The m-mode scheme Scalar-field SF on Kerr Gravitational SF

Self-force calculations with the m-mode scheme

Sam Dolan

University of Southampton

@ Capra 14, 5th July 2011




The m-mode scheme Scalar-field SF on Kerr Gravitational SF

Talk overview

1. Basics of m-mode regularization
e Motivation
e Puncture scheme: local to global
e m-modes & 2+1D evolution & worldtube

e Mode sum convergence

2. Scalar-field SF on Kerr spacetime
e Equatorial circular orbits
e Finite difference scheme
e Results

3. Gravitational SF in Lorenz gauge
e Formalism + first (partial) implementation on Schw.

e Problems: m = 0 and m = 1 modes

e Gauge modes and conservation laws

4. Prospects
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Motivation: Why calculate SF on Kerr?

(and why use the m-mode scheme?)

1. to compare key gauge-invariants with PN and NR:
e ISCO shift

e periastron advance

2. to ‘solve’ the two-body problem in GR:

e Calibration for EOB theory

e SF + symmetric mass-ratio = IMRI models?
3. to understand orbital resonances!

4. for self-consistent evolutions (+ to check osculating
approx.)
5. to model EMRIs for LISA.
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The m-mode scheme

e Schw. = [-mode regularization = easy!
o decompose hgp in tensor spherical harmonics Yal;n(i)
e use Lorenz gauge V®hy, = 0 with gauge constraint damping

e solve 141D or ODEs in freq. domain
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The m-mode scheme

e Schw. = [-mode regularization = easy!
o decompose hgp in tensor spherical harmonics Yal;n(i)
e use Lorenz gauge V®hy, = 0 with gauge constraint damping
e solve 141D or ODEs in freq. domain

e Kerr = hard choices ...

e spin-weighted spheroidal harmonics (Teukolsky) . ..
Radiation gauge — Lorenz gauge?
Il =0,1 modes?

e tensor spheroidal harmonics ... [don’t exist?]
e Full 3+1D approach ... expensive!

e m-mode + 2+1D evolution ... practical compromise.
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The m-mode scheme

e Schw. = [-mode regularization = easy!
o decompose hgp in tensor spherical harmonics Yal;n(i)
e use Lorenz gauge V®hy, = 0 with gauge constraint damping
e solve 141D or ODEs in freq. domain

e Kerr = hard choices ...

e spin-weighted spheroidal harmonics (Teukolsky) . ..
Radiation gauge — Lorenz gauge?
Il =0,1 modes?

e tensor spheroidal harmonics ... [don’t exist?]
e Full 3+1D approach ... expensive!

e m-mode + 2+1D evolution ... practical compromise.
(0.9] o0
Pp= ) PR, F'=qd P, F.= Y FI

m=—o0 m=—oo



The m-mode scheme Scalar-field SF on Kerr Gravitational SF

Puncture scheme
[Barack/Golbourn/Sago ... Detweiler/Vega ... Wardell]

e Local approximation ®p for Detweiler-Whiting S field &g

e Covariant expansion — power series approximation in
e coordinate difference z® = z® — %, where

e field point z, worldline point
e (Classification: nth order expansion iff

ol — oy ~ O(|62]5272)
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Puncture scheme
[Barack/Golbourn/Sago ... Detweiler/Vega ... Wardell]

Local approximation ®p for Detweiler-Whiting S field &g

Covariant expansion — power series approximation in
e coordinate difference z® = z® — %, where

e field point z, worldline point

Classification: nth order expansion iff

ol — og ~ O(|6x|02"2)

2nd, 3rd, & 4th order expansions now available.

