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Motivations and goals

¥ Understand the effect of 2nd order self-force corrections on the
gravitational waveform/orbital dynamics

To what extent are 2nd order self-force effects needed for precise parameter
estimation with LISA?

What if the small body has spin angular momentum?

¥ Use (black hole) perturbation theory techniques to describe
binaries having not-so-small mass ratios

e.g., For what mass ratios is 2nd order perturbation theory an adequate descriptior

Can perturbation theory be useful for comparable mass binaries (e.g. LIGO source

¥ Describe compact binary systems within a single, comprehensive
framework for arbitrary masses and velocities

Is it possible to do so? If so, can it be used for practical computations?
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Introduction

EMRIs have two very different length scales:
Size of the body

Background curvature scale

Small compact object is an extended body that is often treated with a
point particle description, which leads to problems (e.g., divergences)

Divergences arise, as in any Peld theory coupled to point sources,
Implying that the theory needs to be supplemented by a more
complete model.

The effective Peld theory framework cleanly and systematically
separates the two length scales in the problem and borrows
techniques from quantum Peld theory to streamline the perturbation
theory calculations.



Effective Peld theory approach

EFT philosophy:

"Rather than trying to resolve the point particle singularities by u
specibPc model of the short distance physics [black hole, neutror
a given equation of state, etc.], in an EFT framework we system:
parameterize our ignorance of this structure..."

Goldberger & Rothstein, PRD3, 104029 (2006)

Add to the point particle Lagrangian all terms consistent with the
symmetries of the large distance theory (ie., general relativity)

General coordinate transformations
Reparameterization of worldline parameter
[SO(3) rotations]

Provides a model-independent description for the motion of any smal
extended body in a background (supermassive black hole) spacetime



Effective point particle action:

S.,,[z"1 = —m [ dr dr R dr R, zu®u” dr E, zE*° drB,sB*® + 4a
pp 16 16 16

"Wilson coefbcients” or "non-minimal coupling constants”

Coefbcients of these extra terms are related to the properties of the
structure of the extended body.

Example Non-spinning neutron star

External, adiabatic quadrupole tidal Peld induces a quadrupole moment
fo =1 \E; Thorne, PRDGS, 124031 (1998)

In weak-Peld region of a black hole spacetifen & Hinderer, PRI7, 021502(R) (2008)
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If the properties of the extended body are known then these coefpcients
can be calculated from a matching procedure.



Effective point particle action:
Seppl2”] = —m/dT + cR/dT R+ cV/dT R.su®u’ + cE/dT E.3E*Y + cB/dT B.sB*’ 4 aa
Notice that there are annbnitenumber of terms that can be added.

Therefore, all divergences that may appear in the perturbation theory can
be absorbed byenormalizinthe Wilson coefbcients:

The theory Is renormalizable.
The theory has predictive power.

In addition, the Wilson coefbcients can exhigdssical renormalization
group running

Example

At 3PN in metric of a single particle at rest there is a log divergence that repgrmalizes c

3 dey _ 2 5 3 .
”d—u = éGNm Goldberger & Rothstein, PR3, 104029 (2006)

These coefPcients can be gauged away as would be expected by Birkhoff's theorem.



And a couple more things...

¥ Power counting rules allow one:
To bnd the order at which some relevant quantity Prst contributes

To determine which terms enter a given order before any calculation is done

¥ In the EFT approach, perturbation theory is done at the level of the
actioninstead of the equations of motion. This suggests using "Feynman
diagrams" to systematically aid in calculations, particularly at high orders.

Self-forces, gravitational waveforms, spin precession, power loss,...

How does one incorporate retarded boundary conditions on the gravitatior
perturbations within an action principle?



A scalar beld example

Naive way:
N 1/2 ey o 1/2
S[!’J]_E d*x gl Y+ dlxg @+@!

Physical  Auxiliary

source source
l p=J+S

bret () = / d'y Dreq (2, 4) (S(y) + T (1))

Sepfl01= Slorend1= 5 d'xgH2(x)  dlyg2(y) SO+ I(X) Dk y) S+ I
| # $
6(x) = 5§3ff(x[;]i” =5 @' D (x,Y) + Da (x,y) S¥)

This isn't consistent with the retarded solution!



