our perturbations hN
µν(u, v, xi), taking into account that they are traceless, it reads (we

omit from now on the superscript N for notational simplicity) [32]:

16πGDtµν
LL = hµν

,αhαβ
,β − hµα

,αhνβ
,β +

1

2
ηµν

(

hαβ
,σhσ

α,β −
1

2
hβσ,αhβσ,α

)

−hµβ
,σh σ,ν

β − hνβ
,σh σ,µ

β + hµα,βhν
α,β +

1

2
hβσ,µh ,ν

βσ .
(4.1)

Despite not being unique or gauge-invariant it is well known that the integral

Eradiated =

∫

t0i
LLnidSdt , (4.2)

computed on a ‘distant’ surface with area element dS outward unit normal ni, is a gauge-

invariant well defined energy ([33], section 4.4).
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where the right hand side of (3.18) and (3.19) was computed using (3.4). We look for a

solution of (3.18) and (3.19) which has a power series expansion around u = 0:

ξµ(u, v, xi) = ξ(0)
µ (v, xi) + uξ(1)

µ (v, xi) + . . . (3.20)
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Applying this gauge transformation, only the uu first order perturbation changes in this

new (De Donder) gauge, on u = 0, which becomes

hN
uu = (D − 3)Φ′2h(v, ρ) + 2ξ(1)

u . (3.22)

Since the metric perturbation is traceless on u = 0, it is traceless everywhere, due to (3.14)

(because ∂vhN (0, v, xi) = 0 so the solution is identically zero). Thus (3.13) becomes

!hN
µν = 0 ⇔

(

−2∂u∂v + ∂2
i

)

hN
µν = 0 . (3.23)

The general solution of (3.23) in u > 0 is again obtained using (3.14) with the replacement

F → hN
µν . Observe that the components of the metric perturbation that vanish at u = 0,

will vanish when u > 0. We can boost back to the centre of mass frame simply by using

the replacements {u, v} → {e−αu, eαv}. At linear order, we can use xN
µ = xµ for the

coordinates in the new gauge. Finally, we can change from units of ν
1

D−3 to units of κ
1

D−3

and obtain the linearised, centre of mass frame metric in u > 0

ds2

κ
2

D−3

= −2dudv + hN
uu(u, v, xk)du2 + 2hN

ui(u, v, xk)dudxi +
[

δij + hN
ij (u, v, xk)

]

dxidxj .

(3.24)

4 Extracting the gravitational radiation

To extract the gravitational radiation produced in the collision we shall use the Landau-

Lifshitz pseudo-tensor [28], which was generalised to higher dimensions in [32]. In terms

of our perturbations hN
µν(u, v, xi), taking into account that they are traceless, it reads (we

omit from now on the superscript N for notational simplicity) [32]:

16πGDtµν
LL = hµν

,αhαβ
,β − hµα

,αhνβ
,β +

1

2
ηµν

(

hαβ
,σhσ

α,β −
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2
hβσ,αhβσ,α

)

−hµβ
,σh σ,ν

β − hνβ
,σh σ,µ

β + hµα,βhν
α,β +
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2
hβσ,µh ,ν

βσ .
(4.1)

Despite not being unique or gauge-invariant it is well known that the integral

Eradiated =

∫

t0i
LLnidSdt , (4.2)

computed on a ‘distant’ surface with area element dS outward unit normal ni, is a gauge-

invariant well defined energy ([33], section 4.4).
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solution of (3.18) and (3.19) which has a power series expansion around u = 0:
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µ (v, xi) + uξ(1)
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Applying this gauge transformation, only the uu first order perturbation changes in this

new (De Donder) gauge, on u = 0, which becomes

hN
uu = (D − 3)Φ′2h(v, ρ) + 2ξ(1)

u . (3.22)

Since the metric perturbation is traceless on u = 0, it is traceless everywhere, due to (3.14)

(because ∂vhN (0, v, xi) = 0 so the solution is identically zero). Thus (3.13) becomes

!hN
µν = 0 ⇔

(

−2∂u∂v + ∂2
i

)

hN
µν = 0 . (3.23)

The general solution of (3.23) in u > 0 is again obtained using (3.14) with the replacement

F → hN
µν . Observe that the components of the metric perturbation that vanish at u = 0,

will vanish when u > 0. We can boost back to the centre of mass frame simply by using

the replacements {u, v} → {e−αu, eαv}. At linear order, we can use xN
µ = xµ for the

coordinates in the new gauge. Finally, we can change from units of ν
1

D−3 to units of κ
1

D−3

and obtain the linearised, centre of mass frame metric in u > 0

ds2

κ
2

D−3

= −2dudv + hN
uu(u, v, xk)du2 + 2hN

ui(u, v, xk)dudxi +
[

δij + hN
ij (u, v, xk)

]

dxidxj .