[n] [n],

From local expansion @ to global puncture field ®5°:
e Let  become a function of x

e e.g. set same BL time coordinate, t = ¢

e Periodic continuation:
e.g. 0% — 2(1 — cosdyp) = dp? + O(p?)
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Residual field + modal decomposition
¢ Introduce residual field: @%} = — CID%"}
e Residual field obeys wave equation,
O®r = Sefr
with effective source Seg = [ d(z — Z(7))dr — OP%.

e Regularity: Seg ~ O (|6z]dz"*)
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Residual field + modal decomposition

e Introduce residual field: @%} =& — @%}

e Residual field obeys wave equation,
Dq)R = Sef'f
with effective source Seg = [ d(z — Z(7))dr — OP%.
e Regularity: Seg ~ O (|6z]dz"*)

e Decomposition in m modes:

o T

. 1 .
dr= Y PR, (OB, S} =5 [ {PpSert ey

m=—00 =

e 2+1D wave equations:

m
O"dR = Sk
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Mode sums and convergence

e Field is real = &7 ™ = o™

e SF from mode sums, e.g.
o0 ~
F.=q Z arq)%
m=0

where

é%_{@%’ m =0

" 12Re (@R eim‘ﬁ(t)) , m # 0
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Mode sums and convergence

e Field is real = &7 ™ = o™

e SF from mode sums, e.g.
o0 ~
F.=q Z arq)%
m=0

where

Fm _ L, m=20
%7 1 2Re (@1 eme®) m#0

o Power law convergence F* ~ m™¢ in large-m regime
e Convergence rate ¢ depends on order n of puncture.

e ( =n for n even, and ( =n — 1 for n odd.
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Scalar-field SF on Kerr

Gravitational SF

Puncture order and m-mode convergence

For circular orbits, F) is conservative and F,, is dissipative.

punc. order

Or C  Se T "
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World-tube construction

v

T

=0T

Worldtube 7 of fixed dimensions dr, §6
Outside: O, ™ =0
Inside: O, @3 = ST
Across boundary 07 : &l = ¢ — O



Scalar-field SF on Kerr Gravitational SF

The m-mode scheme

Scalar-field SF for circular orbits on Kerr

e The first results for circular orbits on Kerr [freq.-domain]
were presented by N. Warburton at Capra 12.

e We presented preliminary m-mode time-domain results at
Capra 13. Papers: arXiv:1010.5255, arXiv:1107.0012.



F'he m-mode scheme Scalar-field SF on Kerr Gravitational SF

Scalar-field SF for circular orbits on Kerr

The first results for circular orbits on Kerr [freq.-domain]
were presented by N. Warburton at Capra 12.

e We presented preliminary m-mode time-domain results at
Capra 13. Papers: arXiv:1010.5255, arXiv:1107.0012.

Parameters a and 7.

Boyer-Lindquist coords, and dy = d¢ + a/Adr
e Kerr wave equation (U = ®™/r, A =r? —2Mr + a?):

2V (r?+a?)?2 0%V diamMr 0¥ N {2@2A ~ 2iam(r® + aQ)] ov

o2~ 32 o2 T 2 o | 2 o
A | 9? 0 m? A\ 2iam
2% Letel (2 - v
2 |22 T "% " anZe " (7«2) 0

¥? = (r? + a?)? — a®Asin? 9
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Finite difference method
2+1D grid

t| o =
I«
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Finite difference method

I used the method of lines with first-order variables

v I = §5,0™

Grid spacings At, Ar,, AG.

Second-order-accurate finite differences on spatial slices,
e.g.

PPV WO+ A0) —2W(0) + ¥(0 — AY)

502 N + O(L6?)

Why not fourth-order? Laziness, because Seg is only C° on
worldline

Fourth-order Runge-Kutta time-step — why? stable.
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Finite difference method
2+1D grid

e Method of lines w. second-order finite differences on spatial
slices

e 4th-order Runge-Kutta time steps
e Boundary conditions at poles: ¥™=0 =0, 9,070 = 0.
e No spatial boundary conditions!

e Simple but runtime scales badly: ~ t2,. /(AtAr,Af)

Ar
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Spatial profile of modes: r,
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Spatial profile of modes: 0
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Spatial profiles: r, and 6 (m = 0)
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Spatial profiles: r, and 6 (m = 1)
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Scalar-field SF on Kerr

Spatial profiles: r, and 6 (m = 5)
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Scalar-field SF on Kerr

Spatial profiles: r, and 6 (m = 10)
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s
o
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Scalar-field SF on Kerr

Gravitational SF

Time evolution of m-modes on worldline
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Low-m modes and power law relaxation

e Low-m modes take longest to relax
e Fit power-law decay model
o e.g. for m =0, PB(t) = DB (c0) + cat ™" + ...

