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Abstract

We discuss aspects of N/ = 4 Chern-Simons theories and their gravity duals. Our
study is summarized as that of the relation between wrapped M-branes and their
dual objects.

We propose the correspondence between wrapped M2-branes and monopole
operators in the twisted sector. To confirm this proposal, we compute a super-
conformal index for the Chern-Simons theories including monopole contribution.
We compare it to the corresponding multi-particle index for M-theory on the dual
geometry in the large N limit. The dual geometry has non-trivial two-cycles in
the internal space. M2-branes wrapped on them contribute to the multi-particle
index. We derive the contribution of wrapped M2-branes by constructing the
action of a seven-dimensional N/ = 2 vector multiplet on the singular locus and
performing Kaluza-Klein analysis. We establish one-to-one map between the data
of both theories such as magnetic charges of twisted monopole operators and the
wrapping number of wrapped M2-branes. By using the mapping, we confirm
the agreement of the indices for many sectors by using analytic and numerical
methods.

We establish the relation between an equivalent class of ranks and the three-
cycle homology of the dual geometry. We obtain the equivalent class of ranks by
classifying fractional D3-brane charges defined with taking account of D3-brane
creation due to Hanany-Witten effect. The third homology describes the charges
of fractional M2-branes, or M5-branes wrapped on three-cycles.

We also discuss the duality between baryonic operators and Mb5-branes wrapped
on five-cycles. Their degeneracy, the conformal dimension, decomposability to
mesons are reproduced in the gravity side. If the gauge group is the product
of unitary gauge groups, the baryonic operators cannot be gauge invariant. We
discuss that the gauge invariance cannot be imposed on all the counterparts cor-

responding to wrapped M-branes in AdS;/CFTj correspondence.
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Chapter 1

Introduction

M means Membrane, Miracle, Mystery, Mother, Matrix, - - -

1.1 M-theory

Why does the author study M-theory? His brief answer is that M-theory has

possibilities beyond superstring theory.

Superstring theory also has big possibilities: it might unify gauge interaction
and gravity in quantum level, reveal the thermodynamic property of black holes,
elucidate the dynamics of the origin of our universe. Superstring theory is well-
defined in ten-dimensional space-time and the rich dimension opens a possibility
to explain the structure of gauge interaction assumed in the standard model.
However, since well-known superstring theory is only defined perturbatively, non-
perturbative aspects of superstring theory remain as mysteries. One of such
mysteries is that superstring theory can be defined in at least five ways: type
I, type ITA, type IIB, SO(32) Heterotic, Eg x Fg Heterotic superstring theories.
To elucidate the relation to each other, it is necessary to study non-perturbative

effects in superstring theory.

M-theory has a possibility to solve such problems included in superstring
theory. M-theory is an eleven-dimensional theory including gravity to appear
when superstring theory goes to the strongly coupled region [1]. A new direction
appearing in this limit is often called “M-direction” or “M-circle.” Due to the
discovery of M-theory, the five superstring theories mentioned above have been
expected to be unified in the strongly coupled regime through duality. There
is more than that in M-theory. It unifies not only the five superstring theories,
but also extended objects appearing in superstring theory. In superstring theory,
there also exist NS-fivebranes and D-branes, which couple to NS-NS fields and
R-R fields [2], respectively. They are integrated into “M-branes” [3]: fundamental

5



6 CHAPTER 1. INTRODUCTION

strings and D-twobranes are integrated into membranes, which is extended to two-
dimensional space, and D-fourbranes and NS-fivebranes are into M-fivebranes,
which are objects extending to five-dimensional space. D-zerobranes are dissolved

into the M-circle as the Kaluza-Klein tower.

This fact implies that membranes should play a fundamental role in M-theory,
as in the case of strings in superstring theory. Unfortunately, however, the world-
volume theory of a membrane, which is also formulated to satisfy the general
coordinate transformation invariance on it, is not understood well as a quantum
theory compared to the world-sheet theory of a string [4]. For example, it has been
successful to quantize a string if the background has an enough big symmetry.
In addition, the guiding principle of the quantum field theory on a string world-
sheet is established. That is, all gauge symmteries existing in the classical action
should be respected in the quantum theory. In fact, this principle is so strong
that we can determine the target space-time dimension as ten. As for membranes,

however, both have not been established yet.

So can we proceed to the study of membranes and reveal mysteries of quantum
aspects of membranes? The answer is yes. The recent progress elucidates a
certain aspect of a multi-body system of membranes and the interaction in the

system.

1.2 Interaction between membranes

How is the interaction between membranes in M-theory described? It is instruc-
tive to see that the question is not so simple compared to the case of D-branes in
string theory. Let us consider the situation in which there are multiple D-branes
in the space-time. In this situation, the interaction occurs between D-branes in
general. This interaction is carried by open strings. Since open strings become
gauge field in their massless mode, the interaction is described by a certain gauge
theory. Open strings can attach any D-branes at their endpoints. This degree
of freedom of the end points (Chan-Paton degree of freedom) can be described
by a N x N matrix when there exist N D-branes. It accounts for non-abelian
gauge symmetry on the brane system. In the low energy scale, the interaction is

effectively described by supersymmetric Yang-Mills theories.

Probably this picture is also the case in M-theory, but it is more complicated.
For example, it is natural to consider that the interaction between M-branes

should be carried by membranes ending on them. The gauge degrees of freedom
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should be realized by the boundaries of membranes. This implies, however, that
it might not be appropriate to describe the gauge degrees of freedom by a matrix
and the gauge symmetry realized between membranes might not be usual Lie-
algebra any more. If this is the case, is it possible to construct such a theory

describing the interaction between membranes?

Recent progress in three-dimensional interacting conformal field theories (CFT)
enables us to answer the question in the low energy limit. The answer is that the
low energy effective actions describing gauge interaction between membranes are

given by superconformal Chern-Simons-matter theories.

1.3 Membrane field theories

One of non-trivial guiding principles to construct an effective field theory of mem-
branes is to possess the maximal supersymmetry or SO(8) R-symmetry [5]. This
is expected from AdS/CFT correspondence via membranes [6]. This obstacle is
first overcome by Bagger, Lambert and Gustavsson [7, 8, 9, 10]. To describe the
gauge interaction between membranes, they use a curious mathematical struc-
ture, so-called 3-bracket, which is a natural generalization of usual Lie-bracket.
The gauge invariance in their model (BLG model) requires 3-bracket to satisfy
the constraints including the generalized Jacobi identity. These rules are too

restrictive to describe finitely many membranes more than two [11, 12].

Their breakthrough opens new arena for study of M-theory. Many important
facts revealed in the past are reconfirmed: D-two and M-two relation [13, 14, 15],
M-two and M-five bound system [16, 17|, relation between infinite M-two and an
M-five [18, 19, 20] by Myers-effect [21].

The study of superconformal Chern-Simons-matter systems is also highly
stimulated. A new class of N' = 4 Chern-Simons theories coupling to hyper-
multiplets, which is characterized by a quiver diagram, is constructed in [22].
This work is generalized in [23] preserving N = 4 supersymmtries by introducing
another type of hyper-multiplets, called twisted hyper-multiplets. Their model
(HLLLP model) is given by a circular quiver diagram. These theories can be

deformed by adding a mass term [24, 25, 26].

Following their work, Aharony, Bergman, Jafferis and Maldacena first con-
struct N/ = 6 Chern-Simons theories [27], which can be understood both as a
generalization of the BLG model by relaxing anti-symmetricity on 3-bracket [28]
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and as a special case in [23] with one hyper and one twisted hyper-multiplet [29].
The crucial point in their model (ABJM model) is that it can describe finitely
many membranes. Their insight enables us to take the large N limit and study

the proposal of membrane field theory by AdS/CFT duality via membranes.

1.4 AdS/CFT duality via membranes

After the discovery of the ABJM model, their model has been generalized to var-
ious quiver superconformal Chern-Simons-matter theories by using techniques
such as orbifolding method [30], brane construction, brane-tiliing [31]. Such
techniques have been developed in constructing four-dimensional quiver gauge

theories.

Such models are constructed to have their moduli space as eight-dimensional
manifolds with a conical singularity. They are expected to be realized on a stack
of membranes at the conical singularity. This geometric interpretation can be
confirmed by using the AdS,;/CFTj correspondence. The dual geometry of a
Chern-Simons-matter theory whose moduli space is an eight-dimensional cone
C?® is given by AdS, x X7, where X7 is the fiber of the cone. We give a list with
respect to the study after the ABJM model in Table 1.1.

Table 1.1: A list of AdS,/CFTj correspondence after the discovery of the ABJM
model. C® means an eight-dimensional cone and X7 is the fiber of the cone.

N C® X7 CSM theory
6 32]
5 | C* orbifold S7 orbifold 29]

1 33, 34, 35, 30]
3 | Hyper-Kéahler | Tri-Sasakian [37]
2 | Calabi-Yau | Sasaki-Einstein | [38, 39, 40, 41, 42]
1 Spin(7) Weak G [43, 44]

1.5 Why N =47

In Table 1.1, the study of the author has been focused on N = 4 Chern-Simons

theories given by [35] in the period of his doctor’s course. One might ask,

1. Why did the author start to study the very specific model? Was there any
physical motivation of the study?
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2. Why has he continued the study of it? Is there any physical importance in

N = 4 Chern-Simons theories compared to other model?

To answer the first question, it is expected to understand the fact that there
was an obstacle to construct three-dimensional N' = 4 Chern-Simons theories.
Of course, it is not difficult to construct just three-dimensional N' = 4 gauge
theories with manifest SO(4) R-symmetry by performing dimensional-reduction
of four-dimensional N' = 2 gauge theories. However, if we add Chern-Simons
interaction in this system as the supersymmetric completion, then the SO(4) R-
symmetry breaks to the diagonal SO(3). This fact suggests that supersymmetry
reduces to AN/ = 3 and it does [45]. In other words, Chern-Simons theories with

eight supercharges cannot coexist with Yang-Mills kinetic terms.

The situation drastically changes in the infra-red region. Since in three dimen-
sion the Yang-Mills coupling constants have the positive dimension 1/2 under the
canonical normalization, the theory goes to so strongly coupled region that the
supersymmetric Yang-Mills kinetic terms disappear from the action. As a result,
adjoint fields except for gauge fields in the vector multiplets become auxiliary
fields. After integrating them out, Chern-Simons terms and matter multiplets
remain. The remaining theories are nothing but superconformal Chern-Simons-
matter theories developed recently. The infra-red theory obtained in this way
often has new global symmetry, which cannot be seen from the ultra-violet the-
ory [22]. Global symmetry in the IR theory is often enhanced compared to that in
the UV theory. Indeed, eight supercharges of the N' = 4 Chern-Simons theories
are realized in this way.! It is quite natural to expect that there are attractive

issues in gauge theories attained by overcoming such difficulties.

The answer of the second question is the main issue in the thesis. He is sure
that there are new issues which cannot be investigated in higher supersymmetric
Chern-Simons-matter theories. One of new issues is the correspondence between
the monopole operators in the twisted sector and M2-branes wrapped on non-
trivial two-cycles in the internal manifold. He believes that this proposal has
been exactly confirmed in the BPS sector and a key to success of the exact result

might be eight supercharges. These issues are included in the dissertation.

! As guessed from these facts, eight supercharges of Chern-Simons theories require matter
fields. That is why we often abbreviate the word “matter” and assume the word implicitly in
N = 4 Chern-Simons theories.
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1.6 Organization of the thesis

The rest of the thesis is organized as follows. Our papers [46, 47, 48] are devoted
to the dissertation. For convenience, we give a list of key words or key phrases

explained in each section in each chapter.

In Chapter 2, we review aspects of N' = 4 Chern-Simons theories. After
a brief review on a quiver gauge theory, we explain the fact mentioned in §1.5
(82.1). In other words, by adding Chern-Simons interaction an super Yang-Mills
theory with SO(4)y ) R-symmetry, the SO(4)yy R-symmetry is broken to the
diagonal SO(3). We present an A/ = 4 Chern-Simons theory as a circular quiver
gauge theory (§2.2). The broken SO(4)yy R-symmetry is recovered into new
SO(4)r R-symmetry in the model. We recapture these model by type IIB brane
configurations (§2.3). Such a brane setup is helpful to understand the theory and
physics intuitively. However, it is focused only in the UV region and thus not
suitable to see global symmetries only realized in the IR region.

Generalized by increasing the number of nodes compared to the ABJM model,
N = 4 Chern-Simons model have more monopole operators (§2.4). One is so-
called the diagonal monopole operator (§2.4.1). It also plays an important role in
other quiver Chern-Simons theories, for example in the BLG model [11, 12], in the
ABJM model [49, 50, 39, 51, 52], in more general quiver Chern-Simons theories
(53, 54, 31, 37, 41, 55, 56]. We see its importance through the analysis of the
moduli space and its geometric interpretation of M-circle. Moduli spaces of N = 2
supersymmetric quiver Chern-Simons theories are studied in [40, 55, 56, 41]. In
general, an N/ = 4 Chern-Simons theory has other monopole operators. We
call them non-diagonal or twisted monopole operators (§2.4.2). They are new
ingredients compared to higher supersymmetric model. We discuss that they
belong to the twisted sector and also have their geometric counterparts in the
dual M-theory.

§2.1 Quiver diagrams, Quiver gauge theories, N3p = 4 super Yang-Mills theories,
SO(4)yn R-symmetry, SO(4)y ), breaking.

§2.2 Lagrangian of N'= 4 Chern-Simons theories, Global symmetries, Parame-

ters characterizing a model.
§2.3 Type IIB brane setup by D3-, NS5-, (1, k)5-branes.

§2.4 Definition of magnetic charges, Diagonal and non-diagonal monopole op-

erators, Relative magnetic charges, Dual photon, Moduli space and its ge-
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ometric interpretation, Linking number, M-theory brane setup, Twisted

sector.

In Chapter 3, we study gravity duals of A = 4 Chern-Simons theories. First,
we briefly review AdS;/CFT, duality via D3-branes (§3.2). Next, we give the
eleven-dimensional supergravity and explain how to treat membranes in the grav-
ity theory (§3.2). Then, we derive dual geometries of N/ = 4 Chern-Simons
theories (§3.3). Finally, we discuss the homology of the dual geometry (§3.4).

§3.1 AdS;/CFT, correspondence, Maldacena limit, 't Hooft limit, Holography,
Bulk-boundary correspondence, Strong/Weak duality, Exact agreement be-

tween the BPS sectors.

§3.2 Lagrangian of D = 11 supergravity, 1/2 BPS black membrane solution,

Near brane geometry, Enhanced to maximal supersymmetry.

§3.3 Dual geometry of N' = 4 Chern-Simons theories, Global symmetries, Orb-

ifold singularities, Localized vector-multiplets.

§3.3 Homology, A-type singularities, Exact sequence.

In Chapter 4, we confirm the correspondence between the non-diagonal monopole
operators and the M2-branes wrapped on two-cycles in the dual geometry. For
this purpose, we confirm the exact agreement of both indices including monopole
or wrapped M2-branes contribution.

In §4.2, we compute a gauge theory index for N’ = 4 Chern-Simons theories
with taking account of monopole contribution. To compute a gauge theory index,
we use several technical tools such as localization (§4.2.2) and radial quantization
method (§4.2.3). Combining the techniques, we compute an index I8¢ in quiver
N = 4 Chern-Simons theories. We calculate the gauge theory index by taking
the large N limit and keeping the Chern-Simons level k fixed (§4.2.4). After the
large N calculation, we factorize the index three parts with respect to magnetic
charges (§4.2.5). This factorization property suggests that only BPS monopole
operators contribute to indices. We derive selection rules in the gauge theory side
(84.2.6). They are useful in relating both data in the field theory side and in the
geometry sides.

In §4.3, we compute an AdS,; multi-particle index for a dual geometry. We
derive the contribution of the bulk sector by projecting the graviton index for the

universal cover, AdS, x S7 (§4.3.1). To determine the contribution of the twisted
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sector, we construct the action of a seven-dimensional N = 2 vector multiplet
in AdS; x S* (84.3.2) and carry out the Kaluza-Klein analysis (§4.3.3). From
the spectrum, we derive the contribution of the twisted sectors by the orbifold
projection (§4.3.4). Performing the projection, we take account of the fact that
the gauge charges couple to the Wilson lines turned on the singular loci. Due to
this coupling, the Kaluza-Klein momenta are shifted along the cycles through the
Aharanov-Bohm effect. In M-theoretical points of view, this means that wrapped
M2-branes couple to the three-form torsion. We combine them to obtain the
multi-particle index.

In §4.4, we establish the relation between the independent magnetic charges
and the same number of charges on the gravity side: the M-momentum and
wrapping numbers (§4.4.1). We reproduce the relation between the discrete tor-
sions and the linking numbers [57] by requiring the agreement of indices for both
sides (§4.4.2). The AdS, multi-particle index is also factorized into three parts
(84.4.3). We analytically prove the agreement of the neutral part of the both
indices (§4.4.4). The agreement of the negative part follows from that of the
positive part. To compute the positive part of the gauge theory index, we use

numerical methods for several non-trivial examples (§4.4.5).

§4.1 Agreement of independent numbers, Agreement of spectra, Agreement of

indices.

§4.2 Large k and fixed k, Localization, Q-exact deformation, Decomposition into
each parts of a quiver diagram, Radial quantization, Large N computation,

Factorization, Selection rule.

§4.3 Action of a localized vector-multiplet, Kaluza-Klein analysis and KK-spectra,
Contributions from singularities, Wrapping number and magnetic charges,
Wilson lines and linking numbers, Factorization of multi-paricle index,

Comparison of both data.

In Chapter 5, we perform a classification of the class of N' = 4 Chern-Simons
theories. The principle is whether or not they flow to the same infra-red fixed
point [46]. Such a study in the ABJM model is carried in [58]. In four-dimensional
case, the relation between two gauge theories which flow to the same IR CFT is
called Seiberg duality [59]. The two theories have different ranks of gauge groups.
In this sense, we classify the AV = 4 Chern-Simons theories by Seiberg-duality in

three dimension.
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For the purpose, we use the type IIB brane system given in §2.3. We assume
that two theories related by a continuous deformation of a fivebrane are dual
to each other and flow to the same infra-red fixed point. The close relation
between interchange of branes and Seiberg duality is first pointed out in [60].
Indeed, under the deformation the parameter except for the ranks are invariant
by taking into account the Hanany-Witten effect. The Hanany-Witten effect
is the phenomenon that when a fivebranes pass through another D3-branes are
produced or annihilated for the theory to be consistent or anomaly-free [61, 62].
Such a brane exchange procedure is applied to three-dimensional Chern-Simons
theories in [63, 64, 65].

Through this classification, we obtain an equivalent class of the sets of the
ranks or the fractional D3-brane charges (§5.1). This equivalent class can be seen
in the dual geometry as discrete torsion described by the third homology (§5.2).
Actually, through the IIB/M duality, fractional D3-branes correspond to M5-
branes wrapped on three-cycles. Such wrapped Mb-branes are called fractional
M2-branes. They couple to 3-form potential in eleven-dimensional supergravity.
We discuss the relation between the period integral of the three-form field on
three-cycles and the fractional D3-brane charges (§5.3). We also establish the
relation between the fractional brane charge and the torsion of the three-form

field up to the ordering dependent constants.

§5.1 Ranks of gauge groups, Fractional D3-brane charges, Hanany Witten effect.
§5.2 Three-cycles, Unwrapped by removing segments.

§5.3 Period of 3-form potential, Fractional M2-branes and fractional D3-branes.

In Chapter 6, we discuss the relation between Mb5-branes wrapped on five
cycles and baryonic operators. We define baryonic operators which carry baryonic
charges G (§6.1). We identify them with Mb5-branes wrapped on five-cycles
(86.2). We will see that homology relation is consistent with the decomposability
of products of baryonic operators into mesonic ones on the field theory side. We
also find that the conformal dimension of baryonic operators are consistent with
the mass of the wrapped Mb5-branes. This analysis itself is essentially the same
as the four-dimensional case [66], in which the baryonic operators [67] in the
Klebanov-Witten theory [68] was investigated.

We discuss this correspondence from the viewpoint of IIB/M duality through
the quark-baryon transition (§6.3). We show that in the type IIB setup N open
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strings representing constituent bi-fundamental quarks can be continuously de-
formed into a D3-brane disk, which is dual to a wrapped Mb-brane.

Note that it needs careful treatment in the case of p = ¢ =1, i.e. the ABJM
model, in which case there are only torsion 5-cycles in the internal space. In
this case, the only baryonic symmetry G ~ U(1) is spontaneously broken by
getting a vev of the dual photon field. The baryonic operators can be defined in
the gauge-invariant way by multiplying appropriate functions of the dual photon
field [69].

86.1 G charge, Decomposability to mesons, Degeneracy, Conformal dimension.

§6.2 Homology relation, Collective motion of the wrapped Mb5-branes, Mass of
wrapped Mb-branes.

§6.3 Quark-baryon transition, Wrapped Mb-branes and wrapped D3-branes.

In Chapter 7, we discuss the relation between monopole operators and bary-
onic operators. They cannot be gauge invariant simultaneously. Actually, differ-
ent from four-dimensional case, the baryonic symmetry in three-dimension does
not decouple in the infra-red region. As a result, it often remains gauge symme-
try and we have a choice to specify the gauge groups as unitary type or special
unitary type. This is the reason why baryonic operators in N’ = 4 model are not
always gauge invariant operators. We discuss that the choice of gauge groups

corresponds to that of boundary conditions of AdS,.
In Chapter 8, we make a brief summary and discussion of each chapter.

In Appendix, we collect up convention (§A), N' = 2 superspace formula-
tion (§B), OSp(N|4) superconformal algebra (§C), 1/2 BPS representations of
OSp(8l4) and OSp(4]4) (§D). They can be read independently from the main

text.



Chapter 2

N =4 Chern-Simons theory

A quiver is a case for carrying arrows. From a dictionary.

2.1 Quiver gauge theory

In this section, we briefly review basics of a supersymmetric quiver gauge theory.

Our convention of N3p = 2 superspace is given in Appendix B.!

A quiver gauge theory is characterized by a quiver diagram. A quiver di-
agram is constituted by nodes and arrows between them. In general, a node
represents both a gauge group and a gauge-multiplet, and an arrow represents a
bi-fundamental matter-multiplet. We use indices a for vertices and I for edges.

We give an example of a quiver diagram in Figure 2.2.

® -

Figure 2.1: A generic quiver diagram.

Let us construct an N3p = 4 quiver Yang-Mills theory. Such a Lagrangian
can be obtained by giving each contribution by parts in a quiver diagram and
summing up all contributions.

First, we consider nodes in the quiver diagram. For each node, we at-

tach an N3p = 4 vector-multiplet and its Yang-Mills coupling constant. An

!The notation NM3p means the number of supersymmetries in three dimension. For example,
N3p =2 means N = 2 in D = 3 or four real supercharges. In this convention, N3p = 2Nyp =

4-/\[6D-

15



16 CHAPTER 2. N =4 CHERN-SIMONS THEORY

N3p = 4 vector-multiplet V is constituted by an N3p = 2 vector-multiplet
v = (;L“ 0, A, D) and a chiral multiplet ® = (¢, x, F};). Let us denote the vector-
multiplet and the coupling constant for the a-th node by V, and g,, respectively.

The Lagrangian for the a-th node is given by g%ﬁ%faM , where

—D?’:iﬁU#M&%%e%+/fwfﬁﬂ

1 1 : 1 : ;
= {_ZF‘”‘”F“#V T 5/\“AB 1D, Aapal — _DuUaABD“UaBA

4
FEEALEE = I NECoun] 4 Sai®, 0uePlous s 0apC] | (2.1)
2aBaA2aABa aC 4(1,4’(10 aBp »Yap .

Here we set A = iA and

= (4). wo=(%) 22)

o= (as 0. <AAB>:(A Tj‘) 23

1
7§X

V2 v

Next, we consider arrows. For each edge, we attach a bi-fundamental hyper-

<FAB>:<iDAB>:<T%f _f}),>, (D'=D+[6,6)). (2.4)

multiplet H;. A hyper-multiplet is constituted by two chiral multiplets ) =
(q,%, Fy), Q= (q, 1;, F3). Let us denote the head of I-th of edge as h(I) and its
tail as t(I). Then the Lagrangian Efll is given by

_Eg[ = Tr [/d48 (Q;evh(I)Q]e_”t(I) + éjevh(l)éje_yt(f)) + /d2«9 (@[@h([)Q] — qu)t(l)él)}

1 1. : .
= Tr |:_DMQI]L4DHQIA + §¢1TA@@/)IA + 5(%“011(1),43%3 + @DIBUt(I)ABTﬁITA)
1

+(¢1TB)\h(1)EAQIA + qr My g) + 4 (D5 — 5AB§Uh(1)DCUh(1)cD)QJB

1

_<QIA>\t(I)TBA¢ITB +vrphn*Pary) + @ (= Dun s — 6Bz 0wn pCoune”)ar'y

2

+QILUt(I)C'BQIAUh(I)BC:| .

In this attachment, an orientation for each arrow is only a convention of () and

Q in the NV = 2 notation and it is not important.

The total Lagrangian is obtained by summing all contributions.
1
E:?QW+§:QQ (2.6)
a “Ja I

It can be easily seen that undotted indices (dotted indices) are contracted with

undotted (dotted) ones in the action. Therefore, this action has an SU(2) x

T

(2.5)
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Table 2.1: SO(4)yy R-symmetry and field contents.

susy paraim vector-multiplet hyper-multiplet
(") [ Awp (0ai%) (NP9) (Da’B) | iy
SU(2) 2 1 1 2 3 2 1
SU(2). 2 1 3 2 1 1 2

SU(2)s R-symmetry and thus N/ = 4 supersymmetry. Let us denote this R-

symmetry as SO(4)y);. Charge assignment is summarized in Table 2.1.

Next, let us consider to add the Chern-Simons term in this Lagrangian (2.6)
in a supersymmetric form. To do this, we attach a supersymmetric Chern-Simons

Lagrangian given by (B.74) for each edge:

1
-Ly7 = [ / dt /d4 —va) Do (e D) + /d26§<1>2}

= —Tr [5“”" (éAaM&,Aap - gAa“Aal,Aap)

1 : 1 5 e
5(/\ AB/\GLB + UaABDaBA) — EJGABO'GBCOQCA} s (27)

where k, is the Chern-Simons coupling constant associated of the a-th node.
Then, the contribution of the a-th node is totally

1 kq
SLYM + 2 L350 (2.8)
a 27T a

a

And the total Lagrangian is given by

Z(g—lz/; + ECS) Z.c (2.9)

This time, due to existence of the Chern-Simons terms, some undotted indices
(dotted indices) are contracted with dotted (undotted) ones in the Lagrangian.
This is the reason why SO(4)yy, is broken to the diagonal SO(3) and N = 4
supersymmetry is broken to N' = 3.

This situation changes if we consider the infra-red region of the quiver gauge
theory. As mentioned in §1.5, the Yang-Mills coupling constants g, are relevant
in the IR limit. Hence, as the energy scale goes to the infra-red region, they go

to blow up and the Yamg-Mills terms vanish from the action:

Z LCS + Z L (2.10)
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In the Lagrangian (2.10) adjoint fields included except for gauge fields in the
N3zp = 4 vector-multiplets are all auxiliary fields. By integrating them out with
the auxiliary fields in the hyper-multiplets, we obtain the on-shell Lagrangian
realized in the IR limit constituted by the hyper-multipelts H; and the gauge
fields A,.

2.2 IR symmetry

Let us give an N = 4 Chern-Simons theory with unitary-type gauge group.
As mentioned at the beginning of this section, such a Chern-Simons theory is
described by a circular quiver diagram. For brevity, we fix one oriention in the
circular quiver diagram: the left is bigger than the right modulo the number of

the nodes. This enables us to write the head and tail of the /-th arrow as
hI)=L(I), t(I)=R(I), (2.11)

where L(I) and R(I) represent the vertices at the left and the right ends of an
edge I, respectively. Similarly, we define L(a) and R(a) for the edges on the left
and the right side of a vertex a.

N = 4 supersymmetries require the Chern-Simons coupling constant associ-

ated with the a-th node to be given by
ko, = k(SL(a) — SR(a)); ke Z, sr=0,1, (2.12)

where s; are integers assigned to edges in the quiver diagram, and they take only
two values 0 and 1. Here we define the Chern-Simons level k. Corresponding
to these two values, we classify the hyper-multiplets into two groups, untwisted
and twisted hyper-multiplets. If s; = 0 (s; = 1) the hyper-multiplet is called
untwisted (twisted) hyper-multiplet. Then, a function s; tells us the order of
two kinds of hyper-multiplets and we call a map s; an ordering. When we want
to distinguish these two kinds of hyper-multiplets, we use index i for untwisted
hyper-multiplets, and i’ for twisted ones. Let p and ¢ be the numbers of untwisted
and twisted hyper-multiplets, respectively. Because the quiver diagram is circu-
lar, the total number of hyper-multiplets and the number of vector-multiplets are
the same:

r=p+q. (2.13)

We give an example of a circular quiver diagram in Figure 2.2. Note that the
ABJM model is realized by setting p = ¢ = 1 and the HLLLP model is also

included as a special case with p = g and s; = 0,1 for I € even, odd, respectively.
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Vi

Figure 2.2: A circular quiver diagram of an N' = 4 supersymmetric Chern-Simons
theory with (p,q) = (3,1). The solid lines describe untwisted hyper-multiplets
and the broken line means a twisted hyper-multiplet.

The off-shell Lagrangian is given by (2.10) with suitable substitutions.

L3P s = Z S LV Y L, (2.14)
I=1

The Chern-Simons Lagrangian is given by

1
—-Ly7 = Tr{ / dt /d4 —va) Do (e D) + /d%;bﬁ}

- —Tr[g‘“’p(QAwa Agp — 3A AuA, )

1
(NS + 0,42 D" 4) = G0an aaBCaacA}, (2.15)

l\:)ll—

and the Lagrangian of the huper-multiplet H; is

—;ng = Tr |:/d49 (Q}evL(I)QlevR(I) + @/IevL(I)@}eUR(I)) + /d20 (@[(DL([)Q[ — QI(I)R(I)@I)]

1
= Tf{ D,qry D' q* + ¢1T DYra+ =(bronma®is + Yigorm At

2
1
+(tr ts )\L(I BAQI + QI AL(D) BwIB) + QIqu(DL(I)AB - 5AB—UL(1)DCUL(1)CD)C]IB
2
1
—(QIA/\R(I)EAI/)ITB + %B/\R(I)ABC]IL) + qIB(—DR(I)AB - 5AB§0'R(I)DCUR(I)CD)QIT4
+QI1L40'R(I)CBQIA0'L(I)BC ; (2.16)

where we omit the dots.