(3.24)

4 Extracting the gravitational radiation

To extract the gravitational radiation produced in the collision we shall use the Landau-

Lifshitz pseudo-tensor [28], which was generalised to higher dimensions in [32]. In terms

of our perturbations hN
µν(u, v, xi), taking into account that they are traceless, it reads (we

omit from now on the superscript N for notational simplicity) [32]:

16πGDtµν
LL = hµν

,αhαβ
,β − hµα

,αhνβ
,β +

1

2
ηµν

(

hαβ
,σhσ

α,β −
1

2
hβσ,αhβσ,α

)

−hµβ
,σh σ,ν

β − hνβ
,σh σ,µ

β + hµα,βhν
α,β +

1

2
hβσ,µh ,ν

βσ .
(4.1)

Despite not being unique or gauge-invariant it is well known that the integral

Eradiated =

∫

t0i
LLnidSdt , (4.2)

computed on a ‘distant’ surface with area element dS outward unit normal ni, is a gauge-

invariant well defined energy ([33], section 4.4).
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Following [12], we shall compute the power emitted along the vicinity of the θ = π

direction (in the CM frame), corresponding to the negative z direction. This maps to

the region where perturbation theory should be valid in the boosted frame (cf. figure 1).

So we shall need the flux along the z direction which is given by (t = (v + u)/
√

2 and

z = (v − u)/
√

2):

t0z
LL =

1

2
(tvv

LL − tuu
LL) . (4.3)

The first (second) term corresponds to the flux across a v = constant (u = constant)

surface. Thus, in order to determine the flux in the θ = π direction we need only the

second term. Then, from (4.1) (observe that the first two terms are zero by the De Donder

gauge condition):

t0z
LL

∣

∣

θ=π
= −

1

2
tuu
LL

∣

∣

θ=π
= −

1

64πGD
hij

,vhij,v

∣

∣

θ=π
. (4.4)

The total radiation emitted will be computed, to first order, under the assumption that

dE/d cos θ is isotropic (we shall further discuss this approximation below). Thus we in-

tegrate the power emitted inside the narrow cone around the θ̂ ≡ π − θ = 0 axis. Using

dS = rD−2dΩD−2, taking the limit close to the axis and multiplying by the area of the

sphere of radius r, this energy is

Eradiated =
ΩD−3

32πGD
lim

θ̂→0,r→∞

(

r2ρD−4
∫

hij
,vhij,vdt

)

. (4.5)

As expected, only the ij components (which did not change with our gauge choice) deter-

mine the energy emitted in gravitational radiation. In appendix B we show that, in fact,

there is only one independent quantity that determines the integrand in the last equation,

denoted E = E(u, v, ρ). In terms of E, we can express the radiated energy as

Eradiated =
ΩD−3

32πGD

D − 2

D − 3
lim

θ̂→0,r→∞

(

r2ρD−4
∫

(E,v)
2dt

)

≡ εradiated2µ . (4.6)

We identify, inside the parenthesis, the analogous of Bondi’s news function used in [12].

The coordinates used in the last formula are dimensionful. The fraction of the energy

radiated in gravitational waves εradiated defined in (4.6) is given by,

εradiated =
1

8

D − 2

D − 3
lim

θ̂→0,r→∞

(
∫

(rρ
D−4

2 E,v)
2dt

)

, (4.7)

and, from appendix B

E,v = −
√

8ΩD−4

(2πu)
D−2

2

∫ +∞

0

dρ′

ρ′

∫ 1

−1
dx

d

dx

[

x(1 − x2)
D−3

2

]

δ(D−4
2 )

(

v′1 − v′2
)

, (4.8)

where

v′1 ≡ v −
ρ2 − 2ρρ′x + ρ′2

2u
, v′2 ≡

Φ(ρ′)√
2

. (4.9)

All coordinates in (4.7) and (4.8) are now the dimensionless coordinates used in section 3.
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Figure 1. Spacetime diagram of the collision in the centre of mass (left panel) and boosted (right
panel) frames. The xi directions are orthogonal to the t and z axis. In the centre of mass frame, the
radiation is symmetric under z → −z. Only the radiation that propagates along a small solid angle
around θ = π in the centre of mass frame (red area, delimited by the polar angle tan θ =

√

β−2 − 1)
is still propagating in the −z direction in the boosted frame. All the radiation in this solid angle is
redshifted in the boosted frame.

which we dub the Rosen form [27] of the shock wave. The geometry for an identical shock

wave traveling in the −z direction is obtained by changing z → −z in (2.2) or equivalently

exchange v̄ ↔ ū in (2.5). Following [12] it is simple to see that in a boosted frame (moving

with respect to the (u, v) chart with velocity β in the −z direction), the oppositely directed

shock waves keep their form, but with new energy parameters, respectively,

κ → eακ ≡ ν , κ → e−ακ ≡ λ , (2.6)

where eα =
√

(1 + β)/(1 − β).