2.4

m=0
R

23

22

2.1 |

—
P,
Bt T

Local power law index 7 for ¥

400 600 800 1000 1200 1400 1600 1800  200C
t/M
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Low-m modes and power law relaxation

e Low-m modes take longest to relax
e Fit power-law decay model

e eg. form =0, F"(t) = F"(c0) + cat ™"+ ...

0

Local power law index 7 for F™

400 600 800 1000 1200 1400 1600 1800  200C
t/M
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Richardson extrapolation (I)

Extrapolation to infinite resolution

e Results depends on grid resolution z, e.g. :
At=zM, Ar.=zM, A0=rx/6

e Second-order-accurate FD method = error O(x?)
U™ () = U™z = 0) + cox® + 32 + . ..

e Fit results of runs at various resolutions to this model, and
extrapolate to x =0
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m-mode scheme
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Modal convergence: F;"

e Exponential convergence of dissipative component

0.01 F T T T T T

0.001 F &

-

owo Y

oSoooo

oo

=<
1

0.0001 F

O
¢
1

1e-05 F

1e-06 | 3

—271m
—Mgq F<l>

16-07 | % -Z
1e-08 | ? .

1e-09 F

te0 L ' ' ' '



The m-mode scheme

e Power-law convergence of conservative component

Scalar-field SF on Kerr

Modal convergence: F"

e Puncture orders n = 2, 3 and 4

(M/q)*F}"
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Modal convergence: F"

rescaled variable m*F™
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Scalar-field SF on Kerr

Results: scalar-field SF on Kerr

F, for circular orbits in equatorial plane

Radial component of SF, (M?/q¢?)F:"

ro = 6M ro = 10M 70 = Tisco
T b R
R b R
R b
S [ T
0= 4053 5 pnoss 19 Zaomsrr 197" | opmray X10”
T el e T T
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Results: scalar-field SF on Kerr

Fy for circular orbits in equatorial plane

Angular component of SF, —(M/q°)F5™"

ro = 6M ro = 10M 70 = Tisco
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Perturbation theory (I)

Einstein equations :
1
Gapy = Rap — §gabR = 8nTyy

Vacuum background + stress-energy T, o< ‘small’
parameter p = m/M

Metric split : background + perturbation :

Gab = gab + M}Lab

e Trace-reversed perturbation hgp

= 1
hab = hab - Egabh
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Perturbation theory (II)

4 Lorenz gauge conditions :

Zb =V, h? =0

10 Linearized Einstein equations :

Wap = VoV chap + 2 R4 % hea = —167Ty,

m-mode decomposition (Schw. f=1—2M/r):

hap = ctap(r, 0)uap(r, 0, t)eimqs, (no sum)

10 wave equations (in vacuum)

FOscUgp + Mab(ucd,ta Ued,ry y Ued,B5 ucd) =0
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Moo

Moz

Moz

Mos

Miy

Maia

2+1D Wave Equations
stcuab + Mab(ucd,tv Ued,r+, Ucd,B5 ucd) =0

2 (2r2 (o1 — uhg) + uoo — u11) n 4f (uoo — u11) N 212 (u22 + u33)

