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Self force in curved space

DeWitt & Breme (1960) ,Mino et al. (1997),
Quinn & Wald(1999), Detweller & Whiting (2003)

Regularized self-force is determined by R-part

y " (x) =y (x)-y* (x)

Direct

z(t )

curvature scatteri
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& Since we don’t know the way of direct
construction of R-part, we compute

Fly"1l)= lim (F* [y ()] F* [y * ()])

x—z(T)

Both termson ther.h.s. diverge regularization is needed

& Mode sum regularization

Decompostion into { mode
Fo[R™)(x) = 3 FPw ™1(x), Felw 1(x) = D F 'y *1(x)

Coincidence limit is taken before summation over {
Fe[A')) =3 Jim (2 [h™ ()] = £ [0 (x)])
/ X—>zZI\T
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S-part
S-part is determined by local expansion near the particle.
can be expanded in terms of z(t)

1 G, . spatial distance between x and z

(x—2)* = (T, R, ®,D)
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Mode decomposition formulae
(Barack and Ori ('02), Mino Nakano & Sasaki (' 02))

\ Fo=A4,L+B, +C, [ L+ D, wheeL=/(+1
COL — Z DOM — O
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Solving full part

Master equation for BH perturbations

Ly =4, —gT

Regge-Wheeler eq. or
Teukolsky eq.

Once homogeneous equation s solved,
Green function method is applicable to calculate full part.

SO

L\|! =0 Y = ZRzm ’(P) o

_/\

— (O | Spherical(Spheroidal)
harmonics expansion
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Green function method

W = jd4x G(x,x") T(x')
Green function

=> [do e gl (r,r)Y,, (Q)Y,, ()
‘m

Radial part of Green function

,lr H 1 f ! ! /
— in e u o gl g " o Ril'l o H . e
F'.r J|_.|_. ) 'l.'rjl':__rr?”.w(Rin RUD) {H (f )E D{I )H(r J ) —I_ R D(i j (r j (T r j)

1"1'31':”-'.:.:(1;{'”11'-“LID) - I (1 B Er_w) ((:—fjfup( ))Ifnl(?) — ( :U-Hiﬂ(r}}jﬂm](r))
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Problem
Now, problem isremaining in the full-part !

(.{,’,R,@,CD) Harmo_nlc
expansion
. S-part
Tlm? Rb®c(pd Fofﬁ = AaL+Ba +Da€
domain - ‘
s Z D, =0
?
Frequency full-part J—
domain

As a simple example we discuss scalar charged
particle in Schwarzshild spacetime.
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Systematic method of solving the radial functions
(Mano-Takasugi-Suzuki)

Expansion in terms of Coulomb wavefn. | _
0

R{(z) = ) appn4.(2), v eéigenvalue (determined later)

= —1

Pntu(2) = 2"TVeT 5 Fo(x, ¥; 2iz)

— Problem is reduced to solving 3 terms recursion eqg.

PN, QU v UV
Oplpgq + Bpop + mon_1 =

e — 2Mw
o = O
B = (ntv}nti-41)-Il4+1)
T = O(e)
@ o W g .
{15_1 Ta—r—I:x ﬁ_f:__l_l fi— — 00 ) determl nes v
anda;,
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New decomposition of fu/l-part

Essence of the new method

i
I‘{’Iﬁ‘mu( Rin. RUD)

Hf,r-mw(ﬁm, Hup) — T (1 — E:J) ({E:Rup{r))ffll‘n(?) o ("d“'Rm(f })Rup( ))

(Rin(r)Rup(*')0(' = r) + Rup(r)Rin(*')0(r — 1))

gi’rlxlu.u(r ) =

R: + B, RZ"™

Rin 5
wRE + RZ¥ ™3 v=1~£+0(c%)

Rup

1l

R‘E‘f(ﬂ:}ﬁz"(1+32+§+...)

