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Organization of talk

O SF via mode-sum: Comments on implementation strategies
O Schwarzschild perturbations in the harmonic gauge: Formalism

O t-domain numerical implementation (circular orbits, Schwarzschild)
» Scalar field

» Gravitational field (odd part)

O Comments on generalizations



Mode sum formula

Far(zy) = i [Fm(hﬂg) losa, — AU +1/2) = B—C/(1+1 /2)} -D
I=0 A

Need local MP

® 2 gauge problems/issues:

> Get h,zand ABCD in same gauge

> For that gauge, make sure F; is well-defined, regular, and can be
used for constructing gauge-invariants.



Implementation strategy: many options

PN methods 4—{ana|ytically]f How to get the
local MP?

[numeri cal Iy]

Choice of variable for

numerical integration Choice of gauge t/f domain

.
. RW Radlatlon} [Harmonlc] {f domam] @B
\/

MP reconstructl on Work out gauge trans. {Gauss an Particle
I representation

[ o-function ]




Schwarzschild perturbations in the
harmonic gauge: formulation



1. Linearized Einstein equations in the harmonic (&®Lorentz) gauge

Linearize Einstein’s equations in perturbation fi,z(x) about BH background g,s. Take

souree to be a point particle moving on a geodesic x = 1,(7) of gog. Get
Ohag + 2R 3" gl + Gash?™ys — 20" Bydecart)
= —16mu fﬂ (=)™ 2 8% [z — 25(7)|uatis dT = Sas,
]

where

1

Impose Harmonie gauge condition,

_"Tfi-"ﬁaﬁw = 0.

Get

Dﬂuﬂ — E.R‘I&Hﬁillm.- = S&_ﬂ




2. Tensor-harmonic decomposition

hop = Z Z R (i 1) }":ﬂ'!m(r 8, )

lym t=1

10
Sap =D » SO (r, 1) Vi " (130, )

Lim i=1



3. Make sure variables for numerical evolution J constatr — 2M, o

Redefine
Z Z h':"‘ (1) Yﬂgm (r; 0, ),

Im i=1

with
RS9 = =t R = =2 RUE =1 for rest.

Then all A% are dimensionless and oc const at both 7 — 2M and r — o

[Decide on r-dependent pre-factors with help of

1
@mﬂﬁﬁ)l’@hwl.,._m X - and  Rggl,. oy, X const in (v, 7,6, ¢) coordinates.]



4. Get separated equations for the h()’s

Dg:dﬁ(i]hn + M(Ejﬁmsm — Svl:i].!-m!

where

0% = 0w+ 3 [Jﬂ EUH)],

-~ o -
Fm = g R f dr 1,78 (t = t)S(r — rp)uaugn ™ [Y,0 ()],

o0

and, for example,

MO = 2f (g::f;r _3pe f—ig::?)
M'ﬁ'ﬁm ~fIEY +3 (1 — 3.5M/r) B +3 f’h@ - _( A/2)1/2 10)

MU = 2f R 4 (A/2)2 RO



5. Use gauge condition to get rid of “bad” t-derivatives

_ 1 _ 1 _ -
R + 2 f {hffj + *riﬂ (1—3.5M/r) B + —aihffi‘ - %(A/z)lﬂ R0 = (9]

+ (—% i f") {H::f) —if [Eff:' + % (R — (2)) 72 H':m))] } (=0, by gauge condition)

= | 2™+ ?_iz (1—4.5M/r) R — %(k /2)1/2 B0 = 5%




Numerical Implementation:

1. Numerical technigue demonstrated for
scalar field, circular orbit in Schwarzschild



1. Evolution equation

fybm. 7,1
2 =2n0 ) Ly 0,0)
{an

__f
—QTnEé(r 7o) Gy €

[ atr=rate= 1) Vi@ e

—tmuwitp

(circular, equatorial orbit)



2. Grid for 1+1d numerical evolution

Grid size:
= At |least 3-4 Torb
(>300M for ro=6M)

Resolution:

