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e A decomposition of a Green’s function for the perturbed Einstein
equations

e A particular normal coordinate system
e “Source” fields

e Gauge invariant quantities for a circular orbit of the
Schwarzschild geometry

e Regularization parameters
e Scalar field numerical results for a circular orbit

e Gravitational field self force numerical results
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Decomposition
Assume a vacuum solution of the Einstein equations for the background
geometry, g°,. A test particle of small mass ;1 moves along a geodesic I'

of g°,.

e Solve the perturbed Einstein equations to find the retarded metric

perturbation h'S caused by p.

e Decompose:
hret hib—l_ha PN hdl(;_i_ htall

o hsb s a solution of the mhomogeneous perturbed Einstein equations and
is singular at the particle. AR - 1s @ homogeneous solution and is smooth.

e T he self force arises from hab = hret hab, as the particle moves along a
geodesic of ¢°, + A%,
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R gret S
hab - hab o hab

e L%, is the Regularized Radiation Reaction Remainder.

e h>, is the Singular Source Subtrahend.
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Normal coordinates are locally inertial

9ab = MNab + 5% 513‘792b,z'j + 67 ﬂfjxkggb,z‘jk +0(r*), r =0,
1,7, ... are spatial indices. x, y and z are locally Cartesian and map to r,

0, ¢

R = length scale of the background geometry.

Thorne, Hartle and Zhang choice of normal coordinates is defined in a
neighborhood about a geodesic in a vacuum spacetime.

9ab = Tab + 2Hab + BHab + O(T4/R4)7 r— 07

o H ydztdx? = —Sijx’xj(dtZ + 5kldazkdaz‘l) + gekquqixpa:"dt dz”,
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Gab = Nab + 2Hab + 3Hab + O(T4/R4)a r— 07
o H ,,dztdx? = —&-szxj(dtQ + 5kldxkdxl) + gekquqixpazzdt dz”,

1 . 2 .
sH pdxtdx® = —gé’ijkxzx]ajk(dtQ + 5lmd:€ldazm) + gekpq[)’qijxpxzxj dt dz™,

& and B are spatial, symmetric, tracefree and related to the Riemann
tensor and its derivatives evaluated on the geodesic; in particular,
gz‘j = Rtitj and Bz‘j = Gz‘ququt/Q.
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Tidal distortions of a Schwarzschild black hole
Put a small black hole, 1 < R, on a geodesic of the background geometry.
The Schwarzschild metric is

g™ = (1 —2u/r)dt? +dr? /(1 — 2u/7) 4+ r2dQ?

Quadrupole tidal distortion of the black hole by the background geometry
distorts the metric by shgp, with ohgp — oHgp for p <K r KR

ohopdx®dz® = —E&.x'xI[(1 — 2u/r 2dt? + dr? + (r? — 2@2 df? + sin” 9dgb2
J
4 .
—I-gekquqixpa:?’(l — 2u/7)dt da®.

This is an elementary result from the Regge-Wheeler perturbation analysis
of a black hole.
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Octupole tidal distortion of the black hole is

1 o
shapdr®da’ = —g&jkxzxjxk (1 —2p/r)*(1 — p/r)dt* + (1 — p/r)dr?

+(r? — 2pr + 442% /57)(d6? + sin? 0d?)]

2 .
—|—§6;€pq8qij$pajzsc9(l —20/7)(1 — 4p/3r)dt da®.
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NOTES:

e The singular part of hib is the part of the Schwarzschild geometry
which is linear in p.

e Additions to th are the parts of 2h,p which are linear in p/r x &;;z° '
and B;,z" ‘7 and similar terms from sh.

e Or, h2, is the tidally distorted Coulomb field of the black hole.

e >h!, is the quadrupole tidal distortion of any object’s Coulomb field, as
long as the object has no appreciable higher multipole moments.

hab pm— Oh’ub _|_ Qh ab _|_ Shab,
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h2, = = ght, + 2kt + 3h’,,

superscript ¢ means “linear in "

oht dxdx® = 2u/r(dt* + dr?)
4 . 8
gh’;’bdxadxb = T'LL&;szxjdﬂ 3':f€ pgBLixP ' dt da®
sh! drdx’® = ggijkxixja:k [5dt* + dr? 4 2r*(d6? + sin” 0d¢?)]
r
200

s €kpgBLijalx’ I dt da®,
The coordinates are the locally inertial THZ coordinates which follow

the test particle. The gauge transformation to the harmonic gauge is
straightforward.
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Asymptotic matching

Where 4 < r < 'R, the geometry of a small mass moving along a
geodesic should be well described either by the background metric
perturbed by a small mass, or by the Schwarzschild metric perturbed by
weak tidal distortions. Thus the metric perturbation of the background

geometry, in this region, should be approximately the part of the
perturbed Schwarzschild geometry which is linear in p.
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Self force on a circular orbit of the Schwarzschild geometry.

e Consider a small mass ;4 moving along a particular geodesic of the
Schwarzschild geometry.

e Use tensor spherical harmonics to solve for the £, m retarded metric
perturbation A} . caused by the particle.

e Find the THZ coordinates as functions of the Schwarzschild coordinates
for the geodesic.

e Express the source field hib in terms of the Schwarzschild coordinates
and decompose it in terms of tensor harmonics, h?m ub-

e The tensor harmonic decomposition of the reaction field is
hR __ fret hS
Ifmab

fmab  "“4moab
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e The tensor harmonic decomposition of the reaction field is
hR — et - hS

m ab fm ab fm ab*

e The self force acting on the particle results in the worldline being
modified to be a geodesic of the perturbed geometry

ggb T th — g(cz)b + Z h?m ab

m
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Geodesics of the perturbed Schwarzschild geometry
The Geodesic equation is

