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Motivation and Scope

o Calculate gravitational self-force for EMRIs
SCO (mass = ) orbiting MBH (M)
BH perturbation theory, expansion in € = u/M
Successive field and motion corrections
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Motivation and Scope

o Calculate gravitational self-force for EMRIs
SCO (mass = ) orbiting MBH (M)
BH perturbation theory, expansion in € = u/M
Successive field and motion corrections

o Waveforms for use in LISA detection and parameter estimation

Cumulative phase & = m% + koe® + K+ - - ,
d ~ 10°, §® <01 — need for second order

But transient resonances — e */? terms for generic orbits on Kerr

Flanagan and Hinderer (2010), arXiv:1009.4923v2 [gr-qc]
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Motivation and Scope

o Calculate gravitational self-force for EMRIs
SCO (mass = ) orbiting MBH (M)
BH perturbation theory, expansion in € = u/M
Successive field and motion corrections

o Waveforms for use in LISA detection and parameter estimation
Cumulative phase & = m% + koe® + K+ - - ,
d ~ 10°, §® <01 — need for second order

But transient resonances — e */? terms for generic orbits on Kerr

Flanagan and Hinderer (2010), arXiv:1009.4923v2 [gr-qc]

@ Present scope: Eccentric orbits on Schwarzschild

Accurate 1st-order RWZ perturbations (done)
Metric in RW gauge (done)
Hopper and Evans (2010), PRD 82:084010; gr-qc:1006.4907

Gauge generators Z,, and metric in Lorenz gauge ( )
1st-order self-force correction with high accuracy ( )
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Accuracy Requirements

Example: Assume ¢ = u/M =107%,  A®/d ~ 1077

(metric errors) o) O(107°) 0(10712)
| | |
Metric : Juw + 1D + 2D +
| |
Self — force : 1fu + ofu +
| |
(self — force errors) O(1) 0(1079) 0(1071%)
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Analytic and Numerical Approach

High-level summary

(1) Use RWZ formalism; find W9dd = WEPM(¢ ) geven — yZM(3 p.)
(2) Obtain metric in RW gauge

(3) Obtain gauge generators to go from RW to Lorenz gauge

(4) Obtain metric in Lorenz gauge

(5) (Next) use to obtain the self-force

... but how can we do with requisite accuracy
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Analytic and Numerical Approach

e Frequency domain (FD) solution for master functions (Step 1)

Standard Green function method for Remn(r)

Find normalized homogeneous solutions R

o (ROormalized)

e Time domain (TD) solution for master functions and metric (Step 2)
Sum RE | return to TD with WE (t,7)

tmn>
Extend homogeneous solutions (EHS) to r = r,(¢) to find e, (¢, 7)
Avoid Gibbs phenomenon
Barack, Ori, Sago (2008), PRD 78:084021

Reconstruct TD metric pE‘},}V in RW gauge
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Analytic and Numerical Approach

e Frequency domain (FD) solution for master functions (Step 1)

Standard Green function method for Remn(r)

Find normalized homogeneous solutions R

o (ROormalized)

e Time domain (TD) solution for master functions and metric (Step 2)
Sum RE | return to TD with WE (t,7)

Extend homogeneous solutions (EHS) to r = r,(¢) to find e, (¢, 7)
Avoid Gibbs phenomenon

Barack, Ori, Sago (2008), PRD 78:084021
Reconstruct TD metric pE‘},}V in RW gauge

e FD solution for gauge generator amplitudes ffi’;m (Step 3)
Solve separated equations

Sago, Nakano, and Sasaki (2003), PRD 67:104017

o TD solution for Z,, and metric pj;, in Lorenz gauge (Step 4)
Using EHS and (new) EPS methods
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Master Functions and Regge-Wheeler Metric

@ Schwarzschild geometry:
2M

1
ds®> = —f dt® + ?drz + 1r2d0? + r? sin? 0d¢?, f=1——.
T

o Wweven podd functions of pfﬁ} and derivatives in RW gauge
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Master Functions and Regge-Wheeler Metric

@ Schwarzschild geometry:

1
ds®> = —f dt® + ?dTQ + 1r2d0? + r? sin? 0d¢?, f=1——.
T

o Wweven podd functions of pfﬁ} and derivatives in RW gauge

e Both satisfy wave equations

0?02

T 4 877“3 —Vo(r)| o (t, 1) = Sem(t,r)

e Singular sources

Sem(t,1) = Gem(t) 8[r = 15(t)] + Fun (t) 8'[r = 15(2)]
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Master Functions and Regge-Wheeler Metric

@ Schwarzschild geometry:

1 2M
ds®> = —f dt2+?dr2+r2d92+r2sin29d¢2, f=1——.
T

peven podd functions of pfj;'} and derivatives in RW gauge

m >
e Both satisfy wave equations
0? 0?
—w + 877’3 - Vg(r) \I/gm(t,’l") = ng(t,r)

Singular sources

Sem(t,1) = Gem(t) 8[r = 15(t)] + Fun (t) 8'[r = 15(2)]

Im even/odd
P, recovered from W,

, their derivatives, and delta sources
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Master Functions

even/odd
\ijm

Regge-Wheeler gauge

are linear combinations of hfﬁ} and its derivatives in

e Even-parity master function is the Zerilli-Moncrief function

. 2r 1
\I/even(t7r) = m |:K + X (fghrr - TfaTK):| 9

o Odd-parity master function is the Cunningham-Price-Moncrief
function

\I/odd(ta T) = [&ht — 6thr — iht:| .