= ~1 grid pt/M? for fluxes extraction

= ~10° grid pts/M? (near particle) for SF extraction



3. Finite difference scheme (2"9 order)

[ el rucdv 1":::1 + V'™ = S"’“J
ool

P(1) +9(4) —¥(3) —¥(2) + %h?v;: (0)[4(3) +¥(2)] + O(h*) = fmu Sdudv=h-Z

0, no particle in cell
“ J;?E"x 11 particle in cell, m =0
| ) esepl—imut(0)], particle in eoll, m. # 0



4. Results: Scalar field
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Results: Scalar field
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Results: Scalar field

y (summed over m)
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Results: Scalar field
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Results: Scalar field
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5. Results: Scalar force (sample output, screen capture)

[l eor @nercul es scalar]$ ./a.out

1

5

5

Evolution tinme (# of orbits)=

Initial

Resol ution (steps

| TERATI ON # 1
| TERATI ON # 2
| TERATI ON # 3

Phi (r0):
Cycle #
Cycle #
Cycle #

per Min r* t)=

2 1 0.136805155563096
3 : 0.136805162960639
4 : 0.136805163931519

. 31956375723335D- 002
. 31956353278614D- 002
. 31956342813805D- 002

. 17335149052099D- 002
.17335151321284D- 002
. 17335143854717D- 002

[Fr(rO+)-F_r(r0-)]/(2L): ("Ar")
-2.16430508258478D- 002
-2.16430501533300D- 002
-2.16430495556174D- 002

[Fr(rO+)+F r(r0-)]/2: ("B.r")
-1.07310613335618D- 002
-1.07310600978665D- 002
-1.07310599479544D- 002

| F_r(rO+)-F_r(r0-)|/2-]A *L: ("C_r")
6. 76214094093648D- 005
6. 76204006326203D- 005
6. 76195040637838D- 005
F r(REG:
-9.90421617212026D- 005
- 9. 90409250297095D- 005
-9.90407736144393D- 005
F t(r0):
1.09151357977453D- 004
1. 09149895091873D- 004
1.09148592668721D- 004



6. Results: Reqgularized scalar self force
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Numerical Implementation:

11. Gravitational field (odd-parity part);
circular orbit in Schwarzschild



1. Evolution equations

PR 4 % I (ﬁ(f] _3r® _; f—lﬁ{f]) _5®
B -r' B
RO + L a5Mr) B — L(a2) B0 =

R0 — L R 4 (022 0] = 5

whete
SE — \;—";% ST — o) by €Tt

Sy —MJ{T — 1) by €M

A/ A1)



2. Symmetry m « -m

Under m — —m:

hE) _y pEr R0, _pioi0) o -
= hIYE [hﬂf'-’}i;?]
YR v, va oy 5o

i = 3 B o g
af T ad
Lm =8 r

= (1/r) Z; { [y | s i R i: Re [0V }

=8 m>0



3. Finite difference scheme

R = -1 + AR 4+ b+ mw R + hZ®
B = " + LR + £5hE

hD = p + By



4. Results: MP
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Results: MP
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Tests of Code



Test #1: 2"d-order Numerical Convergence

| | | [— h=0.2M
2051 1 rF |:_2,rn: 1 ;.-" . h=n1 M
2061 [o=™M h=0.05M |
\ - h=0.025M
2.081+ .
20609 -
20609
=
="2.0608
=
20608 -
20607
20607 - f--'
2.0606 -
z,ueuai-
8.832 8.8325 8.833 8.8335

r*/M
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Test #2: Jump in MP derivative across the particle

R — B3+ agy B + by B + e B = §05(r — 1)
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Test #3: gauge condition
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Test #4: Flux of radiated energy

w75 = [ oo (\imnﬂ)‘lh o+ 5 - 51“9)'2"*“\2)
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Poisson’s:

f=domain, from

Martel’s:

t-domain, from

I m|Ours:
t-domain, from kg

2 1 [8.1636e—07
3 2 [2.5246e—07
4 1 (8.3825e—13

3 [5.7828e—08
5 2 |2.7897e—12

4 (1.2296e—08

8.1633e—07
2.5199e—07
8.3956e—13
5.7751e—08
2.7896e—12
1.2324e—08

[0.00%]
[0.19%]
[0.16%]
[0.13%]
[0.00%]
[0.23%]

8.1623e—07
2.5164e—07
8.3507e—13
5.7464e—08
2.7587e—12
1.2193e—08

[0.02%]
0.36%]
[0.38%]
10.63%]
11.12%]
10.84%]

Energy flux Ef;: Comparison of 3 methods (Circular orbit at r,=7.9456M)



What's next?



