Matched Expansion
Self-force Galculations




Overview

* Introduce matched expansions method

* Quasi-local contribution (arXiv:0903.5319,
0906.0005) - Barry

* Distant Past contribution & practical application of
matched expansions method (arXiv:0903.039595) -
Marc

* Quasinormal Mode expansions for Green function
in Schwarzschild - Sam




Self-Force - Formal Expression

¥ MiSaTaQuWa expression for scalar SF
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% Mainly interested in calculating the tail term - an integral of the
derivative of the retarded Green’s function over the past world-line
of the particle:
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Matched Expansion

Poisson & Wiseman (Capra 1)

Anderson & Wiseman (CQG 22 (2005))
Select point AT along the world-line

Separate tail integral into two

regimes:

1. Quasilocal region from the recent

past (QL)

2. Contribution from “distant” past

(DP)

f

World-line of the particle

Current location of the patrticle - x(T)

Quasilocal integral back At along the world-line

q2 / vaGreth/
T—AT

Matching point - x’(T-AT)

_____ Boundary of causal domain where
Hadamard form is valid
Integral outside quasilocal region
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q° / VoG, erdr’
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Quasilocal Region:
Hadamard form

% Provided x and x’ are sufficiently “close” together, the
Hadamard Form of the Green function can be used:

Gret " m/(z,2') = 0_(z,2") {UAB/ (z,2")6 (o(x,z")) = VA (z,2")0 (—o(z, :U’))}

% Only part with V(x,x’) contributes to the QL self-force
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% The problem is now to calculate V(x,x’).
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Hadamard Series

% Express V(x,x’) as an expansion in powers of O
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Calculating V(x,x’) - Series

% V(x,x') expanded as a covariant Taylor series.
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World-line of the particle

Current location of the patrticle - x(T)

Boundary of
causal domain
where Hadamard
form is valid
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Radius of Convergence
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Radius of convergence for time separated points (i.e. static
particle) as a function of radial position




Padé Resummation

* Try to express V(x,x’) as a rational function.
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% Captures the behavior of the singularities in

functional form.

* Accelerate convergence of the series.

% Extend domain of series.




Padé Resummation
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Padé Resummation
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Numerical Calculation

System of transport equations for A2(x,x’) and Vi(x,x") along geodesics.
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Numerical Calculation

Numerically integrate the transport equations (ODEs) for V(x,x") along

geodesics.
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Numerical Calculation

Numerically integrate the transport equations (ODEs) for V(x,x") along

geodesics.
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s QL enough”?

% No!

% Can calculate the Hadamard Green function
everywhere in the normal neighborhood

* But, that’s not enough for the self force - the DP
Green function is crucial




Effective Potential

Distant past - Mode sum decomposition:
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Unstable photon orbit -> null geodesics originating from a
timelike worldline may reintersect it later

10

10 F R=10M sl




Is Poschli-Teller potential for radial component of wave eq. in any
spacetime? yes!
1

Nariai (1950): ds? = —d7°+ %Coshz (\/KT) dy? + Adszg

- homogeneous
- Topology: dSa X S
- Constant Ricci scalar: 12 = 4A e
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Leaver’86: deform contour in complex «w-plane

(a) Schwarzschild o (b) Nariai Ttn(u)
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- Nariai potential decays exponentially at infinity->no branch cut

(-> no power law tail)
- QNMs: poles of Gret
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Schwarzschild:

Nariai: wi, = —-A—i(n+1/2)

T /2= 12 ~as | >n

e P A T




ONM sum
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- QNM n-sum divergent[convergent] for T =¢ — ¢ — p, — p.. < [>]0
(T=0 ~ time for light ray to go from o'to 0 and out to p )
- Beyer’99: QNMs form a complete basisif 7' > 0

- Modes in QNM I-sum (fixed n) ~O((I + 1/2)™)
=> |-sum is divergent

- QNM n-sum can be done analytically at p,p’ — 1
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Singularity structure of the Green function outside
the normal neighbourhood

Kay, Radzikowski,Wald (1997) [based on “propagation of
singularities” theorems by Duistermaat and Hormander]:

“If such a distributional bisolution [Hadamard elementary
function] is singular for sufficiently nearby pairs of points on a
given null geodesic, then it will necessarily remain singular for all
points on that null geodesic.”
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Use Poisson sum formula: Z T S par ) /O " () e

S=—00

and large-v asymptotics (not valid forv =0, 7):
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is the time it takes for a null geodesic to go from o’ top after
orbiting around the unstable photon orbit N/2 times -> N is the
number of caustics (v = 0, =) that the null geodesic has crossed.

- Four-fold singularity structure:é(o), 1/70, —6(c), —1/70, 6(0),...

