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Scalar Self-force

- Scalar field ¢(x) with coupling const. £ due to scalar charge q
on worldline v given by z(7) :

(0 - €R)p(z) = —4mq / ba(, 2(7))dr

y
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Scalar Self-force

- Scalar field ¢(x) with coupling const. & due to scalar charge g
on worldline v given by z(7) :

(0 - €R)p(z) = —4mq / 4, 2(7))dr

- Self-force for scalar point charge q [after regularization]:

local
————— N ———————
self C]2 2 1 - U 1 % A
f,u (T) — _1_2(1 — 6€)Rv,u +q (g,ul/ + ’U,u?},/) §CL + ER AU +
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Scalar Self-force

- Scalar field ¢(x) with coupling const. & due to scalar charge g
on worldline v given by z(7) :

(0 - €R)p(z) = —4mq / 4, 2(7))dr

- Self-force for scalar point charge q [after regularization]:
local

fi(r) = =35 (1 = 68 Ro, + 4> (9 + v0,) (‘a” " ‘Ry”’/\> "

/ VGt (2(7), 2(7))dr <— non-local

- It depends on the whole past of the worldline via the ‘retarded’
Green function

(O - ER)Gret(w,2") = —4mdy(x, 2')
with causality b.c.
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Method of Matched Expansions

Non-local part of self-force: ¢° / V. Gret(2(7), 2(7"))dT’

4 _ \
World-line

Choose point A7 along worldline:

Current location: x(T)

* before that point (‘Quasilocal’ region) | v/
geodesic .
Quasilocal

q2 / qureth/
T—AT

\

Matching point: x’(t-At)

Normal -t

* after that point (‘Distant Past’) neighbourhood \ "\
Distant Past

T—AT
q2 / qureth/

— O
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Quasilocal region - Hadamard form
Gret (2,2") = 0 (A {U (2,2") 0 (o) + V (z,2") 0 (—0)}

- Using Hadamard form there are no calculational problems
near x=x’ since

q2/ v,uGreth, — q2/ V'LLV(CE, CIZ‘/)dT/
T—AT T—AT

- Calculate V with, e.g., covariant Taylor series expansion

Vx,z') = Z Vie(z, 2" )o"
k=0
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Distant past - Mode sum decomposition
Green function in a spherically-symmetric spacetime:

@)

G(r,r';t) = Z(% + 1) Py(cosv)Ge(r,r'; 1)

¢=0

oco+1c .
Ge(r,r';t) = / dw Gp(r, fr’;w)e_“"t

—0o0+1c

Deformation into the complex w plane. Generally:

Ge(r,r',t) = G?NM(T, r' 1)+ G (r 1) + ch(r, ', t)
[m(w)
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Distant past - Mode sum decomposition

m up
Green function modes: G, (1 1/ w) = 2L U< @ R (>, @)

44
. ] d2
Radlal ODE. { : | w2 . V(T) RE(Taw) — 0
drs re = Tx(r) € (—00, 00)
in e W Ty — —00
RE (T,W) {Agute—i—iwr* _I_Azne—iw’r*7 r. — 400

ane—l—zwr* + Bgute—zwr*j r, — —00

szp(/r7 CU) ™ {6+iwr*

Ty — +00

Y .
61n7
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Distant past - Mode sum decomposition

-If V(r) — 0 exponentially as 7« — oo, thenR,” (r,w) has poles
in w-plane

-If V(r) — 0 less fast than exponentially (except centrifugal
barrier V(r) = £(¢+1)/r])as r« — oo, then R“?(r, w)has BC
in w -plane
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Past results - Matched expansions in Nariai
with S.Dolan, A.Ottewill & B.Wardell (PRD 79,124043)

(static region of) Nariai spacetime (d.S, x S?):
ds® = —(1 — p)dt* + (1 — p*) " tdp* + dS25

It serves as a toy model for Schwarzschild
Vi) — 00+ 1)

cosh? ()

Go(r,r',t) = G?NM(T, r't) 4+ G2 (r, ') t)

=0 (%), r.—+o0 = R"“? have no BC
[m(w)
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Matching QL and QNM:

GI‘C'[ (t 7t' )

Radial Self—Force on a Static Particle in Nariai Spacetime

0.5

—0.1

Matching Quasi—local and Non—local Green Functions (é=1/8)

04

—~ Quasilocal (60th order)
e Smoothed Sum (n=0)
— Watson Transform (n=0)

t—t'

0.0005 —
0.0004 -
% o I
g o
g 00003
L
oL ,
R 0.0002F
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ho
<
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Self-force for static scalar
charge

1.0
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Branch Gut in Schwarzschild

Radial ODE (‘R-W eq.’): s=0,1,2
L V)| Rlrw) =0 vy = (1-2) [HE ) o)
V) o [€(€+1)7%1 ~ e e Ri™ has poles in w
v - A AU/ - oo — Ry has BC on NIA
R,/ (+iv) e R, R,"(—iv) eC w=—iww v=>0
Symmetry: R/ “P(r,w) = RZ"/“*’* (r, —w™) BC ‘s*trength’