By causality, the spacetime where two shock waves travel in opposite directions along

the z coordinate, is described everywhere by superimposing the two shock wave metrics,

except in the future light cone of the collision. Thus, in the boosted frame the spacetime

geometry reads

ds2 = −dūdv̄ +

[

(

1 +
νūθ(ū)

2
Φ′′

)2

+

(

1 +
λv̄θ(v̄)

2
Φ′′

)2

− 1

]

dρ̄2

+ ρ̄2

[

(

1 +
νū θ(ū)

2ρ̄
Φ′

)2

+

(

1 +
λv̄ θ(v̄)

2ρ̄
Φ′

)2

− 1

]

dΩ2
D−3 , (2.7)

which is valid everywhere except in the future light cone of ū = v̄ = 0. As a consequence

of the collision a strong burst of gravitational radiation (followed by a tail) is expected to

be emitted. An illustration of this signal in the centre of mass/energy and in the boosted

frame is presented in figure 1.

3 The perturbative metric in the future of the collision

We shall now compute the geometry in the future of the collision to first order in pertur-

bation theory. The main idea is that in the boosted frame one shock wave can carry much

– 5 –
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where the right hand side of (3.18) and (3.19) was computed using (3.4). We look for a

solution of (3.18) and (3.19) which has a power series expansion around u = 0:

ξµ(u, v, xi) = ξ(0)
µ (v, xi) + uξ(1)

µ (v, xi) + . . . (3.20)

One such solution is ξ(0)
µ = ξ(1)

v = ξ(1)
i = 0 and

ξ(1)
u = −

(D − 3)(D − 2)

8

(

Φ′

ρ

)2
(√

2v − Φ
)2

θ
(√

2v − Φ
)

. (3.21)

Applying this gauge transformation, only the uu first order perturbation changes in this

new (De Donder) gauge, on u = 0, which becomes

hN
uu = (D − 3)Φ′2h(v, ρ) + 2ξ(1)

u . (3.22)

Since the metric perturbation is traceless on u = 0, it is traceless everywhere, due to (3.14)

(because ∂vhN (0, v, xi) = 0 so the solution is identically zero). Thus (3.13) becomes

!hN
µν = 0 ⇔

(

−2∂u∂v + ∂2
i

)

hN
µν = 0 . (3.23)

The general solution of (3.23) in u > 0 is again obtained using (3.14) with the replacement

F → hN
µν . Observe that the components of the metric perturbation that vanish at u = 0,

will vanish when u > 0. We can boost back to the centre of mass frame simply by using

the replacements {u, v} → {e−αu, eαv}. At linear order, we can use xN
µ = xµ for the

coordinates in the new gauge. Finally, we can change from units of ν
1

D−3 to units of κ
1

D−3

and obtain the linearised, centre of mass frame metric in u > 0

ds2

κ
2

D−3

= −2dudv + hN
uu(u, v, xk)du2 + 2hN

ui(u, v, xk)dudxi +
[

δij + hN
ij (u, v, xk)

]

dxidxj .

(3.24)

4 Extracting the gravitational radiation

To extract the gravitational radiation produced in the collision we shall use the Landau-

Lifshitz pseudo-tensor [28], which was generalised to higher dimensions in [32]. In terms

of our perturbations hN
µν(u, v, xi), taking into account that they are traceless, it reads (we

omit from now on the superscript N for notational simplicity) [32]:

16πGDtµν
LL = hµν

,αhαβ
,β − hµα

,αhνβ
,β +

1

2
ηµν

(

hαβ
,σhσ

α,β −
1

2
hβσ,αhβσ,α

)

−hµβ
,σh σ,ν

β − hνβ
,σh σ,µ

β + hµα,βhν
α,β +

1

2
hβσ,µh ,ν

βσ .
(4.1)

Despite not being unique or gauge-invariant it is well known that the integral

Eradiated =

∫

t0i
LLnidSdt , (4.2)

computed on a ‘distant’ surface with area element dS outward unit normal ni, is a gauge-

invariant well defined energy ([33], section 4.4).
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where the right hand side of (3.18) and (3.19) was computed using (3.4). We look for a

solution of (3.18) and (3.19) which has a power series expansion around u = 0:

ξµ(u, v, xi) = ξ(0)
µ (v, xi) + uξ(1)

µ (v, xi) + . . . (3.20)