I
A
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Frequency Domain Formalism

Fourier coefficients for field and source in eccentric orbit:

1 [T .
Ry (1) = ?/ dt Wep, (t,r)e"mnt
r Jo

I ;
Zomn (1) = T/o dt ng(t,r)ew"mt.
T

C.R.Evans Capra 14 Slide 8/29



Frequency Domain Formalism

Fourier coefficients for field and source in eccentric orbit:

1 [T .
Ry (1) = ?/ dt Wep, (t,r)e"mnt
r Jo

1

T, ‘
szn(r) = T/O dt Szm(t, ,,,)e’LUJnLnt.
™

An ODE for each ¢, m,n:

2
%:;n(r) |:W72nn - W(r):| Rémn (T) - men(r)7 Wmn = mQLp + nQr-

(2, : Radial libration frequency, €, : Average angular rate of advance
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Frequency Domain Formalism

Fourier coefficients for field and source in eccentric orbit:

I ,
Ry (1) = ?/ dt Wep, (t,r)e"mnt
r Jo

1

T, ‘
Zomn (1) = T/O dt Sem(t, r)em’""t.
T

An ODE for each ¢, m,n:
dQRgmn T
drz() [wznn - vé(r)} Rewn () = Zown (1), wimn = mQ + 1.

(2, : Radial libration frequency, €, : Average angular rate of advance

\I/Zm t 7‘ Z Rémn 7zwmnt’ Shn t, 7’ Z ZEmn e twmnt
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Standard Frequency Domain Method

Ty = —0OQ Tmin Tmax Ty = OO
—~—— —eee
r=2M r=00
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Standard Frequency Domain Method

D— — W T . :
Rimn — € ! !

Ty = —0OQ Tmin Tmax Ty = OO
—~—— —eee
r=2M r=00
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Standard Frequency Domain Method

R_ — e_i""’""r* R+ — e’iwmnT‘*

mn : E mn

Ty = —0OQ Tmin Tmax Ty = OO
—~—— —eee
r=2M r=00
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Standard Frequency Domain Method

R_ — e_i""’""r* R+ — e’iwmnT’*

mn : E mn

Ty = —0OQ Tmin Tmax Ty = OO
—~—— —eee
r=2M r=00

r P— AVA _— /
e

R Tmax 1+ / Z i /
+ Rz_mn<7‘)/ Rémn(‘;/) tmn (7 )dr'
r {mn
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Standard Frequency Domain Method
o Normalized homogeneous solutions outside 7y and 7pax:

REf =CFf Rt

mn Imn*"dmn

" Ry (1) Zimn ()

d !/
WE’mn "

Ripn(r) = R ()

R Tmax RJr N7 i /
+ RZmn(r)/ £ (") Ztmn (7 )dr’
T W@mn
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Standard Frequency Domain Method

o Normalized homogeneous solutions outside 7y and 7pax:

mn Imn*"dmn Imn fmn

R = Cinaltt Clon = Wiy [ B Zannit

min

allow computation of emitted radiation

" Ry (1) Zimn ()

d !/
WE’mn "

Ripn(r) = R ()

R Tmax RJr N7 i /
+ RZmn(r)/ £ (") Ztmn (7 )dr’
T W@mn
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Standard Frequency Domain Method

o Normalized homogeneous solutions outside 7y and 7pax:

Tmax
émn CEmn imn Cémn Wémn / Rﬁmn Zémn d’f’
T

min

allow computation of emitted radiation

std
mn

o A partial sum up of R cannot represent a discontinuity

" Ry (1) Zimn ()
Wémn

~ Tmax N Zorm (1!
) [ Bl V),
T Imn

R (r)=RE .(r) dr'

Imn

Tmin
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Standard Frequency Domain Method

o Normalized homogeneous solutions outside 7y and 7pax:

Tmax
émn CEmn imn Cémn Wémn / Rﬁmn Zémn d’f’
T

min

allow computation of emitted radiation

std
mn

o A partial sum up of R cannot represent a discontinuity

o Gibbs phenomenon appears in TD.

