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I. Intro 
A single complex Weyl scalar, either

,
determines gravitational perturbations of a Kerr 
geometry (outside perturbative matter sources) up 
to changes in mass, angular momentum, and 
change in the center of mass.   

are each a component of the perturbed 
Weyl tensor along a tetrad associated with the two 
principal null directions of the spacetime.
Each satisfies a separable wave equation, the 
Teukolsky equation for that component.
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Newman-Penrose Formalism
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0 4C l m l m C n m n mα β γ δ α β γ δ
αβγδ αβγδψ δ ψ δ= − = −

Spin weight: Under a rotation of the        basis  
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An object η is said to have spin-weight s if it 
changes under this basis rotation by 
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Then                  have spin weights +1 and -1, and 
ψ0 and ψ4 have spin-weights +2 and -2.  
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They are gauge invariant, because the Weyl 
tensor of the unperturbed Kerr geometry has 
only Ψ2 = nonzero.  
A gauge transformation changes the Weyl 
tensor by 

Components of ξ are

Cαβχδ has only a spin 0 component

C Cαβγδ ξ αβγδδ = L
· , · spin 0

· , · spin 1
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Teukolsky equation:    Os ψ = S separable 
operator 
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Source function S =  T αβTαβ,  

Tαβ = energy-momentum tensor

Tαβ a 2nd-order differential operator



•Outgoing Radiation Gauge (ORG)

5 constraints,  similar to those for ingoing waves in flat space 
with a transverse-tracefree gauge.  The metric perturbation 
satisfying these conditions is  given by 

where Lαβ is a 2nd-order differential operator involving 
only  and   
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Two theorems:
1. Let h be given by h = LORG Ψ, with Ψ an ORG 

potential obtained from δψ0 (δψ4) .  If ψ satisfies 
the sourcefree Teukolsky equation then h satisfies 
the vacuum Einstein equation.  

(Chzrzanowski; Cohen, Kegeles; Wald)



2a. Given a solution ψ0 (ψ4) to the sourcefree
Teukolsky equation on a globally hyperbolic type 
D vacuum spacetime, one can find a local ORG 
gauge: 
There is a perturbed metric hαβ in an 
ORG gauge that satisfies the linearized vacuum 
Einstein equation, and for which δψ0 (δψ4) is the 
perturbed Weyl tensor component.  

(Whiting, L. Price)



2b. Under the conditions of (a) there is a local 
solution Ψ to the sourcefree Teukolsky equation 
for which h=LΨ is a perturbed vacuum metric 
associated with ψ0 (ψ4).  (Not yet proved)
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Integrate 4 times with respect to  θ

Algebraic solution
for each frequency and angular harmonic

Explicitly,
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Resulting metric has only the          part of the 
source.  The            part has support on a spherical 
shell at r=r0, and the metric is discontinuous at 
r=r0.  
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Equivalent alternative involves radial 
derivatives along principal null geodesics:

For each angular harmonic of ψ0, this gives 
a unique solution satisfying the Teukolsky 
equation:  e.g., for r>r0 ,
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Because hret and hsing have the same source, 
hren=hret - hsing is a solution to  the vacuum 
perturbation equations, and 
ψren

0=ψret
0 - ψsing

0 is a solution to the  vacuum 
Teukolsky equation,  allowing one to compute a 
Hertz potential. 



Although the argument used the order

The diagram commutes

because of the algebraic  
character of the operations  
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1. Compute       from the Teukolsky equation as a 
mode sum over l,m,ω. 

2. Find the Hertz potential       from      or 
algebraically from angular equation or as a 4 
radial integrals from the radial equation.
The angular harmonics of         are defined for 
r>r0 or r<r0, with  r0 the radial coordinate of the 
particle.

3. Find, in a radiation gauge, the components of      
and its derivatives that occur in the expression 
for aα.
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Outline of method



3. Compute        from the perturbed geodesic equation 
as a mode sum truncated at         Compute the 
renormalization vectors Aα and Bα (and Cα ?), 
numerically matching a power series in 
to the values of         , and subtract from        
the truncated sum

to obtain          .