One such solution is ξ(0)
µ = ξ(1)

v = ξ(1)
i = 0 and

ξ(1)
u = −

(D − 3)(D − 2)
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Φ′

ρ

)2
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2v − Φ
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θ
(√
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. (3.21)

Applying this gauge transformation, only the uu first order perturbation changes in this

new (De Donder) gauge, on u = 0, which becomes

hN
uu = (D − 3)Φ′2h(v, ρ) + 2ξ(1)

u . (3.22)

Since the metric perturbation is traceless on u = 0, it is traceless everywhere, due to (3.14)

(because ∂vhN (0, v, xi) = 0 so the solution is identically zero). Thus (3.13) becomes

!hN
µν = 0 ⇔

(

−2∂u∂v + ∂2
i

)

hN
µν = 0 . (3.23)

The general solution of (3.23) in u > 0 is again obtained using (3.14) with the replacement

F → hN
µν . Observe that the components of the metric perturbation that vanish at u = 0,

will vanish when u > 0. We can boost back to the centre of mass frame simply by using

the replacements {u, v} → {e−αu, eαv}. At linear order, we can use xN
µ = xµ for the

coordinates in the new gauge. Finally, we can change from units of ν
1

D−3 to units of κ
1

D−3

and obtain the linearised, centre of mass frame metric in u > 0

ds2

κ
2

D−3

= −2dudv + hN
uu(u, v, xk)du2 + 2hN

ui(u, v, xk)dudxi +
[

δij + hN
ij (u, v, xk)

]

dxidxj .

(3.24)

4 Extracting the gravitational radiation

To extract the gravitational radiation produced in the collision we shall use the Landau-

Lifshitz pseudo-tensor [28], which was generalised to higher dimensions in [32]. In terms

of our perturbations hN
µν(u, v, xi), taking into account that they are traceless, it reads (we

omit from now on the superscript N for notational simplicity) [32]:

16πGDtµν
LL = hµν

,αhαβ
,β − hµα

,αhνβ
,β +

1

2
ηµν

(

hαβ
,σhσ

α,β −
1

2
hβσ,αhβσ,α

)

−hµβ
,σh σ,ν

β − hνβ
,σh σ,µ

β + hµα,βhν
α,β +

1

2
hβσ,µh ,ν

βσ .
(4.1)

Despite not being unique or gauge-invariant it is well known that the integral

Eradiated =

∫

t0i
LLnidSdt , (4.2)

computed on a ‘distant’ surface with area element dS outward unit normal ni, is a gauge-

invariant well defined energy ([33], section 4.4).
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Following [12], we shall compute the power emitted along the vicinity of the θ = π

direction (in the CM frame), corresponding to the negative z direction. This maps to

the region where perturbation theory should be valid in the boosted frame (cf. figure 1).

So we shall need the flux along the z direction which is given by (t = (v + u)/
√

2 and

z = (v − u)/
√

2):

t0z
LL =

1

2
(tvv

LL − tuu
LL) . (4.3)

The first (second) term corresponds to the flux across a v = constant (u = constant)

surface. Thus, in order to determine the flux in the θ = π direction we need only the

second term. Then, from (4.1) (observe that the first two terms are zero by the De Donder

gauge condition):

t0z
LL

∣

∣

θ=π
= −

1

2
tuu
LL

∣

∣

θ=π
= −

1

64πGD
hij

,vhij,v

∣

∣

θ=π
. (4.4)

The total radiation emitted will be computed, to first order, under the assumption that

dE/d cos θ is isotropic (we shall further discuss this approximation below). Thus we in-

tegrate the power emitted inside the narrow cone around the θ̂ ≡ π − θ = 0 axis. Using

dS = rD−2dΩD−2, taking the limit close to the axis and multiplying by the area of the

sphere of radius r, this energy is

Eradiated =
ΩD−3

32πGD
lim

θ̂→0,r→∞

(

r2ρD−4
∫

hij
,vhij,vdt

)

. (4.5)

As expected, only the ij components (which did not change with our gauge choice) deter-

mine the energy emitted in gravitational radiation. In appendix B we show that, in fact,

there is only one independent quantity that determines the integrand in the last equation,

denoted E = E(u, v, ρ). In terms of E, we can express the radiated energy as

Eradiated =
ΩD−3

32πGD

D − 2

D − 3
lim

θ̂→0,r→∞

(

r2ρD−4
∫

(E,v)
2dt

)

≡ εradiated2µ . (4.6)

We identify, inside the parenthesis, the analogous of Bondi’s news function used in [12].