" Ry (1) Zimn ()
Wémn

~ Tmax N Zorm (1!
) [ Bl V),
T Imn

R (r)=RE .(r) dr'

Imn

Tmin

C.R.Evans Capra 14 Slide 9/29



Standard Frequency Domain Method

Waa(to, ) 0rVaa(to, )
T —
90 N=10 16 - N=10
12 :éw 1
1.5 F R
2 S 8 a
2 2
S 10 ] N
= £ af .
0.5 ;/ ] 0fF IELERS
00 L L L L L L L L 74 L
6.5 7.0 7.5 8.0 6.5 7.0 7.5 8.0
r/M r/M
p = 7.50478
e =0.188917 - RS (r)emionnto
ém 0 7 mn
to = 51.78 M " Z mn(
n=—10
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Standard Frequency Domain Method

Waa(to, ) 0rVaa(to, )
r — ‘
16 |-
2.0 |- |
I 12 |
1.5 F R I
2 | S gk
C) 2 18
S 1.0 i 4 3 | R
= _'.II D'Jm 4 II \\
3 / : B R
. 1 - /\ . - II \\~ .
0.5 :__B__’_/,\(-L— B N A e~
T , N L \\\// -
0.0 —4 L L | L L
6.5 7.0 7.5 8.0 6.5 7.0 7.
r/M r/M
p = 7.50478
e =0.188917 - oy
ém 0 4
to = 51.78M " Z mn(
n=—25
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Standard Frequency Domain Method

Waa(to, ) 0, Was(to, 1)
| | 16 |- ‘ ‘
2.0 |- i
I
i 12 | I\

15 _F ,‘ \\ 1
E - - 8 8 I 7| l N
5 s |
Ll J 1= | / 1
& 10 III a4 ’I]'. \\C\ —

| Al 1 | \"/\./4.,‘ I |

05 b __onant a B AL Y -

\ \'/
0.0 | | | | | | | | | | —4 | | | | | | | | | | |
6.5 7.0 75 8.0 6.5 7.0 75 8.0
r/M r/M
p = 7.50478
e =0.188917 .
N t . Rstd —iWmnto
to = 51.78M em(fo n;m trun (7
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Standard Frequency Domain Method

W (to,r) 0rWas(to,r)

Re(¥a2)
Re(8,¥22)

—.25
5 6 7 8 9 10 11
r/M
p = 7.50478
e = 0.188917 .
N t . Rstd —iWmnto
to = 51.78M em(fo n;m trun (7
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Method of Extended Homogeneous Solutions

e Barack, Ori, and Sago (2008) demonstrated method for scalar charge
on Schwarzschild and for monopole moment
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Method of Extended Homogeneous Solutions

e Barack, Ori, and Sago (2008) demonstrated method for scalar charge
on Schwarzschild and for monopole moment

o We applied EHS to “all” radiative gravitational modes (RWZ)
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Method of Extended Homogeneous Solutions

e Barack, Ori, and Sago (2008) demonstrated method for scalar charge
on Schwarzschild and for monopole moment

o We applied EHS to “all” radiative gravitational modes (RWZ)

o Define Time-Domain Fxtended Homogeneous Solutions:

—iWmnt __ —zwmnt
z :len z : ZmnRZmn
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Method of Extended Homogeneous Solutions

Barack, Ori, and Sago (2008) demonstrated method for scalar charge
on Schwarzschild and for monopole moment

We applied EHS to “all” radiative gravitational modes (RWZ)

Define Time-Domain Extended Homogeneous Solutions:
—lWmnt _ —tWmnt
Z len “ Z ZmnRZmn w

o Valid in entire range: 2M < r < oo
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Method of Extended Homogeneous Solutions

e Barack, Ori, and Sago (2008) demonstrated method for scalar charge
on Schwarzschild and for monopole moment

o We applied EHS to “all” radiative gravitational modes (RWZ)

o Define Time-Domain Fxtended Homogeneous Solutions:
—lWmnt _ —tWmnt
Z len “ Z ZmnRZmn w

o Valid in entire range: 2M < r < oo
o Argument: Solution to TD RWZ equations is given by

U (t,r) =W (8,7)0[r —rp()] + ¥, (8,7) 0 [rp(t) — 7]
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Method of Extended Homogeneous Solutions

r=2M Tmin Tmax r=0o0

o UStd and ¥, can be found in TD from Fourier sums (r > 7,(t))
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Method of Extended Homogeneous Solutions

r=2M Tmin Tmax r=0o0
—— —ee

o UStd and ¥, can be found in TD from Fourier sums (r > 7,(t))
o They coincide throughout r > 7.y (t) since there RS'd = R

C.R.Evans Capra 14 Slide 12/29



Method of Extended Homogeneous Solutions

r=2M Tmin Tmax
R S ————
o UStd and ¥, can be found in TD from Fourier sums (r > 7,(t))
o They coincide throughout r > 7.y (t) since there RS'd = R
o While R4 £ R for rp(t) <1 < Tmax, Y5 and U+ satisfy
the same source-free wave equation
Slide 12/29
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Method of Extended Homogeneous Solutions

r=2M Tmin Tmax r=0o0

R S ————
o UStd and ¥, can be found in TD from Fourier sums (r > 7,(t))
o They coincide throughout r > 7.y (t) since there RS'd = R
o While R4 £ R for rp(t) <1 < Tmax, Y5 and U+ satisfy

the same source-free wave equation
e Therefore, they must coincide for all of r > r,(t).

Slide 12/29
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Method of Extended Homogeneous Solutions

r=2M Tmin Tmax

Ustd and W/ can be found in TD from Fourier sums (r > r,(t))
They coincide throughout r > 7.y (t) since there RS = RT
While RS £ R* for 7,(t) < 7 < rmax, U5 and U satisfy

the same source-free wave equation

Therefore, they must coincide for all of r > r,(¢).