A scalar beld example

Better way: Double the degrees of freedinay & Hu (2009), Galley & Tiglio (2009)

1 1
Sl 1,2, J12] = /d45€91/2 [5! 1l +( S+ Jy)! 1] ! /d451791/2 [E! 211y +(Sa+ Jo)! 2]

Set &=3=0 and $=5S=S at end of calculations
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*A classical mechanics for open sys

¥ Build Lagrangian and Hamiltonian formalisms based on doubling thi
degrees of freedom

Classically describe dissipative systems with a Hamiltonian formalism, for exan

¥ Possibly useful for:
*Perturbation theories with time-asymmetric boundary conditions (e.g., radiatin

*More accurate EOB waveforms? (no grafting on of radiation reaction, less bttir
phenomenology)

Non-equilibrium statistical mechanics
Plasma physics

etc...



...and some more things...

¥ Systematize the expansion using "Feynman diagrams" and "Feynman
rules"” to construct the effective action order-by-order

ExampleA (connected and tree) Feynman diagram

ExampleTwo of the Feynman rules:

1) Associate a Green's functiandiX,y) for every curly line connecting two points X,y

1) Associate the appropriate "vertex function" for each vertex in the diagram

l | I !
VM1V1/L2V2/L3V3 — . . . SEH
3 (0220 88) = ) U (22) (@) O

¥ Which diagrams do you construct? Those diagrams that are connected &
with no loops of curly lines.

Sum of all connected

Hl = — I
Seyrlz"] m d + tree diagrams



...and Pnally divergences

Any theory of point sources and belds contains divergences.

Dimensional regularization is particularly well-suited for EFT
calculations:

Divergences that scale as a positive power of a high frequency cut-off
vanish for a massless beldHooft and Veltman]

Example(see also Birrell & Davies, p. 170)

! -] ik%s Co d3l€
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Therefore, only log divergences can potentially renormalize the
coupling constants of the theory (which are the "Wilson coefpcients")
and imply a possible renormalization group running of the non-minimal
coupling constants of the effective point particle theory.



Quasi-local behavior of Green's functi

Ultraviolet divergences come about from the well-known singular
structure of the Green's function near coincidence.We use a momentum

space representation for the Green's function near coincidenoeh &
Parker]

ExampleCompute the guasi-local expansion of the momentum space representation for-
Feynman Green's function, say, for a massive scalar Peld in a curved spacetime.
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Now, the part of the action in the normal neighborhood of P is written as a background
plus some small corrections that scale as powers of the interval from P divided by the
background curvature scale.

S[, J] = ddAC bD{i b+|v|>>+ +éé
N (P)

"Flat space background  |nteraction Lagrangian”
Lagrangian”

We can develop the quasi-local expansion for the Green's function expressed in Riemar
normal coordinates using diagrammatic methods.

@r(d, ¥;P)= ---
X

= ===--0----, + =-0--0--, +aa
X' X X'

X

This is the quasi-local expansion of the Feynman Green's function in Riemann normal
coordinates centered on P. Note that with this method, neither x nor x' have to be at P.

Ge (z,2', P)= g Y*(2) @ (z,2', P) g V(')




*Green's function miscellanea

@F(E, K)/,P) - -
X

These terms can be formally resummed since this is essentially a geometric series:

X' 4

N
R

Ge (2,2, P) =

dk

(2! )d
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Some interesting properties:

)V(x,X") can be identiPed as (and expanded in a quasi-local expansion...)

gy 1 i '
0—oVP(b.0,P)= —2Im L5 Jka@™ 5 (12 4 2y ! !

€

— +
(27)d K2+ m2+ M(@GD,P) k2+ m?2  k?2+ m?

) For x' at P one can show that

_ - d%

)

k> +m? +"R(P)
[DeWitt (1967), Parker & Toms (1985)]

ik o %

e (14--)



Recap of basic ingredients

KK

K K

Power counting

Retarded boundary conditions in an action principle
Double the number of variables

Get an "effective action" from "integrating out" the peld
Feynman rules

Quasi-local expansions of:

Green's function in a momentum representation

van Vleck determinant on an arbitrary (i.e., accelerated) worldline



Equations of motion & radiation

¥ Worldline equations of motion follow by varying the effective action
(through the desired order in the expansion) with respect to the
worldline coordinates

0= 5Seff[zi]
ozt H(T)

= Wulz"(7)]

z1 =0 ,z4=2

Notice that the worldine coordinates are arbitrary until we impose the
equations of motion, which chooses the self-consistent solution for the
worldline through that order in the expansion.

l.e., The appropriate solution is the one that extremizes the effective
action.

¥ Gravitational waves are computed directly from the radiation diagrams
and the source is the self-consistent solution of the above worldline
equations of motion through the given order in the mass ratio.

