Mode-sum meithods:
calculation of the gravitational self-force

for orbits around black holes

Leor Barack




plan

@ From Self Force to LISA: EMRI theory challenge

@ Practical methods for calculating the MiSaTaQuWa force for orbits
around black holes:

» |-mode method (Schwarzschild)

» m-mode method (Kerr)

@ Implementation for orbits in Schwarzschild using Lorenz gauge and
time-domain evolution

\_

/
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LISA's EMRI sources

/ O LISA sees 10s-1000s inspirals, out to
cosmological distances

O LISA sensitive to inspirals into massive black
holes with M ~ 106 M,

O Detection rate dominated by inspirals of stellar
holes with £~ 10 Mg

O ~10° wave cycles over last few years of
inspiral

J O Wealth of science encoded in waveforms (map
of Kerr geometry, test of “no-hair” theorem)

\_ /
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LISA DA problem difficult!

PSD of frac. freg. fluct. [1/Hz, one-sided]

10

Challenge 2.2 (training)
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theory challenge

@ Accurate model for the orbital

25 . —28
. . . i 6
evolution and GW signature for N 10M,0n 10°M,, & = 0
) ) ) ] B : (If evolutlon Were PN : :
> Dbinaries with extreme mass-ratios  §20 = o db‘Wh"tb"LSO) """"""" 32
(m/M = 10*107) E (e 0 s
> :
» Kerr central hole % 15711 %
. = N
B generic orbits: inclined, eccentric 310 Ly S
, = 1.0rpA S
p» strong field, down to LSO 8 o
o] A ] o
o : o
@ But assume 05/
> GR holds I | eccentr|c|ty I M‘
B vacuum 0 01 02 03 04 05 06 07 08 09

» internal structure unimportant
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theory challenge (cont.)

@ |Inspiral timescales (for m = 10M., on M = 10°M.))
> Ty = M(G/c?) ~ 5 sec
B Top ~ 8 min
B Tiad react ~ w/w ~ Ty (M/m) ~ months
¥ Taophas ~ @ /2 ~ Ty (M/m)Y? ~ hours
B Tops ~ 1-3 yrs
@ So, to track the orbital phase over ~ T, we need
O(w

SO(Tops) ~ 6(&) x T2 <1 = —) < (M/m)(Tag/Tops)? ~ 1076

obs

\_
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from self force to inspiral

~

g

N

. Llh,] = T,,(geodesic particle)

o o
mi- = self

3 [ 1 [ = A O:
2. hy, — [regularization scheme] — F2;

3.

\

/

@ Note;

» Osculating geodesics (Pound
b 2 timescale expansion (Hinde

» Even 2nd order waveform goes out of phase after ~T

@ Need a scheme for adiabatic evolution:

& Poisson 2007)
rer & Flanagan 2008)

dephase

\3 This lecture focuses on obtaining the SF at a point along the orbit

» SF correction to waveform is same order as contribution from 2nd-order pert.!

/
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the gravitational SF

@ Two equivalent formulations:

« o . auv g taill _ q; auy ret dir)
it = lm VR = lim V (huv R

T—x0 T—IQ

= lim V**h}, = lim V" (K — A )

Tr—xQ T—xQ

@ Gauge dependence:

% — % —£%(xm)
by — Py + i + Su

ale’ ale’ (e a, A\ & e HeX, v
self b.clf —m [(g tuu )5)\ + R ,f.'.-)huu' é u

@ Challenge (as of 1999): How to go about subtracting "ret - dir"
\ (or "ret - S") in practice, particularly for orbits in BH spacetimes? j
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/standard methods of black hole
perturbation theory

Perturbation Eq. Separation in time domain Separation in frequency domain

Schwarzschild background

10
Liins[ Py ] = T, ZZY,;'::*( V(1) | =y Y@ / dwe “th) (r)

I,m i=l1

I,m i=1

Kerr background

ﬁTeuk[\Ij] — T‘I’ v = Z eimgowm (t: T, 9) V= Z / dw Simw %mgoe zf’ut(@blﬁ'ru,u( )

I,m

@ Individual modes of retarded field obtained by solving ODEs
(or PDEs in 1+1d or 2+1d) with suitable initial/boundary conditions

@ "mode sum" approach to the self force uses these solutions as input;
does the subtraction "ret - dir" mode by mode j
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an illustration:
static scalar charge In flat space (I)

~

\_

@ Use polar coordinates, set particle on "polar" axis (no loss
of generality even in Schwarzschild)

@ Write down field equation:
V2@ = —dnq & (% — &)

