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Overview

1. What is self-force?
2. Review of general formal schemes for calculating self-force

« Dirac (1938), Dewitt and Brehme (1960), Mino, Sasaki and Tanaka (1997),
Quinn and Wald (1997), Quinn (2000).

« Difficulty with these schemes.
o Analytic implementation: Dewitt and Dewitt (1964), Pfenning and Poisson
(2001).

3. Recent approach to evaluation of self-force: Barack and Ori (2000,
2002, 2003), Burko (2000), Barack and Burko (2000)

o Subtraction method (half analytical and half numerical).
« Spherical harmonic decomposition.

o Mode-sum regularization.

4. My approach to self-force of a scalar field in Schwarzschild space-
time (I): Detweiler and Whiting (2002), Detweiler, Messaritaki, and Whiting
(2003), Kim (2004)

« Subtraction method™, spherical harmonic decomposition, mode-sum regu-
larization.

« Elementary implementation of calculating dominant “regularization param-
eters” - A and B terms.

« Extending to self-forces of an electromagnetic vector field and a gravita-
tional tensor field .

« Extending to other cases of spacetime.
5. My approach to self-force of a scalar field in Schwarzschild space-
time (II): Kim (2004), Detweiler and Kim (in progress)

« Structural analyses of C' and D terms.

« Analysis of geometry.

« Implentation of calculating D terms (in progress).

« Why interesting?



1. What is self-force?

e The self-force is the interaction of a particle with the
perturbation of the spacetime geometry created by the
particle itself.

e [t changes the worldline of the particle.

e c.g. Self-force of a scalar field:
scélf — qva¢7

q: charge of a particle,

. field that results from the particle itself but does
not include the “singular”part.



2. Review of general formal schemes for
calculating self-force

e Dirac (1938): an electron moving in flat spacetime
2
1) m® = ev?Fy, + §62 (8% — v*0?).

2) Frcg‘: (Frlgz F;(g)v)( ) (Frcg‘: Fa;l(g)v)( i)’ where Fab VaAb VbAa’

(i) solution of n*9y0.A, = 47nj, = singular field ~ Coulomb q/r piece
near particle.

(43) soultion of n**0y0.A, = 0 = radiation field ~ responsible for ALD
force.

3) No self-force on the particle in the absence of external fields (« physical
solution ¥ = 0 when F% =0 ).

e Dewitt and Brehme (1960): Dirac’s problem extended to curved space-
time

2 1
1) mi® = ev” F%, + 3¢ 2(0% — 9%0) + 3¢ 2(R%® 4 v Ry vv©)

+11me vb/ viareta,[p(r), p' (7)) v (') dr'.

2) Self-force exists; radiation damping occurs even for a particle in free

fall.

e Quinn (2000): a scalar point particle in curved spacetime

1 1
1) mo® = gV, + - ¢* (4 — v*v?) + 6q2(Rabvb + v® Ry vPv°)

3

1 T—€
_E(va + hmq / VeG™ p(7),p'(7')]d7’.

2) Self-force exists; radiation reaction occurs even for a particle in free

fall.



e Difficulty with these schems: extremely difficult to determine the
retarded Green’s functions precisely for general curved spacetime.

e Analytic implementation: direct computation of the retarded Green’s
functions

1) Dewitt and Dewitt (1964); a charged particle falling freely with the nonrel-
ativistic small velocities in a static weak gravitational field.

2) Pfenning and Poisson (2001); self-forces of scalar, electromagnetic, and grav-
itational in the weakly curved spacetime.



3. Recent approach to evaluation of self-force
(for Schwarzshild spacetime): Barack and Ori
(2000, 2002, 2003), Burko (2000), Barack and Burko
(2000)

e Self-force is obtained by subtraction

Fself — lim [ F;et( ) fc(zhr (p/)] -

p—p'

e Use spherical harmonic decompositions

ret/dlr Z¢ret/dlr 'r' t))/gm(e ¢)7

where 9" (r, t) (— F};%) is determined numerically and ¢*(r, t) (— F5¥)
analytically.

e Self-force is finally computed by mode-sum regularization

= ;ggva{%[wm(r, ) = % (r, )] Yo 6, qs)}

— Z (hm Fret — lim ]:dlr)

— —
z:OPP p—p'

= [hm}—ret ( >A B, Co ]—Da,
— 0+ ]

where A,, B,, C,, D, are termed “regularization parameters”.

e Implemented self-forces of a scalar field for radial and for circular orbits
of Schwarzschild .