The same is true for ¥y, and \if[m throughout r < 7, (¢).
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Master Functions via Extended Homogeneous Solns

\:[122(5178M, 7“) (97«\:[/22(5178M, 7")

Tmax:

Re(9, WE;')

e T
. O;/_”_,i ) |-—0.460 | ] .
S ] 1 -os5f Tmax .
N 0.3 L L L L —0.465 L . N
[ 6.7 68 69 7.0 7.1 ’ - 7.08 7.10 . N
—0.25 L [ R B SN 0.7 L ! ! L !
5 6 7 8 9 10 11 5 6 7 8 9 10 11
r/M r/M
p = T.50478 it
tp’ r len
e = 0.188917 ~
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Master Functions via Extended Homogeneous Solns

Woo(51.78 M, 1)

0, Voo (51.78 M, 1)

Re(9, WE;')

|-0.460 | B

0.5 |- Tinax .
3 rema— —0.465 —L . :
[ N 6.7 68 69 7.0 7.1 ’ - 7.08 7.10 .
—0.25 L [ R B SN 0.7 L ! ! ! !
5 6 7 8 9 10 11 5 6 7 8 9 10
r/M r/M
p = 7.50478 it
tp’ r len
¢ = 0.188917 nz_,z
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Master Functions via Extended Homogeneous Solns

\:[122(5178M, 7“) ('“)T\1122(5178M, 7")

Re(W5'9)
Re(9, WE;')

o460 7~ .
5 | / K :
0.25 —05 | # Tmax. .
: 0.3 L —0.465 L . B
[ 6.7 68 69 7.0 7.1 ’ - 7.08 7.10 . N
—0.25 L [ R B SN 0.7 L ! ! L !
5 6 7 8 9 10 11 5 6 7 8 9 10 11
r/M r/M
p = T.50478 wE (6 R it
pa tmn®
e =0.188917
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Fourier Covergence of the Master Functions

Standard Method

Extended Homogeneous Solutions

: Pmax

T T T T T T T 1 T T T
— 10 [ Fres T B B T A
A; J’ ..................... /“; 37 ................
20 1 =0
S sk Prmin Pimax By B Tmin
| I , | |
= 107 | 1 = 107
£ - | £ I
8 109 b | & 109 L
= 10 s 10
= . 1 = L
Eﬂ 10-11 | m ;50 101 |-
10-13 Lo 10-13 L
3 4 5 6 7 8 9 10 11 12 13 14 3 4 5 6 7
r/M
p = 7.50478
e =0.188917 §
Yo tpa r Rﬁmn
t = 80.62M n=—3
Capra 14
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Fourier Covergence of the Master Functions

Standard Method

Extended Homogeneous Solutions

T T T T T 11 7
—~ 10" j - ; 1 — 10!
= UE 1 £
§ 107 |- Tmin * Pmax i §‘ 107
| I B |
= 107 | 4 = 107
Z 07p 1 2w
= =
s 100 | 1 s 10
N I 4 =
Eﬂ 101 |- — ;50 10-11
10-13 N 10-13
3 4 5 6 7 8 9 10 11 12 13 14
r/M
p = 7.50478
e =0.188917
\Ifgm tp, r
t = 80.62M
Capra 14
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———m T O

L Tmin : Pmax |
L Loty ]
4 5 8 9 10 11 12 13 14
r/M
E Rﬁmn —tWmnt
n=-—>5
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Fourier Covergence of the Master Functions

Standard Method Extended Homogeneous Solutions
[ T T T T T T T ] [ T T T T T T T T T ]
—~ 107 [ B N s =10 E : 5
;* F o fl\v/} \,ﬁ .................. :* ............. ...................
E 103 - i E I RTINS E
O e T et 1 £ -0 RSt
s 100 | flnij [ Tmas =t = 105 F fr,mii;~, Tmax e = 8
| - : e | - : e
Z ot 1 2wt 1
2100 1 £ .
— 4 = B
Eﬂ 10-11 | m ;50 101 |- m
10.13 | | | | | | | | | | | 10.13 | | | | | | | | | | |
3 4 5 6 7 8 9 10 11 12 13 14 3 4 5 6 7 8 9 10 11 12 13 14
r/M r/M
p = 7.50478
e = 0.188917 —tWmnt
Yo tpa r § Rﬁmn
t = 80.62M n—_g
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Fourier Covergence of the Master Functions

Standard Method

=
=
=
3
=l
|
=
£ i
=
3
=
S—
20
&

Extended Homogeneous Solutions

—~ 10"

103

107

log (|W22(full) — Was (Mma)

107 [

Wi .
107 - b 107
101 | 4 10-11
10°13 [ R | I I R B B 10713
3 4 5 6 7 8 9 10 11 12 13 14
r/M

p = 7.50478

e = 0.188917 Wy (b, 7) =

t = 80.62M

C.R.Evans

Capra 14

———m T O

I
3 4 5 6 7 8

: !
9 10 11 12 13
r/M

—TWmnt

Z Rémn

n=-—10
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Fourier Covergence of the Master Functions