@ In this case field and “full” force obtained exactly:

q TF—Zg L0l
O = ; Fiull = qvm(b — q2 = —»03
\$—$0| |$—CE0\

@ Separate field into spherical harmonic “I-modes”:

(I):Z(;BI( Y:’?n U Zd)
=0
@ Write down separated equations:

¢ _ 4W(22+1)q5(r—7’0)

Ty

~ 2 -, (l+1)
Ot 0y — =
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an illustration:
static scalar charge In flat space (Il)

~

@

w

w

w

\_

Solve separated equations:

¢ (r,0) = 4 Pi(cosB) x

"o (r/70)",

Obtain I-mode of full force:

F?fafull(,r,ét) — vriél{mo _ :F(
Note:
» ecach F'Mis finite

p FillocJas | — o0

Universal form:

[F;rfuﬂ(rgt) - O(L‘Q)] where L =1+1/2

“Regularization Parameters”, depend on 2 and u® at x /
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(I -)mode-sum method

Foerr = Ili_{go [Ffuu(ff) - Fdir(i??)} Frar = mV e
- hm Z Ffull F(;lr )] Fdir - thdir

= lim
T—Io

Z Ffull — LA - B) - Z (Féir(w) — LA - B)

I - 7

[F;clf =Y (Fiy(xo) —LA-B)—D ] D=) (Fi(z)—LA-B)

o) oL

@ Regularization parameters A, B, D derived analytically by analyzing

\ the direct force near x — x;, and | — oo /
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derivation of the RP (scalar field)

~

C_o-ax
- '
'
,/
5 e Ox
0
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values of the RP

(scalar field, Schwarzschild, equatorial orbit)

~

_q° q° r
Air:-l_r_ZW’ Aﬂ:ir—zv, A¢:0

B =—

¢ (P-29Rm+(?+DEw 5 _ o Rw-Ew]

"or? L+ & [r?)¥? “r z(®rvY?
o _ 0 <t R —2Ew) D =0
t rz 7z\/3/2

SNETR
®=u,
r=u'
f=1-2M/r

w=& /(& +r?)

V =1+&/r?

E, K —elliptic intgs.

\ convergence of mode sum

@ Values obtained also for gravitational case, generic orbits in Kerr

@ Work to obtain next order terms in the 1/L series, to improve

/
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mode-sum prescription summarized

~

@ Fora given geodesic source, solve the perturbation equations (mode by mode),
and obtain the retarded Metric Perturbation (MP);

@ Construct the “full force” modes (“grad MP”) at the particle;

©) Apply the mode-sum formula:

F:*-s{:lf — Z (F;u]l(xn) — LA - B)
l

\_
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Implementation iIssues:
choice of gauge (1)

G : G G
E*-,‘[clg = lim [Vh[/r(]t — V}gd]r]
T—T0
@ Subtraction formulated in Lorenz gauge:
_ _ 1
h, =0 (huw = by — §gwh)

@ Note: particle singularity looks “isotropic” in Lorenz gauge,

pdir  Ttutly
v
€
but not necessarily in other gauges!

@ Two strategies:
» Obtain h,, in Lorenz gauge, or

» Reformulate subtraction in other gauge, but make sure SF still makes sense!

\ (recall 5 F2y = —ml(g™ + uou)éy + R\ ure ) /
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Implementation iIssues:
choice of gauge (Il)

@ Popular gauges:

/)

B Regge-Wheeler gauge (Schwarzschild)

ho, = hgg —sin 20 h,, = h = hygo =0 conform with
e " o iz [evfﬁtpg)arity] | symmetry/light-cone
» Radiation gauge (Kerr) structure of

hol” =0 or hy,n' =0 background

J

conforms with
_ ~ isotropic form of
h,,” =0 J  particle singularity

@ Form of particle singularity | —
(in particle frame): . ‘
\ Lorenz RW Radiation /

12/09/2008 13:17 OSSU08 (Orleans 2008) 17
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Lorenz-gauge implementation:.
I. perturbation equations

\_

Dﬁa.ﬁ’ T QRJHGVBB#V + gaﬁhﬂﬂpu - QQWB#(Q;VB)

= —lﬁmu[ (g2 T (1) |uqugdr = Sag,

~

-
u=dxp/dr

Impose Lorenz gauge condition,
gmhaﬁn =0.