— c ~ (0 h
dS 2“ u a$a(gbc+ bC)F

0/0t and 9/0¢ are not Killing vectors of g%, + hY,, but define

uy = —F, and wuy=J

then
dE 1, ,0h%
— = ——uu
ds 2 ot
dJ 1, Oh%,
27— by cllab
ds 2 )0
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For circular orbits

a (R —2M)? a 1
(B +u*hl,)? = R(R - 3]\4)(1—|—u ulhR —§Ru uPOhy, /or)
and
R2M RY(R—2M) |,
_ ,opR N2 1 a, bp R\ b hR
(J —uhgge) R—SM( + uu’hyy) 2(R—3M) u’Ohy, /Or.

The angular velocity €2 of a circular orbit as measured at infinity is

R — 3M
2R?

02 = (do/dt)* = (u®/u)®> = M/R> — “ubOnR, | Or.
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The expressions given above for

Q dFE/ds dJ/ds and E—-QJ

are all gauge invariant when evaluated at the particle—this is a technical
result based on gauge transformations in the Regge-Wheeler formalism.

Expressions for u! and u? are also gauge invariant, the radius of the orbit
R is not.
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Scalar field and circular orbits of the Schwarzschild geometry.

The self force from a scalar field on a particle of scalar charge ¢q is
Fa = qvawR

where

wR _ wret L wS
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With multipole expansions

@ng(r, t) — Zf%(?“, t) - w?m(rr? t)?

the self force is found by evaluating
F;elf — va Z¢£Rmnm

— v Z ret wzm }/ﬁm

at the source point z.

— Typeset by Foil TEX —

17



After summing over m

Fo= Y (Ft - o)
l

The difference in multipole moments must be taken before the summation
over /.

The regularization parameters are derived from the multipole components
of V,1° evaluated at the source point.

1 2+/2D
. S r
lm 7, (z * 2) T e 3)
ElB
4 r3/2 +O(075).

(20— 3)(2¢ — 1)(2¢ + 3)(20 + 5)
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[7o(T0 — BM)]1/2

A, = — A
sgn(A) To2(ro — 2M)
B [ ro — 3M }1/2 [ (ro — 3M)F3/2]
T rod (1o — 2M) 1/2 re — 2M ’

and

ro — 3M B

1/2
o [2r’(re—20) / [ M(ro = 2M)F_j5  (ro — M)(ro — 4M) Fi /o
r 27,4 (1o — 3M) 8rot(ro — 2M)

+ -

(ro — 3M) (576" — TroM — 14M?)F3,5  3(ro — 3M)*(ro + M) Fy 5
16714 (ro — 2M)? 16714 (ro — 2M)?

Bg/s is a constant, F, = o F[p, %; 1; M/(ro — 2M)]. The A, and B, terms agree
with the recent results of Barack, Mino, Nakano, Ori and Sasaki.

The D, and Ei terms sum to zero. Their inclusion speeds up convergence of the sum.
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Derivation of the regularization parameters

s_ 4 )\z'ijinXk )\ijleinXle O(X5)
=1+ + +
P p? p? P>

p? is the (spatial geodetic distance)? through O(X?).

The A;;... are dependent only upon the orbit and determined by .

The X* are locally the THZ z, y and z.

We need a multipole decomposition of 0,.1)°.

If the particle is on the z-axis, only the m = 0 components contribute, and
the m = 0 part of a typical term above can be written as

roP(1 — cos ©)P/2(r — 1,)?

pn

Y
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If the particle is on the z-axis, only the m = 0 components contribute, and

the m = 0 part of a typical term above can be written as

roP(1 — cos ©)P/2(r — 1y)?

pn

Y

In Schwarzschild coordinates.
To(l — COS @)1/2 ~ distance near © =0

and is C°° elsewhere.
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We particularly require the expansion

(1—cos©®)™ /2 = Z AZH_l/QPg(COS O)
(=0

AT = B (204 1)/ (20— 2m — 1) (20— 2m + 1) . ..
(20 +2m + 1)(2¢ 4+ 2m + 3)],

where
Bns1y2 = (1) 1232 [(2m + 117,

S AP,
£=0
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Figure 1: F,<" is displayed as a function of £, along with the result of it being regularized
by A,, B, ... Ef,‘. In principle the self force could be determined by summing up the
data points along curve B or any below it. A point where the data on a particular curve
changes sign from being negative to positive is labeled with 4, from positive to negative

by o.
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Figure 2: AQ?, the contribution to the change in orbital frequency, from the gravitational
self force, for a test particle at R, = 10M is displayed as a function of £, along with the
result of it being regularized by A,, B, . .. Eff; the labeling should be similar to that in

the previous figure.

— Typeset by Foil TEX — 24



The last figure is based on preliminary, unvarnished results but reveals the
ability to calculate self force effects without summing to very large values
of £. In principle AQ? could be determined by summing up the data points
along any curve except the top one. For this figure all of the regularization
parameters have been determined by curve fitting (it would have been
better to use the analytically known parameters before doing the fitting).
Note that while AQ? is independent of the choice of gauge the radius of
the orbit R, is not. Thus this figure alone conveys no interesting physical
information — However a comparison of two gauge invariant quantities,
such as those mentioned earlier, will be of interest.
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