Extended Homogeneous Solutions

Standard Method

log (|\I!22(fu11) — W ()|

10718 ‘ - :
3 4 5 6 7 8 9 10 11 12 13 14

r/M r/M
p = 7.50478
e = 0.188917 Wy (1,7 = Z Ry (r)e—iemnt
t = 80.62M n=—12
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Fourier Covergence of the Master Functions

Standard Method Extended Homogeneous Solutions

— 10 ot ~£ 1 =10t
10

107 [

07 i : .

log (|W22(full) — Was (1)

log (|\I!22(fu11) — W ()

10°13 | | [ | | | | | |
3 4 5 6 7 8 9 10 11 12 13 14
r/M
p = 7.50478
e = 0.188917 \I’ tp,r Z Rémn —iWmnt
t = 80.62M n=—14
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Metric Perturbation Reconstruction

o Even-parity sector:
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Metric Perturbation Reconstruction

o Even-parity sector:

T2f2 ”
K = v n AV ven — T . as A y
(t,?") far even T eve ()\-i-l)AQ

ATA+1 ] r
hTT t,?“ = 79 7\IIcvcn - K + *arK,
=7 7
r? w TS tt
htr(t, ’]") = r@tar\lleven +7rB at\:[/even — Q —+ Xat@ ,

A+1
het(t,7) = f2her + FQF,

C.R.Evans Capra 14 Slide 15/29



Metric Perturbation Reconstruction

o Even-parity sector:

K(t,7) = fO;Veyen + AV —ic}“
) = r ¥ even even ()\—i-l)A ,
AXA+1 ] r
hrr t,?“ = 79 7\IIcvcn_K +78TK7
=7 7
her(t, 1) = 10,0, Ueyen + 1B 8y Uoyen — (g4 aqn
tr\Y tUr ¥ even t ¥ even )\+1 A t )
hat(t,7) = f2her + FQF,
A(T)E/\—i—%, )\E(€+2)(€_1)
r 2
1 3M 2M 1 MY\ 3M?
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Metric Perturbation Reconstruction

o Even-parity sector:

K(t,7) = fO;Veyen + AV —ﬁc}“
) = T ¥ even even (>\+1)A 5
ATA+1 ] r
hrr t,r)=— 7\IIcvcn_K +78TK7
=7 7
hir(t,7) = 100, Veyen + 7B 0y Veven — - Q“‘+ﬁaQ”
tr\by tUr ¥ even t * even )\+1 A t )
has(t,7) = f2her + fQF,
A(T)E/\—i—%, A57(€+2)(€_1).
r 2
1 3M 2M 1 MY\ 3M?

e s are the even-parity source terms o § [r — r,,(t)]
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Metric Perturbation Reconstruction

o Odd-parity sector:
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Metric Perturbation Reconstruction

o Odd-parity sector:
2
T
ht(t,'l’) = gar (T\Ifodd) - T)'\fpt,
2
r e
hy(t,7) = ﬁat\:[lodd + wp )

P’s are odd-parity source terms 6 [r — 7, (t)]
Again, assume ¥ = Ut0(z) + U 0(—2z), z=71—1p(t)

e Both of the odd-parity amplitudes are C~!, with no singular terms:

hf(t,r) = gar (’I"\I/i) , hts(t) =0,

hE(t,r) = 27"7@\1#, hS(t) = 0.
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Metric Perturbation Reconstruction

21 22
hW(80.62M, ) hW(80.62M,7“)

[ T T T . T T i B T T T T~ T T ]

0.30 |- : Do w 04| A F ]

[ Tmin Tmax —— 2 ] I A R

0.25 |- : : i LEY . N ——

£ 020 : i 4 & o2f ™ S K

] I : RN 1 = I : 1) PO S R

= 015 : : 4 = 01Ff oo T~ ~—— T

% I B % o | Trrrese  ITTT

z 0.10 B \ g (= ol l
& 0.05 |- : : 4 & -01
N : 1 2 .,
g YFe : : 1 ¢
—0.05 |- Tl i —0.3
—0.10 | : 4 —0.4
—0.15 L1 ~0.5

5 6 7 8 9 10 11 6 7 8 9 0 11

hf;’j} recovered from: Wy, 0, %y, and 1),

o Even parity metric amplitudes hy, hy-, and h,.,. are point singular

Time dependent singular amplitudes are computable

e Metric amplitudes K (even) and h, (odd) and h; (odd) are C~!
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Transforming to Lorenz gauge

Gauge transformation from Regge-Wheeler (RW) to Lorenz (L)

Thrw — 7L, = Try + =1, =] ~ |puv| < 1

Metric perturbation transforms as

RW L _ RW _ = =
Puv = Puv = Puv — =ulv — =i
Stroke | is covariant differentiation with respect to gu.