4. My approach to self-force of a scalar field in
Schwarzschild spacetime (I): Detweiler and Whiting
(2002), Detweiler, Messaritaki and Whiting (2003), Kim
(2004)

e Similar method of implementation to Barack and Ori’s, except that for sub-
traction we use

Flt = lim [F2%(p) — F, (p)] (S: Singular Source).

; a a
p—p

e Elementary implementation of calculating A, and B, terms

1) Describe the singular field in co-moving normal coordinates

@bsm% with p=+1vX2+Y2+ 22

<= p? can be obtained as follows;

! ! ].
X4 = A [ B = af) + 3B TR, (00 = )0 = a9)| + Ol — 2,

A'B! A'B' 1 82gAIBI C'~ D'
(‘*9 - o 20xXCoxD T )7
with
K 1
-1/2 2M
B4, = / (f =1- ) and
To To
_/’no
f2E — 72 —J/rq 0
AN, — L+#/(fPE+f)  Ji/lr(E+ f%)] 0
4= SYM 1+ J2/[r2(f12E+1)] 0 |’
1



p2 — X2+Y2+Z2

_ (B f)(t—t)? — @a — 1) (r = 10) = 2B (t — 1)(6 — 60)
. .
+% (1 + %) (r—ro)® + Q%(r —710) (¢ — Go) + (12 + J?) (¢ — o) + 12 (9 — g)Z
MEY M 2E% 2 MJr
2 Dt —to)® + 0z (—1 + — + %) (t —to)(r — 7o) + T(t — 1) (¢ — o)
MEY 2(ro — MEJ
T (= to)r = = 2B )0 )
N 2
FroBi(t = 1) (6 — 60)? + 1o Bt~ 1) (0 = 5
M 2 2ro — 5M)J7
i (1 + %) (r—ro)® + (2ro — 5M)J# 22 ) L(r—10)2(6 — o)
.9 ) -2
+7, (1_%+ 2;1 ) (r —10)(¢ — ¢o)* + 7o (1— %) (r—ro) (0_%)2
1 86— 60)? — 16— 60) (0 - 1)+ Ol(a — 2,)"].
2) Rotate the Schwarzschild coordinates
sinfcos(dp — @) = cos®©
sinfsin(¢ — ¢') = sinOcos P
cosf = sinOsind,
where ¢' = ¢, — sz)(r —T,), such that
Yo (0 Z of Vi (0, ®) — only Yy(©, ®) #0inp — p.
m'=—¢
3) Based on rotated coordinates, express
p? =5+ B+ O(e') (e = order parameter),
then
1 10q (52) |t=t _9 10.Bl—; 3 [8a (ﬁZ)] B|t:t0 1 0
I e e S S T

where in particular, g5 = p |t _, =2 (r + JQ) (52 +1—cos @)

with x =1 — J?sin® ®/ (r2 + J?) and 6% = r2E%(r — r5)%/2f2 (r2 + J2)2X



4) Determining the {—mode expansion of q 9, (1/p)l,, in the coincidence
limat

lim F7, = (z + %) Ag+ B, + 007,

p—p'
where
2 ) 2 B(1— 2M)—1
q r q Y B
Av= senlr =10 a7 g A= SR ) gy A0 =0
B, = q_2E’I" F3/2 B 3F5/2
CT T (T 2R 2(1 1 2]
p_Cl__ Fp 1200 =20 Fy, 30— 30 PRy,
T2 (1+ J2/r2)1/2 2(1+ J2/r2)3/2 21+ 22y [
B, — CI_27., Fij2 — F3)2 3(F5/2 — F3)2)
*T (14 J2/r2)1/2 © 2(1 4 J2/r2)3/2] "’
where F = conserved energy, J = conserved angular momentum, r» = u’,
1 J?
F,=9F S p———
D 21(p72) 7T§—|—J2>

— The results agree with Barack and Ori (2002) and Mino, Nakano, and Sasaki
(2002).



e Extending to self-forces of an electromagnetic vector field and a

gravitational tensor field: use analyses of Green’s functions from De-
witt and Brehme (1960), Mino, Sasaki and Tanaka (1997), Detweiler and Whit-
ing (2002)

1) Scalar field;
1
fS(SC) = qva <_> )

2) Electromagnetic field;
Flem) — M (V, A5 — V,AS) = — PP F

3) Gravitational field;

Fo®) = — (00 + wua)uu’ (Vehiy, — Vi) = PraFy)™,

where Pb, = 6%, + uu,.
= Their regularization parameters are “proportional to each other”.