A 3 -3
_ 212 (cos Ouga + imugs) n 2(too + @11 — 2ugy) _ 212 (uo1 + Gpuo2)
r2 sin 0 r2 r2
_ f(u02 + 2im cos 9u03) n 2(@12 — u62) n f[(4 + T)u02 + 27‘391«)1] _ f2u02
r2sin2 6 72 r3 72
_ f(uoz — 2imcosup2) | 2fimuo 2(w13 — ufg) N f4+r)uos f2uos3
r2sin? 0 r2 sin 0 r2 r3 r2
_4f2(cost9u12 + imu13) i 2[2r2 (i01 — ufq) + u11 — uoo) B 4f(upo — u11)
r2 sin 0 rd r3
2f2(2rui1 + u22 + uzs + 2rdguiz)  2f3(uaz + usz)
B r3 + 72
_ f(uaz + 2imcosbuiz) 2f2[cos O(uaz — uz3) + imuas) " 2(tp2 — u)s)
r2sin? 0 r2 sin 0 r2

+f[(4 +r)uiz + 2rdpuir] F2(5u12 + 20pu22)
r3 r2
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2+1D Wave Equations

stcuab + Mab(ucd,tv Ued,r+, Ucd,B5 ucd) =0

_f(u13 — 2im cos fuq2) B 2f[2f cosOuaz + im(fuss — ui1)] i 2(o3 — u5)

M =
13 r2sin? 6 72 sin 0 r2
Jrf(4 +r)uis  f2(5uis + 20gu2s)
3 )
2f[u22 — u33 + 2im cos 9U23] 2(u00 — u11) 2f(u11 + u29 + 289u12)
M22 = - 2 i 2 + 3 + 2
r2 sin“ 0 I T
_ 212 (u22 + u33)
7,,2
2f[2u23 — imcosO(u22 —us3z)]  2f(cosBuiz —imuia) = 2f(u23 + Oguis)
Moz = — SRRy - o= + 3
72 8in” 0 r2sin 6 T
2f(u22 — u33 + 2tm cos Ougg) 4f(COS Ouis + imulg) 2(u00 — u11)
Msz = O] o + g
72 sin“ 0 r2sin 6 r

2f(u11 +usz)  2f2(u22 + uss)
+ 2 N r2
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Gauge constraint damping

e Imperfect, gauge-violating initial data
= Z%=V,h® +£0.
e Gauge-violation itself obeys a wave equation:
0Z%=0.

e How to drive system towards Lorenz gauge solution
Z4=07

e Gauge Constraint Damping: add extra term to wave
equations featuring gauge violation vector Z,, i.e.

DBab + 2]%Cadbﬁcd + f/ (tqu + tbzu) =0.

so that Z, obeys a damped wave equation
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2nd-order puncture scheme

e Barack, Golbourn & Sago (2007) give a 2nd-order puncture
formulation:

}_lfb(l') = %Xaba Xab = [Uaub + (deub + ngua)ucéa}d
€p

T=T
e For circular orbits in eq. plane, this reduces to

xXoo = Coo+ Doodr

Xo1 = Dy sind¢
x03 = Co3+ Do3dr
X13 = D13 sindg

x33 = C33+ D33dr
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2nd-order puncture scheme
Effective source: S°ff b = [D + 2Rcadb] BZ

m-mode decomposition: ﬁfb(m) and Szg(m)

e Puncture and source found in terms of ‘symmetric’ elliptic
integrals I7*, ..., If" ...
e ...and antisymmetric integrals J{*,..., J&" ...
2 sindpedSP) = ——— [qT K(i/p) + p2aTnE(i/p)]
n BB/Z
[t sings cossvem0ds) = 5 s [ K () + afp B()]
/ 61_35 sin 8¢ cos?(5¢/2) e_im‘sd’d(éd)) = 35/2 [q3KK('y) +p~ qgnEE('y)}
5% sin 8¢ sin?(60) e=™0Pd(5g) = ——=_ [q K(i/p) + pPalhE (/)]
o B5/2p
™ . —i~2
e’ sindg sin?(66/2) = mPA(68) = L [qTk K (i/p) + p>q¥uEi/p)]
_ 35/2/)

® Wardell and co. developing a 4th-order scheme
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Metric Perturbations : Time evolution
ro="TM, m =2

Regularized perturbation on worldline as a function of time
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Gauge Violation : Time evolution
ro="TM, m =2

Gauge violation on worldline as a function of time
0
10 T T T T

Gauge violation Z,

250
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Metric Perturbations : Angular Profile
ro="TM, m =2