Even-parity part of MP

D?E{i]&m + M{S:I Rdm — Glajim

ORD = ZPRD = ()1 - RO _ 5@ = 13 p (52 4 L 2R
MERD = SRS = S(ffr)(1 = 130 7r) (RO = F9) = 23 (iR 44 2RO,

MERD = SFFRD + (/AR + 327 (B + ) = 3T D (PR,
MERD = = _r PRS2 [1 = M/ + 5.5(M/rPF] A& + %u" /(1 = 1.5M/r)RY — }Iﬁ ifR®
~ V2 (/%) [VIBF DR + (1= 3m/r)i®)

MUNRD = 2 R0 = 2P(p /R + 1 il = SRR D (/2

MELRD = ;IH'E,@ + (f/r)(1 = 3.5M /)R — %Uﬁr*}v’ 20+ 1A ~ ﬁf iRy
+%(J'zf'?33' [Mﬁiﬁj _ @}gm] :

METED = L1120 = fF® = X2y = o321 = 3010 4 L HFTN 2,

MRD = ~2(75%) (K0 + VB,



Self Force

» Getting the self force is now straightforward:
» No need to take 3 derivatives, just one — as in scalar case
> Modes |=0,1 given (almost) analytically, in the harmonic gauge

» Most crucial: no gauge problem; mode-sum implemented as is:

- =
Foar(mp) =Y | Frnlhas)l, g, = AL +1/2) = B=C/(+1/2)| = D
I=0

* Two options:
> Either decompose F;,, in Scalar harmonics & use the “standard” RP;

» Or decompose F;, in Vector harmonics and re-derive the RP accordingly.



Eccentric orbits in Schwarzschild

» Generalization is easy, as code
IS time-domain




Orbits In Kerr

n [h—hﬁing}=Sm;:

A

i _Oh=0

el




Conclusion

When doing local calculations, near a point particle (e.g., for SF):

 Let go of Moncrief-Zerilli-Regge/Wheeler-Teukolsky variables and
RW/Radiation gauges.

» Solve directly for Metric perturbation, in the harmonic gauge.

Reason: It is possible!



Basis of tensor harmonics (in t,r,6,¢ coordinates):

|. Even parity
1000 0100 0000
0000 ey 1 [ 1000 ¢y 0100
0000 Yims ij E On0n0on Yim, YIm - 0o0o0on ¥im,
0000 0000 0000
00 & & 00 0 0
_ By .EI 00 O Yirn, YIE? B i 0 .EI Oa B Y,
2i(i+1)| > 0 0 O (i +1) ] 0% 0 0
4,0 0 0 08, 0 0
000 0 000 O
s 0o00aQ0 (7 o 000 0
= — FIm'.- Y = }Emﬁ
v2 [ 0010 m o N+ [ 00 L Ly
000 s 00 L, —s’L,

Do — cot 83, Lo = Oag — cot 809 — s7%8,., s=sind, A - 1)1+ 2)/2



Basis of tensor harmonics (in t,r,6,¢ coordinates):

1. Odd parity
0 0 s“lﬂqp — 5 g
0 0 0
o | Y,
i 2+ 1) sd, 0 0 0 :
_s3% 0 0 0
0 0 0 0
YE‘; _ 2 0 _El. s'8, —s0y yim,
Al + 1y | 0575, O 0
0 —sd, 0 O
00 0 0
10y —ir? 00 0 0 v
mo /A1) | 00 —sTL, sL, [T
00 S]ng S]Lll

10 Basis tensors are orthonormal:

/(m T?WLT?SV[-}‘;EJM]*}%:IEETH“ = J*Ej{iﬂ"é-mm" [thtl‘('. 'T?&ﬂ == dlﬂ-g(_]u 1: T_ﬂi ?‘_25_2)]
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