Demand pﬁy satisfy the Lorenz gauge condition, ﬁby‘" =0

o

o Therefore 1
= ~RW RW RW
:M|uy =Puv V= Py v — igaﬁpaﬁ\u
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Equations for the Gauge Generator Amplitudes

@ Define spherical harmonic amplitudes
B =&)Y
B, =& (t,r) Y™
Ea =&t r)YA™ + &) (t, ) XY™

@ One, separate odd-parity equation

2 2
e T 10 S e t) = 27w + 100 — 1, 0)

@ Three, coupled even-parity equations
0& + Mi(&,&) = Fi (P zps) + singular term

O& + M (&, &4, &) = Fr(Yzar) + singular term
D¢y + Me)(€(e), &) = Fley(¥zar) + singular term
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Alternative: Sago, Nakano, and Sasaki

o Formalism devised by Sago, Nakano, and Sasaki (2002)
o The odd-parity part same as before

@ The even-parity splits further into scalar part and divergence-free
vector part
Egven = E |H + ‘—‘( )
o rZ,) satisfies 4th order wave equation
e Antisymmetric gradient of =(,) projects to two scalars ¢o and ¢

¢o and ¢2 enter into s = —1 and s = +1 Teukolsky equations

e A last equation sourced by ¢¢ and ¢o determines &;, &, and ()

o Direct even-parity gauge solution: 3 coupled 2nd order equations

@ SNS even-parity gauge solution: 1 separate 4th order, 3 separate 2nd
order equations
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Sneak Peek: h‘™ in Regge-Wheeler gauge

h2(to,74) locally h2t(to,7.) asymptotically
0006 ———T———T T T T 7T
I : : R 8 T
0.05 |- DR -
6l
e
o |
RS i& 0
92|
L
—6
-8 L L L L L L L L |
2200 200 600 1000 1400 1800
/M ro/M
p = 8.75455
e =0.764124
to = 143.45M
—-30 <n <50
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Sneak Peek h‘™ in Lorenz gauge

h2(to,74) locally h2t(to,7.) asymptotically

0.04 T T T S T T T T
: Re(h2')

D)

0.04 [~

0.02 [~

21

= Uln

—0.02 |-

—0.04 |-

[ L
72200 200 600 1000 1400

—0.06

I
1800

ro/M /M
p = 8.75455
e = 0.764124
to = 143.45M
50 < n <50
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Sneak Peek h‘™ in Lorenz gauge

h2(to,74) locally

0.04 —T T T

21
h?

I ——Re(n?") |

D ——m(h2)

001 |- _ L
o | = " i
O T 1 w0 0w 50
ro/M
p = 8.75455
e =0.764124
to = 143.45M
—50 <n <50
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h2t(to,7.) asymptotically
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I
1800
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Sneak Peek h‘™ in Lorenz gauge

h2(to,74) locally h2t(to,7.) asymptotically

0.04 T T T S T T T T T
: Re(h2')

D ——Im(h2)

0.04 [~

0.02 [~

21

= Uln

—0.02 |-

—0.04 |-

[ L
72200 200 600 1000 1400

—0.06

I
1800

ro /M ot
p = 8.75455
0.764124 o Now C? at the particle
e = U.
to = 143.45M o Asymptotically ~ wave
—50 <mn <50
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Conclusions

e Highly accurate (10712) \IJZ;'SH/ 44 for eccentric orbits
Use FD engine
o EHS method obtains master functions and metric (RW) accurate at
r=rp(t)
TD jump conditions provide checks and convergence criteria

Reasonable runtimes < 6 hours for 0 < e < 0.8

Frequency domain fully competitive with time domain for most e.

Avoids transients

o Gauge transformation to Lorenz in progress (Seth Hopper)

e Using Sago, Nakano, and Sasaki instead of direct, coupled 1+3 gauge
equations

@ Some new solution techniques coming out of latter effort
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Jump Conditions in the Time Domain

o Now we equate the respective § and ¢’ coefficients from the two sides, leaving
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Jump Conditions in the Time Domain

o Now we equate the respective § and ¢’ coefficients from the two sides, leaving

& -

H\II]]P( ) fQUQF(t)
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Jump Conditions in the Time Domain

o Now we equate the respective § and &’ coefficients from the two sides, leaving

& -

H\I}]]P( ) fQUQF(t)

[0,9],(t) = fo2 [G(t) + Uglrg (3M _ £ ML ) F
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Jump Conditions in the Time Domain

o Now we equate the respective § and &’ coefficients from the two sides, leaving

& -

H\I}]]P( ) fQUQF(t)

[0,9],(t) = fo2 [G(t) + Uglrg (3M _ £ ML ) F

o U%(r, L% =f (1 +£2/r2)
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Jump Conditions in the Time Domain

o Now we equate the respective § and &’ coefficients from the two sides, leaving

90,00 = 7555710
[0, 9], (t) = ff; [G‘(t) + U};}% (3M _ f: N 51\{;?) 20)
27 dt ([[\I’]]pﬂ

o U%(r, L% =f (1 +£2/r2)

o &£ and L are the specific energy and angular momentum
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Jump Conditions in the Time Domain

o Now we equate the respective § and &’ coefficients from the two sides, leaving

2 ~
[9:(0) = Zo72 ()
[0,9],(t) = fo2 {G‘(t) + U};}% (3M - fp n 5]\725 ) Ft)

o 27‘"1);([[‘1’]]10)}
o UX(r,L%) = f(1+£2/r?)

o &£ and L are the specific energy and angular momentum

@ These expressions provide a powerful check on the validity of our method.
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Jump Conditions in the Time Domain

o Now we equate the respective § and &’ coefficients from the two sides, leaving

e -
H\Il]]}?( ) fQUQF(t)
[0,0],(t) = fo2 [G‘(t) " Uglrg (3M - fp + 5z\f§c ) B

U2(r, L) = f (1 + 52/1“2)

& and L are the specific energy and angular momentum

These expressions provide a powerful check on the validity of our method.