Metric perturbations: angular profile
0.25 T T T

0 n/4 /2 3n/4 T
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Metric Perturbations : Angular Profile
ro="TM, m =2
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[-mode and m-modes

e Project out: m-modes ul; (t,r,6) onto Im modes hl(f?)l(t,r)
of Barack/Lousto/Sago.

e Use tensor spherical harmonics ¢ = 1...10,

hfif (rit) = 2= /0” sinz (ugo + u11) Yy, (z)dz (1)
B (rt) = 2m /OTr sin z 2u01 Yy, (z)dz (2)
ha(rt) = 2m /OTr sinz (uoo — u11) Yy, (z)dz (3)
hz(;lyz (r,t) = d4r /OTF [sinz ug2 Oz — imuos) Yy, dx (4)
hgfrz (r,t) = 4rm /OTr [sinzuig 8y — imui3) Yy, dx (5)
h?frf (rt) = 2w /O7r sinz (u22 + us3) Y}, (6)

B (rt) = 2”/ [sin @ (u22 — us3) D2 + 2u23 D1] Yy, da (7
0
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Comparison with [-modes

Projection from m modes onto Im modes of Barack/Lousto/Sago

=2, m=2

i—1 3.1246  —0.26301
3.1246 —0.26321

i—9 —0.2316 0.97557
—0.2312 0.9758i

i—3 5.3159 0.61641
5.3162 0.61621

P4 —0.9269 9.4275i
—0.9249 9.42924

i—5 —2.3297 —2.5279;
—2.3310 —2.5279:

i—6 1.5471 0.6009:
1.5468 0.6006¢

i—7 —5.3326 —5.22057
—5.3319 —5.2190¢
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Time Evolution : m = 0 mode

Metric perturbations on the worldline : m =0
4 T T T T T T T

Regularized metric perturbations

0 20 40 60 80 100 120 140
t/M
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Radial Profile : m = 0 mode

Radial profile of metric perturbations at t = 50M
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Radial Profile : m = 0 mode

Radial profile of metric perturbations at t = 100M
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Metric perturbations

Radial Profile : m = 0 mode

Radial profile of metric perturbations at t = 150M
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Time Evolution : m = 1 mode

Metric perturbations on the worldline : m =1

Regularized metric perturbations
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The non-radiative multipoles problem

The growing solutions arise even in vacuum.
The growing solutions are (locally) Lorenz-gauge

The growing solutions violate physical boundary conditions
at horizon

Even though the modes grow, the trace h = —h? does not.
(Recall Oh = 0 in vacuum).

The problem is entirely in [ =m = 0 and | = m = 1 modes
in Schw.

Q. Why has no-one evolved Schw. [ = 0 and [ = 1 modes in
time-domain?

A. Negative potentials (r < 3M), unstable evolutions.
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Lorenz-Gauge Monopole Modes

e Pure-gauge modes generated by gauge vectors X,

= 1
hap = X(a;b) = hep = X(a;b) - igabX;Cc

e Lorenz-gauge Efb =0= X3’ =0

Two scalar monopole gauge modes X, = ®,, = (0P)., =0
= 0& = {0, const. }

Trace : h = X = 0 = {0, const }
= Trace-free, static scalar gauge mode &y = %ln f

Pseudo-static mode ® =t x &y = %ln f, 00 =0,

U0, U11, U2 X t, uor 7# 0.
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Pseudo-static modes

e Pseudo-static (i.e. linearly-growing) locally Lorenz-gauge
modes in monopole

e How do they arise in time domain?

e Low multipole equations hide non-radiative quasi-local
quantities, 0;QQ =0

e i.e. Conservation laws due to symmetries of Ricci-flat
background

e After reducing degrees of freedom, find wave equation with
negative potential.

e Growing solutions violate physical boundary conditions at
horizon.
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Conservation Law ()

Symmetries: Background spacetime has Killing vectors &, :
Vabp + Vpéa =0

Stress-energy is conserved, V,T = 0, so we can construct
a conserved vector:

=T, = V.j*=0.