One of important facts in a circular quiver gauge theory is that the diagonal
U(1) subgroup does not couple to any bi-fundamental matter fields. Let us denote
the group as U(1)y. This fact enables us to take the dual of the gauge field and
obtain its dual scalar field, which is called the dual photon. This scalar field
plays an important role in the membrane field theories. It is discussed in detail
in §2.4.1.
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To specify gauge group of an N’ = 4 Chern-Simons theory, it is sufficient to
specify that of each node. In general, we can consider unitary or special unitary
gauge group for each node.? One of the ways is to assign the unitary gauge group

U(N,), for the a-th node. In this case, the gauge group is given by

G = (ﬁ U(Na)a> /U(l)d = GSU X GB, (217)

where Ggy and G are defined by
G = [[sU Ga = (T[U.) /00 (2.13)
a=1 a=1

The abelian part Gz ~ U(1)""! is called baryonic symmetry. This realization of
gauge group is used to discuss monopole operators in §2.4 and §4.

Another way to specify gauge group is to assign the special unitary gauge
group SU(N,), for the a-th node. We also consider the U(1), gauge field to keep
the dual photon. In this case, the gauge group is

Gy = ﬁSU(Na)a. (2.19)

a=1

This realization of gauge group is used to discuss baryonic operators in §6. Note
that in this gauge group almost all Chern-Simons terms (2.7) vanish and gauge
fields become auxiliary fields. This suggests that A/ = 4 supersymmetries might

not be kept any more.
This model has the three dimensional conformal symmetry
SO(2,3) ~ Sp(4,R). (2.20)

To confirm this classically, it is sufficient to check that there does not exist any
dimensionful parameter. Furthermore, we expect that this symmetry is preserved
in the quantum level. The reason why we expect this is because the family of
the N = 4 Chern-Simons theories is totally discretized. This fact expects us that
N = 4 Chern-Simons theories do not have any exactly marginal operator and

have completely flown to the conformal fixed point [70].
The R-symmetry of this model is

2We can also consider gauge group as an orthogonal group and a unitary symplectic group
for a pair of nodes adjacent to each other [29, 58].
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We also use the notation SU(2)y, SU(2)r instead of SU(2)g, SU(2)%, respec-
tively. This is because two complex scalar fields which are included in untwisted
and twisted hyper-multiplets belong to a doublet of SU(2)y, SU(2)r, respectively.
Fermions are transformed in the opposite way from the scalar fields in the same
multiplet. See Table 2.2.

Table 2.2: SO(4)r R-symmetry and its charge assignment.

untwisted hyper-multiplet twisted hyper-multiplet
" = (6,4)  tiv = Wi V) | @™ = (@0, @) Ywa = (Wi, 0))
SU(2)x 2 1 1 2
SU(2), 1 2 2 1
U(1)p 1 1 0 0
U(l)p 0 0 1 1

As often mentioned, this R-symmetry is peculiar in the IR region and thus
becomes manifest after integrating out the adjoint fields except for gauge fields

in the N3p = 4 vector-multiplets. This fact has been confirmed in [71].

SO(4) g R-symmtry tells us that these models have the N = 4 supersymmtries.
In fact, due to the action (2.10) written in the N/ = 2 superfield formalism, a
supersymmetry is attained manifestly in these models. Since the supercharge
is charged under the R-symmetry, supersymmetry is enhanced to N = 4. The

supersymmetry variation is given in the literature.

These global symmetries are not always commutable to each other. This
suggests that these symmetries are enhanced to the algebraically closed one. The
symmetry algebra is OSp(4|4), which is given in Appendix C in a more generalized
form. The algebra OSp(4|4) includes a so-called special conformal supercharge,
denoted by S in Appendix C. It is not included in the three global symmetry

algebras above.

There also exists the flavor symmetry
Ul)p x U(1)p. (2.22)

The component fields in the untwisted hyper-multiplets H; and those of the
twisted hyper-multiplets H;; are transformed in different ways under the global
symmetries. See Table 2.2. Note that in p = ¢ = 1 case, which is the ABJM
model, this flavor symmetry mixes with (2.21), and enhanced to SU(4) R-symmetry.
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Let us make a summary. N = 4 Chern-Simons theories have the following

global symmetry
OSp(4|4) x U(1)p x U(1)'p. (2.23)

We specify unitary or special unitary gauge group for each node. The theories are
characterized by a set of ranks of gauge groups N,, two numbers of untwisted and
twisted hyper-multiplets p, ¢, an ordering s; and a Chern-Simon level k. Given a

set of these parameters, we have an N/ = 4 Chern-Simons theory.

2.3 Type IIB brane setup

In this subsection, we give a type IIB brane configuration corresponding to an
N = 4 Chern-Simons theory with unitary or special unitary gauge group. As
mentioned before, it is characterized by the following data {N,,p,q, s;, k}. We
set r=p+gq.

Let us take an N' = 4 Chern-Simons theory with the same rank of the gauge
groups N, = N. The rank N is realized by N coincident D3-branes wrapped on
S!, which is the compactified direction, say 2. U(N)" gauge group can be realized
by introducing r 5-branes intersecting with the D3-brane worldvolume at distinct
points in 2% direction and divide the S! into r intervals. Let us label the intervals
by a=1,2,...,r. The vector multiplet V, is realized by an open string ending on
D3-branes at the a-th interval. The Yang-Mills coupling of V, is proportional to
the inverse root length of the a-th interval. Hence in the sufficiently low energy
scale compared to the lengths of the intervals, the Yang-Mills kinetic terms die
out and the theory can be described well in three-dimension. Let us label the
intersection points of D3-branes and 5-branes by I = 1,2,...,r in order along
S!. We emphasize that when we use I as a label of 5-branes, it represents the
position of the fivebrane along S*.

In type IIB string theory, 5-branes are specified by two charges: the NS-NS
charge and the R-R charge. Let us call a 5-brane with o NS-NS charge and (8
R-R charge as a («, 3)5-brane. Notice that a (1,0)5-brane is an NS5-brane and
a (0,1)5-brane is a D5-brane. In ten-dimensional space-time, a set of 5-branes
preserve N = 3 supersymmtries if a («, 3)5-brane is inclined with the definite
angle 6 = arctan(a/f3) [72].

The two kinds of hyper-multiplets are obtained by restricting the kinds of
5-branes to two: (1, k;)5-branes, where k; = ks;. We introduce p NS5-branes
labeled by ¢ = 1,2,...,p, and ¢ (1, k)5-branes labeled by ¢/ = 1,2,...,q. We



2.3. TYPE IIB BRANE SETUP 23

place them around the S! according to a given ordering s;. Then the I-th hyper-
multiplet H; arises from massless modes of an open string stretched between a
L(I)-th D3-brane and a R(I)-th D3-brane, which steps over the /-th 5-brane.
See also Figure 2.3.

NS5 NS5

1X)5
NS5 (1)

Figure 2.3: The type IIB brane configuration corresponding to an N’ = 4 Chern-
Simons theory with (N,p,q) = (3,3,1). There are 3 D3-branes, 3 NS5-branes
and 1 (1, k)5-brane inclined with the definite angle § = arctan(k) relative to
NS5-branes.

In this setup, the Chern-Simons terms are induced from the boundary inter-
action of D3-branes ending on 5-branes. The Chern-Simons coupling is given by
the difference of the R-R charges of 5-branes on the boundaries [72, 73]. As a

result, we realize the Chern-Simons coupling k, as (2.12).

Finally, we obtain the type IIB brane setup corresponding to an N' = 4 model
whose gauge groups are unitary or special unitary groups with the same rank.?

Let us summarize the type IIB brane configurations in Table 2.3.

Table 2.3: The type IIB brane configuration. (1, k)5-branes are inclined with the
definite angle 6 = arctan(k) in the 37, 48 and 59 planes.

01 2 3 4 5 6 7 8 9
N D3-branes o o o
p NS5-branes o o o o o o
q (1k)5-branes o o o (376 [48]4 [59]y

Once we obtain the type IIB brane setup corresponding to an N = 4 model
with the same rank of gauge groups, we can easily obtain that for one with the
different ranks of gauge groups N, by permitting fractional D3-branes, which are
ending on different 5-branes. Let N be the minimum in N,. Then the setup of
the different ranks can be realized by adding (N, — N) D3-branes at the a-th

interval into the former setup.

3To realize an orthogonal group and unitary symplectic group for a pair of nodes, we add
an orientifold and an anti-orientifold three-plane for the corresponding intervals [58].
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2.4 Monopole operators

In three-dimensional euclidean space, local operators in general carry magnetic
charges. Such operators are called monopole operators. Monopole operators
correspond to instantons in three-dimensional space-time and become key objects

to understand a rich structure of effective field theories of membranes.

Let us first classify monopole operators in a quiver gauge theory. For this

purpose, we use gauge invariant magnetic charges defined by

1
me=— ¢ TrF,, a=1,...,7 (2.24)
27

The integral is carried out on a two-cycle in the euclidean space. These magnetic
charges are defined in each node in quiver gauge theories, so r coincides with the
number of the nodes. In other words, a generic monopole has a magnetic charge

specified by r integers, whose set forms a lattice:
(my,mg, -+ ,m,) € Z". (2.25)

We call this lattice the magnetic charge lattice. For clearness, we consider a
generic abelian quiver Chern-Simons-matter theory. We label verices by a and
denote the corresponding gauge group by U(1),. We assume that the levels k,
satisfy

D ka=04 (2.26)
a=1

Let us consider a monopole operator with magnetic charges m, € Z. The gauge

invariance of the operator requires the Gauss law constraint
Mmokye + Qo = 0, (2.27)

where @, is the U(1), electric charge carried by matter fields included in the
monopole operator. This guarantees the invariance of the operator under the

gauge symmetry. By summing up this over all a, we obtain the constraint

> mgk, =0. (2.28)

4Chern-Simons-matter theories which do not satisfy the relation (2.26) have also been con-
sidered [74, 75, 76, 77]. It is discussed that the total sum of the Chern-Simons couplings
corresponds to O-form flux, or the Roman mass. Therefore, the holographic dual of such a
theory is the massive ITA theory. It is pointed out the massive ITA theory cannot be lifted to
M-theory in [78]. This corresponds to the fact that a diagonal monopole operator cannot be
gauge-invariant in the boundary CFT language.
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This relation decreases the rank of the magnetic charge lattice by one, which
means that gauge-invariant monopole operators are labeled by r — 1 indepen-
dent magnetic charges. Let us denote the charge lattice of the gauge-invariant

magnetic charges as I'y;:
Ty =7Z"/(2.28) 2 Z7 (2.29)

It is easily seen that a magnetic charge which has the same component for
each node always satisfies (2.28), due to (2.26). In other words, a vector with
the same component always in the lattice I');. A monopole operator with such a
magnetic charge is called a diagonal monopole operator. Let us call the residual
ones, which have a different magnetic charge for a pair of nodes, as twisted or
non-diagonal monopole operators.

We show how to decompose a generic monopole charge into the contribution
coming from the diagonal monopole operator and that of non-diagonal monopole
operators. Actually, for later use, we only have to show it for the monopole
operators whose components of magnetic charge are all positive. Let us denote
the lattice of them as Fg\;). Let us take such an element from I‘S\}r), then there
is the minimum in the components. We choose a node which take the minimum
and denote it as a = o. We identify m, with the contribution of the diagonal
monopole operator in the positive magnetic operator. Under this identification,
(mg—my,) is an element of Fg\}r), and this is the contribution coming from the non-
diagonal monopole operators. In a circular quiver gauge theory, it is convenient
to define the relative magnetic charges, which is independent of the diagonal

magnetic charge, as

Hr = mL([) — mR([). (230)
By definition pu; satisfy

> =0 (2.31)
=1

Combining this and the relation (2.12), (2.28), we obtain the gauge-invariant

condition for the relative magnetic charge as

p q
=0, > py=0. (2.32)
=1 i'=1

Hereafter, we often focus only on gauge-invariant monopole operators and assume

gauge-invaricance of them implicitly.
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2.4.1 Diagonal monopole operators

Let us discuss a diagonal monopole operator in more detail. In quiver Chern-
Simons-matter theories, a diagonal monopole operator typically appears as a dual
scalar field of the U(1); gauge field, which is called a “dual photon”. In other
words, the U(1), gauge field decouple to the matter fields. By taking the dual of
the diagonal U(1) gauge field strength Fj, we obtain a dual scalar field denoted
by a as

1

da = — x F, 2.33
a 27T* d> ( )

where * is the Hodge dual in three dimension. From the definition (2.33), a is

the canonical conjugate to Fj, so by the first quantization rule we obtain
[a,my] =1, (2.34)

where 14 is given by (2.24) for the diagonal U(1)4. This means that the operator

e'™@ changes the flux 7y by m. Namely, ™ is an operator carrying a diagonal
magnetic charge, which is the same magnetic charge m, = m for all the U(1),

gauge groups. The Hodge dual in (2.33) is calculated from (2.14) as
1 n
— % F, = E A . 2.
2m " a=1 fodle (2:35)

Therefore, under the gauge transformation §A, = dA, the dual photon field is
transformed by

8i = kaha. (2.36)

This means that the operator €@ carries the U(1), electric charge by k,.

Here let us place an important assumption with respect to the dual photon.

That is, the dual photon is a periodic scalar field with the period 27 [40].
a~a+2m. (2.37)

This assumption is equivalent to requiring that the diagonal magnetic charge my
is quantized by an integer. This assumption does not seem to be derived only by
the circular quiver gauge theory given in §2.2. This is because the diagonal U(1)4
does not couple to any matter fields in the theory and the Dirac quantization
condition does not seem to be applied. We expect that this assumption can be
derived beyond effective field theories of membranes by including higher derivative
corrections. This assumption implies that the dual photon gets a non-trivial vev
and one of U(1)s included in U(1)p, precisely speaking » - k,U(1),, break to the

discrete subgroup:

U)p — U)X Zgy)a, (2.38)
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where (k,), is the greatest common devisor of k,.

Under this assumption, the dual photon field has a clear interpretation in
M-theory. That is, the dual photon describes the “M-circle” mentioned in §1.1
and the diagonal magnetic charge is identified with the Kaluza-Klein momentum
along the M-direction or “M-momentum”. In this picture, the diagonal monopole
operators, which are combined by "¢ and matter fields in the gauge-invariant
way, correspond to the Kaluza-Klein mode with the M-momentum proportional
to m. This interpretation is quite natural since this is also the case in just one
membrane world-volume theory obtained from one D2-brane theory in the flat

background [3].

Let us discuss the interpretation of the dual photon by studying the vacuum
moduli space [35, 34, 36], since the vacuum moduli space has also geometric infor-
mation. That is, the vacuum moduli space can be identified with the transverse
direction of a stack of membranes. In general, in a supersymmeteric gauge the-
ory, the moduli space can be obtained by solving F-term and D-term conditions
and fixing gauge symmetry. Actually, it is known that the moduli space can be
also obtained by solving only F-term conditions and fixing complexified gauge
symmetry [79]. Here we take the latter procedure. From the F-term conditions

of (7 and @1, we obtain
L) = Pr(D)- (2.39)

Here we consider the Higgs branch, in which ¢; and g; get non-trivial vacuum
expectation values. This means that all ¢, take the same value. We denote it by

¢. The F-term condition for ®,, is

9(0)qL(a) — F5L(0)® = QR(0)TR(a) — FSR(a)®- (2.40)

This means that ¢;q; — ksy¢ is a constant independent of the index I. In other
words, the product ¢;q; takes two values according to s;. We can define “meson
operators” M and M’ by

M = qiq, M =qqy. (2.41)

The suffixes 7 and I’ are associated with untwisted and twisted hyper-multiplets,
respectively. Now, we have 2r complex variables ¢; and ¢; constrained by (2.41).
¢, are dependent fields. The number of independent complex variables is r +
2. In addition to these, we need to take account of the dual photon field a.
The dual photon field is combined with the scalar field ¢ in the diagonal U(1)
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vector-multiplet into a complex scalar field belonging to a chiral multiplet. It is

convenient to define et

Now we have r 4+ 3 independent complex variables. We have to divide this
space by complexified gauge symmetry U (1)6‘1 to obtain a complex 4-dimensional
moduli space. Under the gauge transformation, the complex scalar fields trans-

form as

\ ,~ i N i
qr — Mgy, €97 — emk X sthigiate (2.42)

where we defined
)\[ = )\L(I) - )\R(I)‘ (243)

By definition, parameters A\; are constrained by
> =0 (2.44)
I=1

Let us rewrite the parameters A; by ¢, 0;, 6, as

p q

where 0; and 6; satisfy
p q
> 0;=> 0;=0. (2.46)
i=1 i'=1
Then, the gauge transformation becomes

¢ — eup/pewi G, qp — e—zgp/qezé’i/ g, eza+a _ e—zkcpeza—i-a (247)

We can fix the continuous part of this gauge symmetry by
etr =1 (2.48)
and
Qi=1 = " = Qi=p = 21, (Qir=1 ="+ = Qir=qg = 23. (2.49)
(2.48) fixes ¢ transformation and two equations in (2.49) fix the 6; and 6, trans-
formations. If (2.49) hold, the relations in (2.41) guarantee
Gic1 =+ = Qimp = 22, Q=1 =+ = Qir—qg = 24 (2.50)

After the gauge fixing, we have four independent complex variables. Even after

the gauge fixing above, we still have residual gauge symmetry with the parameters

2N 2 2N 2
i L1 W L EA e Gl (2.51)
kp p kq q
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Table 2.4: Actions of generators of global symmetries on the coordinates z1, 2o,

z3, and z4.
21 Z9 z3 Z4
Ts | +1/2 +1/2] 0 0
T/ | 0 0 | +1/2 +1/2
P +1 -1 0 0
P’ 0 0 +1 —1

where N, m, n are arbitrary integers. Due to this residual gauge symmetry the

global rotations
exp(2miP/p), exp(2miP'/q), exp(2wiPy), (2.52)

are gauge equivalent to 1, where P and P’ are the generators of U(1)p and U (1),
respectively. Their actions on the coordinates are shown in Table 2.4. Py, is the

linear combination of P and P’;

1 1
Py =-—P — —P. 2.
M= i (2.53)

The three actions (2.52) are explicitly given by

27 27i

(21,22, 23,2) = (€7 z1,€ 7 29,23, 24), (2.54)
(21,2, 28,24) > (21,20,€ ¢ 23,7 0 24), (2.55)
(21, 22, 23, 24) '+ (ef%zl,e%zg,e%zg,e*%z@, (2.56)

respectively. The shift generated by Py, is gauge equivalent to the shift of dual
photon field up to the gauge symmetry associated with the parameter ¢, and
we regard Py, as the M-momentum. By taking account of the discrete residual

gauge symmetry (2.52), we obtain the moduli space

Cyax = ((C*/Zy) x (C*/Z,))/ Zy. (2.57)

p

Especially in the special case with p = ¢ = 1, the moduli space reduces to
Cix = CY/Z, (2.58)

which agrees with that of ABJM model. In non-abelian case with the same rank
N, = N, we can obtain the moduli space as the symmetric product of N copies
of the orbifold.

It is instructive to see that the vacuum moduli space obtained in this way is

spanned by a basic set of chiral gauge-invariant operators. Now the gauge groups
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are abelian, so we only take care of the baryonic symmetry Gg. First, we consider
the k = 1 case. We already constructed mesonic operators M, M’ in (2.41). In

addition to them, the dual photon enables us to construct the following mesonic

operators
o~ p o~ q ~ o~ p ~ o~ q
b=e""1[(a:), V=e"T](a), b=e"][(@), ¥ =e"]](@) (259
i=1 i'=1 i=1 i'=1
The mesonic operators are related by
bb = MP, b = M". (2.60)

These are just the defining equations of A, and A, type singularities, respectively.
They describe the space (C?/Z,) x (C?/Z,). In fact, the defining equations can

be solved by using free complex variables z; (I =1,2,3,4) as
b=T2 UV =Tz b=Tz=E =Tz, M=zz, M =2z, (2.61)

where TT = 1. However, this parametrization has a redundancy, which is de-
scribed by the transformation (2.54), (2.55). By identifying the points moved to
each other by them, we obtain the space mentioned above. As for a general k,
the period of the dual photon becomes 27 /k and T, T are identified with e2™/*T,
e~ 2m/ET  respectively. This change gives another constraint on z to be identi-
fied under the transformation (2.56). Dividing the space by it, we reproduce the

vacuum moduli space above.

In the geometric point of view, the moduli space describes the transverse
direction of a stack of membranes. In other words, N' = 4 Chern-Simons theories
are expected to describe multiple membranes at the orbifold singularity of (2.57).
This fact is important to obtain the dual geometry in §3.3.

Let us see this fact from the brane setup. We start from the type IIB brane
system in Table 2.3. We first perform T-duality transformation along 2° and
then lift the system to M-theory configuration. After a coordinate transforma-
tion which makes two-torus at infinity diagonal [27], we have the configuration
shown in Table 2.5. Through this duality chain, D2-branes are transformed into
membranes, and NS5-brane ¢ and (1, k)-fivebrane ¢’ are mapped to purely geomet-
ric objects, Kaluza-Klein (KK) monopoles. We have already assumed implicitly
this correspondence between the 5-branes and singular loci when we used indices
¢ and 7' to label the singular loci. In general, ) coincident KK monopoles are
described as an orbifold with Ag_;-type singularity. The geometry shown in Ta-
ble 2.5 is the product of A, ; and A, ; singularities, which is nothing but the

moduli space obtained above.
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Table 2.5: The dual M-theory geometry. “><” in the column means that S*
fibration shrinks at the core of the KK monopoles.

345 6 78 9 M

N M2-branes
p KK monopoles
g KK monopoles

o O OO
O O Ofm

2
o
o
o

Notice that with respect to two kinds of hyper-multiplets, the moduli space
depends only on their number and independent of their ordering. To classify
two inequivalent theories with the same moduli space, it is useful to define the

topological invariant, called the linking number [61], for each hyper-multiplet by

L=ni+k > 1, ly=ny—k Y L (2.62)

1<j'<e o j<i!

Here it is necessary to choose a reference node to define the linking numbers and
we choose it as the node e for later convenience. Two theories with different sets
of linking numbers are inequivalent to each other even though they share the
same moduli space. A classification of the class of N'= 4 Chern-Simons theories

is studied in detail in §5.

In the end, we have a comment on another role of the diagonal monopole
operators. That is the enhancement of global symmetry in the highly strongly-
coupled region. To reveal the full global symmetry which cannot be seen from
the Lagrangian, we need to take into account non-perturbative effects. Therefore,
monopole operators play a key role in such an issue. Indeed, it is often discussed
that the supersymmetry of the ABJM model is enhanced to N/ = 8 with the
Chern-Simons level £ = 1,2 by taking diagonal monopole operators into account
[96, 97, 98, 99, 100, 101].

2.4.2 Twisted monopole operators

In the previous subsection, we discussed that the diagonal monopole charge can
be identified with the M-momentum or the D-particle charge from the standpoints
of M-theory or type ITA theory, respectively. A natural question is what corre-
sponds to the residual » — 2 non-diagonal monopole charges, or twisted monopole

operators.

We proposed the answer of this question in [46], and our proposal was con-

firmed in the BPS sector [80, 47, 48]. Our proposal is that twisted monopole
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operators correspond to M2-branes wrapped on non-trivial two-cycles in the in-
ternal space of the dual geometry. This is one of the main topics in the doctoral

thesis.

Here, let me mention where the name of twisted monopole operators come
from. We call operators with non-diagonal magnetic charges twisted monopole
operators just since they are in the twisted sector. In the perspective of string
theory, the twisted sector arises when the flat space-time is divided by a discrete
group. In this case, the twisted sector is characterized by the set of the string
states with “non-trivial” boundary conditions, which would not be imposed in
the flat space-time. In the viewpoint of the field theory, a state in the twisted

sector is specified by a non-vanishing charge under the discrete action.

Let us discuss the above things for an NV = 4 Chern-Simons theories, which
is described by a circular quiver diagram. The discrete actions Z,,, Z, correspond
to the shift symmetries in the quiver diagram. Namely, the Z, or Z, action
shifts the part of the diagram including p untwisted hyper-multiplets or ¢ twisted
hyper-multiplets, respectively. It is easy to see that non-diagonal charges are not
invariant under such shift symmetries and that non-diagonal monopole operators

are in the twisted sector.

This situation with respect to the twisted sector is reminiscent of that in the
four-dimensional case. In other words, the similar phenomena happen in N;p = 2
super Yang-Mills theory, which can be obtained as a Z,, orbifold of the N,p = 4
one. It is described by the A,,_; type quiver diagram, and has Z,, symmetry
shifting the diagram. The twisted sector in Myp = 2 models was studied in the
context of AdS;/CFT, correspondence [81, 82]. Its contribution in the field theory
side was identified with that coming from the orbifold singularity in geometry side
by using the field-operator correspondence. The above proposal in AdS,/CFTj
correspondence is quite similar to their result in AdS;/CFT, correspondence. In
fact, non-trivial two-cycles in the internal space of the dual geometry, on which
M2-branes can be wrapped, come from its orbifold singularity. We will discuss

this in detail in §4.
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M-theory dual

Duality is often understood as equivalence of two different viewpoints

of one object.

3.1 AdS/CFT duality

In this section, we briefly review AdS/CFT duality [6]. For details, see reviews
83, 84, 85, 86].

Let us discuss this statement in the novel case of AdS;/CFT, duality. The
duality claims that two different points of view of a stack of D3-branes are equiva-
lent under certain limits. One viewpoint of a pile of D3-branes is an object which
open strings are attached. Since open strings can behave as gauge particles as
the massless excitation, a stack of D3-branes is an object on which a non-abelian
gauge theory is realized. The other viewpoint of multiple D3-branes is an object
which emits and absorbs closed strings. Since closed strings include graviton as
their massless mode, they have their own mass and curve the geometry. In this
picture, the stack of D3-branes is described by a black threebrane solution in type
I1B supergravity.

The key to realize such an idea is in how to take the certain limits. In general,
open strings and closed strings couple to each other. To make two viewpoints
of the branes independent, it is necessary to decouple their interaction, which
is realized by turning off the string coupling constant g,. It is possible to take
this limit since in black threebrane solutions the dilaton and thus the string
coupling constant are free parameters. To avoid making the theory trivial in
this limit, Maldacena takes the large N limit with g4V fixed. The large N limit
means the number of D3-branes increases infinitely and it can be expected to
keep non-trivial gravitational effect of them. Under this limit Maldacena studied

the infra-red physics happening on D3-branes coming close to the D3-branes.

33
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Under these limits, the gauge theory realized on the D3-branes flows to a certain
conformal field theory. In the gravity side, the black three-brane solution become
AdSs x X°, where X? is a five dimensional compact manifold. He proposes that

two theories obtained in these limits are equivalent.

We summarize the limits he proposed as follows:

gs— 0, N —o00, g:N: fixed. (3.1)
r << R < l[R. (32)

Here R is the curvature radius of the black three brane solution, [;z is the length
scale considered here and r describes the radial direction of the D3-branes. In
a case with the string scale [; much smaller than [;z, we can ignore the stringy
excitation and use supergravity approximation. This limit is sometimes called the
“Maldacena limit” [86]. His claim is that under these limits the gauge/gravity
duality conceived by 't Hooft [87] is realized via the D3-branes. Actually, the

string coupling constant g, and the gauge coupling constant gy, are related by

gs ~ g}2fM' (3'3)

From this fact the limit (3.1) is nothing but the 't Hooft limit and A\ = g%, N is
just 't Hooft coupling constant [87].

This gauge/gravity duality can be considered as a kind of holography [88].
Here holography means the phenomenon that all the information of an object
(a theory) can be encoded into a less dimensional one just by one. In this con-
text, the hologram of the gravity theory is the theory realized on the boundary.
Actually, the stack of probe D3-branes can be considered to exist on the bound-
ary. The five-dimensional anti-de-Sitter space is asymptotically conformally flat.
Therefore, a four-dimensional conformal field theory in the flat space-time can
couple to gravity consistently on the boundary [89]. This four-dimensional CET
realized on the boundary is identified with that realized on a piles of D3-branes.

In this sense, this correspondence is also called bulk-boundary correspondence.

The crucial point of the gauge/gravity correspondence lies in a strong/weak
duality. Indeed, an effective coupling constant in the large N gauge theory is given
by A. This means that perturbation is perfomed by positive powers of A and thus
the region where perturbation is well-defined is A ~ 0. On the other hand, an
effective coupling constant in the gravity theory is given by inverse powers of A,

and thus the well-defined perturbative region is A ~ co. To see this intuitively,
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remember that an effective coupling constant in the curved background is given
by the inverse of its curvature radius. This is obvious from the fact that the
curvature radius becomes smaller as the gravity force gets stronger. Black three

brane solutions tell us the curvature radius of AdSs as follows.

! S|
4 o ~ g,NI* s ~ —. 4
RAdS5 g s ( RAdS5) b\ (3 )

Combining these facts, the effective coupling constant of supergravity on the AdSs
background is given by some negative power of the 't Hooft coupling constant
A. Indeed, as seen from (3.2), the radial direction of D3-branes can describes
the energy scale of the boundary field theory. It plays a role to connect the

ultra-violet and infra-red region [90].

This means that the strong/weak duality always has the strong/weak point.
The strong point is that by using the duality one theory in the strongly coupled
region can be analyzed by the other theory in the weakly coupled regime. The
weak point is that it is always difficult to prove the duality since we cannot take
the perturbative approach by using the coupling constant A in the proof. Since
one of our motivations to study AdS/CFT duality is to confirm the proposals

with respect to membranes, we need to avoid this difficulty in a certain way.

One of the ways to avoid this difficulty is to restrict the region of our interest
to the BPS sector. In other words, our analysis is focused only on the states or
operators which preserve a supersymmetry. Such states are called BPS states.
Due to supersymmetry, quantum numbers of a BPS state are often free from
quantum correction and become independent of the coupling constant A. In
the region, assuming that AdS/CFT duality is correct, we can expect the exact

agreement of the spectrum in the BPS sector [91, 89].

We assume that the above discussion is also the case with membranes in
M-theory, whose near-brane geometry is AdS, x X7, where X7 is a seven dimen-
sional compact manifold. In the next section, we consider the eleven-dimensional

supergravity and study how membranes are described as black objects.