4) Find f;et(em)and féet(gr) using vector and tensor spherical harmon-
ics, respectively. Then, by subtraction and mode-sum regularization,
determine their self-forces finally.

e Extending to other cases of spacetime (e.g. Kerr spacetime): find
ways of diagonalizing the background geometry locally to obtain the form

! ! 1
X4 =AYy | By — ) + 53% vlo " — D)W —y5) | + Ol — v0)?,

where
(y* — y&) = diagonalization of (z% — z2).

Then, the rest process is the same as for the Schwarzschild case.

10



5. My approach to self-force of a scalar field in
Schwarzschild spacetime (II): in progress

e Structural analyses of C, and D, terms

1) In a “particular” normal coordinate system,

1
11m8¢s” "¢ lim 9, ( ),
p—p' p—p' P
and we may express to higher orders

0P = +EB+ e2C + D + 0(66),

such that
6 A R R L L R
P/ lt=t, 2 Ps 2 p 4 P
+QUE + QWel + 0O(eY),
where
18610‘: 3(8aB)B|:
o — -+ t=t, e t=t,
“ =T iR
+§ [8(1 (52)} C|t:t0 1B [(9a (ﬁQ)} Bz|t=to
4 P 16 Fii
and
oo = 100, 3{ @)Dl + @Bl + (005l )
‘ 2 P 4 ps
15{200 ()] 80|, + (0.8)B° |”}+§[aa () B,
16 Fi 32 P '
Then,

C, 242D,
€+ (@2-1)(2¢+3)

1
lim Fp, = <£+ >A + B, + +0(™).

p—p

11



2) C, terms

[\
~

n+1[k/2]

Z Chpia)s 2n+1 ) A2n+H1-2p—i (sin @)ZPH (sin Q))ZP (COS @)i

Chp(a) A2nt+1- k(¢ ¢O)k 2p (9 %)21”
pgn—}—l ’

Mw

n=1

o
i
I

o

2
]

1

o

n

.

?

p
where A = (r —1,) and (¢ — @) = (& — Po) — TJZ)A' Then,

)

(i) 7 = odd integer; <Qéo)>q) = 0 (( ) =average by integration over ®),

(ii) ¢ = even integer; QY ~ AorA? —0.
A—0

Hence, C, terms always vanish.

3) D, terms
k

[\

2

~

n 2]

_|_

_ - 2
() D227 (¢ — o) (6 — T)
ﬁ(2)n+1

] =

QY

I

S
I
—
3
I
[en)

kpi(a) Py T AT (5in ©)%* (sin @) (cos B)’

2
NE
QL

n=1

where 2n 4+ 2 — k = q. Then,

=
=
~.

(i) ¢ > 0; always vanishing since

(i-1) ¢ = odd integer; <le)>q) =0,

(i-2) ¢ = even integer; le) ~ A?or A> — 0,
A—0

(ii) ¢ = 0; non-vanishing only as

4 n+l1 (n—p)+2 T\ 2p
1 €np(a ¢ %o ) (9 - 5)
QY = Z Z ~on+1
n=1 p=0 Po
4 n+l
~  Po Z Z Enp(a) (510 @) (cos 3)2"P*2 — provides D, terms.
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e Analysis of geometry: more precise description of p* and hence more
precise prescription of normal coordinates are required to compute D,
terms.

1) Instant initial normal coordinates: Weinberg (1972)

~

1
XA = B (% = a8) + 5B T, (0 = o) (2 = 25) + O (& — o))

2) Fermi normal coordinates
Thn = —lioa X — i [fABCDXBXcXD +(*poppXPXCXPXP + O(X5)] :

Xlli—‘N = ﬁgAXA + 'flgA [fABCDXBXCXD + CABCDEXBXCXDXE + O(X‘S)} ,

where
1 ~
& pep = 5 Fﬁg,R‘ (P prenfp + 379 o b + 378 shT ch®p + WP gh¥chfp)
[¢]
1.
(*Bepe = 24 FéQJRS‘ (n"prcnpr®p + 4npnen® phT g + 61 pn® chT ph9g
[¢]
+ 4B ph" ch9phfs + P gh9chfph°g) |
with m4p = —424,p(time-projection tensor) and hp = 645 + 42 4,p(space-

projection tensor) (< @2 = (f~Y2E, f~1/%¢, J/r,, 0) for geodesic in equatorial
plane).