The coordinates used in the last formula are dimensionful. The fraction of the energy

radiated in gravitational waves εradiated defined in (4.6) is given by,

εradiated =
1

8

D − 2

D − 3
lim

θ̂→0,r→∞

(
∫

(rρ
D−4

2 E,v)
2dt

)

, (4.7)

and, from appendix B

E,v = −
√

8ΩD−4

(2πu)
D−2

2

∫ +∞

0

dρ′

ρ′

∫ 1

−1
dx

d

dx

[

x(1 − x2)
D−3

2

]

δ(D−4
2 )

(

v′1 − v′2
)

, (4.8)

where

v′1 ≡ v −
ρ2 − 2ρρ′x + ρ′2

2u
, v′2 ≡

Φ(ρ′)√
2

. (4.9)

All coordinates in (4.7) and (4.8) are now the dimensionless coordinates used in section 3.
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where the wave amplitude is:
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well-known property that the retarded Green’s function in
odd dimensions has support not only on the past light cone,
but also inside the light cone [10]. In other words, odd
dimensional flat spacetime behaves like a dispersive
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FIG. 1 (color online). Wave Forms for D odd.—The panels contain wave form curves for the radiation signal seen by an observer
close to the axis for various (large) r as a function of time. The horizontal axis coordinate has been rescaled and shifted so that the
times for the first and second optical rays coincide for the different curves.

FIG. 2 (color online). Limiting fractions—The panels contain, for each D, curves of &ðrÞ for some values of # that can be used to
extract the limiting &1st order. Some asymptotic curves that fit the numerical data to a high accuracy are indicated in each panel. The best
estimates (relative error less than 10"3) are indicated by the constant terms in the asymptotic fits of the red solid curves.
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Recently we estimated the energy radiated in the head-on collision of two equal D-dimensional

Aichelburg-Sexl shock waves, for even D, by solving perturbatively, to first order, the Einstein equations

in the future of the collision. Here, we report on the solution for the odd D case. After finding the wave

forms, we extract the estimated radiated energy for D ¼ 5, 7, 9, and 11 and unveil a remarkably simple

pattern, given the complexity of the framework: (for all D) the estimated fraction of radiated energy

matches the analytic expression 1=2" 1=D, within the numerical error (less than 0.1%). Both this fit and

the apparent horizon bound converge to 1=2 as D ! 1.
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INTRODUCTION.—A collision of two pointlike parti-
cles at trans-Planckian center of mass energies is thought to
form a black hole, with an associated emission of gravita-
tional radiation [1,2]. Moreover, as argued by ’t Hooft [3],
this process should be computable by classical general
relativity (GR). Understanding the physics involved is of
conceptual interest, as a probe of the nonlinear, nonpertur-
bative, dynamical regime of GR, and perhaps even of
phenomenological interest, if the current or future gener-
ations of particle colliders, or of cosmic ray detectors, can
probe trans-Planckian energies. This is a conceivable sce-
nario if the fundamental Planck scale is much lower than
the traditional four-dimensional one, as suggested in the
context of D-dimensional gravity (see [4], Sec. 4, for a
recent review).

One important property of this process is the inelasticity
! of the collision: the percentage of the initial center of
mass energy radiated away. An upper bound for ! was
provided in [5] by an apparent horizon argument. This
method uses no information inside the future light cone
of the collision and can be improved by computing the
geometry therein. A method to do so which, albeit pertur-
bative, carries information about a nonperturbative pro-
cess, was devised by D’Eath and Payne [6–8]. This was
recently extended to D dimensions, to first order, by some
of us [9]. Here, we report on the case of odd D. We find an
extra contribution, not taken into account in [9] (and absent
for even D), due to the different structure of the odd-D
Green’s functions. Then, inspection of the result for
4 # D # 11, unveils a remarkable feature: the inelasticity
obtained by the (technically and conceptually involved)
D’Eath and Payne method matches, within the numerical
precision of our method (error smaller than 0.1%), the
simple formula

!1st order ¼
1

2
" 1

D
: (1)

Extrapolating this fit for large D asymptotically matches
the apparent horizon bound.
The inelasticity obtained for 4 # D # 11, together with

the apparent horizon (AH) bound are shown in the follow-
ing table (in percentage of center of mass energy):

D 4 5 6 7 8 9 10 11

AH bound 29.3 33.5 36.1 37.9 39.3 40.4 41.2 41.9
!1st order 25.0 30.0 33.3 35.7 37.5 38.9 40.0 40.9

WAVE FORMS IN ODDDIMENSIONS.—The first order
formalism of D’Eath and Payne was discussed in detail and
generalised to higher D in [9]. Two equal Aichelburg-Sexl
shock waves collide head on in D dimensions. The inelas-
ticity of the process ! can be expressed as (we refer to [9]
for all details)