3.2 Eleven-dimensional supergravity

In a sufficiently small energy scale, M-theory is well-described by eleven-dimensional
supergravity [92]. The eleven-dimensional supergravity is constituted by D =

11 vielbein e, Majorana gravitino W, and three-form gauge field C5. Here
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A, B,--- are the indices of eleven-dimension and fl, B ,--- are the local Lorentz

indices. The action is given by

1
Siip = 5.2 |:/ d11$€<£e +Ly+ Lo+ AC\I/G)+/£WZ:| , (35)
11
where 22, is the eleven-dimensional Newton constant given by 2x2, = (27;17’: )9, e
is the determinant of the vierbein and
L. = R, (3.6)
1.
Ly = —§\IJAFABCDB\IJC, (3.7)
1
Lo = 5 GaapepGit™Y, (3.8)
1_
Log = U ATH@ TP, (3.9)
1
»CWZ = —§C3AG4/\G4. (310)

Here G is the field strength of the gauge field C5, G4 = dCs, and @, is contracted
by D = 11 Imatrices as §;Gapcpl*TPTCTP. This action is invariant under

the following supersymmetry transformation.

1.
5€AB = Z\DAFBE, (3.11)
1
oWy = Dge+ 5(1—‘14@'46 - 3$4FA)E, (3.12)
1
0C32Bc = Z(EFAB\IIC + el'gcV 4 + EFCA\IIB). (3.13)

Let us construct a black membranes solution. We consider the case which
membranes are extending to z!,z? direction in the flat space-time. Such co-
incident membranes should be invariant under the three-dimensional Poincare
transformations and under the rotations around the position. Such transforma-
tion groups are SO(1,2) x R? and SO(8), respectively. Such a metric is given
by

H‘gnm,dx“dx” + Hs (dr? + r2dQ2.). (3.14)
For four-form field strength, we assume Freund-Rubin ansatz [93]
Gy=dt Nde Ndy NdH ™. (3.15)

To respect the above symmetries, H should be a function of . H is determined

by the equation of motion of the four-form flux.

1
d*G4: —§G4/\G4, (316)
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where x is the D = 11 Hodge dual. From the ansatz, we can easily see that
dGy = G4 N G4 = 0. Therefore, from the equation of motion, G4 becomes a

harmonic four-form. This is easily solved and we obtain

6
Rg:

H=1+-3

(3.17)

Here Rg7 is a constant, and we set the boundary condition that H — 1 as r — oo.

We can determine the constant Rgr by the flux quantization condition.

1
—_ xGy =N 3.18
(2nl,,)® /S T (3.18)
where N is an integer corresponding to the number of membranes. We can easily
solve this as

(27l,)°

6 _
Rgr = S

N. (3.19)

We can show that this solution has 16 supersymmetries. In other words, this

solution is a half BPS membrane solution.

Let us consider the near region to the membranes. Then the metric (3.14)

goes to AdS,; geometry

R\ *ndatda? + dz? .
(3.14) — ( ;) Dy O ; O RZ.d0, (3.20)
and four-form flux
3RS,
(3.15) — — o, dt Adx A dy N dz. (3.21)
3
Here we do a coordinate transformation such that r? = k. We find that the

2z
space-time symmetry is changed into SO(2,3) x SO(8). Furthermore, we can

show that this background has 32 supersymmetries. To see this, we solve the
BPS equation 0¥, = 0 in this background. Plugging (3.20) and (3.21) into
(3.12), we obtain the Killing spinor equations

1
V. = ['yve, 3.22
a7 (3.22)

1
= — T . 2
vmE 2RS7 mV€ (3 3)

Here the indices a and m describe coordinates of AdS, and S, respectively. We

also set v = —T';;45, where r, 0, ¢ are the radial coordinate of AdS,, and

Rgr
>

Ruas, = (3.24)



38 CHAPTER 3. M-THEORY DUAL

We can solve the Killing spinor equations by using a constant Majorana spinor

€p with a fixed coordinate by

€ — (egFmeépwe—gréﬁ@—ﬁrﬁé) <6—°§1F176—‘§2F276—?’F37) <@@F14+B§F25+B23F36_%1FM” €.
(3.25)
See [94, 95] for details. Therefore, AdS; x S” geometry have 32 supersymme-
tries. These supersymmetries are mixed with the above global symmetries, as
mentioned in §2.2, and enhanced to OSp(8|4). We give the algebra of OSp(N|4)
in Appendix C.

This discussion is easily generalized to membranes at the tip of an eight-
dimensional cone C® in Table 1.1. In this case, if we denote its fiber by X7, the

near-brane metric of membranes at such a background is given by

R 45, dshgs, + Ryrdsr. (3.26)
The X7 radius is given by
2ml,)®
pe _ 2rl) 3.27
X 6Vol(XT) (3:27)

where Vol(X7) is the volume of X”. The AdS, radius is given by (3.24) replacing
S” with X7,

3.3 Dual of N/ =4 Chern-Simons theories

In this section, we consider the gravity dual of N/ = 4 Chern-Simons theories.
From the analysis of the moduli space of N/ = 4 Chern-Simons theories, we read
off the background of membranes described by them. An eight-dimensional cone
is given by C;l,,% . and the eleven-dimensional space-time is given by

1,2 4
R x Cp7q,k.

(3.28)

N = 4 Chern-Simons theory with fixed p, g, k¥ describes a pile of membranes at
the tip of the orbifold C;  , and extending in R"?.

We apply AdS,/CFTj3 duality via membranes to this system by taking the
limits (3.1), (3.2) discussed in the previous section. By lifting superstring theory
to M-theory, the string coupling constant g, describes the size of M-circle, which

is proportional to k~!. The parameter k is quantized by the gauge symmetry,
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so we can fix it.! As N goes to large, the number of membranes is blowing up.
In this limit, we cannot ignore the gravitational effect of membranes any more,
and the space-time (3.28) gets curved according to the mass of membranes. With
taking into account the back-reaction of membranes, the dual geometry of this

system emerges as the near-brane limit of the black-membranes solution given by

AdS, x ST (3.33)

g,k

ST . is the seven-sphere divided by the discrete subgroups defined by (2.52).

S” .= (S")(Z, x Z,)))Zs. (3.34)

psg,k T

The metric is given by (3.26). Here the radius of S, is given by

RS- = kpgRS:. (3.35)

Let us move on to global symmetry of this dual geometry. For this purpose,
it is convenient to start with the un-orbifolded background, AdS, x S”. Isometry

of this geometry is
Sp(4,R) x SO(8), (3.36)

which should be identified with the three-dimensional conformal group and R-
symmtry in the field theory side. This geometry possesses the maximal super-
symmetry.?

To obtain the M-theory dual of an N' = 4 Chern-Simons theory, we divide
the space by the discrete action (2.54), (2.55). Correspondingly, we define the
subgroup SO(4) x SO(4) C SO(8), which rotate two C? spanned by z1, 25 or
23, 24, respectively. Because each SO(4) is a product of two SU(2) factors, we
have in total four SU(2) factors in this subgroup. We denote these four factors

as follows.

SO(4) = SU(2)r x SU@2)p, SO(4) = SU(2)%, x SU(2). (3.37)

LOf course, we can take the zero size limit of M-circle, k — oco. In this limit, the dual theory
goes to type ITA theory on AdS; x CP? | where CP;q is given by the orbifolded CP?:

P
21 + [zf® + |23 + |24 = 1, (3.29)
(21, 22, 23, 24) ~ (67021, e" 29, € 23,7 2y), 3.30)

where the coordinates z; are identified as follows.
2mi _ 2mi
(21,20,23,24) ~ (7 z1,e” 7 22,23, 2), (3.31)
2mi _2mi
(2172272372:4) ~ (21;2276 7 zZ3,€ a 24)7 (332)

2 Actually, in the case of k = 1 and 2, ABJM model is expected to have N = 8 supersymmetry
more than N = 6.
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The supercharges of the N' = 8 theory belong to the spinor representation 8 of
SO(8), and its branching in the subgroup SU(2)g x SU(2)r x SU(2)y x SU(2)%
is

8, — (2,1,2,1) & (1,2,1,2). (3.38)

If we perform the orbifold projection by using an appropriate abelian discrete
subgroup of SU(2)r x SU(2)%, the latter half on the right hand side in (3.38) is
projected out, and we are left with V' = 4 supersymmetry. The remaining four

supercharges are transformed as a vector of
SO(4)r = SU(2)g x SU(2)%. (3.39)

This group is nothing but the R-symmetry (2.21) in the field theory side. Note
that SO(4)g is not any of two SO(4) groups in (3.37). The orbifolding breaks
SU(2)r and SU(2)% into abelian subgroups which commute with the orbifold
groups. We denote them by U(1)p C SU(2)p and U(1), C SU(2)%. We iden-
tify these symmetries with the global symmetry (2.23) in A/ = 4 Chern-Simons

theories.

An important feature of this dual geometry is that it includes orbifold singu-
larities. The Z, orbifolding in (3.34) generates A,_; type singularities. The con-
tinuous set of the fixed points forms the fixed locus with topology AdSy X S*/Z
in the total space. Similarly, the fixed locus associated with Z, is AdSy X S*/Z,.
We refer to these two fixed loci as S and §’, respectively. We also use the notation
Su(Sr) instead of S(S’), whose singularity is originated in untwisted (twisted)
hyper-multiplets.

On S there exists a seven-dimensional N = 2 SU(p) vector-multiplet. TIts
Cartan part arises from the localized zero modes of the supergravity fields, while
the non-Cartan part arises from M2-branes wrapping on vanishing 2-cycles at the
singular locus. This fact can be also seen through duality chain. As discussed in
§2.4.1, the orbifold singularity are produced by KK monopoles. By taking M /ITA
duality, KK monopoles are mapped to D6-branes and M2-branes wrapping on the
2-cycles are transformed to open strings which are ending on D6-branes. Such
open strings account for the non-abelian gauge group and the vector-multiplet
mentioned above. We also have an SU(q) vector-multiplet localized at the other
singular locus &’. These two loci can be treated in a similar way, and we mainly

focus on the vector-multiplet in S. We define the gauge groups

GSXS/ = GS X GS/ = SU(p) X SU((]) (340)
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and their Cartan parts
Hsysr = Hs x Her = U(1)P"t x U(1)471 (3.41)

for later convenience.

As we mentioned above, S is Z;, orbifold of its covering space S = AdS, x S8
Once we obtain the Kaluza-Klein spectrum in S, , we can derive the spectrum in &
by an appropriate projection. Among global symmetries in (3.37), only SU(2)’
and SU(2), act on S transitively, while SU(2)g and SU(2)r do not move the
locus. This means that from the viewpoint of the seven-dimensional theory on
the locus, SU(2)g and SU(2)r are internal symmetries while the other two are

parts of the isometry group
Sp(4,R) x SU(2)r x SU(2), (3.42)

of the seven-dimensional spacetime. The last factor in this group, SU(2)%, is
broken to U(1)» by the orbifolding, and the other part, Sp(4,R) x SU(2)%, is a
part of the bosonic subgroup Sp(4,R) x SU(2)r x SU(2)'; of the superconformal
group OSp(4[4).

3.4 Homology

We investigated the homology H*(S;q’ i, Z) in [46]. Our motivation of this study
was to classify M-branes wrapped on non-trivial cycles in the internal space,
which is expected to have their counterparts in the field theory side. The results

are given by

Hy=1%2, H, =12, H,= Zp+q_2, Hs = (ZZ;I & qu_l & kaq)/(zp D Zq)a
Hy=0, Hy=27Z'"%07Z,, Hg=0, H;=217 (3.43)

Let us explain how these homologies can be obtained. First, let us focus on
the free part of this homology. Hy and H; are easily obtained by the fact that

ST . is a connected manifold. The free parts of H, and Hj originate in the

7

p+q—2 2-cycles coming from the A, x A, type singularity of the manifold S| ;.

To justify this fact mathematically, homology algebra is a useful tool. First, we
consider the £ = 1 case. Actually, the free part of the homology is independent

of k. We use the Mayer-Vietoris exact sequence given by

_ 1, 02 ,
O HA(X N X)) PR (X)) @ Ho(X) S HL(XG U X)) 2

(3.44)
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As usual, we divide S;,q’k into two parts: one is the hemisphere including the
north pole, the other is including the south pole. More concretely, we introduce

a real coordinate 0 < ¢ <1 in S;,q’k as
2+ 22 = ¢, |zl 4 [zl =1t (3.45)

At a generic value of ¢, this defines two 3-spheres, and the orbifold actions (2.54),
(2.55) makes them Lens spaces L, and L,, respectively. Then the former hemi-
sphere is described by t < %, the latter is ¢ > % We choose X; and X3 in (3.44) as
the two hemisphere, in which case S;Z, ok 18 realized by X3 U Xs. Hence, the prob-
lem to obtain H*(S;q’k) reduces to that of the homologies of X, X5 and X; N Xs.
These manifolds have rather simpler homologies because they are topologically

equivalent to the product spaces of lower-dimensional manifolds:
Xy ~Dpx Ly, Xo~Dpx L, XiNXy~Lyx Ly, (3.46)

where D; is a 4d compact disk with the A, ; type singularity, and L, is a lens
space. The homologies of these manifolds are given in Table 3.1. To derive the
homology of a product manifold, the universal coefficient theorem is useful, which

is given by the following splitting exact sequence

0— (HA)® H(B)), — H.(AXx B) — a+bE:B*_1Tor1(Ha(A), Hy(B)) — 0.
(3.47)
As a result, we obtain the homologies of D; x L, and L, x L,, which are also
listed in Table 3.1. In the table, (p,q) means the greatest common devisor of p
and ¢.> Combining these data and the exact sequence (3.44), the free part of the
homology (3.43) is easily reproduced. This result is consistent with the Poincare

duality
by =ba—g, Ty—1 =Ty, (3.49)

where d is the dimension of the manifold, b, is the rank of the ¢-th homology,
called the g-th betti number, and 77, is the torsion part of the ¢g-th homology. Of
course such non-trivial cycles can be constructed concretely by using a coordinate
system such as {z!,t} constrained by (3.45). In fact, we will construct 5-cycles

in H5(S? ) by using the coordinate system in §6, to determine the volume of

D,q,k
them.

3For derivation, we use the following formulas.

Z, 0% =Zipgy Z®Zg=72Zq, Tor\(Zy,Zy)=Z0y, Tori(Z,Zg)=0.  (3.48)
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Table 3.1: The homologies of a 4d compact disk with the A, ; type singularity,
a lens space, and some product spaces.

D! [L, [ DIxL, | L,xL,
Hy Z Z Z Z
H| 0 |Z,| 2 Z, % Z,
H, Zr—1 0 Zr—1 Z(p’q)
Hy| 0 | Z|ZeZr' |22 eZy,
H| 0 |0 0 Z, 5 Z,
H; 0 0 /2 0
Hg 0 0 0 Z
Hy 0 0 0 0

As for the torsion part, we use the Poincare duality. For general k, we can

obtain some of the torsion parts of S; 4k by hand as
To=0, T1=7Z, T,=0. (3.50)

Combining this fact and the Poincare duality for the torsion (3.49), we finally
get the homology of ST, such as (3.43), except for Hs(S] ). It seems a bit too

complicated to determine H3(S? ) just by diagram chasing of the above exact

p.q:k
sequences, so we will derive it by careful search of the manifold S;q’k in §5.2.






Chapter 4

Wrapped M2-branes and
monopole operators

The strateqy to confirm the proposal is to use indices.

4.1 Clues

Before studying indices, let us have a comment on some clues on the correspon-

dence in the title of this chapter.

One of evidences of this correspondence is the agreement of the independent
numbers in both sides [46]. The independent number of wrapped M2-branes can
be obtained by counting the independent 2-cycles in the internal space. The
) =1r—2.

It is evident that this number is identical to that of the independent non-diagonal

number is given by the second Betti number by(S] ;) := rank Hy(S]

monopole operators.

Another evidence is the agreement of BPS spectra in both sides. As mentioned
in §3.1, the reason why we restrict BPS spectrum is because it is independent
of coupling constants and thus we can expect the exact agreement on AdS/CFT

correspondence, which is the strong/weak duality.

One approach is to check the agreement between Kaluza-Klein modes of mass-
less fields in the bulk geometry and chiral operators in the corresponding bound-
ary CFT. Such analysis in the ABJM model was performed in [27, 49, 39]. For
abelian N/ = 4 Chern-Simons theories, the agreement of the both spectra of
the twisted monopole operators and the wrapped M2-branes was confirmed by

constructing a basis of chiral twisted monopole operators explicitly [80].

We generalized the result in [80] to the non-abelian case in another way. That

is, we confirmed the agreement of indices calculated in both sides independently

45
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[47, 48]. An index is a kind of a character with respect to global symmetries
in a supersymmetric theory and free from quantum correction. By using this
property, the BPS spectrum in a supersymmetric theory can be encoded into an
index. Therefore the agreement of both indices in two theories leads to that of
BPS spectra in both theories. Note that our generalization is necessary to use
AdS/CFT correspondence, since it requires the large N limit as discussed in the

previous chapter.

4.2 Gauge theory index

4.2.1 Overview

Let us overview works on indices for three-dimensional superconformal Chern-

Simons-matter theories. Our analysis of indices highly depends on their works.

The study of indices of superconformal Chern-Simons theories was triggered
by [102] for the ABJM model. Let (hy, hg, h3) be the SU(4)r weight vector and
hy be the U(1)p charge. Notice that hy is nothing but the M-momentum on the

gravity side. The superconformal indices investigated in [102] are defined by!
Igauge(l,’ Ya, yg) — Ty (_1)Fefﬁ’{Q,S}xZ(DJrj)ngyél:i (41)

where () is one component of supercharge with R-charge (hy, ho, h3) = (1,0,0),
and S is its Hermitian conjugate, D is the dilation, j is the spin component. On
the gauge theory side, the trace in (4.1) is regarded as the summation over gauge
invariant operators.

To be curious, the indices defined by (4.1) are independent of 3 as in the
four-dimensional case [103]. In other words, only BPS states, which is saturating
the BPS bound

(Q.8}=A—j—h >0, (4.2)

contribute to the indices. In calculation, they took the large N and large k limit
with the 't Hooft coupling A = N/k fixed. As a result, they succeeded to take
the weak coupling limit A — 0 and perform the path integral. The explicit form

18

I8 (2, 9, ys) = ﬁ a7y . (4.3)
. oo (L—a2yp)(1 — %)( - %)(1 — x?nyy)

In exchange for success of path integral calculation, however, all the monopole

contribution decouple in the large k limit. On the gravity side, this corresponds to

'We replace the variable  commonly used in the literature by 22 to avoid fractional power.
And we denote the variable for h; as y;.
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the decoupling of Kaluza-Klein modes with non-vanishing M-momentum h4. The
corresponding graviton index is obtained by a projection of the graviton index
for AdS, x S7, which restricts to the sector without M-momentum contribution.

The single particle index is given as

x? 1 x2 1 2
I = - . 4.4
Gops yg—x2+1—x2y2+y3—x2+1—x2y3 1— a4 (4:4)

This index is derived in §4.3.1. By deriving the multi-particle index from (4.4),

they confirmed the agreement of both indices.

This result can be generalized in two ways. One way is to apply for more
generic superconformal Chern-Simons-matter theories. Such a generalization is
performed in [104]. They compute a superconformal index for N” = 4 theories ob-
tained as Z; orbifold of ABJM model. Due to less supersymmtries, the definition
of the index is changed from (4.3) by setting y, = 1:

[gauge(x7 y3> =Tr |:(—1)F€_ﬁ,{Q’S}ZU2(D+j)y§3:| . (45)

The result is given by

1 { (=) (4.6)

gauge _
I (7,y3) = H (1 — 22nM)2(] — ﬂ)
vy

M
This result is consistent with the index of the ABJM model (4.3) by setting
Y2 = M =1.

From this result, the corresponding single particle index can be read off as
follows.

1 n 1 2 L 22M
1—2a%ys 1—2a%/ys 1—2a* 1—a2M

+(M—1)< L, & > (4.7)

1—a2y;  1—a%fys 1—at

IP(2,y3) =

An interesting feature of this result is that this index consists of two parts of
different origins. The first line in (4.7) is obtained from the single-particle index
(4.4) by the projection which leaves only terms invariant under the Z,, rotation
2mi/ M

Yy — € Ya:

M
1 )
The first line in (4.7) = i E Ig s (2, ™My y3) |yt (4.8)
m=1

Thus, the first line is regarded as the bulk contribution. On the other hand, the

second line is interpreted as the contribution of twisted sectors:

. 1 1 2
AT — (M — 1 — . 4.9
( )(1—x2y3+1—x2/y3 1—354) (4.9)



48CHAPTER 4. WRAPPED M2-BRANES AND MONOPOLE OPERATORS

They discuss that the contribution of the twisted sectors comes from the Hgys
vector-multiplets, which arises as localized mode at the singular loci. They did
not derive the contribution in the gravity side. We derived the contribution in

[48] including that of Hsys charged part. We discuss it in §4.3.4.

Another way to generalize the result (4.3) is to include the contribution of
monopole operators. Such a generalization is performed in [105] for the ABJM
model. The index is defined by

1592 (2 oy, ya) = T [(—1)Fe—5’{QvS}x2(D”’y32y§3yff4] : (4.10)

where g, is introduced as the chemical potential for the charge hy4, which is related
to the monopole charge m by hy = km. To include the contribution of monopole
operators, the Chern-Simons level £ needs to be finite. The trick to compute the
index (4.10) without taking the large & limit is to use the localization method by
deforming the action by adding Q-exact terms (Q-exact deformation) [105]. As
a result, the index can be computed in the weak coupling limit. It is confirmed

that this agrees with the multi-particle index.

Combining the techniques developed by them, we computed an index in
generic NV = 4 Chern-Simons theories with taking account of the monopole con-
tribution in [47]. The gauge theory index I8¢ is defined by

r

Igauge(x7 27 2/7 7—_*) — TI‘ (_)Fefﬁ/{st}x2(D+j)ZPZ/Pl H'Tma‘ (411)

a Y

a=1

where we introduce chemical potentials 7, for the magnetic charges m, defined
by (2.24). @ is a certain component of the supercharges and S is its Hermitian
conjugate. This choice of the two supercharges breaks the R-symmetry SO(4)g
down to SO(2) x SO(2): Hy = T3 + T} is the R-charge rotating (). The global
symmetries commuting with this R-charge is generated by P, P’ and Hy =
—T5 + T3. Among these three U(1) symmetries, the last one is broken when we
deform the theory. This is the reason why we insert chemical potentials only for
the charges P and P’.

4.2.2 Localization

In this subsection, we discuss the localization method in a general N = 2 super-
conformal field theory [106]. By using this technique, we can calculate a gauge

theory index in the free theory limit.
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A basic fact to localization is that a function of ' in the following form
Ip = Trg ((—)Fe—ﬁ’{QvS} C’) (4.12)

is independent of . Here Trz means a trace of a unitary representation R
of the superconformal group, F' is the fermion number operator, () is a certain
supersymmetry generator, S is its hermitian conjugate, and C' is a hermitian
operator which commutes with ). To see this, we first consider the case C' = 1.
It is sufficient to see that the states which contribute to (4.12) are only the @-
invariant ones. In other words, the contribution from the other states is totally
cancelled. Since @ and S are nilpotent,? A = {@, S} commutes with Q and S.
This means that any eigenspace of A, except for the space of the ground states,
splits into two. One can be written as the image of @), or Q-exact form, the
other is that of S, or S-exact form. The two spaces are transformed to each
other by a linear map S or @) (with a certain normalization). Therefore, there is
one-to-one correspondence between the two spaces. In particular, a pair of states
transformed to each other have different statistics. Therefore, the contributions
from these two spaces are totally cancelled due to insertion (—)¥. This means
that only A-invariant states contribute to (4.12). A A-invariant state is nothing
but a @Q-invariant one in a unitary representation. Next, we consider C' # 1
case. Since (' is hermitian and commutes with @), it also commutes with S and
thus with A. Therefore, by making the states diagonal with respect to A and C'

simultaneously, the above discussion can be applied as it is.

By using this fact, it is not difficult to see that the function (4.12) such as
(4.11) is invariant under a @Q-exact deformation, or adding a @Q-exact term into
the Lagrangian. To see this, it is useful to rewrite the trace in (4.12) as the path
integral form on S? x S!. For this purpose, we first map the conformal field theory
on R? to that on S? x R! in the usual way. In particular, the radial direction of
R3, denoted by 7, is related to that of R, 7, by

T

r=e¢ <« T=logr. (4.13)

A local operator in R? is mapped to a state in the Fock space in S? x R. To
read off the charges of the fields and calculate the trace in (4.12), we compactify
the “time” direction 7 with the period . Then, (4.12) can be written as a path

integral form as

Ig = / [dW]e=SM (4.14)

ZNilpotency of @ can be easily checked by (B.9) or (C.21).
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where W is a collective set of the fields in the theory on S? x S!' with a suitable
boundary condition. Here let us deform the action S[¥] by adding a @Q-exact

term
SIW] — S0, 1] = S[¥] +1 / QV{Y], (4.15)

where t is a deformation parameter and () means the supersymmetry transfor-

mation acting on the fields. Then (4.14) is changed as
I — Ig(t) = / [dW]e 51, (4.16)
Let us rewrite Iz(t) by the operator formalism.

Ip(t) = Tr<(_)Fe—ﬂ’{Q,S}e—t[Q,fV[wn C)

= Z (K| ((_)Fe—ﬁ’{Qﬁ}e—t[Q,f V] C) k). (4.17)

k:A=0
Here the state |k) is annihilated by A or Q. Since C' commutes with @, the

insertion of e~t@/ V¥ hecomes trivial and the right hand side is identical to /.

We can realize kinetic terms of vector and chiral multiplets as Q)-exact terms
in a conformally flat background [107]. Indeed, the kinetic term of a vector-
multiplet (B.48) on R? can be written as

1 _
LM = A2 (4.18)

- 4€2 e=0,¢

Here we set the supersymmetry transformation AYZ# in (B.27) to A... For a
chiral multiplet on R? such as (B.53), (B.55), (B.57),

1
Lo = 15O Fa). (1.19)

It is evident that they are written as Q-exact forms.

These facts are also the case with a conformally flat background. In such
a background, the supersymmetry transformation is corrected from that in the
flat background since it becomes covariant under the Weyl transformation. The

explicit form of a vector-multiplet is given by

Ae,éAaﬁ = (Ae,éAaﬂ)R37 (420)

Ao = (A0, (4.21)
2

Ae,é)\a = (AE,EAQ)R3+§(VME)VZJa (422)

_ - 3 2
AE,E)\Q = (Aei/\a)R +§(Vug)’}/50', (423)

31 1
AG,ED = (AEED)R + g(vuaV“)\ + §(vue)’y“>\, (424)
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where (A\IJ)R3 is the susy transformation in the flat euclidean space given by
(B.30), (B.31), (B.32), (B.33) and (B.33), respectively. ¢ is a killing vector on
the conformally flat background. For a chiral multiplet,

Ae,gq = (AE,Eq)R37 (4-25)
3 4 B
Aefqujoz = (Ae,é’@/}a)R + g(v/AE)’YZq’ (426)
3 2 1
AceF = (AceF)® + g(Aq - 5)(Vu5)7”1/17 (4.27)

where A, is the conformal dimension of g. The first term of the right hand side
in each equation is the susy transformation in the flat background, which is given
by (B.39), (B.40) and (B.41), respectively. For an anti-chiral multiplet,

Acg = (A%, (4.28)
_ Cns 4 B

Ae,éwa = (Ae,éwa)R + g(VME)’qu, (429)
_ _ s 2 1 _

AﬁF::(Ang%?W%—§XVﬁMWL (4.30)

See (B.42), (B.43) and (B.44) for the susy transformation in the flat background.
Notice that they are consistent with the case of the flat background, where the
killing spinors are constant.

The supersymmetric Lagrangians for a vector-multiplet and a chiral multiplet
are the same forms as (4.18) and (4.19), respectively. The killing spinor equation
on S? x S! is given by

V€= 2_17‘7“736 (4.31)
where r is the S% radius. The other two e satisfy the equation with opposite
sign. By using (4.31), we can compute the supersymmetric Lagrangians for a

vector-multiplet and a chiral multiplet as follows.
1 1 1-
LM = (LR 4 —Fpo — =0 — X8, (4.32)
r r

s DNg—3 1- Ag(Ay—1
Lo = (~Lof® + =2 (AD%g + yint) + St g 433)

The Lagrangians in the flat background are given by (B.48), (B.53), respectively.
Again, we can add these terms into the original Lagrangian without changing the

index.

Let us find Lorentz invariant vacua or saddle points in the deformed action
(4.15). Lorentz invariance requires the fermions to vanish. The potential mini-
mum of scalar fields ¢, D, F' is also trivial. Other component fields in a vector-
multiplet get non-trivial vevs. The equation of motion with respect to o is

Fiy— Lo =0. (4.34)
T
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This equation is a monopole equation on S? x S!. Solutions are given by a
superposition of Dirac monopoles [108]

-M M
A =0, Ay=——cotl, o

s
= — = —. 4.35
2r 2r T ( )

where M = 2s is a magnetic charge, which takes values in the Cartan algebra of
the gauge group. It is quantized by the Dirac quantization condition. For As, we

can turn on zero-mode (holonomy) in the S' direction:

/ Agdr = —a  — Ay — = (4.36)
st 3

where (3 is the S! circumference. With taking account of the equation of motion of
the gauge field, the gauge field configuration gets correction at the order O(t71).
Actually, such a correction vanishes under the limit of the coupling constant ¢ to

infinity.

We take into account GNO monopoles as saddle points. After an appropriate
gauge fixing, o and M take values in the Cartan part of the Lie algebra of the
gauge group G. When we perform the Gaussian integral, all fields in this back-
ground is decomposed into vacuum expectation values U(® and the fluctuations
U’ as X

!
U =00 4 %\1/ . (4.37)
Substituting this into the total action S[¥, ¢], all interaction terms including more

than two fluctuations vanish in t — oo limit. After taking the limit, we are left

with
In=>Y" { / [d\II’]e_S(O)e_SI[‘I’/]] . (4.38)

M
Here S© is the expectation value of the original action. Almost all terms in the
original action vanish when the expectation values are substituted. If the action

includes Chern-Simons terms, it gives the non-vanishing contribution
. 9
SQ = 4i / iV (A<°>dA<°> - §A<O>A<O>A<O>) = 20TY'(as). (4.39)
T
The definition of the trace “Ir’” here includes Chern-Simons levels and it does
not have to be positive definite. S’[¥’] is the quadratic action of the fluctuation
fields with the monopole background. For a vector-multiplet, the Lagrangian is
given by

1 1 - 1-
L, = Te|-5VaV*+ oD AP+ ; N = =3 (4.40)
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where V), is set to

1 s o
VN = §€m,pFup + [D/“ 0'] + [AIM ;] — €u12;- (441)
Here €193 = 1 and D; (i = 1,2) is the covariant derivative in the monopole
background
Dl’ = 61 — iSeffwi, (442)

where w; is the spin connection in S?, which coincides with A; in (4.35) with the

unit magnetic flux and Seg is given by sum of spin S and background flux s.