@ They also provide useful stopping conditions, telling us when we’ve computed
enough frequency modes.
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Master Functions

2 degrees of freedom corresponding to 2 wave polarizations
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Master Functions

2 degrees of freedom corresponding to 2 wave polarizations

even/odd
\Ilém
gauge:

are linear combinations of hf}ﬁ and its derivatives in Regge-Wheeler
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Master Functions

2 degrees of freedom corresponding to 2 wave polarizations

dd . S . e e
\I/Z;;fn/ °9¢ are linear combinations of hf}ﬁ and its derivatives in Regge-Wheeler

gauge: o

- L
\Ileven<tyr) == £(£+1) K+ A (f hrr TfarK) )
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Master Functions

2 degrees of freedom corresponding to 2 wave polarizations
\IIeven/ odd

‘m are linear combinations of hf}ﬁ and its derivatives in Regge-Wheeler
gauge: o 1,
\Ileven t7 = —— |K A hrr - arK )
(t.7) £(£+1)[ ey rf )}
T 2
Wogalt,r) = — |Ophy — Othy — —hy | .
dd( 7) b\ [ t t , t:|
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Master Functions

2 degrees of freedom corresponding to 2 wave polarizations

\I/Z;;fn/ °dd are linear combinations of hf}f and its derivatives in Regge-Wheeler
gauge: o 1,
\Ileven t7 =—— |K A hrr - arK ’
1) = G5 [ ey rf )}

T 2
Wogalt,r) = — |Ophy — Othy — —hy | .
ad(t,7) b\ [ t t , t:|
Both satisfy wave equations

? o
—w + 877“3 - ‘/Z(T):| \Ilfm(tar) = Sem(t,T),
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Master Functions

2 degrees of freedom corresponding to 2 wave polarizations
\I/Z;;fn/ °dd are linear combinations of hf}f and its derivatives in Regge-Wheeler
gauge: o

. 1
\Ileven<t7r) = m |:K + X (f2h7‘r — rf@TK)} ,

Wodd (t, 7“) =

>3

2
{&ht — Oth, — ht] .

T
Both satisfy wave equations

0?9 .
e + 877“3 — VZ(T):| Uom (t,7) = Sem(t,7), 74 : tortoise coord
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Master Functions

2 degrees of freedom corresponding to 2 wave polarizations

\I/Z;;fn/ °dd are linear combinations of hf}f and its derivatives in Regge-Wheeler
gauge: o 1,
\Ileven t7 =—— |K A hrr - arK ’
1) = G5 [ ey rf )}

T 2
Wogalt,r) = — |Ophy — Othy — —hy | .
ad(t,7) b\ [ t t , t:|
Both satisfy wave equations

02 0?
o2 a2

Singular sources: Sp, (t,7) = G (t) 3[r — rp(t)] + Fom(t) &' [r — 7,(1)]

- VZ(T):| Uom(t,r) = Sem(t,r), 7« : tortoise coord
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Master Functions

2 degrees of freedom corresponding to 2 wave polarizations

\I/Z;;fn/ °dd are linear combinations of hf}f and its derivatives in Regge-Wheeler
gauge: o 1,
\Ileven t7 =—— |K A hrr - arK ’
1) = G5 [ ey rf )}

T 2
\Ifodd<t, T) = X |:8Tht — 8thr — T’ht:| .

Both satisfy wave equations

02 02 .
e + 877“3 — VZ(T):| Uom (t,7) = Sem(t,7), 74 : tortoise coord
Singular sources: Sg,(t,1) = éem(t) Ofr —rp(t)] + Fzm(t) §'r —rp(2)]

dd
RY™ can be recovered from Wee/°

W om and source terms.
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Metric Perturbation Reconstruction

o Even-parity sector:
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Metric Perturbation Reconstruction

o Even-parity sector:

T2f2 ”
K = v n AV ven — T . as A y
(t,?") far even T eve ()\-i-l)AQ

ATA+1 ] r
hTT t,?“ = 79 7\IIcvcn - K + *arK,
=7 7
r? w TS tt
htr(t, ’]") = r@tar\lleven +7rB at\:[/even — Q —+ Xat@ ,

A+1
het(t,7) = f2her + FQF,
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Metric Perturbation Reconstruction

o Even-parity sector:

K(t,7) = fO;Veyen + AV —ic}“
) = r ¥ even even ()\—i-l)A ,
AXA+1 ] r
hrr t,?“ = 79 7\IIcvcn_K +78TK7
=7 7
her(t, 1) = 10,0, Ueyen + 1B 8y Uoyen — (g4 aqn
tr\Y tUr ¥ even t ¥ even )\+1 A t )
hat(t,7) = f2her + FQF,
A(T)E/\—i—%, )\E(€+2)(€_1)
r 2
1 3M 2M 1 MY\ 3M?
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Metric Perturbation Reconstruction

o Even-parity sector:

K(t,7) = fO;Veyen + AV —ﬁc}“
) = T ¥ even even (>\+1)A 5
ATA+1 ] r
hrr t,r)=— 7\IIcvcn_K +78TK7
=7 7
hir(t,7) = 100, Veyen + 7B 0y Veven — - Q“‘+ﬁaQ”
tr\by tUr ¥ even t * even )\+1 A t )
has(t,7) = f2her + fQF,
A(T)E/\—i—%, A57(€+2)(€_1).
r 2
1 3M 2M 1 MY\ 3M?

e s are the even-parity source terms o § [r — r,,(t)]
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Metric Perturbation Reconstruction

e Odd-parity sector:
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Metric Perturbation Reconstruction

o Odd-parity sector:

/ r* f t
= = /) - -
ht(tar) 28’!‘ (T Odd) 2)\ P 9
2
r T
= — 0¥ —P"
h’r‘(t7’r) 2fat Odd+2>\f 9

C.R.Evans Capra 14 Slide 27/29



Metric Perturbation Reconstruction

o Odd-parity sector:

2
r
hi(t,r) = gar (r%odd) — 2—/‘\fPt7
2
T T
= —0¥ —Pr
h’r‘(t7’r) 2fat Odd+2>\f 9

e P’s are odd-parity source terms o § [ — ()]
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Metric Perturbation Reconstruction

o Odd-parity sector:

2

”

hi(t,r) = g&« (r%odd) — T{Pt,
2

T T
hr(tar) = ﬁat‘llodd + wP’",

e P’s are odd-parity source terms o § [ — ()]
e Again, assume ¥ = U10(z) + U~ 0(—=z), z=1r—ry(t)
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Metric Perturbation Reconstruction

o Odd-parity sector:

2

”

hi(t,r) = g&« (r%odd) — T{Pt,
2

T T
hr(tar) = ﬁatqlodd + wP’",

e P’s are odd-parity source terms o § [ — ()]

e Again, assume ¥ = U10(z) + U~ 0(—=z), z=r—rp(t)

e Both of the odd-parity amplitudes are C~!, with no singular terms:
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Metric Perturbation Reconstruction

o Odd-parity sector:

2
”
hi(t,r) = g&« (r%odd) — T{Pt,

2

T T
hr(tar) = ﬁatqlodd + wP’",

e P’s are odd-parity source terms o § [ — ()]
e Again, assume ¥ = U10(z) + U~ 0(—=z), z=1r—ry(t)

e Both of the odd-parity amplitudes are C~!, with no singular terms:

W) = 2o, (o), RRw) =0,

hE(t,r) = 27"7@\1#, hS(t) = 0.
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Black Hole Perturbation Theory

Field Equations H Equations of Motion

0 G;w (gaﬁ) =0
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Black Hole Perturbation Theory

Field Equations H Equations of Motion
— I
0 Grvlas) =0 > D,
dr
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Black Hole Perturbation Theory

Field Equations H Equations of Motion

n
0 G;w(gozﬁ) =0 Du =0

/ dr

Ohag + 2R70° ghys = —167Tag

1

s =0

g#l :q#l + 1h#l
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Black Hole Perturbation Theory

Field Equations H Equations of Motion
n
0 G (903) =0 D
dr
_ — " 1
Ohag + 2R’ ghos = —167T, Dut 1 0w o uw
1 o oy g = 0
5 =0 X (2huxnp — hap) uu?
Sy =30 + 1h111 MNEQ e T )W e | 43
= L L VIO _Lcl:\odu vva .LJLile:lAlUllD
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Black Hole Perturbation Theory

Field Equations

Equations of Motion

0 sz (gozB) =0

Du*

dr

Ohag + 2R70° ghys = —167Tag

1

s =0

g#l :q#l + 1h#l

2

(Schematic)

C.R.Evans Capra 14

Du* 1
— = (g ooy, v
g = g e

X (2hurnp — hap) uuP

e |

Osh = (14 1h)T[z + 62] + (V1h)®
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Black Hole Perturbation Theory

Field Equations

/H/Eq-u&‘&iem@f\h@ion

Du*

p.d T

1

paB
h ‘5—0

Dhap + 2R 0% gl = —167Tag

Du* 1
= _ (g W, v
I U

X (2 x;p — hpy) uu?

A V. V7N Nl
T

(Schematic)
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Analytic and Numerical Method

SH & CRE (2010) I

Barack and Sago (2010)

Frequency domain

RWZ formalism

Master functions: W9dd geven
ODEs but multiple harmonics
Exact bndy conditions, periodic
Smeared source, libration region
ODE accuracy, TD convergence
Gibbs problem (use EHS)
Reconstructed metric (RW gauge)
Gauge transform and self-force
Kerr/higher order?

C.R.Evans Capra 14

Time domain

Lorenz gauge

Metric perturbations: hffﬁ
Coupled PDEs

IV problem, transients
Moving delta source
4th-order PDE scheme
Time dep. jump conditions
Metric in Lorenz gauge
Self-force

Kerr/higher order?
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