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The goal:

Constructing the MP from the Teukolsky vari-
ables ¥y, ¥y .

Some useful notation:

A = r?—2Mr+a®,
Y = r’+a’cos’h,
p = —1/(r —iacosd),

and also: S
g7 _ -4
'@w =%, Y-2=p Y4, C_(:_tz)
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Teukolsky formalism

The Master equation (formal):

(Was [as] = 475 Ty, )

Definition of the operator Wg,:

W, = -A8,[A"™8,] + [(r* + a*)* /A — a*sin® 0] B,
+4aMrA7T'8,, 4 [@*/A —sin~? 8]8,,

—sin~'0 Oy[sin 8 8] — 2s[a(r — M)/A + i cosBsin™ 0)8,
=23 [M(r? = a®)/A = r — iacos 0)0; + (s* cot? O - 3),

Separation into radial and angular parts:
Yar = T RE()SI(0)e ™),
along with

iy = T Ti5"(r)Sf5° (0)e ™ ™.

The radial Teukolsky equation:

Py [R5 (r)| = Ti';“(r)D

Pime = A=09 (A8 + V™ (r) .

where



Reconstruction formalism

(Chrzanowski 1975, Wald 1978)

Ingoing radiation gauge: h,sl° = hy’ =
In vacuum, there exists a potential ¥, and
differential operator I1 such that

hag = T[] .

U must satisfy tWO equations:
(1) Vacuum Teukolsky equation for s = —2:

(W_5[¥]=0,) (1)

(i1) The differential equation (Wald, Lousto&Whiting)

F
D [\P] = %DO 9 (2)
where D is the differential operator
2 . 2
D =19, ="""0,+0,+(a/0)2,,

(" is the outgoing Kinnersly's tetrad vector.
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Our goal: constructing ¥ from .

Two
- omarks:

e there are two equations for one unknown!
(mutually-consistent in vacuum only).

e ' satisfies the same field equation as ¥_,
but yet it is Nnot ¢_» .

We shall construct W for each mode (mw of

.



Vacuum perturbations

Using the Teukolsky-Starobinsky relations, we
construct a formal solution (to both equations):

U =p ' A(DY A%, (For eacth umw)

where p is the real constant.

p = M (A +2)° — 8\’ (5) + 6) — 12a7]
+144w'a® + 1440° M2,
where o = a®> — am /w.
D' is the operator adjoint to D:
r? + a
A

This is a solution for each mode {mw of W.

D' = O + 0, — (a/A)d,.




Radial part of ¥

Decompose U as
. }“?I_n;wsirgw(g)ei(mp—ut) :

Then the above two equations read
1) the radial Teukolsky equation

Wy [J=0 ( PIIR (1) = 0,) (1)

(ii) the 4th-order equation

D*W .7: %:@M)d[él_"{,“] — Rff;" (r) ,> (2)
where D,,. 18 the radial part of D:
D, =0, +iK/A , Dm =0, —-iK/A

where

K =am— (r’ +a)w
The above solution
U = p~ ' A*(D") (A%,
reads, for the radial function:
Ry = p ' A(Dh)! (AR (r)]
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(Phw)lf[ R_'%Wj: R::nw .
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Perturbations with sources

Assume: Matter confined to ry;, < 7 < rygax .
Construction in two stages:

e First construct the above vacuum solution
in the range r > 7pax.

e Then. extend it into r < 7yax.

At r < rpax, the radial function R‘_”;” cannot
satisfy both equations.

Therefore,_we extend it as a solution of the
(*qua,tmlm

Note: This 1s an crdinary differential equa-
tion. Since D = [#0, = f(ﬁ ) , it reads

where 7y is the affine parameter.
Since this equation is imposed everywhere,

( ) [leu.:] = mw(r)

is satisfied at any r.



The Solution

H{down}{?‘, T’) = a{down}(TI)R{_d;w")(T)
+e—t(mu—u,r*) .ZD Bi(TI)Tl :

[we have set a® = AWC)],
Six functions of ' are involved:

a' ("), o' ("), and Bi(r') (i =0...3).
They are constructed from the homogeneous

s = —2 function: R@;t)(r’) and R‘_“E“’”}(r').
and their first-order derivative.
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Dovoin of vald: by

~
—

Y wast m{;is"y two egs. :
Wal¥J=0
D[V]=4%
.Secoml e«iudﬁion rakiee :'ea{
by construcbion,
Thig /’5 dn ODE u!ory the  null

360 esigs: 6& =
Z#G)’ Y,



ConClusion: ¥ s ma{;éic wﬁrywkem-
gxcept  in the “thadowed” region.

27T T 77778
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Conclusion:

¥ i vu/u( Ci_e., £ sabicfies b_@_ln_
required eq.) everywhere
excepb in the ‘tha W@J" re/iah.

In U'\e, pol'h(;-fike ’imit, the ﬂ\a@eJ

region becomes o ling [inzm/w‘i%
6“ Or‘mihj d T+l Surfoce),

The Sume holds Lor | g
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S Uimmary

we have con;brucbea/ the potentinl ¥
(ond hence h) in the Freczwenc; Jomolia

Vowthl Wﬁlb&/’hem” 6?((@/05 ?h
the ¥ w'@of the soupce

Jn fhe Poin{; “miﬁl ¥ becomes Jifja/ﬁlf
(i line § ihju/arféy)

The same hafé FoF ]"W(f. C in the ra/iqf&am )?dtwe‘

TJ’IEI 5,'?7(4/&#?&/ OF P’otdéaf::'ah-l—?ag/aa Zq "
s inevitable.

31,1& f\e (§ h\eref; ad j’ab;t/dﬁ ,§;/_1gu.'~*£jfcg.

"dp ma; be Mt’:?rf/ For ma{;afianvrea,cf!cm,