Seﬁ‘_S‘i‘%_S‘i‘S. (4.43)
For a chiral multiplet,
—Ly = —qD,D'q+ %qssq + Aq(lrz Aq}(jq + L _TQAq gDsq+ FF
L @) + (1 D) + 22 () (4.44)

Here we denote the field U’ as W. Therefore, the final result of Ir can be decom-
posed into each contribution of the fields.
In=>" {H reSUT] IQ] , (4.45)
M v Q

where 1Y, I? is given by
n—ﬂmewmﬂ,ﬂ—/mwfmﬁh (4.46)

This is the localization method on S? x S'. Since the Lagrangians L,, L are
given by the quadratic expression of the fields, the path integral reduces to the

products of gaussian integrals.

Let us apply the localization method to an index of an A/ = 4 Chern-Simons
theory (4.11). In this case, the magnetic charge M and holonomy « are given for

each node:
M — diag<m(1la e 7m(]1\7)a & — diag(a‘f, T 70/11\7)' (447)
The index (4.11) is given by
(3,2, 57) = [ [ st [ 1 ) [T ] (09
a=1

M a 1
where we use s, t as suffixes of U(N), gauge group. Here IVe(z, z, ') and I1(z, 2, %)
are the contributions from a-th vector-multiplet or /-th matter-multiplet, respec-
tively.
IV*(z,2,2) = Try, [(—)FG_B/{Q’S}x2(D+j)sz’P/] : (4.49)

M1 (x, 2, 2) = Try, [(—)Fe_ﬁl{Q’S}xQ(Dﬂ)sz'P/] : (4.50)
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4.2.3 Radial quantization

In this subsection, we perform the path integral (4.46) up to the over all constant.
Since the path integral reduces to gaussian integral, we can perform the path
integral exactly.

For this aim, let us fix the boundary condition of the S! direction. The Killing
equation (4.31) implies €; o< €”/") | and we cannot impose the periodic boundary

condition on €;. Instead, it satisfies
&1+ 6) = ¥ @e(r). (4.51)

We interpret the extra factor ¢?) on the right hand side as an insertion of a

twist operator. Namely, by using the quantum numbers

1

R(&)=—1, ji(6)= 2 F;() =0, (4.52)
we can rewrite (4.51) as
@ (7- + ﬂ) — e(*R*js)ﬁlJrjsﬂerFi%El (7.)’ (4.53)

where 31, (5, and ~; are real parameters satisfying §/r = [ + [,. For the
consistency, the same boundary condition should be imposed on all fields in the

theory. Namely, we impose
U(r + fr) = 6(—R—j3)ﬁ1+j352+Fi%\11(7-) (4.54)

for an arbitrary field ¥. The path integral over S? x S* with this twisted boundary
condition gives the index I defined in (4.12) with C' = x(P+7) 2% The variables

2, x, and z; are related to (31, B2, and ; by

t=e P w=eP = (4.55)

First, we perform the path integral for a scalar field q. The integration of the
auxiliary field F' gives a constant factor and we can simply drop it. The path
integral of the complex scalar field ¢ gives the determinant factor (det 0,)~" with

the differential operator

1 A, (1 —A 1—-2A
Dq:_D3D3_DiDi+T_282+ q( 3 q) +

1D, (4.56)

r

Let us focus on a component of the scalar field with weight p € R,. Although
the spin of scalar field is S = 0, the coupling to the background flux shifts the
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effective spin to Seg = p(s). We can expand a field with spin S and weight p in

the background flux s by spin Seg spherical harmonics Yf;;f

Yoer > S|, —j <js<j. (4.57)

7,33 7

The eigenvalue of the Laplacian D;D; corresponding to Yjsjef i

1
D;D;Y? " = —5liG+1) - S LY (4.58)

2,33 2,33

Substituting (4.58) into (4.56), we obtain the eigenvalue
1. .
Oy = 50+ Ay +7Ds)(j + 1= Ay = rDy). (4.59)

In this expression D3 should be understood to be its eigenvalue. By taking the

twisted boundary condition (4.54) into account, the eigenvalues of D3 are given
by

1
Dy = r 2min —ip(a) + (=R — j3)Bi + jsfz + Frvi|, n€Z (4.60)

For the scalar field ¢ the charge R in (4.60) is replaced by A,. Taking the product
of all the eigenvalues, we obtain the scalar field contribution to the Gaussian

integral.

—1
7 [e9)

IT II II TIG+a+rD)G+1-2,—rDy)| . (461)

PERq j=|p(s)] Ja=—j n=—o0

Next, let us consider Gaussian integral of the fermion field 1. The differential

operator acting on 1 in the action (4.44) is

1 —-24A, s
-, 4.62
2r L T ( )

Dfer = ’YMD,LL -

We focus on a component with weight p € R,. Including the shift due to the
background flux, the upper and lower components of the spinor ¢ have the effec-

tive spins Seg = p(s) —1/2 and Set = p(s)+1/2, respectively. They are expanded

-1

/2 and Y2 et us focus on a mode with spin

. . o(s
by spherical harmonics Y; ()

7.
In the case with j > |p(s)| + 1/2, both Y72 and Y92 exist. The

7533 WEVE]
differential operator Dy, acting on 1) takes the matrix form

Dy — 1528 4 2 ~iD_
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where Dy = Dy £ i¢D5y. The determinant of the matrix (4.63) is

2 1—2A,\°
det Dy = 251 _ <03 - Q—q) ~D.D_. (4.64)

r? r
det’ in (4.64) represents the determinant of the 2 x 2 matrix. Note that D,
and D_ do not commute with each other and D, D_ and D_D, are different
operators. If we adopt DyD_ as in (4.64) we should regard it as an operator

acting on the upper component of 1, which has the effective spin p(s) —1/2. The

(i+3) o7

Yp(s +1/2

IVES

(4.65). By substituting this eigenvalue into (4.64) we obtain

eigenvalue is

1
yPe-1/2, (4.65)

MIVES

D+D YP(S) 1/2

2,33

We can also use D_D, acting on , and obtain the same eigenvalue as

1, .
det Dy = —(j + A, +7Dy)(j + 1 = A, = rDy). (4.66)

Yﬂ(5) 1/2

2,33

In the case with j = |p(s)| — 1/2, on the other hand, only one of
or Y/UH/2 exists. Therefore, only top-left or bottom-right component in the

matrix (4.63) exists. The eigenvalue in this case is
1
Dfer = ;(] + Aq + 7"D3). (467)

Here we ignore the sign factor. It is not relevant if the matter fields are bifunda-

mental for the gauge group. Combining (4.66) and (4.67), we obtain

00 J 00
I"=detDie = [[ I I I G+2s+rDs)

PERg j=|p(s)|— 1/2j3*—jn=—oo
< 11 H H H +1—A,—rDs). (4.68)
PERg j=|p(s)|+1/2 js=—j n=—00

Recall that the differential operator D3 should be understood as its eigenvalue
given in (4.60). For the fermion field ¢ R in (4.60) is replaced by A, — 1.

As a result, we obtain an index for a chiral superfield I9 = I9]¥ as follows.

19— H |:H.7—‘1 I oG+ Ay +7Ds) [, [T (G +1 =24y —1Ds)
[Is11Z oG+ A +7D5)(j +1— Ay —1Ds) '

PERq
(4.69)
Here F;1, F5, B mean
Frooog=lp(s) —1/2, |js| <, (4.70)
Fooo jzlpls)l+1/2, |js| <7, (4.71)

Bzl il < (4.72)
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Let us regularize the infinite product of the eigenvalues in a standard way. One

of the eigenvalues is of the following form

i+ Ayt 1Dy — %(2mn—z'p<a>+<—R+Aq+j—j3>51+ (j+Aq+j3)ﬁ2+Fm)
(4.73)

We set 21 to be the right hand side with 27in removed. The other is

J=AgtrDs+l = %(27Tin+ip(04)+(R—Aq+j+ja+1)ﬁ1+(j—Aq—j3+1)ﬁQ—F¢%>
(4.74)
We define 2, to be the right hand side with 27in removed. We first carry out the

product over the integer n by using the formula

o . . =1
nl__[oo(zmn +2) = QSinhg —e3(1—e %) =€ exp [—mzl Ee—mZ] . (4.75)

At the first equality we neglect a divergent constant. With this formula all the
products in the definition of /¢ other than [[)°__ can be rewritten by the

summation.
= . =1
omin + z)~ (" = e~ Zx()"3 exp — —Femm=1 . 4.76
I 11 rims) 2 m o) (470

F'is the fermion number of the corresponding field. We define a function f by
fle™ 2l z, ) =Y (—)e (4.77)
X

We call this a letter index because this can be regarded as an index for elementary
excitations, which are often called letters. For the eigenvalue (4.73) for a scalar

field, e™* is given by

e — tP(@)=(—73)B1—(j+Aq+j3)B2—Fivi — ip(a )x/j—jsxj-i-ﬁq-i-jszﬂ" (4.78)
s .

and the corresponding letter index is

f= Z 21— ir(a) AqZF Z Z (') <_/> ‘ (4.79)

J=lp(s)| J==Js

We compute the letter index for other series of eigenvalues in the integrand in
(4.69) in the same way. We give only the results. From the other factor (j + 1 —
A, —rDs3) in I? we obtain

o0 J 1\ J3
f=e @y =Ray ki Z Z (z'x)7t? (—) : (4.80)

J=lp(s)| 3=—J
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The factor (j + A, + D) in IV gives

f=—erDghaf i Zxa: ( ) (4.81)

k=lo(s)] I=—F

and the other factor (j +1 — A, — rD3) in I gives

9] k l
e I S S o (_) . (1.82)
-1

k=lp(s)] I=—F

By summing up (4.79), (4.80), (4.81), and (4.82) we obtain the letter index for
a chiral multiplet ). Finally we sum up the letter index for all chiral multiplets,
and obtain

FRe™ 1, 2;) = etPl@)  F —x21|p(_8);jq — el h —x2|P1(S)_+; Aq. (4.83)
This does not depend on the variable /. This is consistent with the fact that
only BPS states contribute to the index Ir. When A, = 1/2 (4.83) agrees with
the corresponding function in [105].

We also need to evaluate the first factor in (4.76). It is a monomial of the

variables €', x, and z;. We define by, €y, and go; by

exp <— Z(—)Fg) = eib(’(“)xeozfo". (4.84)

X

€0 and qo; are zero-point contribution to the energy and the flavor charges. by(a)
is a linear function of a which represents the zero-point charge coupling to the
gauge fields. The zero-point energy is given by

109

> o1 = (1= 24)lp(s)|- (4.85)

elv=g=z;=1

€0 =

The zero-point flavor charges qo; are also obtained in the same way.

1 an
2 0z;

qoi =

=By (G een) 0w s

Since this is divergent, we need to regularize and normalize (renormalize) it suit-
ably. Because (4.86) does not depend on A, it is plausible that after an appro-
priate regularization ¢y; does not depend on A,. Thus we take zero-point charges
for canonical fields,

qoi = —|p(s)|Fi. (4.87)

Similarly, by(a) is given by

bo(a) = —[p(s)lp(e). (4.88)
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(4.88) can be regarded as the 1-loop correction to Chern-Simons levels. This
vanishes when the matter representation is vector-like.

Finally, the index of a chiral superfield (4.69) is written as follows.
I° — H {e—ilp(S)lp(a)x( Adle()l - SleEIE oy [Z —fQam, 2, el ))] '
PERy
(4.89)

The letter index of vector multiplets is also obtained in a similar way. The

contribution of the bosonic part of a vector-multiplet 4% is given by

JAOD _ H /d@ (FPD) pEG[H& = G+1- ,,,Dlg)) [, ITh oG+ ng)l

pla)=
(4.90)
where By, By are
By j=1p(s) =1, |is] <4, (4.91)
By : j=lp(s)+1, |5l <5 (4.92)

[[,cc represents the product over all roots. The factor (FPD) is the Faddev-
Popov determinant for a certain gauge fixing. When the gauge group is unitary

group, (FPD) is given by

(FPD) = ] 2@81n< > (4.93)

p(a)#0
p(s)=0

The contribution of the gaugino I* is given by
=11 {H [T G+1+m) ] I G- ng)}. (4.94)
peG - F1 n=—o0 Fa n=—o0

Fi, Fy are given by (4.70), (4.71), respectively.

Combining these results, we obtain the index for a vector-multiplet IV =
APV,

o H / da | (FPD) |:H.7—‘1 [l oo+ 147Ds) [, [Tl — ng)}
HBl [[e—ocG+ 1 =7Ds) [, [T (G +7Ds)
(4.95)
We can regularize the infinite product in the same way before. Because any
vector multiplet carries no flavor charges, it is a function of only s, € and z.

The result is

IV = H /da (FPD) H {x—/)(s)l exp [i lfv(xm’ eimp(a))]:| ‘ (4.96)
p(a)=0 peG m=1 m
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where the letter index f is given by

fo(x,e) = — el g 2p(s)], (4.97)
and the factor 2~1P)l is the zero-point energy.

Let us apply this result to an indices of an N' = 4 Chern-Simons theory
(4.49) and (4.50). Remember that the definition of z is z? in (4.49) and (4.50).
First, we give the contribution of an N = 4 vector-multiplets V. The conformal

dimension of the chiral superfield ¢ is 1. The index is given by

N N 00
a a a a 1 y a
JVa — v 9" — (H/dag> H |:x—|m5—mt exp [Z —fva(x”,emﬁ“)u ]
s=1 s,t=1 n=1 n
(4.98)
Here we set 8, = af — af (af := ag ) and
Yz, ) = —(1 = §y)a?Ims—mileifi, (4.99)

Next, we consider the contribution of the bi-fundamental hyper-multiple H'. The

conformal dimension of the chiral superfields is A, = 1/2. We obtain the index

as
5 al L(I)_ R(I) =1
JHr — JQRI QI — H { |mis ) —m; |eXp [Z —fH’(ajn,z?,emﬁgt)}] ’ (4.100)
s,t=1 n=1 n
where we set 5, = af® — ozf(l), zr =2z (%) for s; =0(1), and
Z‘( Q‘mL(I) R(I)‘)
Hi By = i . (4101
f (CE, e ) 1+ a2 (6 ot 6Zﬁ9t21> ( . )

This result correctly encodes the spectrum obtained from the radial quanti-
zation method [109, 110].
4.2.4 Large N computation

Let us perform the holonomy integrals of the index under the large N limit.

Itpmoy (@, 2,2") = H[V“(a: z,2)e 5" HIHI(:v,z, 2') (4.102)

1

= (HH/ ) I8 (x, 2, ). (4.103)

a=1 s=1
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where [8%8¢(x, z, 2') is given by

[gauge(x’ 27 ZI) — x260({mg}) exp (Z Z kamg‘ag>

=1 s=1

X H H exp [Z %fH’ (™, 27, emﬁslt)] . (4.104)

Here we use (4.98) and (4.100). ey({m?}) is the zero point energy due to the

vacuum polarization in S?, which is given by

o (me)) =5 37 3 It —mil + ZZW(” mfOL (4.105)

a=1 s,t=1 295 s,t=1

To obtain the gauge theory index which can be compared with the graviton
index, we should take the large N limit. This limit is taken by adding vanishing
entries to the monopole charges {m?}. For each a, the monopole charge is de-
scribed by N integers m? (s =1,...,N). Let M, be the number of non-vanishing
components among them. When we take the large N limit, we keep M, at O(1).
For this limit to be well defined, the zero-point energy should not diverge in the
limit. This is indeed easily confirmed by rewriting (4.105) as

o)) = 5SS S w4 53 S S w0 )

a=1 seM, teM, a=1 sEMp, 5y tEMp(p)
+ E 2M Ma+1 - a 1 E ]m (4106)
SGMCL

where {m¢}. is the collection of non-vanishing components in {mg}, and > __,,
represents the summation over M, non-vanishing components in the magnetic
charges. This expression is manifestly independent of N, and well behaves in the
large N limit.

The integration with respect to angular variables af associated with vanishing
magnetic charges m? can be carried out by introducing the variables A\, by

N
Dot n=d41,42,... (4.107)

s=M,+1

1

)\an—
N - M,

The exponential factors in the second and the third lines in (4.104) can be rewrit-

ten as a Gaussian factor including

o0 1 '
exp (— Z - Z Aan Mgy (2™, 2™ 2™ YNy + - - ) (4.108)

n=1 a,b=1
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where - - - include the first and the zeroth order terms of \,,, and the matrix M
is
_ zz7 !
1422
1 _ TRI-1
. 1422
_ TR 1 _xzg
n o__ 1+x2 1422
M(x,z,2") = agp? ) e . (4.109)
1422 . 1422
xR 1
1422
_ z2r
1422

After the Gaussian integral with respect to A,,, we are left with the following

expression including the finite number of integrals.

Iimay (2, 2,2") = I(O)(x,z,z')[{(*) (z,2,7), (4.110)

m¢}
where 1 is the determinant factor associated with the Gaussian integral of Ay,

1
det M (xm, 27, 2'™)’
=1

10z, 2, 2") = (4.111)

and ]{(2(1}* is given by
(%) / e ({mg}) s a,.a
Iy (@, 2,2) = (symmetry) HH/ exp z;;kamsas
X H H [exp Z ﬁfv"(x”, emﬁgt)]
a st n=1
X H H [exp Z ﬁfHI(x", 27, emﬁg’f)} : (4.112)
I st n=1

h .
Here £7¢ and £} are given by

£% (2, %) = (—(1 = Oy)a2mi =il g g2mE+imEy st (4.113)

L) _ R(I) L(I) R(I)
A x(x 2|ms | p2(ms™ [ +my I)) o
£HI (g 5 o) = zrePst 4 4.114
( s <1y ) 1+$2 I Z[Glﬂgt ( )

4.2.5 Factorization

We have already finished the calculation in the large N limit. The index (4.112)
can be factorized three parts in neutral, positive and negative parts with respect

to magnetic charges.

For later convenience we divide the magnetic charges {m?}, into the collection
of positive charges, denoted by {m?},, and the collection of negative charges,

{m?}_. Using the convention in §2.4, we write as

{mg}y €T, {mi}o e -1 (4.115)
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Each of {m?}, and {m?}_ can be represented as a set of r Young diagrams by

reordering the magnetic charges by decending order. For example,
{87} = (diag(2,1,1), diag(4, 2,2,1)) (4.116)

We also introduce M (M, ), the number of positive (negative) components
in m? for each a. The symmetry factor in (4.112) is the product of the symmetry
factors of the 2r Young diagrams. The symmetry factor for a single Young
diagram is defined as the product of the factorial of the number of the lines
with the same length in the Young diagram. For example, the symmetry factor

for 5 and ¥ are 112! and 2!3!, respectively.

*)

We can easily see that 1! {ma}. 18 further factorized into I Em)"} depending only

on {m?},, and [ {m)a}_ depending only on {m?}_. To show the factorization of
the zero-point energy contribution 22, we divide the range of all the summations
of color indices s and ¢ in (4.106) into two parts as Y . = > oy + D cn

The first term in (4.106) is decomposed as

D ID I BIEIIIED D B BRI

a=1 se Mt te M a=1 se My teMy
—Z oM, > |ml+2M; > ml| ] (4.117)
seMy seMy

In the first line, the contributions of {m?}, and {m2}_ decouple from each other.
The two terms in the second line depend on both {m?}, and {m?}_, and for the
factorization, these terms should be canceled by other terms. Actually, these
terms are precisely canceled by the mixed terms arising from the > 2M, > |m?|
term in the second line in (4.106). In this way, all the mixed terms cancel, and

the zero-point energy is represented as

co({ms}s) = co({ms}y) + eo({ms}-). (4.118)

The factorization of the second and the third lines in (4.112) is shown by using
the fact that the factors in the form z2m="'| — z2(mI=Im') appearing in (4.113)

and (4.114) vanish when m and m’ have opposite signatures.

Now we have shown that the gauge theory index factorizes into the three

parts:

Iimay(z,2,2") = 1O(2, 2, 2 )[E;)a} (x, z,z')[{(;l)g}i(x, z,2'). (4.119)
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Because the summations over {m?}, and {m?}_ are independent in the large N

limit, the total index also factorizes into three parts
159 (3, 2,25 7) = 1, 2, 2) P (2, 2,2, 7)1 (w, 2, 23 7), (4.120)
where IF) (2, z, 2/; 7) is defined by

Iz, 2,25 7) Z Ima}ixzz) . (4.121)

{m2}+
We also define the index for a specific gauge invariant monopole charges {m,} as
the sum of contributions of all the monopole backgrounds with the same {m,}.

For example, the index for {m,} = {2,2} is the sum of four contributions:

() _ () (+) (+) (+)
[{272} o I{Dlm} + I{m,E} + I{E{,m} + I{E,E}’ (4122)

where we used the Young diagrams to represent the charges {m?} ..

4.2.6 Rule of selection

The integration with respect to the angular variable «;, leaves only terms whose
P and P’, the numbers of z and 2z’ in the terms, satisfy certain selection rules,
which correspond to conditions of gauge-invariance of operators. For operators
which carries only the diagonal U(1) magnetic charge, the selection rules are
expected to be .

1
-PeZ, -PeZ, (4.123)
p q

which means that such operators are invariant under the residual gauge transfor-
mations (2.52). In this subsection, we derive selection rules for general magnetic
charges, which will be compared to the spectrum of the Kaluza-Klein momenta

derived on the gravity side.

Let us start from (4.104). For every vertex (U(N) gauge group) a, we have
N angular variables a? (s = 1,...,N). Instead of these, let us take af and [,
(s =2,...,N) as N independent angular variables. We replace all a? (s > 2)
in (4.104) by of — §{,. By this replacement, the exponential factor including the

levels k£, becomes

r N T r N
exp (zzzkam‘;a5> — exp (kaa) X exp (—z’ 3 Z;kamiﬁﬁ) -
- T (4.124)

The variables £, in f}P(x, z;e"%t) become

L =1 - 8+ R, (4.125)
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As a result, the parameter z; is always accompanied by €1, After integrating
out ff, (s > 2), we obtain

Iimay (2, 2, 2') <H/da1> exp( Zk maa1> (z1€ 511) (4.126)

where f(z;¢%11) is a certain function of r variables zre?®t (I = 1,...,r). This
function also depends on z, but we do not take care about it here.

We now have r angular variables af to be integrated. Instead of these, let us
use e and 3f, as r independent variables, where a = e is the reference vertex,

which is given in §2.4. By definition 3!, satisfy
> s =0. (4.127)
=1

To treat all 5, as independent variables, we insert the § function

5(2 51[1 Z exp _Zd2611 (4.128)
=1

d=—00

into (4.126). (§(F) in this equation is the J-function for an angular variable.
Namely it has the periodic support § = 27n.) We rewrite the exponential factor
in (4.126) by using

Z kamaaf =k Z crBl, — kae Z SIfir, (4.129)
a=1 I=1 =1
where py is the relative magnetic charge defined by (2.30) and ¢; is defined by
cr = Z (S1— Sy)jtg — MeS]. (4.130)
o J<I

As a result, we obtain

Iimey (@, 2, 2') Z /da.1 (H/dﬂu> F(zreh)

d=—o00
X exp (iZ(k‘cI —d)pY, — ko Z 31u1> . (4.131)
I=1 =1

The integration of a4 gives the constraint

T

> sipur =0, (4.132)

I=1

imposed on py. This is equivalent to (2.28), which comes from the gauge-

invariance of monopole operators.
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For every I, the 3L, integration picks up terms proportional to Z?_kcl . There-
fore, P and P’, the total numbers of z and 2/, are given by

p

q
P = ) (d—ke)=pd+ Y lops, (4.133)
=1

i=1
q

P
P = Z(d — key) = qd + kqgme — Z Lipsi, (4.134)

i'=1 i=1
where [; are the linking numbers defined by (5.35). We number edges in the linear
quiver diagram in ascending order from left to right. Here n; = Npq) — Ngp
represents the number of D3-branes ending on the fivebrane I. In this subsection,
we only consider the case of n; = 0, and the linking numbers are multiples of k.
From these equations, we can see that the selection rules in (4.123) are corrected

when the relative magnetic charges p; are non-vanishing.

The charge Py, is calculated by using (2.53) as

q

1 1
Py=me— — Lipt; — — Lir phir . 4.1
v = ha E i i E i (4.135)

i=1 =1

The right hand side of this equation is independent of d, and a function of the
magnetic charges m,. Although each of three terms in (4.135) separately depends
on the choice of the reference point, the sum of them is independent of the choice.
We can obtain the relation (4.135) in more direct way from (4.104). The reason
why Py is related to m, is that the flavor rotation generated by Py, is gauge
equivalent to the shift of the dual photon field a. The gauge invariance of an
operator requires its charges associated with these two shifts to be the same.
When the gauge group is U(1)", the gauge symmetry connecting these two shifts
are parameterized by ¢ defined in (2.45). For U(N)" gauge group we can define

such a parameter ¢ by
L1 s 1 .
a‘Pﬁst = 2_97 a&pﬁst - _57 6@ st — 0. (4136)

The action of 0, on the parameters a? is

D05 = Ya, (4.137)
where v, are constants satisfying
1 1
VL) — VR() = ]—), YL(i') — VYR = —5- (4.138)

These conditions determine v, up to overall shift. Integration of ¢ leaves only the

contribution of operators which are invariant under the ¢ gauge transformation,
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and reproduces the relation (4.135) as we see below. Let us perform the integra-

tion over ¢ orbit in (4.104). A term proportional to 2"z is accompanied by the
factor e=*m%_ The other factor including ¢ is the exponential factor including

the Chern-Simons levels. It includes
exp (z’cp Z kama’ya> ) (4.139)
a=1

Therefore, for the term to survive after ¢ integration, the following relation must
hold.

1 T
Py =1 ; koM. (4.140)

This is equivalent to (4.135). This expression is manifestly independent of the
reference point. Due to the constraint (2.28), (4.140) is not changed by the overall
shift of 7,, and is determined unambiguously. We can easily show (1/k) )", ko7 =

1, and Py, is a weighted average of the magnetic charges.

4.3 AdS, particle index

The indices we consider in gravity side are defined by

I(z, 2,2 1,8) = Tr | (=) e PH@QS g2 D) ha P PHppe | (4.141)
We here introduced new chemical potentials ¢ = (t1,... ), ?=(t,... 1) for

the Hs, Hs charges p, g, respectively. The meaning of the last part in (77?) is

7 = e ﬁ 0. (4.142)
=1 =1
In addition, we insert the chemical potential y3 for the charge hg, which is set to
1 in comparing the gauge theory index.

By this definition (4.141), we can define two indices: One is the single-particle
index I°P; which is defined by taking the trace over all single-particle states, the
other is the multi-particle index I™P, which is also defined by the same equation by
summing up all the multi-particle states including single- and no-particle states.
We compare the gauge theory indices obtained in the previous section with this
corresponding multi-particle indices for M-theory in the dual geometry AdS, X
S? In general, a single-particle index and the corresponding multi-particle

P,k
index are related by

I"™P() =exp ) %ISF’(-”), (4.143)
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where “(-)” represents the sequence of the arguments corresponding to additive
charges and “(-")” on the right hand side is the sequence with every argument
replaced by its n-th power. This index does not depend on 3, and only operators

saturating the BPS bound
{Q,S}=D—j—(T3+T3) >0 (4.144)

contribute. We will compute a superconformal index of the Kaluza-Klein modes.
We denote generators of these two SO(2) symmetries by H; and Hs. They are
related to T3 and T} by

Hy=T3+1T;, Hy=-T3+1Ts. (4.145)
See (D.19) in Appendix D.

As we have already mentioned, the internal space S;q,k, includes two fixed loci
Sy and Sr, and we should take account of the twisted sectors associated with
these. The two sectors can be treated in parallel ways, and we first consider the
contribution of the Sy sector in detail. Because Sy is the A,_; type singularity,
we expect that there exists an SU(p) vector-multiplet localized on the locus.
With the coordinates defined in (3.45), Sy is given by t = 0, or 23 = 25 = 0, and

is spanned by two complex coordinates z3 and z4 constrained by
|z3]* + |24)® = 1. (4.146)

This equation together with the identification by the Zj, generated by the third
generator in (2.52) defines the Lens space S®/Zy,. Because this orbifold does not
have fixed points, we can obtain the single-particle index for a vector-multiplet
in this manifold by the Zj, projection from the index for the covering space S°.
The Hgys' charges are represented as a vector in the Gsy s root lattice, and we
can regard them as wrapping numbers of M2-branes on the vanishing two-cycles

at the singularities.

By summing these contribution coming from the twisted sectors and that of

bulk particles, we can obtain the single-particle index as follow:
IP(x, 2,2 0,8) = IB(x, 2, ') 4 19V (2, 25 1) + 157 (z, 2 1). (4.147)

For convenience, we give our result of these indices in advance. To do this, let us
denote the coefficient of a function I*(z, z, 2'; 1, ) in the expansion £, and a new

variable ¢, which is used to pick up the specific M-momentum, as /. (*P

M 050") ($’ % Z/):

1 1

I"(z,¢ w2, crtas; 1) = Z I;PMﬁﬂ)(x,z,z’)cp”fﬁﬂﬂ. (4.148)
(PM»ﬁaﬁ,)
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In this notation, the single-particle index is given by

) S
I(SII;M,ﬁ,ﬁ')(x7 z,2) = 5,3,555,75]1[31\4 (x,2,2') + 55,75](1%4@(% 2') + 55,6](1%4,,7)(% 2),
(4.149)
where each contribution on the right hand side is
B (027) = 3 T (D)0, (4150)
S vec
I, 5@, 2) = deg(p)Iisp,, (x)2" ", (4.151)
I @, 2) = deg(Z) 15, p,, (x)z 7. (4.152)

Here deg(p) is the degeneracy for the adjoint representation at § in the SU(p)

root lattice. Namely,

L =2)
deg(p) =4 p—1 (=0 (4.153)
0  (others).

We derive this expression in this subsection.