!1st order ¼
1

8

D" 2

D" 3
lim

"̂!0;r!1

!Z
ðr#ððD"4Þ=2ÞE;vÞ2dt

"
; (2)

where the limit is selecting a radiation extraction point far
away from the collision (r ! 1) and along the collision
axis ("̂ ! 0); the wave form E;v at the spacetime point P
with null coordinates u, v and at a distance # from the
symmetry (collision) axis is

E;vðu;v;#Þ¼"
ffiffiffi
8

p
!D"4

ð2$uÞððD"2Þ=2Þ

Z þ1

0

d#0

#0

'
Z 1

"1
dx

d

dx
½xð1"x2ÞððD"3Þ=2Þ)%ððD"3Þ=2Þð"vÞ;

(3)

where "v is selecting the events that support the radiation
observed at P .
The main difference between the oddD and evenD case

in Eq. (3) is the fractional derivative of the delta function
denoted by its exponent. The fractional derivatives of delta
functions have support not only at the zeros of their argu-
ment but also for positive argument. This is related to the
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this process should be computable by classical general
relativity (GR). Understanding the physics involved is of
conceptual interest, as a probe of the nonlinear, nonpertur-
bative, dynamical regime of GR, and perhaps even of
phenomenological interest, if the current or future gener-
ations of particle colliders, or of cosmic ray detectors, can
probe trans-Planckian energies. This is a conceivable sce-
nario if the fundamental Planck scale is much lower than
the traditional four-dimensional one, as suggested in the
context of D-dimensional gravity (see [4], Sec. 4, for a
recent review).

One important property of this process is the inelasticity
! of the collision: the percentage of the initial center of
mass energy radiated away. An upper bound for ! was
provided in [5] by an apparent horizon argument. This
method uses no information inside the future light cone
of the collision and can be improved by computing the
geometry therein. A method to do so which, albeit pertur-
bative, carries information about a nonperturbative pro-
cess, was devised by D’Eath and Payne [6–8]. This was
recently extended to D dimensions, to first order, by some
of us [9]. Here, we report on the case of odd D. We find an
extra contribution, not taken into account in [9] (and absent
for even D), due to the different structure of the odd-D
Green’s functions. Then, inspection of the result for
4 # D # 11, unveils a remarkable feature: the inelasticity
obtained by the (technically and conceptually involved)
D’Eath and Payne method matches, within the numerical
precision of our method (error smaller than 0.1%), the
simple formula

!1st order ¼
1

2
" 1

D
: (1)

Extrapolating this fit for large D asymptotically matches
the apparent horizon bound.
The inelasticity obtained for 4 # D # 11, together with

the apparent horizon (AH) bound are shown in the follow-
ing table (in percentage of center of mass energy):

D 4 5 6 7 8 9 10 11

AH bound 29.3 33.5 36.1 37.9 39.3 40.4 41.2 41.9
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WAVE FORMS IN ODDDIMENSIONS.—The first order
formalism of D’Eath and Payne was discussed in detail and
generalised to higher D in [9]. Two equal Aichelburg-Sexl
shock waves collide head on in D dimensions. The inelas-
ticity of the process ! can be expressed as (we refer to [9]
for all details)
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where the limit is selecting a radiation extraction point far
away from the collision (r ! 1) and along the collision
axis ("̂ ! 0); the wave form E;v at the spacetime point P
with null coordinates u, v and at a distance # from the
symmetry (collision) axis is
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where "v is selecting the events that support the radiation
observed at P .
The main difference between the oddD and evenD case

in Eq. (3) is the fractional derivative of the delta function
denoted by its exponent. The fractional derivatives of delta
functions have support not only at the zeros of their argu-
ment but also for positive argument. This is related to the
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forms, we extract the estimated radiated energy for D ¼ 5, 7, 9, and 11 and unveil a remarkably simple
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INTRODUCTION.—A collision of two pointlike parti-
cles at trans-Planckian center of mass energies is thought to
form a black hole, with an associated emission of gravita-
tional radiation [1,2]. Moreover, as argued by ’t Hooft [3],
this process should be computable by classical general
relativity (GR). Understanding the physics involved is of
conceptual interest, as a probe of the nonlinear, nonpertur-
bative, dynamical regime of GR, and perhaps even of
phenomenological interest, if the current or future gener-
ations of particle colliders, or of cosmic ray detectors, can
probe trans-Planckian energies. This is a conceivable sce-
nario if the fundamental Planck scale is much lower than
the traditional four-dimensional one, as suggested in the
context of D-dimensional gravity (see [4], Sec. 4, for a
recent review).