Get

[ Dﬁaﬁ + QR#aU,ﬁﬁw = Saﬁ} xp(r)

_
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Lorenz-gauge implementation:.
Il. Tensor-harmonic decomposition (S. Case)

Z Zh(%)lm( + Y(%)Em( 0)

Ilm 1=1

Sap =) Z S (r,8) Yag (7 6,¢)

Im =1

Numerical variables are 10 “scalar” fields,

h) 6% 6% 69, 69 69 60
\ “scalar” seceen parityvépdtm*)sector “tenséddgatoty (axial) /
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Lorenz-gauge implementation:.
Ill. mode-separated equations

~

\_

N = . 5
[ h )lm . h(’z )m M(?&)J)h(j)lm _ S(g)lmj @0\00,\\0(\

/O _/
Y

AQ

Prmcupal part:  Coupling terms:
no coupling betweedsi"slerivatives at most

Source terms:

SO = f(x,(t)) 6(r — 1y (1))
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Lorenz-gauge implementation:.
IV. gauge conditions in separated form

~

h(l) el zh + f ( ) 4 h(g)/? (4)/?,) -
ik — f (R® = B®) + (1 — aM/r)RD fr — (f/r) (RD = B — 2R®) =0

ihY) — £ (RO + 2RO fr 111+ 1) RO fr — D7) =0

h(s + f( ) +2h0O) /- }_z(m)/'r) =0

\_
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Lorenz-gauge implementation:.
v. “div damping” in time evolution

@ Define Z,=V’h,. Then 0OZ,=0 (since VT, =0)

@ If Z satisfies a well-posed initial-value problem, with Z_= 0 on the initial
surfaces, then Z = 0 everywhere.

@ This may fail in practice because numerical error from discretization
and from imperfect initial data may grow during the evolution

@ To make sure Z  is damped over the evolution, add to pert. Eqs a term

-k, Z,+1,Z,)

@ Then 0OZ —KZ'“ +...=0 and Z, damps over timescale «!.

/
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Lorenz-gauge implementation:.
Vvi. Time-domain numerical evolution

~

@ Time evolution code in 1+1D, using
a 4th-order finite-differences scheme
based on double-null coordinates
[LB & Lousto (2005), LB & Sago (2007)]

» Use as input for mode-sum formula

\_

CRIIN
e i ey SRXAI RS
- QLKA KL,
- 00000 051 etete%et
» Read field and gradients along "‘?0 < 0 8%
particle’s trajectory '/\, 3 = ‘ <
‘7( (__ ) ‘
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Lorenz-gauge implementation:.
vil. sample results for circular geodesics

\_

q;' (summed over m)

0.2

[

®
i—
T

N
<

0.16

.

0.08

[}
-
i

o
-
N

o
=

Scalar field

006 1 1 1 1 1 1 1
0 05 1 1.5 2 25 3 35 4 45 5
tinT_ )
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Lorenz-gauge implementation:.

vil. sample results for circular geodesics

\_

q;' (summed over m)

014}
=2
012} ry= M

O.1T

0.08

0.06¢

0.04

0.02

-0.02r

-0.04F

Scalar field
-0.0_6 : : L

1 1 1 1 1 1
25 2 15 1 05 0 05 1 8 2 25
%
A (L
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Lorenz-gauge implementation:.

vil. sample results for circular geodesics

q;' (summed over m)

o
=
I

o
—
A

o
=

o

(e}

87}
T

o

o

o
T

o
[}
B

o
o
o

I=i0
r0:7M

m
uuuuu

Scalar field

-0.5 0 0.5

rinT_ )
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Lorenz-gauge implementation:.
vil. sample results for circular geodesics

\_

15 I=m=2
— hY L r=7™M
al — |h(2)|
)
— h?
I e
h®
- |h( )l
4,
i 4 LAY
Lorenz-gauge metric perturbation
_2 | 1 I I

0 1 2 3 4 5
advanced time (in orbits)
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Lorenz-gauge implementation:.

vil. sample results for circular geodesics

01351

o
-
w

0125

(summed over m)

Wy
=
.
N

01151

f p . . "
1 i 1 | 1 \¢ 1 )
8 8.2 8.4 8.6 8.8 9 9.2 9.4 9.6
r*/M
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Lorenz-gauge implementation:.
vili. dissipative piece of the self force

~

\_

Work done by self force on particle = energy radiated to infinity and down the hole:

Ft/u(t):Ew+EEH = E

total

To/ﬂj

(M/p)*F, Ju

(ﬂj/l-b) 2 Etotal

rel. diff.