B RN =N




A linear scalar Peld & charge

Total action|ouinn, PrRD62, 064029 (2000)]

Slz,']= 1

> diz gt 1 —m A+ g dU) (2)

Effective action v g,

Self-force
1 2 Da® 2 , e 5
Meyy(T)al = e %w,ua o + C‘g wuaRo‘Buﬁ +q Lm% . dT$wM! v Dy (22, 21
1Y =m! ol o |/ b u
Mert (1) =m! g lim . d! "Dyt (27,2" )



Gravitational self-force @ Oth order

There Is only one diagram that contributes to the effective action
throughO(m/M)*0

Varying to bPnd the worldline equations of motion gives the geodesi
equation

a" (1) =0



Gravitational waves @ at leading ord

There Is only one diagram that contributes to the gravitational wave
emission at leading order

1

Using the Feynman rules it is straightforward to show that this eque

hiy (x) = —167r/ dTDLthaﬁ(X,ZH)UaUﬁ



Gravitational self-force @ 1st order..

Only one diagram contributes to the effective action(im/M)

S

Using the Feynman rules to evaluate this diagram we see that there is a
divergence, as expected. The divergent integral is

©o fo ikYsLa Fo a |1
4 ek _ 3, N%iK

which vanishes by symmetry.

Varying the resulting regular effective action gives the MSTQW equation

%3

m "H s t "No&
wH o lim d''VuDig i (2#, 2" )u*u

mat =
2
2m;, $—0t oo




Gravitational waves @ NLO

At next-to-leading order there are two diagrams contributing to the
gravitational wave emission

A

The Feynman rules imply that the radiation, including the leading order
waves, IS given by

hii (x )=16!m | d" "Dy (x ,zZ¥)u u” +128! *m? | d" "Dy (X, Z")u" u*uPu"hgy ()

! T |
1287 / d'y gY/2(y)A(Y)D et (X, ¥) / VD, iy, 2*)uu lim / Ar3VD,oi(y, 2 UL

l# 0+

-1282  d'yg"*()) B(y)VDret (z,y)  d'VDret (y,2*)uu d"*Dret (y, 2 Yufu?

M $_#
) . / / /
hiet(r) = lim dr’' DL e (27, 27 ) u” u®
' #—0* '

— 0



Gravitational waves @ NLO

AandB are certain parts of the "3-graviton" vertex

Vltil/uu 2V2/L3V3 (

g) =
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Gravitational self-force @ 2nd order.

¥ Potentially needed for precise parameter estimation with LISA

¥ There are two diagrams contributing to the effective actiorOgin/M)"2

P Voaliie: W i

The Prst diagram contributes the following to the second order self-force

1" €

=1 128! “‘m>wH*?” lim d"® D

el Of " afBvy’s (Zl"l Zl-l,)u’)/’ u5/ ue/ u’)?’ hia,lq!}, (n $)

+128! 2mPwHPrOvplal () |im / d''v,D, (z*, 2" )u u”

e—0T voe'n

The contribution of the second diagram is nearly complete... stay tuned!



*Time-dependent mass

Interestingly, there Is a third contribution that comes from varying the
prst order contribution to the effective action and seems to contribute a
correction to the particle's mass that depends on the tail

d | | .. .
0z (7) M = 16mm wrta’) + éa”u! u  hie(r)

Factoring out the acceleration and gathering all terms involving the
acceleration to the left hand side of the worldline equations of motion
(through second order) we Pnd the time-dependent effective mass

m*, (! ; . 1 . .
eff( ) :g“! 116" i g#)! 4 ng U ut hf#zl(!)
m

Pound Pnds a time-dependent effective mass, too

tail

Or(2m + V) = 2m (59°P + 11u*u”) Regr w7

Mino, Sasaki & Tanaka also Pnd a time-dependent effective mass...

(1)
Myst (7) _ L ) ptal
MSI’T-: =1+ 6(g +10u' u ) hi?" (7)




Gravitational waves @ NNNLO

R QN T

Can we remove diagrams with self-interactions?