One important property of this process is the inelasticity
! of the collision: the percentage of the initial center of
mass energy radiated away. An upper bound for ! was
provided in [5] by an apparent horizon argument. This
method uses no information inside the future light cone
of the collision and can be improved by computing the
geometry therein. A method to do so which, albeit pertur-
bative, carries information about a nonperturbative pro-
cess, was devised by D’Eath and Payne [6–8]. This was
recently extended to D dimensions, to first order, by some
of us [9]. Here, we report on the case of odd D. We find an
extra contribution, not taken into account in [9] (and absent
for even D), due to the different structure of the odd-D
Green’s functions. Then, inspection of the result for
4 # D # 11, unveils a remarkable feature: the inelasticity
obtained by the (technically and conceptually involved)
D’Eath and Payne method matches, within the numerical
precision of our method (error smaller than 0.1%), the
simple formula

!1st order ¼
1

2
" 1

D
: (1)

Extrapolating this fit for large D asymptotically matches
the apparent horizon bound.
The inelasticity obtained for 4 # D # 11, together with

the apparent horizon (AH) bound are shown in the follow-
ing table (in percentage of center of mass energy):

D 4 5 6 7 8 9 10 11

AH bound 29.3 33.5 36.1 37.9 39.3 40.4 41.2 41.9
!1st order 25.0 30.0 33.3 35.7 37.5 38.9 40.0 40.9

WAVE FORMS IN ODDDIMENSIONS.—The first order
formalism of D’Eath and Payne was discussed in detail and
generalised to higher D in [9]. Two equal Aichelburg-Sexl
shock waves collide head on in D dimensions. The inelas-
ticity of the process ! can be expressed as (we refer to [9]
for all details)
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where "v is selecting the events that support the radiation
observed at P .
The main difference between the oddD and evenD case

in Eq. (3) is the fractional derivative of the delta function
denoted by its exponent. The fractional derivatives of delta
functions have support not only at the zeros of their argu-
ment but also for positive argument. This is related to the
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Remarks:

1) Example of how D dimensional gravity can be used as 
a tool to understand four dimensional one!

2) Results have been checked by using a method with a Bondi mass loss 
formula in D dimensions.

3) Method stops being legitimate for charged shocks.

Questions:

1) Is this fit formula exact in first order perturbation theory? 
Can one derive it analytically?

2) Is there an analogous simple formula in second/higher order theory? 

3) Isotropy emission assumption - how good is it?
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geometry therein. A method to do so which, albeit pertur-
bative, carries information about a nonperturbative pro-
cess, was devised by D’Eath and Payne [6–8]. This was
recently extended to D dimensions, to first order, by some
of us [9]. Here, we report on the case of odd D. We find an
extra contribution, not taken into account in [9] (and absent
for even D), due to the different structure of the odd-D
Green’s functions. Then, inspection of the result for
4 # D # 11, unveils a remarkable feature: the inelasticity
obtained by the (technically and conceptually involved)
D’Eath and Payne method matches, within the numerical
precision of our method (error smaller than 0.1%), the
simple formula

!1st order ¼
1

2
" 1

D
: (1)

Extrapolating this fit for large D asymptotically matches
the apparent horizon bound.
The inelasticity obtained for 4 # D # 11, together with

the apparent horizon (AH) bound are shown in the follow-
ing table (in percentage of center of mass energy):

D 4 5 6 7 8 9 10 11

AH bound 29.3 33.5 36.1 37.9 39.3 40.4 41.2 41.9
!1st order 25.0 30.0 33.3 35.7 37.5 38.9 40.0 40.9

WAVE FORMS IN ODDDIMENSIONS.—The first order
formalism of D’Eath and Payne was discussed in detail and
generalised to higher D in [9]. Two equal Aichelburg-Sexl
shock waves collide head on in D dimensions. The inelas-
ticity of the process ! can be expressed as (we refer to [9]
for all details)

!1st order ¼
1

8

D" 2

D" 3
lim

"̂!0;r!1

!Z
ðr#ððD"4Þ=2ÞE;vÞ2dt

"
; (2)

where the limit is selecting a radiation extraction point far
away from the collision (r ! 1) and along the collision
axis ("̂ ! 0); the wave form E;v at the spacetime point P
with null coordinates u, v and at a distance # from the
symmetry (collision) axis is

E;vðu;v;#Þ¼"
ffiffiffi
8

p
!D"4

ð2$uÞððD"2Þ=2Þ

Z þ1

0

d#0

#0

'
Z 1

"1
dx

d

dx
½xð1"x2ÞððD"3Þ=2Þ)%ððD"3Þ=2Þð"vÞ;

(3)

where "v is selecting the events that support the radiation
observed at P .
The main difference between the oddD and evenD case

in Eq. (3) is the fractional derivative of the delta function
denoted by its exponent. The fractional derivatives of delta
functions have support not only at the zeros of their argu-
ment but also for positive argument. This is related to the
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FIG. 6. Same as Fig. 5, except m&=m2.