As noted, once we obtained the single-particle index, the corresponding multi-

particle index is straightforward by (4.143). In this case, the relation is given by

. =1
I (z, 2,250 0) = exp Y —IP(a", 2", 2" 0, 17). 4.154
('r?Z Z? ) eXp n (:U z 72 ? ) ( )

n=1

4.3.1 Bulk sector

First, we discuss the bulk sector. In general, the index for bulk particles in an
orbifold can be obtained from the index for its covering space by the projection
which leaves modes invariant under the orbifold action. The single-particle index

for bulk gravitons in AdSy x ST was obtained by [111] as follows?:

P~ 51{Q.5} 2(A %)) (numerator)

ho hs h
]Gs7 (x7y27 93794) =Tr [<_) y22y33y44] = (denominator)’

(4.156)

3The single-particle index for the orbifold AdS,; x S7/Z; in the large k limit is obtained
from (4.156) by picking up y4 independent terms as

Iagps = I |ys—o- (4.155)
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where the numerator and the denominator are given by

(numerator) = (ysya + Yays + Yays + Ysyaua(ys + ya + ya)) (2° — 2°)

+/Y3Y294(1 + Yyaya + Yoys + yays)x

—VY3Y2ya (Y3 + Y2 + ya + Ys3YaYa) T, (4.157)
(denominator) = (1 — 2" (/1 — vv/Y392) (VY3 — T\/Y2Ya)

X (V2 = /yays) (/Ysy2ys — ). (4.158)

For the aim to be self-contained, we derive this index in Appendix D.
To obtain the index for ST, given by (3.34), let us first rewrite the index
(4.156) as a function of z, z, and 2. Because 272" = (22/)"2(2/2')™, we can

change the variables by substituting
, z
Yo =22, Yz = 17 Ya = ;’ (4159)

into (4.156). We obtain

G+ +z+8)@—-2")+Q+Z+ L +22/+ 2)(a% —2?)
(1—:1:4)(1—:cz)(l—xz)(l—x/z)(l—:U/z)

log, (v,2,2') =

(4.160)
We expand this index with respect to z and 2’ as
log, (v,2,2) = Zlgr;‘f(x)zpz”y. (4.161)
PP
The coefficients I¥ 5, () are given by
) £ P1+2 x|P|+2
185 (@) = (1= 8podpro)al M 4 Spo ot oo (4.162)
The charges P and P’ invariant under (2.52) must satisfy
1 1
-PeZ, -PeZ Pycl (4.163)
p q
The general solution to these conditions is
P=pa, P =qla+kb), abeZ. (4.164)

The integer b is equal to the M-momentum P,;. As a result, the single-particle

index for the bulk gravitons in AdS, x Sp ok 18 given by
n grav a I (a+kb)
[GS;,q,kz (wj Za z ) - ab:zoo Ipa,q(a+kb)<x)zp Zq , (4165)

which is identified with the bulk contribution I5(z, 2, 2/).
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4.3.2 Action of a vector-multiplet on AdS, x S3

In this subsection, we construct the action of the vector-multiplet in the seven-
dimensional curved background :S’; ~ AdS,; x S3. The action is necessary to
carry out Kaluza-Klein analysis and obtain the spectrum of the localized modes
in :9; The spectrum is needed to calculate the contribution to indices from the

singularity.

A D =7 N = 2 vector-multiplet consists of a gauge field A,;, a symplectic
Majorana spinor field A, and three real scalar fields ¢; (i = 1,2, 3). If we identify
the background spacetime with the singular locus :S';, the R-symmetry of this
theory is SU(2)g defined in §3.3, and the isometry of S* is SU(2)% x SU(2)%. A
and ¢; belong to the SU(2)g doublet and the triplet, respectively. In advance,

we show the supersymmetric action

1 1— 1
S = / d7x\/_—g[ — 2 Fun MY = S0 Dy = S0uei0M o
+3(XFA) + i¢¢~ _ 3 gy, o (4.166)
8L L2 i 4L kLmn | .

where L is AdS radius. This is invariant under the supersymmetry transformation

5 = i(oy)), O\ = —iUiI’MeaM(bi—i—%FMNFMNG—F%@@FE, §Ay = — (€T \).

(4.167)
There are mass terms for the fermion \ and the scalars ¢;. We also have the
Chern-Simons coupling for the gauge field. Note that the tachyonic scalar mass
m? = —2/L? satisfies the Breitenlohner-Freedman bound m? > —9/(4L?). These
terms are inevitable to obtain the Kaluza-Klein spectrum consistent with the

gauge invariant operators in the boundary theory.

To construct the action (4.166), we use the Noether procedure; we can de-
termine the coupling of the component fields order by order with respect to the

background curvature by supersymmetry. We start from the action
7o — 11 mn s 1 M
and the transformation laws
1
5@51 = i(ggi)\), o\ = —iaiFMeﬁqumLﬁFMNFMNe, 5AM = —(EFMA), (4169)

where M, N, ... are seven-dimensional vector indices and 4, j = 1, 2, 3 are indices
for SU(2)g triplet. o; are Pauli matrices acting on SU(2)g doublets. These are

obtained by dimensional reduction from N = 1 supersymmetric Maxwell theory
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on the ten-dimensional flat background, and the covariantization with respect
to diffeomorphism. If the background spacetime is flat and the transformation
parameter € is a constant, the action (4.168) is invariant under the transformation

(4.169).

The first step of the Noether procedure is to compute the supersymmetry
variation without assuming the flatness. For a general curved background and a

coordinate dependent parameter €, we obtain the variation in the form JYV ye.

_ 1 —

65y = / {i(AaiFMFNVMe)ﬁNqﬁi - 5(AFLFJV”VVLG)FMN : (4.170)
If we were constructing a supergravity action, this term would be canceled by
introducing the Noether coupling to the gravitino, J™1),;. But now, we want the
action invariant under the global supersymmetry, whose parameter e satisfies the

Killing spinor equations
Ve=alT e, V,e=0T,e, I'=Tpos, (4.171)

where we use u,v,... = 0,1,2,3 for AdSs and m,n,... = 4,5,6 for S®. a and
b are parameters with dimension of mass. These parameters are proportional
to the curvature of AdS, and S3. By substituting (4.171) into [V, Vle =
(1/4) RynpolP%e with the curvature

1 3 1
AdS.
Rl“fl)\; = _RZ <gﬂ)\gl’l’ - gVAg.“P)? Rrsrmpq = R2 (gmpgnq - gnpgmq) (4172)
AdS, S3
we obtain
=1 p= 1 (4.173)
4Rids4 ’ 4R%3 . '

If we require the background spacetime AdS, x S? is the locus in the M2-brane
near horizon geometry AdS; x S7. From (3.24), two radii Raqs, and Rgs are
related by Rgs = 2Raqg,- This means a = £2b. In the following, however,
we will not use this relation as an input because this relation is automatically

obtained by requiring supersymmetry.
Let us first focus on the first term in (4.170). By using (4.171), we obtain

(1st term in 65p) = / [i(2a — 3b)(Ao;I"T€)0, ¢; + i(4a — b) (Ao, I"T€), ;] -
(4.174)
There are two ways to obtain similar variations to cancel this. One is to introduce
a fermion mass term

L

SH=7 (AT'N). (4.175)
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The second is to deform the fermion transformation law by
O\ =iqp;o;le. (4.176)

my and ¢ are real parameters with mass dimension 1. For the variation (4.174)

to be canceled by 'Sy and 0.5}, the parameters m, and ¢ should be given by
myx=a+b, ¢q=3a—2b. (4.177)

In addition to terms canceling (4.174), §'Sy and §S% provide more terms. One of
them is the term in §'S, including Ve. By using the Killing spinor equations in
(4.171) it becomes

i(3a — 2b)(4a + 3b)(Aoi€)b;. (4.178)

We also obtain a similar term from §'S%:
§'Sy = —i(3a — 2b)(a + b)(Ao€)¢;. (4.179)

These two terms are proportional to d¢;, and can be canceled by introducing the

following scalar mass term:
mi 2 2 2
!

Now all variations independent of the gauge field have been canceled. Let
us turn to the terms including the gauge field. The second term in (4.170) is
rewritten with (4.171) as

_ b b
(20 term i 050) = X~ F ™ 4 2= ) F T4 (204 ) Bl e
(4.181)

A similar term arises from §.5%:

a+b

Fun(ATTMN¢), (4.182)

The first two terms in (4.181) must be canceled by the corresponding part of
(4.182). This requires the relation

a = 2b. (4.183)

This is the relation which is expected from the M2-brane near horizon geometry.
The term in (4.181) including F,,, is canceled by introducing the Chern-Simons
term

3a

SC’S = —?EkmnAkan. (4184)

Now all variations are canceled, and we obtain the action (4.166) and the super-

symmetry transformation (4.167) by setting a = 1/(2L).
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4.3.3 Kaluza-Klein analysis

In this subsection, we carry out Kaluza-Klein analysis for component fields in a
D =7 N = 2 vector-multiplet. We expand fields in S? into spherical harmonics,
and determine the conformal dimension for every mode by using equations of

motion derived from the action we constructed in §4.3.2.

In advance, let us summarize our convention using the calculation. We take

the Poincare coordinates in AdSs with the metric
—da} + dx? + da3 + dz?
22 '

ds* = L* (4.185)

The conformal dimension is defined as an eigenvalue of the Lie derivative associ-

ated with the Killing vector
D =20, +2'0;. (4.186)

We denote spin j spherical harmonics in S by YTy, o)+ Let SU(2)1 x SU(2)2
be the isometry of S3. The index j is the spin of the field, and quantum numbers
s1 and sq are SU(2); and SU(2)s angular momenta, which take half integers and
satisfy

|51—82‘ §j§31—|—52, 81—|—82—jEZ. (4187)

m is the magnetic quantum numbers in the range
—Jj<m<. (4.188)

YT, s actually represents a set of (2s; + 1)(2s2 + 1) harmonics forming the

(s1,$2) representation of SU(2); x SU(2)s. We suppress indices for them. Only
harmonics with j = [s; — so| are independent. For example, vector harmonics

— 1 _
}/17(875) = (}/:[T(S,SV 1/1(?(875)7 Y

1,(
the gradient of the scalar harmonics: }71’(515) X VY, (s,9)-

is)), which do not satisfy this condition, are given as

These harmonics are eigenmodes of the Laplacian:

m 1 s m
A)/j,(sl,SQ) = _ﬁ[zsl(sl + 1) + 252(52 + 1) - ](] + ]‘)D/;',(sl,sz)? (4189)

where R is the radius of S in which the harmonics are defined. The following

formula is also convenient:

1
rot }/}7(81752) = E[SQ(SQ + 1) — 81(81 + 1)]}/},(51,32)- (4.190)

In particular on the three-sphere with radius 2L, eigenvalue of the Laplacian for

the scalar harmonic is

1
A33Y0,(875) = —WZLS(S + 1)Y07(575). (4191)
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The differential operator rot is a generalization of the rotation. For a spin j
field ¢,, it is defined by

rot ¢; = TV .5, (4.192)

where T\ are S O(3) generators of spin j representation normalized by [Té{ ) i ] =

()

eminpj . rot becomes the ordinary rotation for a vector field, and the Dirac’s

operator for a spinor field.

rot (51 = 6 X (51, rot (ﬁ% = —%’ymvm(ﬁ% (4193)

First, let us consider the scalar fields. The equation of motion of them derived
from (4.166) is

2
Afi+ 730i =0, (4.194)
where the Laplacian is defined with the background AdS; x S? metric

—da} + dz? + dal + dz?

dsz = L*
52

+ (2L0)%d3. (4.195)

The scalar function in S* can be expanded by scalar spherical harmonics Yo (s ):
¢ =) fis)Yos) (4.196)

The quantum number s = 0,1/2,1,... is the orbital angular momentum in S3.
f(s,s) are scalar fields on AdS;. A harmonic Yj (s belongs to the SO(4)(=
SU(2), x SU(2)}) representation with the highest weight (s,s), and it actu-
ally has (2s + 1)? components forming the representation. For the purpose of
computing the conformal dimension of the corresponding operators, it is suffi-
cient to assume that f ) depends only on the radial coordinate r in AdS;. By

substituting this into the equation of motion (4.194), we obtain

,d1d

Ydr2dz

fo) = (82 + 5= 2)fs.5 = 0. (4.197)
This has two independent solutions
Jisy o 212, 270t (4.198)

When we discuss field-operator correspondence, we need to take one of these
two solutions which is normalizable. If s is sufficiently large, only the former is
normalizable. Here we choose the former for every s, which corresponds to an

operator with conformal dimension D = s + 2.
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Next, we consider the gauge field. The linearized equations of motion derived
from the action (4.166) are

3
VM =0, VM — iekm”an = 0. (4.199)

The AdS components A, of the gauge field are scalars in S* while the S* com-
ponents A,, form a vector representation in S®. They are expanded with scalar

and vector spherical harmonics by

Ay = Z(as,S)u%,(s,s)a (4.200)
s=0
12{ = Z as—l,s}_}l,(s—l,s) + Z as,s—lf/'l,(s,s—l) + Z as,sﬁyb,(s,s) (4201)
s=1 s=1 s=1/2

We also expand the gauge transformation parameter A with the scalar harmonics

as

A= Ao (4.202)
s=0

We can set ag s = 0 for s > 1/2 by using gauge symmetry with parameters A; g
with s > 1/2. To fix the residual gauge symmetry with parameter Ao, we take
the Lorentz gauge in AdSj.

V,(aop)" = 0. (4.203)

We still have residual gauge symmetry with parameter A\ o satisfying A g5, Ao 0 =
0, which will be fixed later. With the gauge choice we mentioned above, the

equations of motion reduce to the following set of differential equations.

Va(ass)" =0 (s>1/2), (4.204)
3
AAdS4 (as,s)u + ﬁ(@s,s)u + (as,s)p,AS3 Yb,(s,s) - 07 (4205)
A + A ! 5 Vx |Y, =0, (4.206)
AdSOs—1,s T Us—1,5LA83 272 As—1,s Lasfl,s 1,(s—1,5) — Y, .
A + Ags— — 5 Vx| Y, =0. (4.207)
AdSQs s—1 Qs s—183 972 Qs s—1 Las,sfl 1,(s,s—1) — Y. .

To determine the conformal dimension of the corresponding operators, we
assume that (ass),, @s—1,5, and a, .1 depend only on the radial coordinate r. By
using this assumption and the formuli (4.189) and (4.192), the equations for the

radial component (as ), become

(z% — 2) (ass). =0, (ZQd% —2—s(s+ 1)) (ass)r = 0. (4.208)
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For s > 1/2, these two equations do not have non-vanishing solutions. For s = 0,
there is a solution (agg). o 22, but we can set (agp), = 0 by the residual gauge
symmetry Ao o o< r3, which satisfies A gs, Xo,0 = 0. The other equations of motion
(4.205), (4.206), and (4.207) reduce to

d2
(z i s(s+ 1)) (as;s)u(z) =0, (4.209)
d1d
1 @ L a o _
(z T2 S 35) as—15(z) =0, (4.210)
d1d
1 @ L a o _
(z pRp Rt +3S) as;s—1(z) = 0. (4.211)

Each of these has two independent solutions.

(aS:S)M X ZSJrl? (D =5+ 2)7 2757 (D = =5+ 1)7 (4212)
as—1sx 27 (D=s+3), z°, (D=-s), (4.213)
Uss 1 x 2%, (D=3s), 2z (D=—s5+3). (4.214)

D given above are the corresponding conformal dimensions. The former of each

equation is the normalizable mode chosen here.

Finally, let us consider the fermion field A\. The equation of motion is

—TMV A+ %D\ =0. (4.215)

A is an eight-component spinor off shell and each mode of this field is expanded
by the direct products of a four-component spinor in AdS4 and a two-component

spinor spherical harmonic in S?. We take the anzats
A= Z ( by 1 (D)@Y 1y H i, 1 (2) @Y1, 8_7)> (4.216)

The coefficient spinors v and ws,sf% have an implicit SU(2)g index as well

1
§—35,8

as . Correspondingly to the factorization of the spinor (4.216), we factorize the

Dirac matrices also as
M=, TH=9"®1, I =iy°"® l,. (4.217)

By substituting (4.216) and (4.217) into (4.215), we obtain the differential equa-

tions

d 3
( E - 5) ws—f ,8 Z’}/ ,}/ (S + 1) ¢5 % (4218)

d 3 1
(ZE - 5) Voot =17 "y (—S + 2) Vas Ly (4.219)
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where the index 7 of 4" represents the local Lorentz index along the radial direc-

tion. The solutions to these equations and the corresponding conformal dimen-

sions are
(+) s+3 () —stl 5 1
Vo1 ,=n"4 24y 27 D=s+—-, —s+ -, (4.220)
PR 87578 S 5’8 2 2
Voor =0 2 g o Do —sg2 s+l (4.221)
) ¥
where 7(*) are constant spinors satisfying i7" 7°n®) = £n®). nit)%’s and nﬁ;)_%

correspond to the normalizable modes for all s.

In the end, we obtain the Kaluza-Klein spectrum given in Table 4.1. Notice

Table 4.1: The Kaluza-Klein spectrum of a vector-multiplet (Ays, A, ¢;) in S ~
AdS, x S3. For each mode shown in the table, there exists the other mode with
D replaced by 3 — D, which is not normalizable for large s.

fields SU(2); SU(2)r SUQ2), SU2). D
Oi 0 1 s s s+2
Ay 0 0 s+ 1 S s+1

1 0 s s s+ 2
0 0 —1 s 543
A % % s+% s s+§
2 2 —3 $ s+3

that these Kaluza-Klein modes form 1/2 BPS representations given in Table D.4

in Appendix D. Therefore, the spectrum Vg(v] is written as

Ve = @ (4 B, +)a(s41) @ (s of SU2)). (4.222)

_0l
5=0,5,...

For every s, we have 2s + 1 superconformal multiplets, which are transformed
as the spin s representation of the flavor group SU(2)%. This fact suggests that
the full Kaluza-Klein spectrum can be obtained by KK analysis of only one field,
for example, a scalar field ¢; and the knowledge of representation theory. Let us
explain this below. Three scalar fields including it form an SU(2)g triplet, so we
identify these modes with the third line in the table. Kaluza-Klein analysis tells
us the conformal dimension of the scalar field. By comparison of the conformal
dimension and the SU(2); representations, we can relate the quantum number

n to the orbital spin s by

n=2s+2, s=0, (4.223)

R

DO | —
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Using Table D.4 given by representation theory, we can reproduce the full spec-
trum Vg as (4.222).

In the same way, we can obtain the spectrum Vs, as

Vg = @ (4, B, =)as+1) @ (s of SU(2)}). (4.224)

1
5=0,5,...

4.3.4 Twisted sector

Let us derive the character for the Kaluza-Klein modes (4.222) by summing up
X(4,B,4), With an appropriate weight. To include the information of the flavor
group SU(2)’, we introduce a variable 2’ for the Cartan generator P’ of SU(2)%.
We normalize P’ in a different way from 75 and 73 so that its eigenvalues are

integers. We define a character
xv = Try (SQDmijT:”y’Tész'P,) , (4.225)

for a representation V. From (4.222), we derive the character of a vector-multiplet

in S as follows:

Xvg = Z X(4,B,+)2s+2XS(ZI2)' (4'226)
s=0

Remark that the component fields in a vector-multiplet in Sy do not carry the
charge P. Thus, the index should be the function only of x and 2/, and is
independent of z. By using the relation between a character and an index (D.12),

(4.226) leads to the index for a vector-multiplet in &

Iv, = 21(4,B,+)25+2Xs(2/2)
s=0

P12

1 — a2t

(Vs — 22)Y,"
1 — 22Y5

27 (4.227)

PeZ

In the same way, we can obtain the index for a vector-multiplet in S

Iv, = ) Tup-..xs(2")
s=0
Rl [t} ol I
= §:1—x4 — | (4.228)
PeZ 2

The character and index for 1/2 BPS representations (4, B, £),, are both derived
in Appendix D.

As noticed at the beginning of this section, we compare this index to that

obtained in [104]. In [47] it is shown that operators without magnetic charges
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correspond to Kaluza-Klein modes of the Cartan part of the vector-multiplets
with P = P’ = 0. Therefore, the perturbative part is obtained by picking up the
term independent of 2/, z from (4.227), (4.228) as

2?2 [(Yy —2?) 22 (Y5 —a2?)
Iy |v—o = R R . (422
Velo=o 1—m4[1—x2Y2} Verl==0 1—:(;4[1—9521/2—1] (4.229)

Because every Cartan U(1) gives the same contributions, we need to multiply the
total rank of the gauge group of the vector-multiplets. In the theory discussed in
[104], SU(M) gauge theory are realized on each of the two singular loci, and we
need to introduce the additional factor (M — 1), respectively. This result, with
the rank factor included, precisely agrees with (4.9). (We need the replacement

r? — x, Y5 — y3 to match the conventions.)

Let us get back to our situation. In the gauge theory side, the chemical
potential for the charge Hs is not introduced. Therefore, it is sufficient to set Y5
in (4.227) to 1 for comparison. Then, the single-particle index for a single U(1)
vector-multiplet in AdS,; x S? reduces to

= glF+z
Iy lyy=1 = Z 2 (4.230)

1 — x4
P'=—0c0

For later convenience, we denote the coefficient of 2’ expansion as I}5°(x):

P12

Ise(z) = . (4.231)

1 — a4

When we consider the single-particle index of the covering space of the other

locus S, we should replace the variable 2’ by z.

Once we derived the single-particle index for AdS, x S3, the index for orbifold
AdS, x S?/Zy, can be obtained by the projection which leaves only Zj, invariant
modes. The procedure of the Zj, and Zj, projections is similar to what we have
done for the bulk sector. An important difference, however, is that in general
there exist non-trivial Wilson lines turned on the orbifolded three-sphere, in which
case the charge quatization conditions are shifted compared to otherwise. This
is nothing but the Aharanov-Bohm effect. Topologies of the loci Sy and Sy are
S/ Z, and S*/Zy,, respectively. Both the orbifold groups are generated by the
third generator in (2.52). Associated with the fundamental groups m(Sy) = Zy,

and 7 (Sy) = Zyy, we have in general non-trivial monodromy matrix
diag(e?™™ ... ™) € U(p), diag(e*™™, ... e*™m) c U(q). (4.232)

Each diagonal component of the monodromy matrix corresponds to the Wilson

line turned on each of singular loci Sy7; or Sy;. Note that these are not elements of
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SU(p) and SU(q) because we do not impose the condition that their determinants
are one. This does not cause any problem because there are no particles coupling
to the U(1) part. n; and 1y must be quantized by

1 1
— 7 e —17. 4.233

URS
When we compute the contribution of twisted sectors to a multi-particle index,
we should take account of the momentum shift due to these discrete Wilson lines.
Before considering the projection for single-particle states, let us consider that
for a general multi-particle state. Let p; and py be the Hs, and Hg, charges of
the multi-particle state. They are the sum of charges of constituent particles in
the state. Because every particle belongs to the adjoint representation of G,
these charges satisfy , ,

> pi=> pr=0. (4.234)

i=1 i'=1
When we act an element of the orbifold group which rotates the cycles in Sy and

St by r and s times, respectively, the state picks up the phase

p q
2 <7“ > pmit+sy pi/m/> , (4.235)
i=1

=1

and this must be canceled by the phase factor associated with the momentum.
Because (r,s) = (0,—k), (k,0), and (1,1) for the three generators in (2.52),

the cancellation of the phases requires

2mi d
exp —P) = exp | 2mik pimir |, 4.236
() oo s )

=1

270 ,) e
exp | —P' | =exp | —2mk Pini | s 4.237
¢ [ (7

p q
exp(27miPy) = exp (—27ri > pimi—2miy p,-,m,> . (4.238)
=1

=1

P and P’ satisfying these conditions are given by

q P
Pzp(a—i—kzZp;i,ng,), P’zq(a—i—kb—kz,oami), a,b e Z. (4.239)

=1 =1

These are the selection rules in the gravity side. We generalize the result obtained

for U(1)" case in [80] to non-abelian case. The M-momentum P, is

p q
Py =b-— Z Pailli — Z phutls, bEZ. (4.240)
i=1 =1
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Unlike the case of bulk sector, the M-momentum P,; is not always an inte-
ger. These conditions are imposed on any multi-particle states, including single-
particle states. Actually, we obtain the momenta (4.164) for bulk single-particle
states by simply setting p; = py = 0 in (4.239).

For a single-particle state in the twisted sector on the locus Sy, py = P = 0.
This implies that a in the first equation in (4.239) vanishes, and the second

equation gives the momentum

p
= kq (b — me%) . beZ. (4.241)
=1

Let {pai} = pu be the charge vector for an SU(p) vector-multiplet living in the
locus Sy. a = 1,...,p? — 1 is the adjoint index of SU(p). These vectors are
nothing but the weight vectors for the adjoint representation of SU(p). The
single-particle index for vector-multiplets in the locus Sy is

p2—1 e

. E E vec qu(bfp"a-ﬁ) Pal | | 4Pa
IVS — qu ﬁ t]. tp P

a=1 b=—0c0

= ) deg(p) Y L, s (@) KON, (4.242)

which is nothing but IV (z, 2/; 1).

The single-particle index for the SU(q) vector-multiplet localized in the locus
St = AdSy x S3/Zy, is obtained in the same way. Because p; = P’ = 0, the

projection restricts the value of the momentum P as

= kp ( b+ me/nl> . beZ. (4.243)

The single-particle index for the SU(q) vector-multiplet in Sy is given by

?-1 oo

/
_ vec kq(p—l—ﬁ' ) pha . 'Pagq
Iy, = E E Lip(asi,) o) tq

a=1 a=—o0

= ) 3 g IO a2

a=—00

which is nothing other than I57(z, z;¢'). Note that due to the constraint (4.234)

these indices are invariant under the overall rescaling of ¢ and ¢;
ISU(x, 2 ct) = ISV (, 2, 1), IST(x,z ct)) = IS7(z, 2,1). (4.245)

By summing up the contribution of the bulk and the twisted sectors, we obtain

the total single-particle index as (4.147) given at the beginning of this subsection.
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4.4 Identification and comparison

In this subsection, we compare the indices of both sides obtained in the previous
sections. To do this, we first establish the correspondence between both data in
gauge theory side and gravity side. The correspondence is relatively easy to guess
by comparing (4.133), (4.134) and (4.239) as follows:

d = a, b=m., (4.246)
Li = kaqni, ly=kpny, (4.247)
fi = pi, M= pi (4.248)

By using the correspondence (4.246) and (4.240), we can write the M-momentum

as
p q
P+ pailli + Y ity = . (4.249)
i=1 —1

Since m, is identical to the diagonal magnetic charge, the relation (4.249) gener-
alizes the correspondence between the M-momentum and the diagonal magnetic
charge to the form including the contribution coming from the singularities. The
other relations (4.247), (4.248) are also important meanings in AdS/CFT corre-
spondence (§4.4.1), (§4.4.2). By using these relations, we confirm the complete
matching of the gauge theory index and the multi-particle index.

In the previous subsection we showed that the gauge theory index is factorized
into three parts: neutral, positive, and negative parts. For the two indices to
coincides, the multi-particle index on the gravity side should be also factorized
in the same way into three parts and it is (§4.4.3). Using the result, we confirm
the agreement for each factor. We show the agreement for the neutral part
analytically (§4.4.4). Concerning the charged part, we use computers to compute
the gauge theory index for many sectors with different charges, and we show that
the gauge theory index I{(;rl)a} for monopole charges {m,} agrees with the multi-
mp(+) (§4.4.5). According to the correspondence (4.248), we set

(P]\/Izﬁvﬁl)
the variables 7, by using the corresponding variables ¢, # as follows.

ﬁr;”a = ﬁtfi f[ e (4.250)
a=1 i=1 i'=1

particle index [

4.4.1 Wrapping numbers and magnetic charges

We discuss the relation (4.248). In §2.4, we argue that p; are the relative magnetic

charges and describe the contribution coming from twisted monopole operators.
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On the other hand, p; describe the gauge charges of a vector-multiplet localized
in a singular locus. So, (4.248) implies that the gauge charges correspond to the
relative magnetic charges.

In the perspective of M-thoery, such gauge charges come from the period
integrals on 2-cycles in the internal space and thus correspond to the wrap-
ping numbers of M2-branes on them. To see this, let us consider the world-
volume action of a wrapped M2-brane. It couples 3-form field potential mini-
mally, which can be expanded by the harmonic 2-forms as the cohomology basis

of Hfoo(S] > Z) = ZPT972, denoted by wy, as

p+q—2

03 = Z wr A /T[. (4251)
=1

Integrating out 2-cycle in the world-volume, the minimal coupling term reduces
to

p+q—2

> o / A (4.252)

Here p; is given by the following period, which is interpreted as the wrapping

number of the M2-brane on the I-th 2-cycle:
P = fw[. (4253)

This period plays a role of the gauge charge with respect to ZI, This argument
suggests that the magnetic charges of twisted monopole operators correspond to

the wrapping numbers of M2-branes on 2-cycles.

4.4.2 Wilson lines and linking numbers

Let us consider the relation (4.247). Interestingly, this relation suggests that the
torsion wilson lines turned on the singular loci correspond to the linking numbers
in the field theory side.

This correspondence reproduces the result in [57] as a special case with k = 1.
Let us follow his discussion in [57]. He considered the type IIB brane system de-
scribed by Table 2.3 in replacement of (1, k)5-branes by D5-branes. By taking
T-dual to 6-direction, p NS5-branes are converted into p centered Taub-NUT
space, denoted by TN,,, D3-branes become D2-branes, which are dissolved into
instantons in TN,,, and D5-branes are turned into D6-branes filling in TN,, with
a line-bundle V', which has information of the location of 5-branes. In fact, the

Ist Chern class of this line bundle V' agrees the linking numbers of NS5-branes.
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Furthermore, he showed that by taking the ALE limit of TN,,, monodromy at in-
finity of V' (4.232) agrees the exponent of the linking numbers. By this argument,
the relation between the discrete Wilson phase induced on the ALE locus and
the linking numbers of D5-branes is established. By taking S-dual for this setup
and exchanging NSH-branes and D5-branes, this argument can be also applied to
the linking numbers of NS5-branes

Our result (4.247) is a generalization of the result to type IIB setup including
(1, k)5-branes. We define the linking number by inserting & so that these linking
numbers are invariant in the brane creation processes [61]. We establish the
relation between the discrete Wilson lines and the linking numbers for general k

by requiring the agreement of indices in both sides.

4.4.3 Factorization

We show that the multi-particle index can be factorized into three parts. Namely,

I™P should be factorized as
[P = op(0) pmp(H) me(=), (4.254)

Let us first confirm this factorization.
The factorization of the multi-particle index is equivalent to the following

decomposition of the single-particle index
[P = [P0 e 4 pep(), (4.255)

Let us consider a single-particle state with quantum numbers (Py, g, 7). By
the relations in (4.246), (4.248) we can determine the corresponding magnetic
charges m,. The decomposability (4.255) claims that the magnetic charges m,
determined in this way for every single-particle state do not include positive and
negative components at the same time. This is confirmed easily as follows.

For a bulk graviton state, which has vanishing vectors g = p’ = 0, all the

components of the corresponding magnetic charge are the same and are given by
my =---=m, = Py, (4.256)

and thus they never include both positive and negative charges. This is also the
case for the Cartan part of the twisted sectors.