3) Thorne-Hartle-Zhang normal coordinates: de Donder gauge Oagf =
0 (g*8 = /—gg"P) is satisfied via the following transformation from Fermi

normal coordinates to THZ normal coordinates
5)

Ttz = TpN — @&{LXL{{NX}%NP%N;
1 1
Xinz = Xin— E‘SIKXFI‘{NP%‘N + ggKLXFNXJ%NXl{“N
1. 1.
—gng XinrenTrN + §5KLX1«{{NX§NXL{NTFN

1 1
—QE'IKLXFI‘{NX#N/)%N + EgKLMXFI?NXéNX]]F\‘/INXf"N

9 .
—@EIPKBPLXFKNXﬁNP%N,
S
where £17 = Rrirgly, Brs = 3 er"%Rpqir|,, E17x = [ViRriril,) ™ and

Bry =3 [EIPQVKRPQJT|O] ST
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3) Why THZ normal coordinates? - description of singular field becomes
very simple: Detweiler, Messaritaki and Whiting (2003)

3
¢S=€+o(p—) = lim 9,05 = ¢d, (1> +0.
p

P RA XX,

However, for regularization parameters A, and B, terms, Fermi normal
and THZ normal coordinates make no difference: they are determined already
at the stage of Imstant initial normal coordinates X* .

4) Relationship between Fermi normal and THZ normal coordinates in
terms of their Local tetrad structures

dTraz = dTex + ©pd XN,
dX'{‘HZ = ﬁIodTFN + (5IP + ﬁlp)dXFPN,

where |pp| ~ |9o| ~ |[97p| ~ O (p*/R?).
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e Implementation of calculating D, terms: (in progress)

1) Recall the structural analysis

Q(l) _ f:g:l np(a (9/’ ¢0) nope (9_ %)2])

a — = lb’(2)n—|—1
4 n+1
~ o Z Z Enp(a) (510 @) (cos ®)2(nP)F2
A—0 n=1 p=0
2) Also
Po = \/§(T(2)+J2)1/2X1/2 ((52+1—Cos®)1/2
Py(cos ©)

2\1/2 1/2
R, ; 20— 1)(20+3)

where x =1 — J?sin® ®/ (r2 + J?).

3) Then, combine 1) and 2), and take the process ( )4 in the limit © — 0 to
obtain

1/2 4 n+l n—p+1 7‘2+J2 p+s
Da=vV2(E+ 7)Y Y (Ve () Freriz

n=1 p=0 s=0

where e, is to be determined from the pure Schwarzschild angular de-
pendence in the numerators of the series expansion of 9, (1/pruz)|,—; , i-e.

1
(2
PTHZ / |¢

4) Circular orbit limit : Detweiler, Messaritaki and Whiting (2003)
2r3(ro — 2M)] 2 [ M(ro —2M)F_ij5  (ro — 2M)(ro — AM)Fy

i% np(a ¢ ¢0) e (e_g)Zp.

2n+1
p0n+

=to n=1 p=0

D, - |

ro — 3M 2rd(ro —3M) 8rd(ro — 2M)
(ro — 3M) (512 — TroM — 14M?)Fyy  3(ro — 3M)2(ro + M) Fj
1673 (ro — 2M)? 1673 (ro — 2M)?
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e Why interesting?

al 1 N+1
2 20— 1)(2¢+3) @@N+1)(2N+3)

/=0
N 1
= lim Z =0
N-oo &= (20— 1)(2(+ 3)
= For N = 1000 ZN: ! ~ 1074
’ pr (20 —1)(20 + 3) '
= For N = 100 i 1 1073
T = (20-1)(20+3) ’
N 1 B
= For N =40, »_ ~ 1072

= (2¢—1)(2¢+ 3)
Typically, for N = 40, .7-"5 ~ 1.37817 x 107°.

16