6.0
10.0
20.0
50.0

100.0
150.0

9.40338 x 10~*
6.15158 x 10~?
1.87151 x 107°
1.96249 x 107°
6.23806 x 10"
8.27475 x 10~

9.40190 x 10~*
6.15047 x 10~°
1.87111 x 107°
1.96203 x 10~°
6.23628 x 107
8.27279 x 10~

1.6 x 107
1.8 x 10~*
2.2 x107*
2.3 x 1074
2.9 x107*
2.4 x10~*
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Lorenz-gauge implementation:.
IX. conservative piece of the self force

~

0024

0.023

0.022

0021

0.02

0.019

\_

0.025 =

107" ———

rl.lrneric:allresurt o
fit (large radius) -------

numerical result  ©
fit (large radius) ------- 1

0018
&

! 1 1
6.5 T 75

Best-fit formula at large radius:

I [in units of M]

(2, =1.999991

/

2 2 3
" M M M _ =—6.9969
F ;ﬂ—z a, ta,—+a, — | +a,] — with <a1
Iy I o I a, =6.29
a, =-24.6
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Lorenz-gauge implementation:.
IX. conservative piece of the self force

Newtonian SF  Post-Newtonian SF

(ap~ 2) (3ap-a; ~ 13)
—— (Newtonian) N
+
R:(1+,U/M)r0 QzNewton = R3lu
r A A M IL[
M @ g—_ = r—os(l‘zﬁj
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Lorenz-gauge implementation:.
X. gauge-invariant conservative effects

0.35 T T T ! T T T
i | 5 5 | . self force e
| i | Detweiler2008 | | LR _
R A | I I S S B B R
[L ] ! ' . ! '
_ “ig .| LB & Sago 2007 SEN, Snes
SF Correction to  0.25 [ : b ssssssssssssnsosasssasa) ssansossenssafpaaa i
time-function dt/d ¢ | | | | |
along orbit B T e S s ———" S S
R T e
: i T 5 | | |
0.1 I O s H‘“m.h,g _______________ R R R N
S N T e ™ T R
34_ ISCO : i “-?—ﬁ"‘"‘:-‘:?_::::"f_“_‘_"@ ~~~~~~~
(N[ o S—— e T T I i S
0 i i i i | i i i
6 8 10 12 14 16 18 20

\ R®(M/£22)13 (in units of M) /
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Case of Kerr

\_

¢ © ¢ ¢©

Perturbation separable either in the frequency domain or in 2+1D, but
not in 1+1D.

U = Z eim¢¢m (t, T, 9) v = Z / dw Simw(g)eimweiiwt?/)lmw (T)
m I,m
Mode sum implemented most naturally using 1+1D decomposition
Desired: formulation of the subtraction in 2+1D — "m mode scheme"

Existing platform (numerical codes) for evolution in 2+1D

Difficulty: each m-mode diverges (logarithmically) at worldline
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m-mode diverges at the particle

(demonstrated for a scalar field)

~

\_

o ] . l T |
b —  emE Mt g o™ — He—imP Jo
@ Decompose ¢ E € (t,r,0) =30 /_T e ©

T=—>2

@ Near particle O(x) ~ g

With €2 ~ ij;(siia(s{ﬁ’ﬁ Pa,ﬁ = Jagp ({IZp) + Uy ({Iip)uﬁg(xp)

@ Pick a worldline point X Look at field near X, on surface t:tp:

. . 0
1 e 21
O™ (p) = 5= / = dy X
7 27 Jx (p? + P@w‘:")g)l/z
P
p* = P..6r° + Pyydt” T :
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m-mode diverges at the particle

(demonstrated for a scalar field) - cont'd

~

\_

@ Split integral as

/T-' e—imcp p / e—imap -1 p N ™ 1 p
. S/2 4¥ = ‘ Sz ¥ ‘ o172 ¥
-7 (pz + Ptpcpwz) / -7 (P2 + Paocp(sz) / - (P2 + Pcptp‘ffz) /

@ Bound 1stintegral by a constant:

T m|| /F m 27m
S/ = dp < ——dp = ——
( S 1/2 1/2 1/2

— (p? + Pppp?) / -7 Ptps/v Psoc{o

s

‘/ﬂ' e—imc,o -1 J
. oi1/2 4
—r (p2 + Popie?)V

@ Evaluate 2" (m-independent) integral explicitly:

/” de T [(P%+P2)1/2+/)0} 4 o)
5 ( YL m o -
(PP Paa)E po o Lpg+ 7)Y = po " (p—0)=—p; In (—)
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Puncture scheme

(demonstrated for a scalar field)

~

\_

out and evolve the residual regular field

\'V]Tite (I) — (DI'EH] _+_ (I)p'l_lﬂC?

@ Main idea: The asymptotic divergence has a simple form; subtract it

where the “puncture function” &, given analytically, is such that

o (Prey)™ are at least O at the particle.

o ¢, and LD, are easily decomposable into m modes.