Post- Newtonlan expansion

= (wr)? = O(v?)
E_EU""_@(E?} ‘No logw‘
Z Wi
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Ve divide the Green function into two parts,

afil (1) = o) (r ) + g ()

where
1

mewliﬂf:", Rc_y_l:]
1

{1 - .'fil-”f'l-’}w{:'nmiﬁgv REU_I}

g‘{‘?_;a'm(r* TI] [H("J - T)Rg("'}ﬁl:_y_]-{r!} 5 'F'F]REH_I('-")HE[TF}]

i) By (REGREV™1() 4 RSV (r) RE())

+’F1¢££EJ('T")HE(?‘I} + Iﬁyﬁ;ﬂ-l{r}ﬂ—n—l [jﬂf}] O( V6{)

.. 2{+1 A{-1
ﬁ,—part O f|n|te{ - SUum regu|ar O(V )j O(V )
o no step function  homogeneous solution

All singular behavior is in S-part.
= T he coefficients A, and B, must be common with S-part.

lim F° = AoL + Ba + Dy

r—+Z0

= The resulting force from S-part after subtracting S-part is

H lg_l".::'? —_— B
2 Jim Fo” = 2. Dac 0
f=0 f=0



Our strategy

Harmonic
(C’R’G)’(D) expansion
_ S-part :
Time R'O°D* = F;,=A4,L+B,+D,
domain -
s Z D, =0
Ff,=A,L+B,+D,
Frequency g Opart J
domain Jull-part

~S R-part

Regularized force up to n -PN
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S-part in time domain

! 1 14 — i " '
gl (nr) = Wo (R, RoV-1) 0" — r)RL(r)RSY (") 4+ 0(r — )RV (r)RL())|
z = wr

Rg(:I:)ﬁz”(1+zz+§+"') e — M w
— Z "*'-"ka-mk(T: '-'J)
k=0
Sincethereisno logw, w-integral is easy
/{mw“e-w(* ) = 2r(—i)"ans(t — 1)

S i (t
F5,=¢?V, lim Z(aﬂt)*”()-

e (” m.k

XFmL (T‘, *r(t))} ??I(E}! '*ijf::n.(zﬂﬁ)ﬁ :F(t))
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Result for S-S part

Here we assume geodesic motion to eliminate higher derivatives.
After lengthy calculation, we have

S'—S 2 Ur(t) 4 () . 1

where the coefficients Kﬂ are

O [9 n 10364 M = 20728 M?2 5246140232891518 2772\ M3 (3035778523787821589339
. 19 1659 (27) 1659 (27)2 35013238792623 2 ) ()3 1214294134566958263
200772 M* 38844 12572900 M (1443514854479884 585M2> M?2 717372

16 )(zT)4]+[10507 1775683 (2") 11671079597541 64 (z’“)Q_( 32

209236023513660821921804 M3] L2 [3078617 13691383240 M 4332202056238584185911

42500294709843539205 (z")3(z")2 | 253669 513172387 (2") ° 2023823557611597105
11182572 M2] [16973925730 1332278699099876 M] 6 94008905915838 8
1024 (z?“)2 (z’“)4 513172387 23654681178765 (27)!(27)6 1126413389465 ()8’
Preo I [145329 224752726 M (3961114172666372 1177r2> M? 6096532685157103316489
L = _

105070 = 26635245 (z7) 58355397987705 32 (zr)Q_( 6071470672834791315
141372 M3

81010078 = 26029992074 M 56133966743538685491214 5985\ M? ; L2
+ 16 )(zr)3] +[8878415 + 2565861935 (2") _< 42500294709843539205 + 64 )(zr)2](z7")2
_[163684391287 98611138120 M] L4 21116821648567 L°
5131723870 13251922229 (27)! (27)* 225282677893 (27)6’
K@ _ _[230022021 5642118696757 M (9361340681317465627159_20617r2> MZ} [535002897207
t 99438248 538831006350 (") 212501473549217696025 128 / (27)2 35922067090

130651280359811 M] £2  3424552908566313 L4
78848937262550 (27)! (27)2  63079149810040 (z")* -




Conclusion

e S-R decomposition was proposed.
Regularlzed forceupton -PN

SRR, — Y (Jim FY +,L*') L”‘r+5 FE
—'_] .—l'fJ“ =0 =0

e Expression for the singular S-part force N
time domain is calculable for general orbits.

e Theremaning R-part istruncated at finite {.

o (8-S)-part was explicitly computed for a
scalar charged particle in Schwarzshild
spacetime.
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