Matched Expansion
Self-force Calculations




Overview

* Introduce matched expansions method

% Quasi-local contribution (arXiv:0903.5319,
0906.0005) - Barry

* Distant Past contribution & practical application of
matched expansions method (arXiv:0903.0395) -
Marc

* Quasinormal Mode expansions for Green function
In Schwarzschild - Sam




Self-Force - Formal Expression

* MiSaTaQuWa expression for scalar SF
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% Mainly interested in calculating the tail term - an integral of the
derivative of the retarded GreenOs function over the past world-line
of the particle:
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Matched Expansion

Poisson & Wiseman (Capra 1)
Anderson & Wiseman (CQG 22 (2005))
Select point !" along the world-line

Separate tail integral into two
regimes:

1. Quasilocal region from the recent
past (QL)

2. Contribution from OdistantO past
(DP)

f

World-line of the particle

Current location of the patrticle - x(T)

Quasilocal integral back At along the world-line

q2 | vaGret dT”

Matching point - x’(T-AT)

_____ Boundary of causal domain where
Hadamard form is valid

Integral outside quasilocal region
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Quasilocal Region:
Hadamard form

* Provided x and x#are sufpciently OcloseO together, the
Hadamard Form of the Green function can be used:

Gret "5 (X, X)) = 1+ (X, X)) URg (X, x)" (#(X,x)) ! VA (X, x)! (I #(X,x"))

% Only part with V(x,x# contributes to the QL self-force

% The problem is now to calculate V(x,x#.




Normal Neighborhood




Hadamard Series

%* Express V(x,x8 as an expansion in powers of $
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CalculatingV(x,%) - Series

* V(x,x9 expanded as a covariant Taylor series.
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World-line of the particle

Current location of the patrticle - x(T)

Boundary of
causal domain

where Hadamard
form is valid
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Radius of Convergence
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Radius of convergence for time separated points (i.e. static
particle) as a function of radial position




PadZ Resummation

% Try to express V(x,xO) as a rational function.
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% Captures the behavior of the singularities In
functional form.

* Accelerate convergence of the series.

% Extend domain of series.




PadZ Resummation

—




PadZ Resummation
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Numerical Calculation

System of transport equations for ! ¥2(x,x# and Vi(x,x# along geodesics.

4 )

D'lnl =(4 —1% )

/ / I / / / / /

D'o? WIS —O'a! 0 Tt o by R? |y o o
(D' +1) Vo + %VO'!M!M!! 4 + %(! "1 "R /2 =0
l 1 ! 1 | l
- = | B (T "RV 4 =
(D +r+1)Vr+2Vr(. ll,.4)+2r( | "RV, ; =0

\

(
“




Numerical Calculation

Numerically integrate the transport equations (ODES) for Vi(x,x# along

geodesics.
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Numerical Calculation

Numerically integrate the transport equations (ODES) for Vi(x,x# along

geodesics.
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Is QL enough?

% NoO!

% Can calculate the Hadamard Green function
everywhere in the normal neighborhood

% But, thatOs not enough for the self force - the DP
Green function Is crucial




Effective Potential

B(X) = d!

d2
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Comparison of Effective Potentials for Schwarzschild and Nariai Spacetimes
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Unstable photon orbit -> null geodesics originating from a
timelike worldline may reintersect it later
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Is Poschl-Teller potential for radial component of wave ed. In gl

spacetime? yes! |
Nariai(1950): ds* =1 d7T°+ Iicosr%' IT dl 2+ Iid"g
- homogeneous

- Topology: dS;! S°

- Constant Ricci scalaRR = 4!
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LeaverO86: deform contour in complex -plane

(a) Schwarzschild o (b) Nariai im(1)
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QNM sum
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- QNM n-sum divergent[convergent]for t" t'" o " gt < [>]0
(T=0 ~ time for light ray to go froggn to O and ogtto )
- BeyerO99: QNMs form a complete bagisf O
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Singularity structure of the Green function outsid
the normal neighbourhood

Kay, Radzikowski,Wald (1997) [based on Opropagation of
singularitiesO theorems by Duistermaat and Hormander]:

Oif such a distributional bisolution [Hadamard elementary
function] is singular for sufbciently nearby pairs of points on a
given null geodesic, then it will necessarily remain singular for
points on that null geodesic.O




