Elementary introduction to the gravitational self force
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“Self-force” because the force is proportional to ¢>.

Einstein tensor: Gg(g) = 87Ty

Expand in powers of h:

Glg+h) =G(g)+GY(g,h) +GH(g,h) + ...

. 5Gab

Eab(h) = _Gé%))(ga h) - 59 p

hcd == —87T7TTab.

2E(h) = Vhe + Vo Vyh — 2V (,Vhy).
+2Racbdhcd + gab(vcvdhcd - v2h)7

If Ay solves
Eab(h) == —87TTab.

then the Einstein equation is satisfied through first order in h.

The Bianchi identity implies that
VeEu(k) =0

Integrability condition on T:

VT, = 0.



The second simplest perturbation problem in GR:

Perturbation of Minkowskii space in the neighborhood of a geodesic I':

En(H)=0
Gab = MNab T Hap
Thorne and Hartle (1985) and Zhang (1986):

e Minkowskii-like, locally inertial, harmonic coordinates
e ¢ is the proper time along I
er=y=z2z=0onl.

e Spatial, symmetric, trace-free multipole moments of the external spacetime &;;,
B;;, functions only of ¢

Evaluated on I

5@;’ = Rtitja

Bij = €™ Rpgji/2,

o 4 :
Hydade® = —Ejx'a? (dt* + fyda® da’) + Sk Bia e dt dz* + O(r®/R?)
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The easiest perturbation problem in General Relativity: A d-function point mass
m at rest in Minkowskii space.

EW(h) = 87Ty,
with T = mdLo} 6(r)

hS,dadxb = 2—m(dt2 + dr?)

r



An “easy” perturbation of Schwarzschild problem:

Time independent limit, quadrupole perturbation of Schwarzschild:

(gop™ + hi™) dade” = — (1 — QTm) [1 — Eja'a! (1 — 2Tm>}dt2

4 : 2m
+ —€pp B2 Z(l——)dtd Fy (—
3€kpq v r o 1—2m/r

+ {7"2 — (7“2 — m2)5ij$ixj} (d92 + sin® (9d¢2).

— &-jxiazj) dr?

In this expression z represents x,y and z which are related to r, § and ¢ in the
usual way in Cartesian space.

Various limits:
m=0 = gal():hw 4 hSchw = N + Hab
Sij — Bij -0 = gal():hw T hSchw — g(%hw

All terms linear in m:

&m

2
- Tekquqzxpx ‘dt da*

2m
hS, = dada’ = <1 + 287 x3>dt2

r r

EUH (1S = 8rméLst 6(r)



If the “actual” metric is
gggt A Nab + Hap + th
then m stays on the geodesic I' of

92" — h3y = Nap + Hap,.

In a perturbation problem, find AlS' for source m then

act __ _Schw ret S
Jab = Gab  + hay = Nab + Hap + by
Then m stays on a geodesic of
act s __ _Schw ret S __ _Schw R
Gab — Nap = Yab + hab _ hab = Yab + hab
where

R _ jret S
hab - hab - hab

Conclusion: The gravitational self-force appears as geodesic motion in a vacuum
spacetime metric gq, + hf}b where haRb = hfﬁf — th



___pert S
hay = g — G

A self-force effect on quasi-circular orbit of Schwarzschild:

Q2:E_T_3m

a. b
w'u’0,hyyp
r3 2r2 e

for a quasi-circular orbit.



Gauge confusion in Newtonian gravity

miry = MaTo

R=ri+ry :7“1(1—l—m1/m2)

Newton’s law of gravity gives

m1927“1 = —Gm1m2 .
(7”1 -+ 7“2)2
The self-force decreases €2:
ri(ry + 72)
. Gmg
a ’I“%(l + ml/mz)Q ’
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The self-force increases €:
B Gm2(1+m1/m2)
— 3

Q2

Newtonian potential:

V3¢ = dmp

Newtonian potential:

V3¢ = 4mmd(r)