AR,)”(r,—iv) = lim (R,"(r,e —iv) — R,"(r,—e —iv)) = iq(v)R," (r, +iv)

e—0

Wronskian has BC along NIA but IWI has no BC
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BC Green function:

GP(r,r'it) =) (204 1)Py(cosy)AG(r,r'; )
¢=0
1 o

AGy(r,r';t) = —/ dv AGy(r,r’; —iv)e "
27T 0

BC Green function modes:

imn _3 m(..
AGg(r, r’,—iy) — _Qiyq(V)RE (7“, ZV>Rg (7“, zy)

W2

AR (r,—iv)
a(v) = —i R," (r, +iv)
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Calculation of AG/, in 3 regimes:

- Small-v: Sasaki&Tagoshi Liv.Rev. asymptotics
(reformulation of Leaver’86)

- Mid-2: a new series expression for the BC on the NIA

- Large-v: CGontinuation into the complex-r plane
(Maassen van den Brink‘2004 for spin=2)
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Mid- > expression

Jaffe series for Rin (Leaver’86):

@)

. o ._ 1\"
R — (F—1 —IW 21w _twr — 21w - 1 — —
J(rw)=(r—1) 7 re“e™e g a ( f)

n=0

Asymptotics; a. =0 (n_ﬁ_?’/ T2y ‘2’7”) L N o0

Jaffé series is absolutely convergent Vi € C and Vr € |ry, c0)
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Mid-»~ expression

a,, Satisfy a 3-term recurrence rin.:

(n+1)(n—20+Dap — [2n° + (2 —80)n+8v* —4v + (1 + 1) + 1 — s%]a, +

n® —4don+4v° — s°| ap_1 =0
No dominant/subdominant sins. to recurrence rin. on the NIA
a, have simple poles Vn > k& when © = k/2 forsome k£ € N
Exception is the algebraically-special frequency for s = 2 :

Y S ()
V="VAS = 6

So better calculate the radial function: R‘" = sin(277)R"

Wronskian in the Green function cancels out this factor
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Mid-~ expression
In Leaver’86, as a series of confluent hypergeomeg)ic functions:
R/P(r,w) = (—2iw)* T —#9F s (7 — 1) e tiwr Z an, T
n=0

TH=(-2io+1), Uls+1—2io+n,2s+ 1, —2iwr)

n

U has branch cut along wr : 0 — —oc1
2mie” (—z)°

U(b — b — —2m
D@l 1 a_pl 0~ @bz

(26_2“)& Ula,b,ze *™) — 2°U(a, b, z) =

New series:
—21/7°€7m'(s—|—1—217) >

ARYP(r,w) = 2miFt s (F — 1) 77 etV s =25 > an Ty

n=0

T — (—D)"T'(1+n—-20)U(s —n+2v,2s + 1, 2vr)
" '14+s+n—20)['(1 —s+n—20)

this can be evaluated on the NIA (using principal branch for U) !
(only evaluation of BC in the literature uses extrapolation to the NIA)
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Mid-»~ expression
Both 7. and T, satisfy the same recurrence rins.:

(no surprise, since R,” and AR,” satisfy same ODE)

m+1=-20)n—20)T_1—(n+1-20)2n+1—4v — 2vr)T,, +
m+1-204+s)(n+1—-20—5)T11 =0

Asymptotics: I, — O (n_l/ tem 2y 2”“”) , N — o0

s0 no dominant/subdominant sins. to recurrence rins. on the NIA
so no need for Miller’s algorithm of backward recursion (as

would be required off the NIA)

From the ‘integral test’, ZanTi is absolutely convergent v > 0

n

However, on PIA R,” corresponds to the subdominant sin. and so
the dominant sin. would ‘creep In’. Better use an integral
representation for U
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- Problem: if one integrates ODE with b.c. that have the
dominant sin. then initial error is magnified exponentially

Large- v asymptotics

- SIn.: continuation into the complex-r plane . Follow curves where
neither sin. is dominant.

- Done by Maassen van den Brink‘2004 for spm_2
We extended it to spin=0,1.

Anti-Stokes lines:

Re(ry) =0

(no dominant sin. e-

=19T«on NIA)

L Re(r)
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Large- v asymptotics

- Find 2 Lind. WKB expansions g.(7,w) for |rv/v| > 1
Valid away from r=0,rh and anti-Sokes.