The vector j, = (—16m) " WyE® can be written
jO =V, F%, where F,p = —F,

i.e. the divergence of an antisymmetric tensor F® where

(_167T)Fab = Bac;bgc - Bbc;agc - Bacfc;b + Bbcfc;a

Apply Stokes’ theorem = Conserved integrals on
two-surfaces
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Conservation Law (II)
e Gauss’s theorem:

/ §4dS, = / §4dS,
31 Yo

e Stokes’ theorem (j* = F“b;b):

1
/ Fds, = 3 / FdS,,
b 0%
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Conservation Law (III)

e Integrate on constant-t hypersurfaces, on concentric

spheres:
o &(It) = Energy €&, §((l¢) = Ang. Mom. L,
e Energy is in monopole

2 = U, T1<710<T9,
0,

1 [2RY)” = ,
1 otherwise.

e Locally conserved quantity in monopole (I =m = 0)

equations:

—4&, r > rg,

r? (Patr — Parg) — 2 hy + 2f her = { 0. re<r
) 0-
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Monopole equations

Monopole has four equations (ugg, %1, %11, U2z = usz) + two

gauge constraints.

Trace equation evolve stably

—4&

Use conserved quantity C = {0

r<Trg

r>nrg

Hierarchical system of equations for {H, X, Y}

D*H

-2 (-]

where D? = —07 + 02, — 2f M /r®

0
2f  3fC
T g3
4 2
s
r r

o H= 7‘71;, X = (27’f)71 [un = (2’/" = 3)UQO], Y = ’I"fil(rUJQ() = un).
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Monopole equations

e H and X equations evolve stably. Y equation does not.

e Y equation resembles a Regge-Wheeler equation
82 0?
— - W = ooc
[ o2 o 12(r )}

where

Vi = (

i.e. here [ =1,s=2.

(i+1)  2M(1 - 52))

r2 r3

e Potential turns negative within r < 3M =- growing modes.

e In principle, Y can be recovered from H, X by integrating
conservation law on spatial slices:

0

or*

(rY)=r[C -2X — fH].
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Metric components at the horizon

Physical boundary conditions: consider ingoing AEF
coordinates v =t+r,, R=r

hvv ~ th ~ hRR ~ h06’ RS O(l), i.e.
hvv = htt
hor = hy— [ hy
hrr = Prr —2f by + [P Ray.

Evolution scheme uses variables ugg = 7hs, uor = rfhr
and w11 = 7f%h,, and allows them to be O(1) at horizon.

Trace —hr = f‘l(—uoo +uip) + 2ug = ‘Uoo — Uil ~ f‘

2
hrr ~ 1 = |ugo + u11 — 2up1 ~ f

Growing modes violate these conditions = non-physical
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Challenges for time-domain Lorenz gauge formulation

Open questions:
e How do we evolve [ = 0, [ = 1 modes in time domain in
14+1D?

e e.g. how do we eliminate trace-free, massless, locally-Lorenz
gauge modes? (in monopole and dipole)

e How do we enforce the physical boundary condition at the
horizon?
Ideas .. .:
Change of metric basis? {h, hir, hrr} — {hov, hor, PRR}?

e Horizon-penetrating coordinates? Hyperboloidal slicing?

Restricted set of variables, with reconstruction of metric by
integrating conservation first-order ODEs?

Additional constraint damping?
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Conclusions + Prospects

State of play:

e First implementation of m-mode scheme in time domain in
Kerr [arXiv:1010.5255, arXiv:1107.0012].

e m-mode agrees with [-mode sum reg. to high accuracy.

e 4th-order puncture schemes = rapidly-convergent mode
sums m 4

e GSF on Schw. — agreement in m > 2 modes.
To be continued:

¢ Extensions to eccentric orbits, AMR, 4th-order accurate.
e Problem of unstable low multipoles remains to be solved.

e Towards practical scheme for time-domain GSF on Kerr.
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