D((I)rem + (bpunc) =5
Ij(Drem =5 — |:lq)punc = Srem

rem

[ O0p. . — g™

|

/

12/09/2008 13:17 OSSU08 (Orleans 2008)
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sample results from puncture
evolution In 2+1 (scalar field)

~

1.5 7
m:O B 1t
701 it
= 0.5 pm=0 YR = 0.5
of ‘ ol
1F B
T m=1 05

‘l,m:(]

Yr

Upt¥p

m=2

g 0.5F i s ‘yﬁ *_“
E ; i ||Ijm:l
|
0_ 7 ] | l Il Il Il

M
0 1 1 1 L 1

‘lllm:2|//\ [\‘
0 1 1 1 | 1 1
0 5 10 15 20

-10 -5
\ r*M —

25

30 0

0.5 1 1.5

0—

2

2.5

3

/
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~

m-mode scheme for the self force

\_

@ A method for obtaining the SF directly from the numerical solutions (dg)"

@ It can be shown that

For = qZV“(Dg

with no further "regularization" required!

@ Sum over modes converges like ~(sin m)/m
@ Similar result in gravitational case

@ Has not been implemented so far
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Main ideas summarized

@ Long-term phase evolution of GW from EMRIs offers a sensitive
microscope onto spacetime structure near BH, but for that same reason,
full exploitation of waveforms requires accurate theoretical templates

@ "Mode sum" is not a new regularization method, but a practical
implementation of MiSaTaQuWa

@ Technology for SF calculations has now matured enough that we can
extract meaningful physics and compare with other methods (PN)

@ Move toward time-domain methods

@ Move from I-mode to m-mode, puncture schemes.

\_ /
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Basis of tensor harmonics (in t,r,4,¢ coordinates):

|. Even parity
1000 0100 0000
(m_ | 0000 (n_ ¢t 1000 (y [ 0100
Ym = o000 |¥m Yfm_ﬁ oooa | Ym =|qgoq|fm
0000 0000 0000
0 0 & &, 00 00
Ly 27 0000 (5 7 00 & A,
Y . Yim, Yy, = —7—m— Yim,
: 2ull+1y| @00 0 o /Uit [ 06 00
8, 0 0 0 08, 0 0
000 0 oo o o0
6y 72 000D v (7 e o0 0 a v
im — \f!‘i nno1 o0 ims im " .-'—AE [E i 1) 00 Ls I, ims
000 & 00 L, —s2L,

\Ll = 2(0ap — cot 88, ), L2 = Bag — cotf8a — s 8g,, s=a=ind, AI-1)(I+2)/2 /
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Basis of tensor harmonics (in t,r,4,¢ coordinates):
ll. Odd parity

0 0 s‘lﬂqa — 5y
- O 0 0@
AR ’ | Yims
b 2+ 1) s7'd, 00 0 :
—sdy 0 0 0
0 0 0 0
j oy 0 0 st'4, —sd -
¥ = 05, o o |¥
201+ 1) 5 0,
0 —sdy O 0
00 0 0
—i5 00 0 0
},(m‘a . B Yo,
im 2 M[:E—I—l) 00 —s"'L, sL, .
D D S]L!g S]Ll]

10 Basis tensors are orthonormal:

\ f QPP Y Y E = 6yy0p G [where 7% = diag(—1,1,77% r~%572)] /

12/09/2008 13:17 OSSU08 (Orleans 2008) 41




	Mode-sum methods:�calculation of the gravitational self-force for orbits around black holes 
	plan
	LISA's EMRI sources
	theory challenge
	theory challenge (cont.)
	from self force to inspiral
	the gravitational SF
	standard methods of black hole perturbation theory
	an illustration:                             static scalar charge in flat space (I)
	an illustration:                             static scalar charge in flat space (II)
	(l -)mode-sum method
	derivation of the RP (scalar field) 
	values of the RP                   (scalar field, Schwarzschild, equatorial orbit)
	mode-sum prescription summarized
	implementation issues:       choice of gauge (I)
	implementation issues:       choice of gauge (II)
	Lorenz-gauge implementation:�i. perturbation equations
	Lorenz-gauge implementation:�x. gauge-invariant conservative effects
	m-mode diverges at the particle�(demonstrated for a scalar field) 
	m-mode diverges at the particle�(demonstrated for a scalar field) - cont'd 
	sample results from puncture evolution in 2+1 (scalar field) 
	m-mode scheme for the self force
	Main ideas summarized
	Basis of tensor harmonics (in t,r,q,j  coordinates):�I. Even parity