- Find 2 Lind. sIns. for fixed |r+/v| and up to next-to-leading
order for large- »

They’re expressed in terms of Bessel functions. Therefore, one
knows how to analytically-continue them.
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Large- v asymptotics

- Exact monodromy around the horizon:
R (r,—iv) ~ e ™™, 1, — —o0 = R" ((r —rp)e’™ w) = ™R (r — rp,w)
Ansatzz R} (r,—iv) ~ ga(r,iv) + c(v)ga(r, —iv)
c(v) :unknown

Match to the 2 Lind. sins. (with Bessel functions) for fixed |7v/v|

These can be analyticallly-continued around r=rh along anti-
Stokes lines

Ri™ ((r — rp)e?™, —iv) ~ e 2™ g (r — rp,iv) + | (—=1)%/2T12i [ 1 — & + c()e*™ | go(r — 11, —iv
0
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Large- v asymptotics

Similar idea for R,? :

s=0,2: R™(r,—iv) ~ ga(r, —iv) — (—1)%/22¢> {z n i} Ga (1, +iv)

NG,

1 1 .
s=1: R,"(r,—iv) ~ {1 + O (;)} go(r,—iv) + O (—) 2e*™ g, (7, +iv)

%
r(L)°
s=0: a=-— (3) 1+ 30(0+1)]
4873/2 F(1)4
_ 9. _ 4 _
(e +1)yT s=20 a= e ap - H+1)
s=1: a=-— >

| i[2000+1)F+1—82] 8F—1D)[0l+1)F+1—s2]—[2000+1)F+1—52]"
du(rw) = e 11 4 2( 2_ ]+ (F—1) (£ +1) _]_ 26(¢+1) | L
4720 327402
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Large- v asymptotics

. AR,"(r, —iv) (
= — =1: ¢s(v)~O0O

BC ‘strength’

)

Rl

s=0,2: gqs(v)~(—1)%?T14 {COS(Q?TV) + i_ SiIl(QT(‘V):|
47
Wronskian:

W[ga(—iV), Ya (ZV)]

sin(27v)

. - 1+

WIR,”, Ry"; —iv] ~ [sin (270) 4 2ie*™ <1 _ +Z)a>] , v>1
N7

s =20,2

ONMs approach NIA asymptotically for s=1 -> unknown
connection to BC?

BC Green function to leading order:

1%

/ e—V(t=re|=Iri]) )
AGy(r,r';t) = O , U — 0
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Matching of the mid- and large- regimesin v (s=0,¢=1)




AGﬁ('f'* — O.4M, Ty — 0.2; —iu)

10* ¢

1000 |

100

10 —

Matching of the mid- and large- regimesin v (s =
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Small-v series
Sasaki&Tagoshi , Liv.Rev., series of hypergeometric functions:

R (r,w) = R + Ry "1
Rg _ 673@(1—77)(7;_ 1) S—iw zw—l—,u

oo

a
'n+p+1—iv)ln+p+1—s—iw

1
72 F <—n—u—i@7—n—u—8—i@» —2n — 243 t)
-

n=——oo

this series converges Vr # oo

a! satisfies a 3-term recurrence rin.

Parameter .. chosen so that a! is minimal sin.
As a series of confluent hypergeometric functions:

RTZP (7,,7 w) _ zue—ﬂwe—iw(u—l-l—l—s)eiwr (wr),u—l—i@ (CU?“ B u—))—s_r,;@

o0

(u+1—s+1i0),

abQwr)"Un+ pu+1+s—1iw,2n + 2u + 2, —2iwr)

n=——oo

this series converges Vr > ry,
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Small-v series
To leading orderas v — 0:

o~ €

q(v) ~ (=1)"2mv

(- 2=‘r¢+1)ree+2)__, (W has a BC but only to

W ~
rpl (€ +1) ’ higher order)

R ~ o Fy (—4,04+1,1,1 — 7)

(=1)H1220+ D76 (0 + D)ir' o Fy (6,0 + 1,1, 1 — 7)o Fy (=6, 0 +1,1,1 — 7) Y

. ~
AG(r,r'; —iv) ['2(20+1)02(2¢ + 1)

which yields the power-law tail:

AGe(r,r;t) =0 (7%7%), t—
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e~ Rin(r = 10M)
‘0‘.1‘ | | ‘0‘.2‘ | | ‘0‘.3‘ | | ‘0‘.4Ml/

—10L

~15L

—20L

Matching of the mid-~ and small-v expressions (s =0,/ =1)

q(v)

A

| | | | |
02 0.4 0.6 0.8 10 1%/

—-10

AGy(r, =04M,r, = 0.2; —iv)
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Matching QNM+BC to QL?

Static scalar charge
r=7r =10M

0.0015 T
QL (Pade) —+—
QNM + BC —»—
Branch Cut —x«—
QNM:n=0 —&—
QNM:n=1 =
0.001 |
C
je)
2 i
L 0.0005 -
C
(0]
o
(O]
e -
-0.0005 ! ! ! !
0 5 10 15 20
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Conclusions

- First method for the BC Green function modes on the NIA
- We can now calculate the full BC Green function exactly

- Next: try to match QNM+BC (‘distant past’) to QuasiLocal part
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