- Known in other fields of Physics; first noted in GR by A.Ori
- Characteristic of S” topology (-> also in Schwarzschild)




Alternative (non-rigorous) derivation
Hadamard form of Feynman propagator:
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Tentatively, let the ‘direct’ part remain in Hadamard form outside
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Null geodesics joining X & X’

Green Function
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Matching Quasi—local and Non—local Green Functions (é=1/8)

Matching QL and QNM:

g =y

Gred(tt')

—0.1

—~ Quasilocal (60th order)
e Smoothed Sum (n=0)
— Watson Transform (n=0)

Radial Self—Force on a Static Particle in Nariai Spacetime
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Self-force for static scalar
particle
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Sielh of s sake, . SNAPShoL of scalar Green Function on
Gren forckon il gh Schwarzschild spacetime

o of on event near

& Schwarzednld bhck
L\O‘Z ﬂﬂ% at at = (orst,

~ . ue RU 5 =TIR: - S

e~ !i'r;l. . _‘ . ¢ n e | A
W\Z M i lafBe ewovgb\ B -2 g RS A L T \
that wo amoshiccs houk p T - BRDL .

oived . In &= plan. . S \
_ +W
KQJ i F€({ ’/‘J& = (ig,/‘c\ I
function i :
= J
Hoe ling d—f:f\ 8

%‘/«l" r&{ )M&L\.ﬂj =

finte VC" C.;ntfv'll.‘ccﬂ(""'i\,

@ Ve hkching &
Yo coutr nbien (- ve) ' R

- — —  dolzd green '

F |
‘;.,‘_;‘»L_r (](' ; I:"‘

t e fom A""pi
-/\’(4?, ; in bebwf’
b&:k ol @

The \ua,«efwnf:s weve
ked u‘a\‘y\ﬁ
K,yf; ljr\a-bws (OJL‘

|w7\j\¢\{> nto the GF oms
6ed O QUM

g ¢ L ()MWAS
f’D M+ Mcmlo/ ldpr

“p




Singular Structure of Retarded GF:
EXpectations

* Retarded GF is singular everywhere on lightcone,
and nowhere else.

% Singular behaviour encapsulated by large-|
asymptotics of QNM sum

¥ QNM sum on Schwarzschild predicts four-fold
singularity pattern upon passing through caustics:
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Schwarzschild QNM sum

G?elt\IM —Re> > H— )Py (cos ) Brntpy, (7 )uln(r’)e_iwl”T
=i LEAVER (1986)

Ingredients:

* QNM frequencies wj, labelled by integers / (multipole)
and n (overtone number).

* T=At—r,—71) convergent innfor T >0

1Win T« }

* Normalised mode functions, i, (7) = uin (1) /[Acute
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Uln (7“) & A W] Tx == e
oute™in™ + A e e P = =00

* QNM Excitation Factors: B = Aout
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Schw. QNM Frequency Spectrum

Re(2Mw)




Finding Schw. QNMs: a new
method (l)

¥ QNMs <==> unstable null orbit at r=3M

% Consider ‘critical’ null geodesic, incident from
infinity, which asymptotes to null orbit.

% Expand around this geodesic in powers of 1/L,
where L = [+1/2

% Obtain high-order asymptotic expansion, e.g.,

V2TMw; g = L —0.5i—1.30092593L ! + 0.20460391:L 2
—0.56376775L 73 + 0.25454392: L% — 0.19978348L >
—0.05688153i L% + 0.14611217L~" — 1.169502144 L%
+0.04477903L Y — 3.49565902; L1 — 1.50293894 !
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Finding QNMs: a new method (ll)

RADIAL EQ: o = —f((L2_1/4> ﬁ) w (1) = 0
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Finding QNMs: a new method (ll)

eSO S ) = wy = +1/v27
~0 o 3 / % group terms by powers of L
6
eIl (1 = —) (1 z §) S
r i * Impose a continuity condition
Sdwowi 27w s at null circular orbit, r=3M
+ + el =0
r2 73 r
S E % e.g. at order L', fix wq by
LY - 2 (1 S _> (1 2y _> (woS7 + w1Sy) insisting So is continuous &
i 4 : differentiable at r = 3M. Then
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* QObtain asymptotic expansion of wavefunction in inverse powers of L
* Also get outgoing coefficient Aout

% Straightforward to extend to higher overtone modes




Large-L Asymptotics of QNM Wavefunctions

% To leading order in L, the normalised wavefunctions are

e (z’LR(r) Nﬁ)

* where
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arge-L Asymptotics of Excitation Factors

Bin = JA_ . i.e.need to take omega derivative

% Combine new “asymptotic expansion method” with
standard WKB methods to obtain large-L asymptotics:
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* with the following ‘geometric constants’:
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Scalar QNM Green Function

* Mix all the ingredients together:
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When is GF singular?

G?elt\IM 2% g(T, ’I“,; T) Re Z(iL)l/QPl(COS ,Y)e—z'LCI)(l)
[=0

% Series Is oscillatory and divergent, but still
summable ... provided we avoid a coherent phase

condition: g 1y £ = 27N, N eZ

* ... which (approx.) corresponds to the null cone.

* e.g. time to go once around the black hole
T = 2mV/27 + 2y — 2R(r) — V2Tkp? (r)eT/V27

Texact Tl Tl I Texact
= 25.6449315 25.6449191 —0.00001246
5 —"% a0, 20.7019188 20.7017749 0.00014394
r = 100 18.1280305 18.1285177 0.00048718






Asymptotic Analysis
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Green Function Asymptotics
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-0.5
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(Green function near caustic

more accurate asymptotics near caustics found using Hankel function
approximation (uniform convergence)

Singularities of Green function from Poisson Sum Formula
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Green Function Asymptotics

Singularities of Green function from Poisson Sum Formula
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Light cone + Scalar Green function
from QNM asymptotics




Schw. Green Function Matching

% Simple case: static particle at r

% Compare Quasi-Local against QNM + branch cut

Green function for Static Particle at r = 10M
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Green function for Static Particle at r = 10M

QNM (n=0,1,2) + BC -------
| Quasi-Local ——
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T=t-t'-r-r”
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Conclusion: QNM + QL are in good shape, but Branch Cut needs more work