For an Hgs-charged particle in a twisted sector, one of p'and ¢ is non-vanishing.
If the particle corresponds to an SU(p) root vector, p; has two non-vanishing
components, and one of them is +1 and the other is —1. In this case the second

relation in (4.248) means that the minimum and the maximum components of
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the magnetic charges m, differ by only one. Therefore, the r magnetic charges
cannot include both positive and negative charges.

We can always classify single-particle states into neutral, positive, and neg-
ative parts according to the magnetic charges, and correspondingly, we can de-

compose the single-particle index into the three parts as (4.255).

4.4.4 Neutral part

We prove the agreement of indices for the neutral part analytically. The neutral

part of the multi-particle index, I™P(® is given by

PO (g 2 7)) = eXpZ IOOO)(x”,z”,z’”) (4.257)
where f(}i ) 18 given by (4.149) and its explicit form for (P, g, 0') = (0, 0,0)
is
lgsn(® %) = Z I, ()27 4+ (p = DI (2) + (g = DI ()
Ptz PPy —q 22
- 1 — l'p-‘rquzlq + 1 . xp+qz—pz/_q + (p + q) 1 — $4- (4258)
The corresponding multi-particle index defined by (4.257) is
= 1+ 22)ilrta)
e — U+ , 4.259
H (1 — (zpFazrz/a)i)(1 — (aptaz—rz/—a)i)’ ( )

where we used Euler’s partition identity to obtain this expression.

On the gauge theory side, the corresponding index (4.111) is

1
det M (zm, 2™, 2™)’
=1

10z, 2,2") = (4.260)

where M is the matrix defined in (4.109). We can easily compute the determinant

by rewriting the matrix M as

1

M = 1—zA)(1 —zAt 4.261
[T 20 el —edT) (4.261)
with the matrix
0 214
0 Zr
Alz,2) = 4.262
(%) 0 (4.262)
0
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The determinant

I (1 + 2%)Pta
det M (1 — aptazpz/a)(1 — xptaz—pz/—q)

(4.263)

does not depend on the order of the untwisted and twisted hyper-multiplets in
the quiver diagram. On substituting this into (4.260), we see that the neutral
part of the gauge theory index actually coincides with the corresponding part of
the graviton index;

1Oz, 2, 2') = PO (g, 2, 2'). (4.264)

This result is consistent with the result in [104]. If we set z = 2/ = 1 and

p =q = M, we reproduce the index (4.6) with y3 = 1 substituted.

4.4.5 Charged part

Next, let us confirm the agreement of the charged part:
Iz, 2,2y = 1™°E) (2, 2, o). (4.265)

We can easily show the following relations between positive and the negative

parts:
Iz, 2, 2) =T (z, 271, 2'7Y), P (2,2, 2") = PO (2, 271 2/7Y). (4.266)

Therefore, it is enough to show the relation for the positive part of the indices:

[(+)

{ma}+

(1,2,2') = I&%Bm(x,z,z’). (4.267)

Unfortunately, we have not succeeded in proving (4.267) analytically. In the
following, we consider three examples of N' = 4 Chern-Simons theories specified
by {s;} = {0,0,1}, {0,0,1,1}, and {0,1,0,1} %. (The simplest case with {s;} =
{0,1} (ABJM model) has already been investigated in [105].) For each theory we

compute [ {(:;1} numerically for many sectors specified by the charges, and confirm

mp(+)

the agreement with [ (Pa )"

First, we consider the theory defined by

{s1} = {0,0,1}. (4.268)

4When we describe a set of numbers z, assigned to vertices in the quiver diagram, we
choose a reference vertex a = e, which is also used for the definition of the linking numbers,
and represent {z,} as the vector {Ze,Tp2(e), ..., T12(e)}, Wwhere R?*(e) = R(R(e)), and L™(e)
and R"(e) are similarly defined. For a set of numbers y; assigned to edges, we represent them
as {YR(e)> YR3(e)s - -+ YL(e) }-
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The background geometry of this theory is (C?/Zy x C?)/Zy. The internal space
ST . includes a Zy-fixed singular locus, and there exists one two-cycle at the
locus Sy. The vectors p = {p;} and p' = {py} are parameterized by a single

winding number p € Z as

g=A{p1,p2} ={=p.p}, 7 ={ps} ={0}. (4.269)

We introduce chemical potential ¢ for the charge p. This is related to the poten-
tials ¢; introduced in §4.3 by ¢ = t5/t;. By using the identidication, the magnetic

charges are determined as
{ml,mg,mg} = {PM,PM+p, PM} (4270)

The Wilson lines 7; vanish up to integers, and this is consistent with the fact
that there is no three-cycles in the dual geometry. The quantization rules (4.133)
and (4.134) for the charges P and P’ are

P=2a, P =a+kPy, a,PyeZ. (4.271)

The positive part of the single-particle index is defined by m, > 0 and

{my, ma, m3} # {0,0,0}. These conditions mean
Py>0, Py+p>0, (Pup) #(0,0). (4.272)
For every pair of charges (P, p) satisfying (4.272) we would like to confirm
[‘EJI”;Z/I’PM‘F%PM}(:C’ 2,2') = [(I?Dij;)) (x,2,2"). (4.273)

Single-particle states exist only for |p| < 1. Eq. (4.149) gives

IR0 = D Bie, (@)t 4 I ()% (4.274)
[Py = I, (@) (4.275)

It is relatively easy to compute indices when one of two bounds in (4.272) is
saturated. Let us first consider Py, = 0 case. In this case, we should confirm

[(+)

{0,p,0} =1y ) (l', Z, Z/)- (4276)

(@,2,2) = Lo,

Because the single-particle index depends on the level £ only through the com-
bination Py/k, the multi-particle index on the right hand side in (4.276) is inde-
pendent of k. We can easily see that this is also the case for the gauge theory
index on the left hand side in (4.276) from the expression (4.112).
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The only non-vanishing single-particle index for Py; = 0 contributing to 7™P(+)

is
22

I(é’l) T4 (4.277)
and the multi-particle index with Py; = 0 is defined by
Z](IB}Z() x, 2, 2 ) = expz 01) (™, 2", ™)t (4.278)
p=0

By using the identity

1 = 1
H1—mi:‘zt2‘ 1—ai’ (4.279)

1=0 i=0 j=1
we obtain
W _ 172
mp _
I(O,p) - H 1 — 4’ (4.280)
i=1

Let us confirm that the gauge theory index agrees with this for small p. For
p =1, we can easily compute the corresponding gauge theory index by hand, and

confirm the agreement.
2

+) g %
Iiohoy =1Lioy = [ (4.281)
For p = 2, there are two contribution with different monopole backgrounds.

() )
Loy =10 +10H. (4.282)

It is again easy to compute these two contributions by hand. They are

4 8
o= W = - 4.283
{'71:‘:‘7'} ]_ — x87 {'757'} (1 — x4)(1 — x8)7 ( )
and the summation agrees with the multi-particle index

2 2

(+) z x mp(+)
Lozoy = T— 725 = Lo (4.284)

As the charge becomes large, the computatlon of the gauge theory index becomes
complicated rapidly. For p > 3, we use computers to generate gauge theory index
as series expansion with respect to the variable x, and check the agreement for

small p up to certain order of x. The result is as follows.

Toaey = Il T 10, + 115,
= I+ 0@E™), (4.285)
Ly = I+ + 1) +[{(a)j}+[(+g)-}
= I+ o0@E™), (4.286)
ooy = [&)m 3 1=y + ey 10
I+ IE%E)“} + I{Hﬁ)}
= I+ 0™, (4.287)
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All these results are consistent with (4.280) up to the order we have computed.
Next let us consider the case with Py, > 1 and Py; 4+ p = 0. The relation we
would like to confirm is

(+) _ ymp(+)
I{PM,O,PM}(:U? 2y Z/) = I(Pi,,_pM)(xa 2 z/)- (4.288)

The single-particle index contributing to this part is

ISp _ x2 (:CZ’)IC

(1,-1) = 1_—‘%4 (4289)

With the help of the identity (4.279) we obtain

Py k4o ik
=1+ (4.290)

1 — 4%’
=1

mp(+)
](PM7—PM)

We have confirmed the following relations up to the indicated order of x for
k=1,2,34,5.

oy = 1
= 1" + 0™, (4.291)
by = 1ty + Ty + Il + Iy
= I+ 06, (4.292)
]gz),s} =1 {(;ﬂ)mm} + [{(;,)-,m:} +1 {(g)m:} + ]EDJ;:),-,BH} + I{(;,)-,Bﬂ}
gy T g+ gle T 1
= 170+ o). (4.293)

All these results are consistent with (4.290).

Finally, let us consider a few examples in which all magnetic charges are

positive. For k =1,2,3,4,5 we have checked

IGy = iy
= I+ 06, (4.294)
Igvay = Llley + Loy + Lihey + Lo
= 170 + 0@, (4.295)
I S,)z,z} = 1 E;,)m,m} +1 (:;,)m,a} +1 E:;,)a,m} +1 {(;,)a,a}
+ gm)z,m} +1 {(;m):,a} +1 ga),m} +1 ga),a}
= I+ 0@EM). (4.296)
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where

mp(+)
Iy = Tie + o -y (4.297)
mp(+) S S S S 1 S 1 S
Io=y = Aoy HIdgli ) + 1oy (5(1(5—1>)2+§]<5—1>(’2)) ,(4.298)
m ("") _ S S S S
Loy = oy T 1oyl + 1Ty IT -
1 2 1 2 1 2 1 2
# (G2 + 500 (502 + 5780
1 S 1 S S S S
+5 o) + 5170 () + X0 It 015 (4.299)

Secondly, let us consider the cases with p = 2 and ¢ = 2. There are two cases
with {s;} ={0,0,1,1} and {s;} = {0,1,0,1}, which we call UUTT and UTUT
theories, respectively. These are simplest examples that are distinguished by the
order of two kinds of hyper-multiplets in the quiver diagrams.

We first consider UUTT theory with {s;} = {0,0,1,1}. The inking numbers
are

U= {l, by = {2k, 2k}, T ={ls, 14} = {—2k, -2k}, (4.300)

and the Wilson line parameters 7; vanishes up to integers. On the gravity side,
we have two A; type singular loci. We parameterize the vectors g and p by two

integers p and p’ as

g=Api,p2} ={-p.p}, P ={ps,pa} ={-0" 0"}, (4.301)

We introduce chemical potentials ¢ and ¢’ for the charges p and p/, respectively.
These are related to the potentials ¢; introduced in §4.3 by t = t5/t; and ¢’ = t4/t3.

From the identification, we obtain
{my, ma, m3, my} = { Py, Par + p, Pag, Par + 0} (4.302)
The positive part is defined by
mq >0, {mq,mg, ms,my} #{0,0,0,0}, (4.303)
and these are equivalent to
Py >0, Py+p>0, Pu+p >0, (Pu,p,p)#(0,0,0). (4.304)

We would like to show

()

mp(+
{PJ\4,PM+P7PJ»1,PM+P’}(x7 2y ZI) = 1) (z, 2, Z/)v (4.305)

(PM:P,P/)
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for every set of charges (Py, p, p') satisfying (4.304). Eq. (4.149) gives the single-

particle index

Ipyo0)(@2,2) = Z TSP 2 (1) 220 2 (kPar+0)
HI5pp, () (2200 4 o720, (4.306)

L)@ 2,2) = Iy, (@), (4.307)
o (@22) = I, (£)2 2P, (4.208)
I ao)(®:22) = Inp, (x)200 (4.309)
(Paro) (%522 = 1Y p,, ()2 260, (4.310)

When some of the inequalities in (4.304) are saturated, the computation of
I™*(+) and I are relatively easy, and we first consider such cases. The last
condition in (4.304) means that the first three inequalities are not saturated at the
same time. If Py; = 0, only single-particle states saturating the same inequality
can contribute to the multi-particle index. There are only two such single-particle
charges, (Pyr,p,p") = (0,1,0) and (0,0,1), and thus the multi-particle index is
given by

i 1 S n . n S n .n n\4/n
Z I(pr(p))tpt/p — oXp (Z [[((1)31 0)(:” 2", 2" +[((I))0 1)(517 2" 2 )
=0

p=0 p’ n>1

By using the identity (4.279), we obtain

p o 2
Jop( +) r
Opp (H 1— 354@) <H 1 — $4i’> ’ (4'312)

=1

We can easily show that for ]Siﬂﬂp’} the integrals in (4.112) are factorized into
two parts, and the relation

(+) (+) (+)
I{O,p,&p} I{OPOO}[{OOOp} (4.313)

holds. In general, if the cyclic sequence of the magnetic charges splits into several
parts by vanishing components, the integrals in (4.112) are factorized, and we
obtain a relation like (4.313). Furthermore, each of two factors in (4.313) is the

same as the index IS) 0} for the UUT theory. By using the results in the last

p(+) _ 7(+)
0,0.0") I{OPOP}

Next, let us consider the case in which P,; > 1 and the second or the third

subsection, we can confirm 1" (

bounds in (4.304) are saturated. Namely, Py, + p = 0 or Py + p/ = 0. Because

there is no one-particle state saturating both the bounds, the multi-particle index
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for such charges vanishes; [ (I?fl’y_) Par—Par) = 0. On the gauge theory side, we can
(+) _ : ot (+) _ 7 (+)
show I{PM,O,PM,O} = 0 by using the factorization I{PM’QPM’O} = I{PM’07010}I{0707PM70},

and applying the selection rules to the two factors.

When only one of Pyy +p =0 or Py + p' = 0 in (4.304) is saturated, only
single-particle states with charges (1,0, —1) or (1, —1,0) contribute to the multi-

particle index, and we obtain

P 20 1\pk P20 _Nak
mp(+) B x?(xz71) x*(x2")

We confirm for £ = 1,...,5 that this index is correctly reproduced as the gauge

theory index for small p and p’ as follows.

oy = Loden
= I35+ 0™, (4.316)
Ihooy = Doy T Loy 1ohmy T lis)
T Iga),m,-} +1 gn):a} +1 E;)EE} + I{(;a),a,-}
= I +0E™), (4.317)
[{(1?),1,1} - ]g-),mu}
= I+ 0™, (4.318)
Iabosy = Limteme) T Ty + 1 smy T Lt o)
+1 *EET)EPH} +1 g-),m,a} +1 ‘E:;,)',E,E} +1 {(Ht),a,a}
= IpPGL + 0™, (4.319)
Iglony = Lmhen T e + lmhsa + Lotsa)

= 170+ oG, (4.320)
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Finally, we give more examples without vanishing magnetic charges.

(+) _ (+)
I{l,l,l,l} - [{DE[E[E[}
= ](100 +0(@™™), (4.321)
(+) _ 7 (+)
]{1,2,1,1} - I{DE\]E{D} + [{DE(E\:H:{}
= 1(110 +0(z™), (4.322)
(+) _ 7 (+)
]{1112} - ]{DDDDH}+I{DDDE}
= I+ o), (4.323)
(+) _ (+) (+) (+)
[{1,2,1,2} - [{DEDE[ED} + I{DEDE\:{} + [{D7E\ZI’EI,E} _'_ [{DE{DE}
= ](1 1,1) )+ 0™, (4.324)
where
m (+) _ S S S S S
I(L%,O) = Ito0 L0 —10loi0 T Lio-1lo00): (4.325)
mp(+) s S S s S s
I(l,pl,o) - [(f,Lo) + I(fo 0)1(51 0) [(fo 1)[(50 1)1(50 1)
1, 1 .
(2 (I((I])l 0)) 2[((];)1 0)( )) [(fo —1) (4.326)
mp(+) s s
Yoy = Itonyt ](100)](001) + Iy 1,0)1(5),1,0)1(31,0)
1 < 1 s .

mp(+) S
Iy = ](100)](8510)1(8501)+[(Sf01)f(sg10)+I(f10)](sgo1)

]' S 1 S S
+ (5([(5),1709 + 51010)( )> Ioon It 10
1 S 1 S S S
+ (2(1(501)) 21(501)( )> Io1oITo-1): (4.328)

Finally, we move on to the UTUT theory with {s;} = {0,1,0,1}. The linking

numbers for this theory are
U= {l1,15} = {2k, kY, U ={lo,l4} = {—k, -2k}, (4.329)
and the Wilson line parameters are given by

T=(mm} ={0.5), 7 ={mm} =500 (4:330)

This theory is the simplest example with the non-trivial Wilson lines on the

singular loci. We parameterize g and p’ by two integers p and p’ as

={pi,ps} ={=p, 0}, 0 =A{p2pa} ={-0,0"}. (4.331)
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We introduce chemical potentials ¢ and ¢’ for the charges p and p/, respectively.
These are related to the potentials ¢; introduced in §4.3 by t = t3/t; and t’ = t4/t.

Then the magnetic charges are given by

+ / A + / _ A
(ma} = {PM_¥’PM+%7PM+%’PM_¥}
= {Me,Me+p,me+p+p,me+p}, (4.332)

where m, is the magnetic charge for the reference vertex, and is related to Py,
by

1
Py =me + é(p + 7). (4.333)

The relation we would like to confirm is

= (g2, ). (4.334)

S (z2,2) =1p "

/ _ / —
{Ppy— 2L Ppy+ 252 Pry+ 250 Pry— 22203

The positive part of the single-particle index is defined by
mq >0, {my,mg, ms,my} #{0,0,0,0}, (4.335)
and these are equivalent to
Mme >0, Mme+p>0, me+p >0, (ma,pp)#(0,0,0). (4.336)

The single-particle index is given by

[(Sri.,o,o) (2,2,7) = i [;‘gf;(km.Jra)($)z2az’2(km'+a)
g, () (220 4 272, (4.337)
[(S:@.f%,fl,()) (,2,2") = LGm.-1) ()2 Ema1), (4.338)
I(an.—%,o _1)(x, 2,7) = Eccmm.—l)@)z_k(zm'_l), (4.339)
I(STI;Lo+%,1 0) (#,2,2) = LGm.sy) ()2 EmatD), (4.340)
I§;.+§,0 G Z) = Damerny(@)2 e, (4.341)

As we did in the UUTT theory, let us first consider the cases in which some of
the magnetic charges m, vanish. Because all four vertices in the quiver diagram
are on an equal footing, we can assume m, = m; = 0 without loosing generality.
This means that the first bound in (4.336) is saturated, and on the gravity side
only single-particle states with (m., p, p’) = (0,1,0) or (0,0, 1) can contribute to

the index. The multi-particle index in this case is determined with the relation

mp(+) / 7
, I(ng/,p,p/)(x’ z, 2 tPtP

1
= exp (Z - |:](sf/271,0) (z", 2", 2"t + I(Sf/m,l)(x”,z”,z’”)tm]) (4.342)
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By using the identity (4.279), we obtain

P ) P —1\k
x*(zxz7t)
L (H w) (H g ) (4.343)
i=1 =1

For k =1,...,5 and small p and p/, we confirmed that this multi-particle index

is reproduced as the gauge theory index

f{(o+,3),1,1} = I§+)DD}

- [(1/201 + O(x'h), (4.344)
]{(;2)72,2} - I{(+)mm} - ]{ )ma} - ]EJF)Hm} T ]~§+)HH}

= 1(102 + O(2*), (4.345)

© ) ) ) )
Loossy = Hilmey T me T mg T T e

(+) (+) (+) (+)
e en T e T e T g

- I(3/203 +0(z'), (4.346)
IE(J)F,)LLO} - IEJ;)D}

_ Iaq/)ﬂ)o + Oz, (4.347)
Horooy = it T 1oey + 1gmn + 15

= I+ 0@, (4.348)
ligssoy = Ty + Loy ity T L3y + {500

+1j a)ﬂ@}“{(a 3+ 1By + 1

- I(3/230 +0(z), (4.349)
IE(J)F,)LQJ} = I{( D)mu}"'-]%t)au}

= 177+ o@™), (4.350)
Tonsny = 1l + o T 10200 + gy T 18y  [580)

- 1(3/221 +0(2*), (4.351)
Iotsgy = b T 1 ey + Ty T Topey + T + Tty

- 1(3/212 +0(2™). (4.352)

We also check in some sectors with magnetic charges without vanishing com-

ponents the gauge theory index correctly reproduces the corresponding multi-
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particle index for k =1,...,5.
(+) (+)
]{1111} {Dum}
[(1 0,0) '+ 0", (4.353)
(+) (+) (+)
1{1,2,2,1} I{DD:[D:[D} + I{DE{D:]:[} + [{DD:[E{E[} + I{DE{E{D}
I + 0™, (4.354)
(+) (+) (+) (+) (+)
1{1,1,272} I{DDE\]E\]} + [{DDBE\:{} + I{DDE\:{ED} + I{DDBE{}
1(3/2 o1 T O(2%), (4.355)
where
mp(+)
Iio = Itoo t I 10tz T {tme -1t (4.356)
mp(+) _ sp s S s S s
1(3;)2,1,0) = I( 3/2,1,0) T I(fo o)[(f/z 10t [(f/z 1 o)I(f/z 0 1)1({)/2 0,~1)
1 S 1 S Sp
+ (2(](f/2 10)) + 2]({)/2 Lo (¢ )> I ja.—10) (4.357)
mp(+) _ s s sp s
[(3;)2,0,1) = Iiznon t Ltoo ey + Lizonlierolire 10
1 S 1 S S
(2(1(5201)) QI(f/zm)( )) [(f/zo ~1) (4.358)






Chapter 5

Fractional M2-branes and ranks
of gauge groups

The richness of the class is also reflected in the dual geometry.

5.1 Type IIB brane analysis

In this chapter, the gauge group is both unitary or special unitary group. Let us
perform a certain classification of the N = 4 Chern-Simons theories only by their
ranks, which means that the other parameters of a equivalent class are fixed . To
do such a classification, it is helpful to use the type IIB brane system given in
§2.3. In this setup, let us move a five-brane, say i-th NS5-brane, in the positive
direction along S' continuously until it comes back to the original position. Let
us call this process one i-th NS5 movement. It is evident that the parameter
p,q, k, sy are fixed under this movement. However, ranks of gauge groups are
changed because the D3-brane creation occurs when an NS5-brane gets across an
(1, k)5-brane. This is called the Hanany-Witten effect [61]. When the NS5-brane
passes through an (1, k)5-brane, k D3-branes are created after the cross. See also

Figure 5.1.
NS5 NS5

Figure 5.1: An example of D3-brane creation process. (a) An initial setup con-
sisting of an NS5-brane and a (1, k)-fivebrane. (b) (1, k)-brane is moved on the
other side of the NS5-brane. k£ D3-branes are created.

For simplicity, let us study the £ = 1 case, which is constituted by D3, NS5-,

99
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and (1,1) 5-branes. The set of these three kinds of branes is equivalent to the set
D3, NS5, and D5-branes up to a certain SL(2,Z) duality transformation. Thus
we use the latter set of branes. The directions of these branes are shown in Table

2.3.

Let us define n; as the number of D3-branes emanating from the I-th five-

brane. By definition N; and n; are related by
n]:NL([)—NR([). (51)

Because n; are invariant under an overall shift N, — N, + ¢, (¢ € Z), we cannot
uniquely determine N, from n;. This degree of freedom represents integral D3-
branes wrapping around the whole S!. We focus only on the fractional brane

charges and use n; to represent D3-brane distributions.
With a fixed ordering, a D3-brane distribution is specified by a vector
(nl,ng,...,np]nlf,ngf,...,nq/). (52)

We call this vector “charge vector.” By definition, the components of a charge

vector must satisfy the constraint

i=1 =1

The set of charge vectors, whose components are constrained by (5.3), forms the
group

[ =zrtat, (5.4)
We should not regard the group I' as the group characterizing the conserved
charge of fractional D3-branes because D3-brane distributions corresponding to
different elements of I' may be continuously deformed to one another. We should

regard charges of such brane configurations as the same.

Under one i-th NS5-movement, the charge vector changes by

/

q
vi=(0,....,—q,....0[1,....1) = —ge; + » ey €T, (5.5)

/=1
where e; (ej) is the unit vectors whose i-th (j’-th) component is 1. Note that e;

and e; themselves are not elements of I" because they do not satisfy the constraint

(5.3). Similarly, under one -th D5-movement, the charge vector changes by

p
WZ'/:(1,...,1'0,...,—p,...,0):Zej_pei’GF- (5.6)
j=1
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When we identify configurations deformed by continuous deformation to one an-
other, these vectors should be identified with 0. Therefore, the group describing
the charge of fractional branes is the quotient group I'/ H where H is the subgroup

of I' generated by the vectors v; and wj. This is given by
I/H= (2" ®Z " ©Z,,)/(Z, ® Zy). (5.7)

In the rest of this section, we explain how this expression of the quotient group

is obtained.

As we mentioned above, the p + ¢ vectors e; and e; are not elements of I'.

Let us choose p + ¢ — 1 linearly independent basis in I'. We take the following

vectors.
fi = ei—ep (2:1,,]9—1), (58)
g = e—ey ('=1,...,(¢—1)), (5.9)
h = ep — eq/. (510)

We can easily check that these vectors span I'. In order to obtain (5.7), we define

the subgroup H' C H generated by the following elements in H.

vp—v;, = ¢f (i=1,....p—1), (5.11)
wy —wy = pgr ('=1,...,(¢—1)), (5.12)
—pVp + qWy — zq: w; = pqh. (5.13)
=V
We can easily show that
I/H' =Z'o 7' ©Z,, H/H =127,0Z, (5.14)

and the relation I'/H = (I'/H")/(H/H') gives (5.7).

We can easily generalize the analysis in the case of k = 1 to that of £ > 2. Let
us again consider fractional D3-brane charges in the type IIB brane setup. We
can realize the Chern-Simons theory at level k by replacing D5-branes by (1, k)
fivebranes. We can again represent distributions of D3-branes by charge vectors
(5.2) with their components constrained by (5.3). In this case, the vectors (5.5)
and (5.6) are multiplied by the extra factor k. Namely, we should replace the
subgroup H by kH which is generated by kv; and kw;, and the quotient group

becomes

U/(kH) = (C/kH')[(H]H') = (Z} © Z}," ® Ziyg) /(Zy ® Zy)- (5.15)



102CHAPTER 5. FRACTIONAL M2-BRANES AND RANKS OF GAUGE GROUPS

5.2 Third homology

In this section, we derive the H. 3(S;7 o) and show that this fractional brane charge

(5.15) precisely agree with the homology Hj(S?

k) Obtained by the geometric

side.

For simplicity, we first consider the case of £k = 1. Let us remind that S;%l
can be represented as a T2 fibration over B = S°. This fibration is defined in
the following way. By introducing the real coordinate 0 < t < 1 by (3.45), the
manifold S;,q,l is represented as L, x L, fibration over the segment 0 < ¢ < 1.
Each of Lens spaces L, and L, can be represented as S' fibration over 2-sphere.
For L,, which is rotated by the SU(2)y R-symmetry, we refer to the base manifold
and the fiber as S% and a-cycle, respectively. We also define S% and (-cycle for
the other Lens space L,, which is rotated by SU(2)r. (Figure 5.2) Due to the

\
Sl___/::) @-CyCle
/.’j__ f
Si |
il Yi~Yq

»
-

1
Figure 5.2: The orbifold is represented as a fibration over the segment 0 < ¢ < 1.

Z, x Z, orbifolding, the periods of o and (-cycles ara 27 /p and 27/q, respectively.
If we combine S%, S%, and the segment parameterized by ¢, they form a 5-sphere
B = S°. We can regard the orbifold ST | as a T fibration over B.

At t = 0, which defines S* C B, the Lens space L, shrinks and so does the
a-cycle. Similarly, on S? C B with t = 1 the 3-cycle shrinks. These S? link to
each other in B. By blowing up the singularities, these S2s split into p and ¢
S2s, respectively.! We call them z; (i = 1,...,p) and yy (' =1',...,¢). (Figure
5.3) We can follow the IIB/M duality to see that each of them corresponds to

the fivebrane with the same index.

"We blow-up the singularities only to make cycles well-defined. When we compute the
volume of five-cycles later, we consider the orbifold limit.
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-y

Yi-Y;

Figure 5.3: The three segments connecting cycles are examples of three types of
three-cycles in the orbifold.

3-cycles in S;M can be represented as T? fibrations over segments in the
base manifold B = S®. There are three types of segments connecting two loci of
degenerate fiber. (Figure 5.3) We denote a segment connecting a point in z; and
a point in x; by [z;,z;]. We similarly define [y, y;] and [z;,y;]. We also adopt
the notation

S, 88 5% 87 (5.16)

p,q,1
for the manifold obtained by combining a subset S C B and fibers indicated as
superscripts. S is the T? fibration over S. S’ can be regarded as S3-fibration
over a certain base manifold, which is isomorphic to S®. §¢ is a global section in
this fiber bundle. Therefore, S can be defined only when (-cycle fibration over
S has a global section. Similarly, we can define S” when a-cycle fiber has trivial
topology over S. With these notations, we can represent 3-cycles generating Hj

as
2,20, [y g1, [,y (5.17)
Because one of a and 3 cycles shrinks at the endpoints of the segments, these

are closed 3-cycles. The topology of [z;, z;]*? and [y, y;/]*? is S? x S!, and that
of [x;,y;]*" is S3.

These 3-cycles are not linearly independent. There are combinations of cycles

which can be unwrapped. Let us consider

p

S wi g, (5.18)

i=1
This union of 3-cycles can be unwrapped in S;,q,r This can be shown by giving
a 4-chain whose boundary is (5.18). Such an “unwrapping chain” is constructed
in the following way. Because m(S°) = 0, there is a three-dimensional disk
D? C B whose boundary is y;. (The gray disk in Figure 5.4) We call this Yj.
(We also define X; in the same way for x;.) This disk intersects once with every

x; (i =1,...,p). Let 17]-/ be the subset of Y obtained by removing segments



104CHAPTER 5. FRACTIONAL M2-BRANES AND RANKS OF GAUGE GROUPS

Figure 5.4: The (-cycle fibration over the gray disk with the segments removed
is an example of unwrapping four-chains.

connecting these intersecting points and y; (the segments in Fig 5.4) from the
disk.

p
Yy =Y\ > [z ypl. (5.19)
=1

Because Y is contractible, we can define Yff . We can see that the boundary of

the manifold Yf is
p

oY) = [,y ). (5.20)
i=1

Before we explain this relation, let us first consider Hopf fibration of S? as a
simple example. By the Hopf fibration S is described as an S! fibration over S2.
Let (6, ¢) be the polar coordinates of the base S?. The first Chern class of this
fiber bundle is 1, so that we cannot globally define the coordinate of the fiber.
We cover the base S? by two patches, north patch S?\ S and south patch S?\ N,
where S and N are the south pole (f# = 7) and the north pole ( = 0). Let
0 <9y < 2m and 0 < g < 0 be the fiber coordinates defined in the north and
the south patch, respectively. These are paseted by the relation vy = g + ¢.
Due to the non-vanishing first Chern class, we cannot take a global section in this
fiber bundle. In order to define sections, we need to remove at least one point
(0-cycle) from the base S%. Let us remove the north pole. Then, we can cover
the remaining part of the base by the south patch S? \ N. We can define, for

example, the section
0<0<m 0<op<2m, Yg=0. (5.21)

We denote this section as Zy. At the boundary 6 = 0 of the south patch S\ N,
this section wrap the fiber S!:

8Zy = N, (5.22)

where 77 means the fiber S'. This becomes obvious if we use the coordinate vy,

which is suitable for description around the north pole. The boundary is given
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by
0=0, 0<¢<2m, tvy=20 (5.23)

This winds once along the fiber 1. This result makes sense from the fact that the
homology H;(S?) vanishes. Any 1-cycle on S? can be unwrapped and represented

as the boundary of a 2-chain.