Introduce an extended Lorenz gauge by making second order transformatio

Use a beld redePnition of gravitational perturbations



@@‘\ .. and with spin

e Routhian approach (Lagrangian for worldline, Hamiltonian for ¢

drR=!m dr+ % dTSabwabuu” + 4a
OR DSab ,
Like a Lagrangiag; 2i(r) 0 Like a Hamlltonland— = {S%, R}
T

¥ Two diagrams through second order for self-force

+ &7 S lwrg ! el
Worldline equations of motion

o 1
mat = MSTQW + (nonspinning 2nd order) + ER“amuBSW +

Spin equations of motion psu»
d!
¥ Gravitational waves at NLO order with spin

g 2m2 &V D s (X, zM)u* S¥
g

¥ Diagrams for gravitational waves at NNLO order with spin

go goB o

= ptu”! up”+ aa

Spin-induced Pnite
size effect

! CESS dr EI S! ’USMH




A nonlinear scalar model

¥ Build a nonlinear scalar theory analogous to perturbed general relativi

Slo.21= —  dwg2, 6" A28 -m  dr B
' a, L
A(9) :n20m¢ B(l) = L m!

. . A’ #(x! 2) B
Equations of motidn! = Z! ol —|—m/d" (gxl/z ?) yE at =1 wh" InB(!)

Self-force diagrams through 2nd order

Corresponding radiation diagrams

AL
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¥ But a beld redebnition removes self-interaction terms

Lo =" ACM) U:Zan_l¢n

!!
S[z,!] = —%/d%gl/?! ol —m/d" C(! /mpy) C(o) = L B (o)

Self-force through second order

i N i Y-l
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Radiation carrying information of second order perturbed motion to a distant o

B I EEp g Ao

Fo
Oraa(' )= | oL dr Dp(w, 2) 11 "2 F(7) ! m?c3 DF(r) , m?cics
m2 m
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¥ A clever choice foBresults in &ully lineascalar theory for thesigma
variable

B(!)=C(")=1+ ¢" bn = c1an1 1

¥ Therefore, one can use this linear theory for sigma to perturbatively
reconstruct the self-force in the nonlinear theory for phi

~. a
L n—1 ,n
O-_Z n! ¢




Exact conservative self-force

For a linear scalar charge moving on a circular geodesic of a Schwatr:
black hole, the regularized beld and self-force have already been com

[Diaz-Rivera, Messaritaki, Whiting & Detweiller (2004)]

Use the linear theory (isigma for which the self-force on these orbits is
already computed, to determine the second order self-force in the original

nonlinear theory (irphi)
Consider the following mode(i ) = ¢

b

O-al-l — ¢’H ea¢ I

y [ — 1 _1_#"
1
" = e _1 »=—In(1+ ao)
(87
Equations of motion in sigma variable
#(x |




In terms of the phi variable (of the original nonlinear theory), reconstruct the perturbative
expressions for the self-force
1+ ¢!

U ep
oy =10

14 ¢! =
S L Y S BT W W U RSN VFL,

Rl = A1) 11

— M M
= Foy+Fy+ oo
From Burko (2000) and Diaz-Rivera, etal (2004) we know that the brst-order self-force fol
sigma variable (i.e., linear theory) falls offaaml Rhat the regular Peld falls off with radius
as R.Therefore, at large values of the orbital radius R,

1 1
r I
Foy ! &5 Fi2) ~ &s

In general, the nth order radial component of the self-force for circular geodesics in
Schwarzschild falls off with radius R as

1

r
Finy ~ 7zean

Similar kinds of results can be made for energy, angular momentum, and orbital frequenc
Also, the conclusions don't change for generic choices for A or B.



A new numerical approach fa
self-force computations:
the main ideas

(in progress with Manuel Tiglio, UMD)



The overall approach

¥ Compute the retarded Green's function in Schwarzschild/Kerr
Once computed, the Green's function is known once and for all

Analytic expressions for the self-force (e.g., MSTQW equation) are given
the integral of a retarded Green's function

Higher order analytic self-force equations will be available in the near futu
that these higher order corrections can be computed relatively quickly an

¥ Solve the integrodifferential equation numerically
Want to compute the solution to the self-consistent worldline equations of

Need a high order IDE solver to track 10”5 orbits of inspiral



Quasi-local expansion of V(x,x') = 0 outside

s

Image courtesy of S. Dolan



Conclusions

¥ Higher order analytic expressions for:
Second order gravitational wave emission
Second order self-force is nearly complete... stay tuned

Self-force on and GWs froepmningcompact object... in progress
¥ A nonlinear scalar model
Foundexact(conservative) self-force for a nonlinear scalar model
Found that nth order self-force falls with radiugds 1/R
Can describe binaries with arbitrary mass ratio
¥ Our numerical approach

Still in the early development phase... but comments, criticisms, and shoe
are welcome