wh1ch means the radiation efficiency &E/yM&~1
since ym«M by assumption. The y' dependence
predicted anaiytically by the ZFL is seen to agree
well with the numerical results graphed in Fig. 2
of Ref. I1.
Since the ZFL seems to give good agreement in
them, «m, limit, I now consider the m, =m, case.
The low-u limit is essentially as above. In the
high-velocity limit of Eq. (2.19), one finds that not
only is there no sharp forward peaking, but that
1118teRd 'tile angular distribution tends to an 180-
tropic pattern" (see Fig. 6). This is due to the
sum and interferenee of two patterns like Pig. 5,
since now both particles contribute equally. The
v-1 limit of Eg. (2.20) yields the ZFL of the spec-
trum

a factor of 3 greater than for the above ease with
m~ &&m.
Until recently, there has been no ealeulation

available with which to compare this ZPL result.
Adler and Zeks" have calculated the time-rever-
sed version of two equal masses flying apart from
a centxal object initially 3t rest. The technique
they use, the purely classical approach as given
by %einberg, ' is completely equivalent to the ZFI .
They thus agree exactly with Eq. (3.6). To esti-
mate the total energy radiated one has to estimate
v„ the cutoff frequency. Dimensionally (d, goes
as m '. If energy conservation is not to be grossly
violated, the efficiency n.E/2my must be less than

These calculations lead to the following specu-
lative picture of the high-speed collision of two
equal-mass black holes. As they approach each
other at roughly constant velocity (v„-l), they
see each other's gravitational field Lorentz-con-
tracted" from spheres into plane waves with ax-
ial symmetry in the plane. As the plane waves
collide, they tend to focus themselves somewhat,
although not nearly as severely as homogeneous
plane waves, '2 and become outgoing gravitational
waves with roughly lsotx'opic distribution, Since
most of the energy is in the initial kinetic energy
of the holes, this gets converted, with on the or-
der of unity efficiency, into escaping radiation
leaving the small rest-mass energy behind in the
final spherical hole.
Penrose'3 has shown, by finding trapped sur-
faces in the initial data for a speed-of-light col-
lision, that if "cosmic censorship"" holds (no
naked singularities form) then the efficiency must
be strictly less than 5(p{). The ZFL estimate,
Eg. (3.7), shows there is a chance that this hypo-
thesis ls violated (if K + 1.3), kNIt slllce tile ZFL
ean ot determine &, exactly it cannot decide the
issue. Fortunately, since the above discussion
was submitted, D'EBth, 2' using an elegant and in-
genious perturbation method, has been able to
calculate the detailed structure of high-speed col-
lisions. " He finds that cosmic censorship is not
violated since K-2.6, i.e., the efficiency is-25/&&.
Furthermoxe, his calculations confirm the ZFL
predlctlon [Eg. (3.6) Rlld Fig. 6] tllRt, 'the angular
distribution becomes isotropie as v„-1. This re-
sult is important because it demonstrates that the
ZFL method can accurately discriminate between
situations where beaming occurs (bremsstrahlung)
and where it does not (collisions). Also, the above
case shows the ZFL can predict certain aspects
of the radiation before complicated calculations
ax'e Inade.
Note that the hyperbolic collision (e„=1)is qual-
itatively different from a parabolic one (u =0). In
the former situation, the gravitational radiation
is produced by the field far from the black holes,
and the efficiency is determined by the asymptotic
trajectories. The black holes play little role in
either the generation or propagation of the main
part of the radiation. Just the opposite seems to
be the case for a parabolic or bound collision.
Here the ZFL fails precisely because the details
of the inter3etion region determine the radiation.

Zero Frequency Limit (ZFL) Smarr ’77
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Trans-Planckian scattering ‘t Hooft ’87; two massless (scalar) particles; in this frame particle B has much 
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Trans-Planckian scattering ‘t Hooft ’87; two massless (scalar) particles; in this frame particle B has much 
less energy than particle A. Particle A energy is so tremendous that its gravitational field cannot be 
ignored: it is described by a shock wave AS ’71: 

Solve the Klein-Gordon 
equation in this background:

u = t− z
v = t+ z

−2 ln (ρ)

Tuu =
κ

4G
δ(u)δ(ρ)

−∆E2 [κΦ(ρ)] = 4πκ δ(ρ)
ds2 = −dudv + κΦ(ρ)δ(u)du2 + ds2E2

u < 0 ; M1,3

φin = eipvv

u > 0 ; M1,3
u = 0

φout = eipv [v−κΦ(ρ)]
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The phase shift has a classical
interpretation: geodesics experience a    
dependent shift of the    coordinate.
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