Let us return to the case of the T? fibration over Y. In the derivation
of (5.20) the (-cycle is simply a spectator, and thus we first neglect it. For
simplicity, we consider the case with p = 1. Then, we have only one z;. Let
us define the standard polar coordinates (r,6,¢) in Y so that r =1 and r = 0
correspond to y; and the intersection with z;, respectively. Each shell defined
by fixed 0 < r < 1is S* C Y. This sphere is denoted by S% in Figure 5.2,
and the a-cycle fibration over S% gives Hopf fibration of S?. The argument in
the last paragraph can be applied for each S?. We choose the intersection of S%
and the segment [z;,y;] as the noth pole N on S%. For each 0 < r <1 we have
N?, the a-cycle fibration over the north pole N, as the boundary of S3\N. By
collecting these for every 0 < r < 1, we obtain two-dimensional [x;,y;/]* as the
boundary of Y = Y\ [z;, y;/]. Precisely speaking, we also have the boundary Y5
the a-cycle fibration over y;,, at » = 1. This part, however, does not survive if we
take the (-cycle into account because the -cycle shrinks on y;,. Then, we obtain
[zi,yi/]*” as the boundary of Yf? . For general p, each segment [z;,y;/] generates
a boundary 3-cycle and we obtain the relation (5.20). By exchanging the role of

X; and Y}/, we can also show

!

q

OXf =Y [, yy]™”. (5.24)

j'=1

From (5.20) and (5.24), we obtain the homology relation

/

p q

> lwiy)? =)l =0, (5.25)

i=1 j=1

To clarify the relation between the IIB picture and the M-theory picture, we
define formal basis x; and y; and rewrite cycles as [z;, z;]* = x; — x; and so
on. A general superposition of cycles, which is depicted as a junction in B, can

be written as a linear combination

p q
i= Z n;X; + Z ni'yi, (5.26)
i=1

i'=1/
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where the coefficients must satisfy the constraint (5.3). We have one to one cor-

7

g1 and D3-brane distributions in IIB picture

respondence between 3-cycles in S
by simply identifying the coefficients in (5.26) to the components of the charge
vector (5.2). Via this isomorphism the boundaries (5.20) and (5.24) correspond
to w; and v;, the generators of H, and the relation (5.25) defines the homology
Hj as the same coset group I'/H in (5.7).

7

T ox» Z) more explicitly. When the level

Let us construct the homology Hj(S
k is greater than 1, we have additional Zj factor in the orbifold group. As is
shown in (2.56), the generator of Zj shifts both « and § cycle by 1/k of their
periods. Because two cycles nowhere shrink at the same time, this action does
not generate fixed points. The Z; identification in the T? fiber generates new

cycles, which are not integral linear combinations of @ and 3. They are multiples

of
1

1= 1(a—0) (5.27)
As a result, the 2-cycle defined as the product of a and (3 is not the fundamental
T? but its multiple £T?. Thus the cycles (5.17) are decomposed into k copies of

the following elementary cycles.

[’Iial‘j]av) [yi’7yj’]a’ya [xiayj’}a’y' (528)

Due to this fact, the boundary of unwrapping 4-chains (5.24) and (5.20) are
replaced by

7 P

00X = k(—qx; + Z yji), OY) = k(z Xj — pyi), (5.29)
=1 j=1

where we defined the formal basis x; and y; by [z;, z;]*7 = x; — x; and so on.

These precisely correspond to the vectors kv; and kw;, and thus the homology

Hj becomes isomorphic to the quotient I'/kH in (5.15).

5.3 Three-form torsion

In this subsection, we relate the fractional brane charge and integrals of the 3-
form field on 3-cycles. Let us consider a process in which the number of the
fractional branes changes. The fractional brane charge () € Hjs affects the 3-form

field C'; and measured by the integrals over 3 cycles ¢

%037 ¢ € Hs. (5.30)
¢
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We define the period integral at r = rq between the horizon » = 0 and AdS
boundary r = oo. To change the fractional brane charge by AQ, we add an
Mb-brane wrapped on a 3-cycle AQ € Hz at AdS boundary, and move it to the
horizon. When the Mb-brane pass through r = ry, the period integrals changes
by
A ]{ Cy = 2(C, AQ), (5.31)
¢

where (x,%) is a map Hs x Hy — U(1), so called the torsion linking form, or,

simply, the linking number.

The linking number is defined as follows. Let s be the order of (. Namely,

s is the smallest positive integer such that s is homologically trivial. Such an

integer always exists because Hjs is pure torsion. There exists a 4-chain D such
that

s¢ = 0D. (5.32)

We define the linking number (¢, n) of two 3-cycles ¢ and 1 by

(G.m = (D). (5.3

where ((D,n)) is the intersection number of the 4-chain C' and 3-cycle 7. Because
this number jumps by integers by continuous deformations, only the fractional

part of the linking number is a topological invariant.

If we move an M5-brane wrapped on the 3-cycle AQ) from AdS boundary to
the horizon, when it passes through r» = ry, the Mb-brane intersect with the 4-
chain D at ((D,n)) points. In this process, the four-form flux G4 passing through
D, including the contribution of Dirac’s string-like objects, changes by 27 ((D, ()).
By using Stokes’ theorem we obtain the relation (5.31).

For the manifold S7

..k tollowing the definition of the linking number, we can

easily obtain

k(Vi7j> = n;, kZ<WZ/7J> = Ny, (534)
for a general 3-cycle j in (5.26). The linking numbers among the basis are

1 1

k—q5ij, <Yi’7Yj’> = —_5i’j’> <Xivyj"> =

W (5.35)

(xi,%5) = — o’

Due to the constraint (5.3), the linking number among the basis is not unique.
For example, a constant shift of all the linking numbers in (5.35) does not affect
the linking numbers for 3-cycles which are linear combination of the basis with

the coefficient constrained by (5.3).
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By “integrating” the relation (5.31) and using (5.34), we obtain

ng j{cs, Ny —ny = — f Cs, (5.36)

where n{ and nY are integration constants which cannot be determined from
(5.31).

Although gauge transformations can change the period integrals of Cj, the
relation (5.36) determines a element of I'/kH in a gauge invariant way if we know
nY and nY because large gauge transformation change the charge vector by an
element of kH.

An important fact is that the constants n; and n; depend on the ordering,
the order of fivebranes. The right hand side of the relations (5.36) are defined on
M-theory side, and is independent of the ordering, while n; and n; on the left
hand side change by multiples of £ when we change the order of fivebranes. This
means that n) and nY depends on the ordering, and we cannot simply set them
to be zero.

To obtain some information about the constants, we use branes correspond-
ing to baryonic operators. Remember that in the IIB setup baryonic operators
correspond to D3-brane disks ending on fivebranes, and when n; # 0, they are

accompanied by n; open strings.

A similar phenomenon occurs on the M-theory side. If there is non-trivial
background C-field Mb5-branes wrapped on five-cycles are accompanied by M2-
branes attached on their worldvolume, and by identifying these M2-branes to
strings in the IIB setup, we obtain relations between n; and background C-field.

Let us consider the flux conservation on Mb5-branes and how it relates the
background C-field and M2-branes attached on it. The two-form field by on
Mb5-branes couples to the field strength G4 in the bulk by the coupling

1
S = 27T/ by A Gy (5.37)

This implies that the flux behaves as charge on M5-branes. On the worldvolume
of an M5-brane wrapped on a five-cycle the total charge coupled by by, must cancel
due to the flux conservation. This implies that, the cohomology class of the total

charge

{%@ — 5(8M2)1 c HY(Q;,Z) (5.38)

must be trivial. §(0M2) is the four-form delta function with support on the

boundaries of M2-branes. By the Poincare duality, this is equivalent to

lg] = [OM2] € H\(Qr,Z), (5.39)
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where ¢ is the one-cycle Poincare dual to the flux (27)~'G,4. The homologies

H;(€Q;,7Z) in the five-cycle are given by

Hy=%7Z, H =27, H,=27Z"' Hy=Z"'®7Z, H,=0 H;=12.
(5.40)
The homologies in ) are obtained by replacing ¢ in (5.40) by p. Because

Hi(Q2,Z) = Zj is pure torsion we can rewrite (5.39) in terms of the linking
form H3 x Hy — U(1) as

% jgcg = (¢,0M?2), (5.41)

where ( is the generator of the torsion subgroup of Hs(€2r,Z). It is ( = v; for €,
and ¢ = wy for Q. If we identify n; strings ending on a D3-brane disk with a
M2-brane wrapped on n;y where « is the generator of Hl(S;q’k, Z)=H(Q,72),
(5.41) can be rewritten as

k k
= g o= — ) A4
ni = o j{ Cs, ny . j{w Cs mod k (5.42)

This means that
nd =nY =0 mod k. (5.43)

)

This fixes only the ordering independent part of nY and nj. Although in the
p = q¢ = 1 case this reproduces the result in [58] for ABJM model, this is not
sufficient to establish the relation between the fractional brane charge and the

3-form torsion for p + ¢ > 3. We leave this problem for future works.






Chapter 6

Wrapped Mb5-branes and
baryonic operators

Baryons are also holographically realized in the M-theory dual.

6.1 Baryonic operators

In this chapter, the gauge group is Gy with the same rank N, = N. Then, as in
the case four-dimensional quiver gauge theories, we can construct the following

Gy invariant operators

Ar1Ag AN JiJn ,A1i1 ANiN

B; = €jy.in€ q G (6.1)
Al Ay Al J1in Al Ayin

Bi’ = €j1-in€ qi’ g1t qi’ iNc (62)

These operators are charged under the baryonic symmetry Gg. Therefore, they
cannot be decomposed into mesonic operators, which are Gp neutral. We call

them barionic operators. These operators have several remarkable properties.

1. Decomposability into mesons.

Products of baryonic operators are neutral by combining diagonal monopole

operators. For example,

P q
113, I]B (6.3)
i=1 =1
carry the same baryonic charge as V% and e~*4, respectively. Multiplying

the inverses of them, we can construct neutral operators with respect to
the baryonic symmetries. This strongly suggests that such operators can

be decomposed to the mesonic operators. For k =1 case
. ~ p . ~ q/ ~
e N B~ 0N, N ] By~ BN (6.4)
=1 i'=1

111
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For general k case

!

e—iNd ﬁB’fc ~ bN7 eiN?z qH sz/ ~ EN’ (65)
1=1 i'=1
P g p q N
HBf HBS ~ (TT(H qi H %/)) : (6.6)
i=1 i'=1 i=1 =1

These decomposability suggests that the independent number of baryonic

operators is p + q — 2.

2. Degeneracy.
Baryonic operators (6.1) and (6.2) have N SU(2)g indices and N SU(2)%,

indices, respectively. In other words, each baryonic operator (6.1) or (6.2)
forms the symmetric representation of SU(2)r or SU(2)%, respectively.

This suggests that the degeneracy of each baryonic operators is N + 1.

3. Conformal dimension.

It can be easily seen that the conformal dimension of the elementary fields
q is % from the N = 4 Charn-Simons lagrangean (2.14). Therefore, that of

the baryonic operators is given by

N
- (6.7)

We can check that they are BPS operators. This is because they satisfy
A = D — (js + R) = 0. Therefore, if there exist their counterparts in the M-
theory dual, they are expected to reproduce these properties exactly. We confirm

that the counterparts are M5-branes wrapped on 5-cycles.

6.2 Five-cycles

First, let us construct five-cycles. If we represent S;(Lk as the T? fibration over
B = 8%, the five-cycles can be written as the T? fibrations over three-disks. For
k =1 case,

Q=X Q=Y (6.8)
For k > 2 case,

Q=X", Q=YY" (6.9)
Z). A

natural guess is that these five-cycles are dual to the baryonic operators in the

The notation is defined in §5.2. These generate the homology H5(S;’q71,

Chern-Simons theory:

Qi PEIN BiOéIQQ“‘OéN

Qs BYeeN (6.10)
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We provide several evidences for this correspondence below.

1. Homology relation.

Let us start £ = 1 case. It is easy to check that their independent numbers
match. The independent number of the cycles in (6.8) is given by the fifth
Betti number b5(S7 , ) = H5(S] 1, Z) = p+¢q—2. This fact implies that the
decomposability of products of baryons and homology relation are related.
Indeed, the number p 4+ ¢ — 2 is smaller than that of naive counting of 5-
cycles by two, and there should be two relations among the cycles in (6.8).

Such homology relations are given by

/

p q

ZQZ- = ZQ =0. (6.11)

i=1 =1’

To see this, as we have done in section §5 for three-cycles, we can give these
linear combinations as the boundaries of unwrapping 6-chains. We define
a submanifold B C B by

B = B\ (ij X; + zq: Y) . (6.12)
i=1 i'=1'
If we could draw S? enclosing z; in B, the a-cycle fiber would have non-
trivial twist on the S?. However, such S? do not exist in B because we
removed the disks X;. Thus the a-cycle fiber over B has trivial topology
and we can define global sections. Similarly, thanks to the removal of Y},
the (-cycle fiber also have the trivial topology. Because there is a global
section associated with a-cycle over B, the manifold B? is well-defined, and

its boundary is

p
08" =Y X7, (6.13)
i=1
We also obtain
q/
0B => Y57, (6.14)

i'=1
As a result, we obtain the relations (6.11). These homology relations are

nothing but the decomposition relations (6.4) in the gauge theory side.

Next, let us consider the relation between baryonic operators and 5-cycle
homology Hj for k > 2. The p + g generators (6.9) are not linearly inde-

pendent, and we can take B, B% and B” as unwrapping 6-chains which
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give the relation among these generators. Their boundaries are

q/

0B* = Y V¥ =k qz Q) (6.15)

/=1 /=1
_ p p
0B = > XM=k O, (6.16)
=1 =1

p

0B = ZX]ﬁ+i:}Q7a:Zp:Qi+iQil. (6.17)
i=1 =1 i=1 =1’

Namely, these linear combinations of five-cycles are in trivial element of the
homology Hs. By dividing the group ZP*? generated by the p + ¢ basis ;
and € by its subgroup Z? generated by the above boundaries, we obtain
the Hy homology in (3.43). The first two, (6.15) and (6.16), correspond
to the product of B; and By in (6.5), respectively They are decomposed
into N-th power of operators defined in (2.59). The third boundary (6.17)
corresponds to the product of all the p 4+ ¢ baryonic operators, and it can

be decomposed into trace operators as in (6.6).

2. Degeneracy.

The degeneracy of each baryonic operator N + 1 is also reproduced in
the geometry side by considering the collective motion of a wrapped Mb-
brane. The collective coordinates of five-cycle §2; are the coordinates in
the transverse direction S%, on which SU(2)y acts as rotation. The seven-
form flux in the background plays a role of magnetic field on S% and the
amount of the flux is N. Therefore, the effective theory of the collective
coordinates is the theory of a charged particle in S% with N unit magnetic
flux. The ground states of the particle are the N 4 1 states at the lowest
Landau level [112] belonging to the spin N/2 representation of SU(2)y.
This degeneracy agrees with that of the baryonic operators B;. In the same
way, we can explain the degeneracy of B; as that of the lowest Landau level

of a charged particle in the transverse direction S%.

The degeneracy of baryonic operators for p+ ¢ > 3 are again reproduced in
the same way as the £ = 1 case. In the case of p = ¢ = 1 (ABJM model),
we need a special treatment because the global symmetry is enhanced to
SU(4) xU(1) and the motion of collective coordinates are treated as a point
particle in SU(4)/(SU(3) x U(1)). This is considered in [69] and the correct

multiplicity is obtained.
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3. Mass of wrapped Mb-branes.

As another non-trivial check of the duality, we compare the mass of the
wrapped Mb-branes and the conformal dimension of the operators. Ac-
cording to the standard AdS/CFT dictionary, the conformal dimension D
of an operator and the mass M of the corresponding object are related by
D = Rags,M. In the case of an M5-brane wrapped on (2;, this relation
becomes
_ 5 _ Npg
D= RAdS4TM5RS7 VOI(QZ) = F VOI(QJ (618)
T

where Vol(€;) is the volume of the 5-cycle Q; in ST | with radius 1, and
to obtain the last expression we used (3.35) with & = 1 and the M5-brane
tension Ths = 27/(27l,)%. Let us calculate the volume of the 5-cycle.
The 5-cycle €2;, which is represented as a fiber bundle over the segment
0 <t <1, isillustrated as the shaded region in Figure 6.1. The radii of two

g i| a-cycle

Yi~Yq

T1~Tp

14
ﬁ-CYCle ()/S'-)/

Figure 6.1: The shaded region is a nontrivial 5-cycle X,

3-spheres defined by (3.45) are r; = t%/2 and 7, = (1 — t)'/2, respectively.
The cross-section at t is S' x S? x S! with their radii r,/p, r2/2, 72/q,

respectively.! Hence the volume of the 5-cycle is

Vol(() = /;01 ds (27;“> X (47r (%)2) X (27;T2> - ;—;, (6.19)

where ds is the line element with respect to the parameter ¢ computed as

1

ds®* = dr} + drj = ————
S Ty +arg (1 =10

dt2. (6.20)

(The volume (6.19) is simply Vol(S®)/pgq because the five-cycles considered

here are orbifolds of large S® in S”.) We obtain the same result for 5-cycles

Tt is known that when a unit S? is represented by the S' fibration over S2, the radii of S!
and S? are 1 and 1/2 respectively.
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V¥, By substituting this into (6.18) we obtain
1
D =N, (6.21)

and this agrees with the conformal dimension of the baryonic operators
(6.1) and (6.2). (6.21) is consistent with the result of more general analysis

in [113] for generic toric tri-Sasakian manifolds.

We can also easily check that the volume of the five-cycles correctly repro-

duce the conformal dimension D = N/2 for k > 2 case.

6.3 Quark-baryon transition

We can relate the relation between wrapped Mb-branes and baryonic operators
more directly by using IIB/M duality. By following the duality, we can easily see
that an M5-brane wrapped on €2 is dual to a D3-brane disk ending on fivebrane
I, and as we explain below, the D3-brane disk can be continuously deformed to
N open strings corresponding to the constituent bi-fundamental quarks. Similar

transition in different brane systems are also considered in [114, 115].

Before we explain the deformation, we comment on a relevant fact about flux
conservation on the worldvolume of a D3-brane ending on an NS5-brane. The
U(1) gauge field A on an NS5-brane electrically couples to endpoints of D-strings
on the NS5-brane. This is the case, too, for magnetic flux f = da on D3-branes,
which can be regarded as D-strings dissolved in the D3-brane worldvolume. This

coupling is described as the action

1
S=—4¢ ANT. (6.22)
27 Jops

By integrating by part, this is rewritten as

= — a N F, 6.23
27 Jops ( )

and this implies that the flux F' = dA on the NS5-brane behaves as an electric
charge on the boundary of the D3-brane coupled by the gauge field a. If the D3-
brane worldvolume is compact, the electric flux conservation requires the total
electric charge vanish. If the integral of flux F' over the D3-brane boundary is
2n N, we need N strings ending on the D3-brane worldvolume to compensate the

boundary charge. This is also the case for a D3-brane ending on a (1, k) fivebrane.

Bearing this fact in mind, we can show that N open strings and a D3-brane
disk can be continuously deformed to each other. In the following we treat three

sets of D3-branes, and for distinction we name them as follows:
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e X — the coincident N D3-branes between fivebranes I and I — 1.
e Y — the coincident N D3-branes between fivebranes I and [ + 1.
e D — a D3-brane disk whose boundary is S? on fivebrane I.

We here assume that Ny = Npgyy = N. Let us start from a D3-brane disk
D whose boundary is S? on the fivebrane I enclosing the both boundaries of X

and Y. ((a) in Figure 6.2) Although these boundaries carry magnetic charges

(a) (b) ()

Figure 6.2: Quark-baryon transition

coupled by A, their charges cancel each other, and the net flux passing through
the boundary 9D is zero. There are no open strings ending on D.

We move the disk so that dY, the boundary of Y, gets out of 9D. When
dY passes through 0D, the flux through 0D jumps by N, and N open strings
stretched between Y and D are generated so that the total electric charge on the
disk cancels. ((b) in Figure 6.2)

If we keep moving the disk and 90X also gets out of the boundary 0D, the flux
through the boundary jumps again by — NV, and this time N open strings stretched
between D and X are generated. Two sets of N strings can be connected to get
off from D, and we obtain N open strings connecting X and Y. ((c) in Figure
6.2) The disk can annihilate without any obstructions.

If ny = Npy—Ngry # 0, the D3-brane disk D in Figure 6.2 (a) is accompanied
by n; strings attached on it. This corresponds to the fact that we cannot define
such SU(Npr)) x SU(Ng(a)) invariant operators as (6.1) and (6.2) due to the
mismatch of the number of indices. The n; open strings attached on the D3-brane
disk corresponds to n; fundamental or —n; anti-fundamental indices which are

not contracted.






Chapter 7

Monopole and baryonic operators

Monopoles and baryons are dual to each other in the M-theory dual.

In this chapter, we discuss the relation between monopole operators and bary-
onic operators. In §4, we consider that the gauge group is the product of unitary
groups. As a result, we can construct gauge invariant monopole operators. In-
stead, baryonic operators are all gauge variant. On the other hand, in §6 we take
the gauge group as the product of special unitary groups to construct gauge in-
variant baryonic operators. In the result, monopole operators are gauge variant.
In other words, we cannot construct both a monopole operator and a baryonic
one for each gauge group in the gauge invariant way. This fact suggests that all

the operators corresponding to wrapped M-branes cannot be gauge invariant.

Let us discuss it from the dual geometry side. For this purpose, It is helpful
to see the reason why symmetry groups which act on wrapped branes are usually

regarded as global symmetries. Consider AdSy.; with the metric
R?
ds* = ;((dl"u)Q-f-dZQ), w=1....,d, (7.1)
and let A, (z#,2) be a U(1) gauge field coupling to wrapped branes. We follow
[116] and consider the Euclidian AdS space. z is the radial coordinate such that
AdS boundary is at z = 0. Let us assume the asymptotic behavior of the vector

field as

A, o 2P (7.2)
For the convergence of the Euclidian action, D must satisfy the inequality
d
5 2<D. (7.3)

With the equation of motion d x dA = 0 we obtain the asymptotic behavior of
the gauge field
Ay (2", 2) = a, (") + 272b, (z"). (7.4)
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On AdS boundary we need to impose boundary condition which fixes one of
a,(z*) and b,(x*). When d > 4, only the second term in (7.4) is allowed by
(7.3) and the boundary condition a,(z*) = 0 must be imposed. Then the gauge
field asymptotically vanishes near the boundary, and this is the reason why the
symmetry is global in the boundary CFT.

On the other hand, when d = 3, both terms in (7.4) satisfy the inequality (7.3),
and we can choose any one of a, (z*) = 0 (Dirichlet) and b,(z*) = 0 (Neumann) as
the boundary condition. Indeed, these two boundary conditions first appeared in
[117]. They are used in [118] to construct a pair of Chern-Simons theories which
are “S-dual” to each other. Let us take the Neumann boundary condition. In
this case, the boundary value of the gauge field a, (") = A, (2", z = 0) does not
vanish. The gauge field is dynamical in the sense that it is path integrated. Thus
we can regard this as a gauge field in the boundary CFT. The charged objects
coupled by A, should be also charged in the boundary CFT. Because the Dirichlet
and Neumann boundary conditions are exchanged by the duality transformation
of the gauge field, both kinds of operators corresponding to electric and magnetic

particles in AdS; cannot be gauge invariant.

In the M-theory dual, this S-duality transformation is nothing but electro-
magnetic duality, which exchanges M2-branes and M5-branes. In a case of taking
the gauge group as the unitary groups, the charged objects coupled by the dynam-
ical gauge field is realized by wrapped M5-branes. The gauge fields A7 = Aldz”
originate in 6-form potential. As the gauge fields A; in (4.251), they appear as

the coefficient fields of the harmonic expansion of 6-form field:

p+q—2

Co= Y wrnAl (7.5)
I=1

where &y are the harmonic 5-forms in H°(S] ;,Z) = ZP*4~*. Since C3,w; and
Cs, @y are dual to each other, respectively, the pair of the gauge fields A’ and A;
are exchanged under the duality transformation. This means that the Dirichlet
and Neumann boundary conditions are exchanged under the duality transforma-
tion. Therefore, it is impossible to impose the Dirichlet boundary condition on
all of them. Consequently, some of wrapped branes correspond to gauge vari-
ant operators. Although it may be possible to take some S-dual picture in which
wrapped Mb-branes correspond to gauge invariant operators, by taking the gauge
group as special unitary groups, then we have to relate wrapped M2-branes to

gauge variant operators.



Chapter 8

Summary and discussion

In this thesis, we investigated aspects of N' = 4 Chern-Simons theories and their

gravity duals. We summarize our results and discuss future problems.

In Chapter 2, we made a review on aspects of N = 4 Chern-Simons theories.
Compared to the ABJM model, this model has more gauge groups or nodes
as a quiver gauge theory. As a result, there are more monopole operators and
baryonic operators. We have seen that they produce rich phenomena in N' = 4
Chern-Simons theories.

It is known that there are several ways to generalize quiver gauge theories.
Another is so-called brane tilings [53, 54, 31]. In such models, a simple pre-
scription to establish the relation between toric data of Calabi-Yau 4-folds and
Chern-Simons theories are investigated [55, 56, 41]. It may be interesting to
extend our analysis to such a large class of theories.

In general, dual CFTs of toric Calabi-Yau 4-folds cannot be described by
brane tilings. In such a case, brane crystals [115, 119, 120] are expected to play
an important role. The relation between brane crystals and dual CFT are not
fully understood. We expect that such models may be helpful to obtain some

information about dual CFT.

In Chapter 3, we investigated gravity duals of N' = 4 Chern-Simons theories.
As in the four-dimensional case, AdS/CFT duality is also a powerful tool to study
strongly-coupled gauge theories in three dimension. It has been more than ten
years that AdS/CFT duality has been discovered, but it does not show any sign

of slowing down.

In Chapter 4, we confirmed the agreement between a gauge theory index and
an AdS, multi-particle index. This result strongly suggests that the monopole
operators in the twisted sector correspond to wrapped M2-branes on 2-cycles in

the internal space.

121
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In the dual of NV = 4 models, such 2-cycles come from orbifold singularities,
so they are vanishing cycles. This fact suggests that wrapped M2-branes on
them preserve supersymmetries. Indeed, we described the collective motion of
such wrapped M2-branes by supersymmetric vector-multiplets. The KK modes of
them, which form 1/2 BPS OSp(4|4) multiplets, correctly reproduce the spectrum
of twisted BPS monopole operators in the gauge theory side.

Let us remark that the exact agreement by using N' = 4 models cannot be
expected in more generic Chern-Simons theories. This is because a 2-cycle in a
generic N' = 2 model has its volume and wrapped M2-branes do not preserve
a supersymmetry any more [121]. In a general Sasaki-Einstein manifold, such
wrapped M2-branes are investigated [122]. They construct supergravity solutions
with taking account of the back-reaction of wrapped M2-branes, which we ignored
in this analysis. The solutions do not preserve any supersymmetry.

This situation induces an interesting phenomenon. According to the volume
of 2-cycles, wrapped M2-branes get their mass. It behaves the order of N'/2.
From AdS/CFT correspondence, a confornal dimension of a twisted monopole
operator can be expected to behave in the same way in such a generic model.

To address such an issue, the localization technique will be also an important
skill. As in the computation of indices, the technique enables us to reduce calcu-
lation in the strongly coupled region to saddle point method. Indeed, partition
functions in several models have been also calculated by using localization tech-
nique [123, 124, 125]. As a result, it has been shown that the free energy behaves
as the order of N3/2, which agrees with that of entropy of membranes in D = 11
supergravity. Due to success of the computation of exact partition functions, the
exact R-symmetry can be also addressed by extremizing them [126, 127].

It is important to understand the spectrum of more general Chern-Simons
theories such as N/ = 2 theories to understand dynamics of Chern-Simons the-
ories and establish the dual M2-brane description. Even though it is in general
difficult to compute the spectrum on the gauge theory side due to large quantum
corrections, it seems possible to extend the analysis of A/ = 4 Chern-Simons the-
ories to N’ = 2 theories describing M2-branes in orbifold backgrounds. In such a
case, the internal space of the dual geometry in general includes many two-cycles
and has complicated torsion 4-form cohomology. The comparison of monopole
operator spectrum and Kaluza-Klein spectrum in such a model would be useful

for the identification of discrete torsion for a given Chern-Simons theory.

In Chapter 5, we studied wrapped M5-branes wrapped on three-cycles in the

internal space. They become fractional D3-branes and realize the difference of
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ranks of the adjacent gauge groups. They are useful to classify the class of NV = 4
Chern-Simons theories by whether or not they share the same infra-red fixed point
or Seiberg dual to each other. In three-dimension, there exists another type of
duality, so-called mirror duality [128, 61, 129]. Tt is interesting to study the mirror
duality including Chern-Simons interaction with arbitrary Chern-Simons levels
(130, 131, 132].

In Chapter 6, we studied wrapped Mb-branes wrapped on three-cycles in the
internal space. Their counterparts are baryonic operators. We checked that
several properties agree between both objects. They are also useful to study
strongly-coupled aspects of superconformal Chern-Simons theories as in four di-

mensional case.

In Chapter 7, we discussed the relation between monopole and baryonic op-
erators. We cannot make both operators gauge invariant. This means that all
the operators corresponding to wrapped M-branes cannot be constructed in the
gauge invariant way. To put it the other way around, the gauge variant operators
have their counterpart in the dual geometry.