Use Poisson sum formula: gl + 1/2) = 4 (1 1)° OH dvg(v)e? ©
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is the time it takes for a null geodesic to go fpdm p to  after
orbiting around the unstable photon orbit N/2 times -> N Is the

number of causticd (=0, "
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- Known In other pPelds of Physics; Prst noted in GR by A.Ori
- Characteristic ofS° topology (-> also in Schwarzschild)
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Alternative (non-rigorous) derivation
Hadamard form of Feynman propagator:
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Tentatively, let the OdirectO part remain in Hadamard form out

normal neighbourhood:
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Matching Quasi—local and Non—local Green Functions [£=1#"
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Singular Structure of Retarded GF:
Expectations

* Retarded GF is singular everywhere on lightcone,
and nowhere else.

% Singular behaviour encapsulated by large-|
asymptotics of QNM sum

* QNM sum on Schwarzschild predicts four-fold
singularity pattern upon passing through caustics:
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Schwarzschild QNM sum

A RRnglhes =
B he (I + 2)Pi(cosy)Bin tn (r)thn (r')e"'n T
il LEAVER (1986)
Ingredients:

* ONM frequencies ! | labelled by integers / (multipole)
and n (overtone number).

* =Rt e convergentinnfor T >0

* Normalised mode functions, &;,(r) = U (r)/ [Aou € "]
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Schw. QNM Frequency Spectrum
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Finding Schw. QNMSs: a new
method (1)

% QONMs <==> unstable null orbit at r=3M

% Consider OcriticalO null geodesic, incident from
InPnity, which asymptotes to null orbit.

% Expand around this geodesic in powers of 1/L,
where L = [+1/2

% ODbtain high-order asymptotic expansion, e.g.,
27!, = L™ 05" 1.30092598 ~!+0.20460391L 2
" 0.56376775 3 +0.25454391 ~*" 0.19978348
" 0.05688158 ~°+0.14611217 ~'" 1.16950214 ~°
+0.04477908 —°" 3.49565904 10" 1.50293894 —1!
" 6.56185188 ~1°" 4.40093972 B + O(L %)




Finding QNMs: a new method (|
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Finding QNMs: a new method (Il
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group terms by powers of L

Impose a continuity condition
at null circular orbit, r=3M

e.g. atorder LY, bx wi by
Insisting So IS continuous &
differentiable at r = 3M. Then
sub in w1 to obtain brst-order
ODE for So. Solve.

* Obtain asymptotic expansion of wavefunction in inverse powers of L

% Also get outgoing coefbcient Aout

* Straightforward to extend to higher overtone modes




Large-L Asymptotics of QNM Wavefunctions

% To leading order in L, the normalised wavefunctions are

tn (1) ! U "(r)exp iLR(r)/ 27
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Large-L Asymptotics of Excitation Factors

Aout

Bin = SiT A .e. need to take omega derivative
HIGETT

% Combine new Oasymptotic expansion methodO with
standard WKB methods to obtain large-L asymptotics:
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% with the following Ogeometric constantsO:
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Scalar QNM Green Function

* Mix all the ingredients together:
" " () et TS 2T
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When Is GF singular?

GA™M | Grr';T)Re (iL)Y2P(cos! )& %o

ret
| =0

% Series Is oscillatory and divergent, but still
summable ... provided we avoid a coherent phase

condition: M = P R N €Z

* ... which (approx.) corresponds to the null cone.

% e.g. time to go once around the black hole
T22% 272y ZRuy" opai(nd T 2

Texact Tl Tl I Texact
r=4 25.6449315 29449191 —0.00001246
r =10 20.7019188 207017749 000014394
r =100 18.1280305 181285177 000048718






Asymptotic Analysis

Poisson Sum Re.. (iL )1/2PI (cos! )e" E3Emee =5
Formula :
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Green Function Asymptotics

Green function near caustic

more accurate asymptotics near caustics found using Hankel function
approximation (uniform convergence)

Singularities of Green function from Poisson Sum Formula Singularities of Green function from Poisson Sum Formula
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Light cone + Scalar Green function
from QNM asymptotics




Schw. Green Function Matching

% Simple case: static particle at r = 10M

% Compare Quasi-Local against QNM + branch cut

Green function for Static Particle at r = 10M
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ConclusionQNM + QL are in good shape, but Branch Cut needs more work
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