In §4.3.3, we derived the spectra of localized modes on the singular loci in
Table 4.1. Interestingly, for a small s there are two normalized modes. This
fact suggests that there are two appropriate boundary conditions on AdS;. In-
deed, we discussed that both Dirichlet and Neumann boundary conditions can
be acceptable. The boundary condition of the gauge field determines whether
U(1) symmetry is global or local [118, 133]. The mode satisfying Neumann one
belongs to a so-called Betti multiplet [134, 135]. It associates baryonic U(1)
symmetries in the Chern-Simons theory. In this paper, we chose the boundary
condition which makes the U(1) symmetries local. As a result, monopole opera-
tors arose in the theory as dynamical objects and baryonic operators are gauge
variant [46]. Taking the opposite boundary condition corresponds to the SU(N)
gauge symmetries rather than U(N)s. It may be interesting to study the rela-
tion between the boundary conditions for the Betti multiplets and corresponding
boundary theories in more detail. It is useful to draw a lesson by studying it in

more general cases [69, 136, 121].

We hope that to solve these issues leads to further development in Chern-

Simons theories and M-theory.
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Appendix A

Convention

The signature of three-dimensional Minkowuski metric is
N = diag(—, +, +). (A.1)
SO(1,2) oscillator matrices should satisfy
Py =t 4 y,eMP, 02 =1, (A.2)
We realize SO(1, 2) oscillator matrices as real symmetric traceless 2 x 2 matrices
= (3 ) a=(y L) e=(1,) @
Charge conjugation matrix is realized by real antisymmetric 2 x 2 matrix
Con = (] o) = e €= (O [) =)= (e (a
Our rule to raise or lowering spinor indices is given by
Yo = Captp?,  (CTH)ihg = 9 = ysCP. (A.5)
Our contraction rule is the southwest-northeast type.
VX = aX" (A.6)
For a bilinear of the same spinor, we define

P? = %qpaw. (A.7)
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Appendix B

N3p = 2 formulation

B.1 AN3p =2 superspace

For text books of NV3p = 2 formulation, see [137, 138]. Let us consider N' = 2

supersymmetry variation
Ozt = € N0,  6.0% = €. (B.1)

We take the convention of complex conjugation so that d.z* are real. We denote

supercharges as Q%:
0c = €,Q% = €4 Q™ (B.2)

and grassmannian derivative as 04:
€.0%(0°) := " & 9 (") = §°PC 1P, (B.3)
Then (B.1) leads to
Qo = 05 + 0405, (B.4)

where 0“3 means 0“3 = y#“30,,. Since there are two supersymmetry generators,

we can combine them into complex variables:

Lo 0 i1 1 _ 02
0= O+, 0= —it?) (B.5)
1 1 v a _ 1 1 i2
0= 50" —id), D=0 +id?) (B.6)
1 1 - M2 ~N 1 1 i 2

By using these definitions, we find
QY =0"—(00)*, Q“=0"— (00)". (B.8)
Algebraic relations are given
{Qa, Qs} = —2005, {Qa,Qp} = {Qa. Qs} = 0. (B.9)
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By using U = 0060, we can write Q, Q as

Qo =¢Y0,eY, Q,=e"0,e7 Y.

B.2 Chiral superfield

A chiral superfield, @), is defined by

Here we define

As a result,

{Da, Qs} = {Da, Qs} = {Da, Qs} = {Da, @} = 0.

By using U = 006, we can write D, D as

Therefore a chiral superfield is written as
Q=eYQo(x,0).
Qo(z,0) can be expanded by 6 as
Qo(.0) = q(x) + 0¥ (z) — 20*F (x).
Due to D commuting with 8., 6.Q is also a chiral superfield.
6.Q = e Y (Aq(z) + 0A(z) — 20°AF (7).

This reduces to

Aqqg = e,
Atpy = 2(630°4q — eoIF),
AF = &

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)
(B.19)
(B.20)

This is nothing but the supersymmetry transformation of a chiral superfield.
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B.3 Vector superfield

Let us couple a chiral superfield to a gauge field in a supersymmetric way. Gauge

transformation of a fundamental chiral superfield, @, is given by
QM = e*Q & ALQ = AQ. (B.21)

To keep Q* as a chiral superfield, the gauge parameter A has to be also a chiral
superfield. In order to make the canonical kinetic energy of @, Q'Q, gauge-
invariant, we need a new superfield, V. This is because a chiral superfield takes

values in complex number. The finite gauge transformation of V' is given by
(") = e MeVe (B.22)

The gauge-invariant kinetic energy is written as QTeV(Q. Reality condition re-
quires the superfield V as real superfield: Vi = V. The infinitesimal gauge

transformation is
1
AAV:—(A+AT+§[V,A—AT]+--~). (B.23)

By using this gauge degrees of freedom, we can set the following gauge-fixing

condition, so-called WZ gauge,
V|=DV|=DV|=D?V|=D*V|=0. (B.24)

Here | means that we set to # = § = 0. Higher grassmannian derivatives are

component fields.

~ 1 - 1 _
Aaﬁ = §D(aDﬁ)V|v 0= _ZDaDaV|7 (B25)
1 _ - 1= 1 _
>\a = ZDaD2V|7 )‘a = ZDQDQV’7 D= gDaD2DaV" <B26>

Supersymmetry variation breaks the gauge-fixing condition. However, combining
gauge degrees of freedom, we can define a modified supersymmetry variation,

which preserves WZ gauge.
AVZ = A+ Ay, (B.27)
where the gauge parameter is fixed as

Al=0, A'|=0, D?A|=4e\, D>AT| = 4e), (B.28)
DA = €52(A% + C%0), D°AY| = e52(— A" + C™5).  (B.29)
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Supersymmetry transformation is obtained as

AZVZAaﬁ = 2(6(6,5\5) — E(a)\g)), (B.30)
AVZ5 = (ed+EN), (B.31)
1
AZVZ/\a - Ew(a[ﬁ’y@ pﬁa] + [@’YO“ U]) - eaD7 (B32)
_ B 1 B
AYIx, = & (=57, PP+ [P0, 0]) — @D, (B.33)
AZVZD - GWUD’Y[% /_\ﬁ] + Ew[w,yﬁv )‘6] + 6[5\7 0] + €[0-7 )‘]7 <B34)

where the covariant derivative ) is defined by
D o5 = Oap + Aap. (B.35)
Here Zaﬁ is anti-hermitian. From a simple calculation, we obtain
Doy P76 = Vo Frs = € Ypap Fy- (B.36)
By using this equation, we get
AVZ)\, = eyvﬂa(%e”l’pﬁw + [D?,0]) — €D, (B.37)
AVZ), = Eyfypva(—%es“”pﬁw, + [D?,0]) — €,D. (B.38)

For a chiral superfield,

AV?q = e, (B.39)
AZVZ% = 2(EB(¢BQ + 5Ba0')q - GaF)a (B'40)
AVZF = €D+ o) + 2eNg. (B.41)

For an anti-chiral superfield,

AVt = &l (B.42)
A7yl = 2es(D aq’ + 8% aglo) — & FY), (B.43)
AVZFY = (DYt + Cylo) + 2¢Tel. (B.44)

B.4 Supersymmetric Lagrangians
We define the grassmann integral as
1 1=
/d29 = —9°, /d49 = ~0%0". (B.45)
2 4
Note that
0*0* = —1. (B.46)

Supersymmetric Lagrangians are given as follows.



B.4. SUPERSYMMETRIC LAGRANGIANS 131

1. Kinetic term of an N3p = 2 vector-multiplet v = (ﬁu, o, A, D) (Yang-Mills

term)

—LXM = Ty / d*0 (—F?) (B.47)
; 1= = 1 , 1,
= TI' )\ [$+0-7/\]+ZF/LVFMV_§[D/MO_] +§D ,(B48)

where F,, is given by

1-
F,= ZDQe‘” [D,, e"]. (B.49)

2. Mass term of an NV3p = 2 vector-multiplet v (Chern-Simons term)
oS - —iTr /0 ) / 440 (—v) Do (e~ D? ) (B.50)
_ JHL@M(;L@@+§AAAQ+4A+mﬂgmn
3. Kinetic term of a fundamental chiral multiplet Q = (¢, v, F)
—Eg = Tr /d46 Qfe’Q (B.52)
=’H}Dm@w+§ww+ww
+PN g+ ¢ N+ ¢'(D - 0®)g+ FIF,|.  (B.53)

4. Kinetic term of a bifundamental chiral multiplet Q). @ is fundamental for

G, and anti-fundamental for G;.
—ES = Tr /d40 QferQe v (B.54)

= Tr {_DMQTDMQ + %WW + %wﬂam + Yoyt
+(@ g+ " ) + 41 (Dy — onon)q
— (MYt + oNgh) + g(= Dy = 0101)q!
+qTth0h1 - (B.55)

5. Kinetic term of an adjoint chiral multiplet ® = (¢, x, F})
—Ly = Tr / d*0 dle’ e (B.56)
1
~ T[-D0D" + LX[(P+ ) + FIF,

+X[AL @] + 6"\ x] + ¢! [D, ¢] — ¢'[o [0, 0]]|. (B.5T)
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6. Mass term of an adjoint chiral multiplet ®
— L35 = —Tr /d29 %@2 = —Tr [Fm + %XQ] : (B.58)
7. Superpotential of a fundamental hyper-multiplet
—chint Ty / 4?0 QoQ (B.59)
= Tr {ngq’qv +oFq+ ¢qFy + % ((xwm (¥x)a + WJ))] (B.60)
8. Superpotential of a bifundamental hyper-multiplet
—LBM = Ty /d20 QP,0 — Q,0Q (B.61)
= Tr {CYFM + OnFyq + dnaFg + % ((th)fYJr (xn)q + ¢h(¢@)

(o o o+ 5 (x0T + a0 + aG0)) ) |2

9. Kinetic term of an N3p = 4 vector-multiplet V = (v, ®)
A S (B.63)

1= = 1 4 1 : i
= Tr [ZFWF“” + 5%‘3 [P Apal = Do ABDro st

#5 PR = S W] + 1o oo oY) .00
Here we set
= (4). wo=(%) (B.65)
s [ o V2 apy [ N BX
@ = (o ) 0 »—<%X {A>, (B.66)

" »D' F .
<F@—(@b—%3> (D'=D+[p,6).  (BOT)

The supersymmetry variation is give by

AEZM = eTAB'y“)\BA, (B.68)
ACO'TBA = 2620)\03 — (to be traceless), (B.69)
ANE = eAD(%WﬁW%B + [, 05" + %[aDC ,06P]) = DA (B.70)
AFip = ﬁeAC[lDécD — O'C'«D, )\TDB] — (to be traceless), (B.71)

where
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10. Mass term of an N3p = 4 vector-multiplet V = (v, ®)
—LG5 = —[OS _ gress (B.73)
- Tt [—EW (%Euauﬁp + %Zluﬁyﬁp)
+%()‘AB)\T43 +0,"D%4) - %UABUBCUCA}- (B.74)
We set

(DAp) = (V2F4p). (B.75)

11. Kinetic term of a fundamental hyper-multiplet H = (@, CNQ)
F F Fint F Fint

1 . . .
= Tr —DquD“qA + §¢TA(5ABE) +0i7 )

: 1
+IPAL 0t + MBy s+ ¢l (DA =6 BQUD%O )q }(B 77)

Here we eliminate auxiliary fields 7, Fi by using equations of motion. The

supersymmetry transformation is given by

At = By, (B.78)
Adpy = 2557 +0,5)el qC. (B.79)

12. Lagrangian of a bifundamental hyper-multiplet H = (Q, Cj) Q is funda-

mental for GG;, and anti-fundamental for G,. @ is opposite.
—Lh = —LH—Lo™ - LE - c%mt (B.80)

= Tr —D#qAD“q + WAJDZZJ + = (¢TA0hAB¢B+¢BUtA @DT )

1

¢ D\ B
30hD Ohe )q

—(g" N, 0™ + vphPd) + 6P (D s - 5AB§UtDCO'tc'D)qL

+WPAL 0 + P g) + dl(Dis — 6%

+qu40'tc'quAUhBC . (B.81)
The supersymmetry transformation is given by

Aqu = eABQ/)B, (B.82)

Adpy = 20536, ¢ +oniPel ¢ — Ol 0 47).  (B.83)






Appendix C

OSp(N|4) superconformal algebra

In Appendix C, we give a list of OSp(N|4) superconformal algebra following the
convention in [139]. We focus on the case of N' = 2N.
First, let us give the bosonic subalgebra, Sp(4,R) x SO(2N). Sp(4,R) con-

formal algebra is given by

(MO, MYs) = —6% M7y + 87, M, (C.1)
(K, Pys] = 46%0%5D + 461, M7, (C.2)
(M, Pys] = 03Py — 0% Pgs — 0%5Ps, (C.3)

(M5, K] = §°5K" —§* K% — §*sK", (C.4)

[D, Py = Py, [D,K"]=-K", [D,M]=0. (C.5)

Here P,s is a translation operator, M“s is a rotation operator, D is the dilatation
operator, and K is a special conformal generator. The indices a, 3, - - - take the
values of T,] or, in the same meaning, +, —, respectively. They are related by

the usual notation P,, M, , K* by
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Pog = hgBu, K =~PK", M = §7M M, (C.6)

SO(2N) R-symmetry algebra is defined by
[R, R = i6°°R* £ (perm), (C.7)

where a,b,---=1,--- ,2N. To discuss highest weight representations later, it is
useful to rewrite SO(2N) generators in terms of the Cartan generators H; (I =
1,---,N) and raising (lowering) operators E**(E-%)(1 < m < n < N). They
are defined by

H, = Ry_19, (C.8)
ErE = Ropm 19n 1+ iRomaon1 +iRom 190 F Rom.on, (C.9)
E. 7 = Rom_12n-1— 1Romon—1 F iRom—120 F Rom,2n- (C.10)

135
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Easily we obtain

E L =E.. =0 E.t=-El =2MH,, (C.11)
Epn = =Eams B = —Ens Eqn = —Eqys Eqp = =By (C12)

nm? nm’ nm?

Their commutation relations are

[Hl, E:;i] = (5lm + 5ln)E+i [Hh E;zi] = _(6lm + (Sln)En_,Li (013)

mn’

+

- are eigenvectors of Cartan generators (roots).

These commutators mean that £

In the case of n = m, we obtain
[Hy, Hpn] =0, (C.14)

which is consistent with that fact that H; are Cartan generators. Other commu-

tation relations are

(ELE Enf] = A1 = 6mn) (Hin £ Ha), (C.15)
Dol omed 2+ (=1 F V)6 + (=1 £ 1)8,)i B, (C.16)
[EiE BnF] = 24 (<1 F D (0 + ) )iEET + 40, H  (C.AT)

In particular,

[Ef5 BT = 201 = (O + 0m))iES, + 46, Hi, (C.18)
(B BTl = 20E7 + 46, H, (C.19)
(B B ] = A1 = 61) (Ha £ Ho). (C.20)

Second, we give the algebra including fermionic generators. The anti-commutation

relations of fermionic generators Q, Q, S, S are given by

{Q.opt= {9, 971=0, {S.Sr} ={S8.Sr}=o0, (C21)
{9, 95} = 20 Py s, {s.,S5} = 26" K o3, (C.22)
{Q,, 8™} = 0 By Q0 S™} = 0"y, (C.23)
{9, 8™y = 2i6"™(M,P + 6,°D) + 6,°E;f~, (C.24)
{QL, 8™} = 2i6"™(M,? +6,°D) + 8,°E; T (C.25)
In particular,
{Q,8"}) = 0, {9,858} =0, (C.26)
{0, 8} = 2i(M.° +6,°D — 6,°HY), (C.27)
{8} = 2i(M," + 6.,°D + 6,7 HY), (C.28)
{0, 8F) = 2iJe, {QL,8%*} = 2i(+J, + D — HY), (C.29)
{0,858} = 2iJ., {QL,S"*} =2i(+Jy + D+ HY, (C.30)
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where we set Jy» = MoF, J, = M, *.

Commutators between fermionic generators and conformal generators are

[Pag, Qo] = 0 (K8 §] =0, (C.31)

(D, Q%] = 1Qg, [D,8%]  =-18" (C.32)
[K°7,00] = i(6%,8% +3°,8%),  [Pap, 8] = —i(8,7Q% + 057Q%)(C.33)
[Mo5,00] = 1(6°,Q% — £4,0%), [M®5,8%] = —1(6°,8% — 4,5™[C.34)

Commutators between fermionic generators and R-symmetry generators are

Hm, @nl = Omn @, [(Him On] = —0nQn, (C.35)
[EF,Qn) = 2001 Qm, (B}, 0] = 2061, Qm, (C.36)
(B Qu] = 200, (B, 00 = —2i6,m Qi (C.37)
(B, Qu] = 20000 Qm — 6,0 Q0)s [Eif, Qn] = 20810 Qi — 8 QuXC-38)
(B Qa] = 0, [E,7,Q.] =0. (C.39)

The same equations are also the case for substituting Q, O for S, S, respectively.
That is,

My Sl = 0mnSn, (Mo Su] = —0mnSn, (C.40)
(B 8n] = 20018, (B8] = 2i0mSm, (C.41)
(Bl Sul = —2i6,mnS), [E;7,8,] = —2i6,mS,, (C.42)
[Ei7 .80 = 2i(00mSm — 0mnS), [EfF,S0] = 2i(61nSm — 0,unS1), (C.43)
[ELFSa] =0, (B8] =0 (C.44)






Appendix D

1/2 BPS representations of
OSp(8]4) and OSp(4]4)

In Appendix D, we review 1/2 BPS representations of the superconformal group
OSp(8|4) and OSp(4]4), their characters and indices [140, 111, 139].

To describe highest weights of irreducible representations, we use Cartan gen-
erators D (dilatation) and j = J (spin) for the conformal group Sp(4,R), and
hy (I = 1,2,3,4) for SO(8)g. We define four supercharges ¢!, and @, (a =T, )
carrying the Cartan charges shown in Table D.1.

Table D.1: Sixteen supercharges.

D j hi hy hy hy
¢ 5 £ 0 0 0 -1
¢ 3 + 0 0 -1 0
¢ 5 * 0 -1 0 0
¢ 5 + -1 0 0 0
¢ 5 + 0 0 0 1
¢ 1 £ 0 0 1 0
¢ I £ 0 1 0 0
¢ 3+ +# 1 0 0 0

As usual, we use highest weights to specify representations. The highest

weights of an SO(8) g representation should satisfy the following inequality:
hy > hy > hz > |hy|. (D.1)

The highest weight states of 1/2 BPS representations saturate this bound. There

are two series of such representations, which are called (N, B, £) in [139]. N in

the first slot refers to the number of supersymmetry. A representation in each

series is specified by one integer n, and the components of its highest weight are
n

D=3, j=0, h=hy=hy=thi=2, n=12.. (D2

139
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The last component hy is positive for (8, B,+), and negative for (8, B, —). We
denote the 1/2 BPS representation with the highest weight (D.2) by (8, B, £),.
The highest weight states |0)s p,+) satisfy

7'10) 5.5 =105+ =105+ =¢"|0)sp+) =0, (D.3)
q1|0>(8,B,—) = q2|0>(87B7—) = q3|0>(8,B,—) = q4|0>(8,B,—) =0. (D.4)

The spectra of (8, B, &), representations is decomposed into fifteen irreducible
representations of the bosonic subgroup Sp(4,R) x SO(8). The decomposition
of (8, B, —), is shown in Table D.2. In the table, A is defined by

A={Q,5}=D—(j+h), (D.5)

where we choose () = qi. That of (8, B, +),, is obtained from this by flipping the
sign of hy.

Table D.2: The spectrum of the 1/2 BPS representation (8, B, —),. The rep-
resentation is decomposed into fifteen irreducible representations of the bosonic
subgroup Sp(4, R) x SO(8)g.

D j h1 h2 h3 h4 A range
n n n n —n

AT S B R P R
5 3 3 5 3 5= 0 (n>1)
i T S ()
n+3 3 n n—2 n—2 —n—+2

Wi 2 a2 W2 W2 Ao 0 (n22)
me2ongE o onE =1 (n>2)
U T S B (=)
n+3 1 n n n—2 —n+4

5ty 5 50 %5 T 1 (n=3)
o T TS SR ()
n+5 3 n—2 n—2 n—2 —n+4

N e T (n=3)
05 5 TR 2 (n>4)
n+5 1 n n—2 n—4 —n—+4

S5 g g T 2 (n2d)
R R )
U e B (Y
n+7 1 n—2 n—4 n—4 —n+4

2, 2oy, oroor, o, 4 nzd)
i e aii aili niis i )

We define the superconformal character for a representation R by

Xz =Trg (SQDSL‘?" ot 1y32y§’3y2“), (D.6)

where Trr means the trace over the representation R. As is shown in Table D.2,

(8, B, —), is decomposed into fifteen irreducible representations of the bosonic
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subgroup Sp(4,R) x SO(8)gr. The character is obtained by summing up those

for the fifteen representations.

con 4 con 4
X@B,~)n — X(%,g)<827x2)XE%)7%7%7—Tn)<y)+X(”T+f1’%)(s27xZ)XEgl),g,g,%ﬁ)(y)
con 4 con 4
+X(ng2 1)(52@2))((@) n nz —niz) () + X(2G é)(527I2)X(£ n—2 n-2 —niz)(Y)
2 (2’27 2 2 ) 2 2 (2 20 2 0 2 )
con 4 con 4
+X(n+f4 2) (827 xZ)XEn)—Q N2 n_o —n+2)(y) + X("+f2 0) (82, xQ)XEﬂ) nn _n+4)(y)
2 2 2 72 0 2 20 27272 2
con 4 con 4
X 1) (% @) 0 ne e () X (5% 27X s RPN )
2 9 (2:27 5 v 2 ) (27 2 1T o )
con 4 con 4
+X(n+f5 g)(32,$2)XEn),2 n— ( )‘l‘ X n+f4 0)(82 $2)Xgn) n—4 n—4 —n+4)(y
2 2 3 2 2°" 2 T2
con 4 con 4
+X(L+f5 l)(SQvTZ)XEn) n—2 n (y) + X "+f6 1) (32 x2>XEL2 n—2 n—4 Lﬂ)(y
2 2 297 2 2 2 07 2 2 2 2
X2 0 (5% T ot o sy () X 1) (5% X ot o s (0
2 202 > 2 2 072 02 0T 2
con 4
+X(n+f8,0) (827 I‘2)XEn)f4 n—4 n—4 7n+4 (y) <D7
2 02 2

where Xfonf.) is the character of the irreducible representation of the conformal

group with highest weight (D, j),

2D 2

conf 2D 27 S Xj(x )
T J) — D8
X(pj) = Trp,(s™ a™) (1— s222)(1 — 2)(1 — s22-2)’ (D.8)

and x;(t) is the SU(2) character for the spin j representation

i — =91 . » ,
Xj(t)zﬁzt“r“'ﬂja (x;(t) = 0 for j <0), (D.9)

and X,(f) (y) is the SO(8) character

det[ hj+4— J_,_y hjy— 4+J]+det[ hyj+4—J y;hj*4+J]

2 x Wh<reg<alyr +1/yr — (ys + 1/y))

(D.10)

In general, it is difficult to calculate a character directly on the gauge theory
side due to quantum corrections. We can avoid this by choosing the arguments of
the character so that the contributions of two states connected by a supercharge
Q have opposite signs and cancel each other. Such a character is an index. Let us
choose () = qi. In this case, SO(2) generated by h; plays a role of R-symmetry,
and OSp(8|4) algebra tells us that four Cartan generators D + j, he, hy and hy
commute with ). By using these generators, the index is defined by

Ip = Tig <(—)F€‘B'AI2(D”)1J§2yggyff“) : (D.11)

where F' is the fermion number operator. It can be shown that this index does
not depend on ' [103]. This means that the states which contribute to the

index satisfy A = 0, which is equivalent to the BPS condition in a unitary
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representation. By setting e to b%, we can obtain the relation between a

character and an index by

) . — 1
Iy = TrR((—)Fbwb‘%xz(m”b‘zhlyémyé“‘“yff“) = Xals = br,x = =1 — ).
(D.12)

where we used (=) = (=)% to show the second equality. By substituting (D.7)
into the relation (D.12), we obtain the superconformal index for a half BPS
representation (8, B, —),, by

(numerator)

Isp_y, = D.13
&5 (denominator)’ ( )

where the numerator is

(numerator)

Ty sy (— 1+ y3y4)] X

= {xn(y2y3y4)
(12 = ot = @ = -1+ )
Rty (1 ) (0= P20~ g+ (2~ g1+ )
+y3(y3 — Y)Y <y§f(—x2 +y3) (@ —ya)yy + (=1 +2%ys)(—1+ x2y4))
(0 = i = 0~ i+ (1 ) ) (142 )
+yo(ys — va) (y§+”(x2 —y3) (2 = ya)ys (@ + s + )
+(1 — 2Pys) (=1 + 2°ya) (ys + ya + x2y3y4)>
+95 (y3 — Ya) (1 — y3 T ysT — 2%ysya(ys 4+ ya) (=1 + y5yl)
+a (Y5 + ysya + v3) (—1 + yé*"yi”))
5 (=14 ysya) ((m2 — ya)ys (=1 + 2%ya) (1 + (2% + ys)ya)
STt = U )
5" (1 — ysya) (y§’+” — i 4 2%ysya (1 + ysya) (U5 — i)

(g — g (L g1+ y3y4>>)] ,

and the denominator is

(denominator) = (—=1+ ") (y2 — y3)(y2 — ya)(ys — ya) X
(=1 + y2y3) (=1 + youa) (=1 + y3y4). (D.15)

(D.14)
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Notice that the index is independent of b. We can also obtain this result by
summing up the contribution from the A = 0 states in Table D.2. Note that
we can show that the characters and indices both for (8, B, —), and (8, B,+),
coincide.

The KK spectrum of single supergraviton in AdS; x S” was investigated in
[141]. Their result is that in the spectrum, denoted by Gags,xs7, the 1/2 BPS

representation (8, B, —),, appears only once for all n:
Gaasixs' = EP (8, B,—)a. (D.16)
n=1,2...

For short, we denote G aqg,xs7 as Gg7. Therefore, the character for single super-

graviton in AdS, x S7 is given by

XGgr = Z X(8,B,=)n> (D.17)
n=1,2...
and the index for it is
log = Z 18,8, (D.18)
n=1,2...

which is nothing but the index given in (4.156).

Let us move on to 1/2 BPS representations of OSp(4|4). To describe highest
weights of irreducible representations, we use D and j, T3 for SU(2)g, and T} for
SU(2)’%. After taking orbifold by the discrete actions (2.52), we are left with eight

supersymmetries in Table D.3. They are related charges in the former convention

Table D.3: Eight supercharges preserved after the orbifolding.

D j H, H, 1T, T,

1 1 1 1 1

@ 3 3 1 0 45 +3

) 1 1 1 1

A e AP

QY 3 #5 0 41 -5 43

I BN

by
H1 = —hl, H2 == —hg, Ql - 671, QQ = 473, Ql = qu QQ = q3’ (Dlg)
1 1

Ty=o(=hi+hy), Tj=—2(h+hs), P=hy+hi, P'=hy—ha(D.20)

As usual, we use highest weights to specify representations. The highest

weights T3 and T} of an SO(4)g representation are non-negative, and there is the
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following bound for H; and Hs.
Hy, > |H,|. (D.21)

The highest weight states of 1/2 BPS representations saturate this bound. A
representation in each series is specified by one integer n, and the components of
its highest weight are

n
2

n

(D7j7H17H2)2< 2

,O,g,i ), n=1,2,... (D.22)
The last component H, is positive for (4, B, +), and negative for (4, B, —). We
denote the 1/2 BPS representation with the highest weight (D.22) by (4, B, £),,.

The highest weight states |0) 4 p +) satisfy
—2
Q'0) w4 = Q°10)us1) =0, Q0)up-)=Q |04z =0. (D.23)

The spectra of (4, B, +), representations is decomposed into six irreducible
representations of the bosonic subgroup Sp(4,R) x SO(4). The decomposition
of (4, B,+), is shown in Table D.4. That of (4, B, —),, is obtained from this by
exchanging T3 and T3 and flipping the sign of Hs.

Corresponding to the two fixed loci Sy and Sy, both (4, B, +) and (4, B, —)
arise from the twisted sectors. Because T3 does not move Sy, it is an internal
charge in the context of the field theory in Sy, while 75 is an orbital angular
momentum. This fact implies that the Kaluza-Klein modes in Sy should be
identified with (4, B, +), which can take an arbitrarily large T5. Contrary, the
Kaluza-Klein modes in the other locus Sy’ belong to the other series of represen-
tations (4, B, —).

Table D.4: The spectrum of the 1/2 BPS representation (4, B, +),,. The represen-
tation is decomposed into six irreducible representations of the bosonic subgroup
Sp(4,R) x SO(4)g. The highest weights of these representations are given. A is
defined later in (D.28). The spectrum of (4, B, —),, is obtained by exchanging T3
and T3 and flipping the sign of H,.

D 5 T3 i Hy Hy A range
T T O
FECINE S R R S B (n>2)
e B R S (n > 2)
ﬁ 11 é ﬁ é 2 (ngg)
R = R
2 2 2 2 —
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We define the superconformal character for a representation R by

XR = TrR( 2D 2 sy ) = TrR(SZDa:QleHlYQH2>, (D.24)

where Trz means the trace over the representation R. We used Cartan generators
(D, j,Ts,T}) for the middle expression and (D, j, Hy, Hs) for the last one. These
two choices of the Cartan generators for SO(4)g are related by (4.145), and
correspondingly, the two sets of variables (y,y') and (Y3, Ys) are related by

Y,
y = 71 y = Y1Ys. (D.25)
2

As is shown in Table D.4, (4, B, +),, is decomposed into six irreducible repre-
sentations of the bosonic subgroup Sp(4, R) x SO(4)g. The character is obtained

by summing up those for the six representations.

Xas, = X3 2?)xa () + X35 1 (8% 27X (0)xen ()
(¥) + x(22 ) (5%, 2 )xa () X2 (v)

+X((xr)£tf2 1 (S $2>Xn ) conf
X 1 (5% 2%)x1 (1) XnT%(y)er‘(’%‘fzx 0 (8% 2%)xnz1 (y'). (D.26)

Let us choose Q = Q}. In this case, OSp(4]4) algebra tells us that two Cartan
generators D + j and Hy commute with (). The index is given by

Ip = Trg ((—)Fe-ﬁ’%2<f’+ﬂy2H2), (D.27)
where F' is the fermion number operator, and A is defined by
A={Q,S} =D —(j+ H). (D.28)

This index does not depend on 3. By substituting (D.26) into the relation (D.12),
we obtain the superconformal index for a half BPS representation (4, B, +),
Yy (1 - 2%Y; )

Iy, = T : (D.29)

In the same way, we obtain

a:"Y_%(l — 22%Y53)
lup-y, = S Py (D.30)

As in the case of OSp(8]4), we can also obtain this result by summing up the
contribution from the A = 0 states in Table D.4.
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