4. Determine the contribution to        of the 
perturbations in mass, angular momentum, and 
change in center of mass.  
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ψ0
ret−> Hertz potential  Ψ −>  hret [ψ0]  ->  aret[ψ0] −> aren[ψ0]

But hret [ψ0] is not the full metric.  



The missing pieces

ψ0 and ψ4 do not determine the full perturbation: 
Spin-weight 0 and 1 pieces undetermined.

There are algebraically special perturbations of Kerr, 
perturbations for which ψ0 and ψ4 vanish: 
changing mass δm

changing angular momentum δJ
(and singular perturbations –
to C-metric and to Kerr-NUT).

And gauge transformations 



ret
0[ ]hαβ ψ via CCK procedure
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from the conserved currents associated 
with the background Killing vector tα.

from the conserved currents associated 
with the background Killing vector φα, 
for the part of δJ along background J.



There are two remaining pieces: 

the part of δJ orthogonal 
to the background J

the change in the center of mass

Each is pure gauge outside the source, but the 
gauge transformation is discontinuous across the 
source.  
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[ ], [ ]h m h Jαβ αβδ δThen                                  are the perturbed 
metrics in any desired gauge associated with the 
infinitesimal changes  
outside the particle.  

What does outside the particle mean?  

,m Jδ δ

tα



Schwarzschild background:
Decompose the source into spherical harmonics 
on symmetry spheres: 

are nonzero outside the 
symmetry sphere            through the particle, 
zero or pure gauge inside.

They each have as source a spherical shell at
but the sum of all angular harmonics of
is a perturbed metric whose source is the point 
particle.    

[ ], [ ]h m h Jαβ αβδ δ
0r r=

0r r=
hαβ



Kerr background:
No natural symmetry spheres.
No separation of different 
θ harmonics in field 
equations for      .     

Free to chose any stationary axisymmetric radial 
coordinate, e.g. Boyer-Lindquist r, with 

nonzero outside   [ ], [ ]h m h Jαβ αβδ δ 0r r=

hαβ



o2 [ ], [ ]h J h CMαβ αβδ ⊥

Two questions: 
If they are pure gauge, how can they have a 
source? 

0( )( £ is pure gauge)g
r rh gαβ ξ αβΘ −=

0£ ( )gh g r rαβ ξ αβ= Θ − is not pure gauge at r=r0



For Schwarzschild these are l=1 perturbations, with 
axial and polar parity, respectively. 

How do we identify them in Kerr? 

The idea is to find the part of the source that has not 
contributed to 

One could in principle simply subtract from δTαβ the 
contribution from these three 
terms.  Writing 

ret[ ] [ ] [ ]h h m h Jαβ αβ αβψ δ δ+ +

:h Gαβ αβδ=E



Find ξ at r0 from the jump condition
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For hgauge continuous, the jump in               involves 
only the few terms in      with second derivatives in the 
radial direction orthogonal to uα .  
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Now we’re back to the old difficulty of handling 

terms that are singular at the particle.   

Instead of trying directly to evaluate

use the fact that hsing has source         : Tαβδ
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The test: 
First calculation involving renormalization

Computation of ∆Uren and aren for a mass in circular 
orbit in a Schwarzschild spacetime.  (Shah et al. 2010)
(                           is the quantity that is gauge-invariant 
under helically symmetric gauge transformations.)

 Obtain agreement to the six-place accuracy of the 
comparison of Uren computed in Regge-Wheeler 
(Detweiler) and Lorenz (Barack-Sago) gauges.

 Renormalization coefficients A, B, C(=0) agree     
with those of Lorenz with fractional error <  10-10

fixed ( ) |tU uδ Ω∆ Ω =



We find the singular part of the self-force by matching 
a power series to its numerically computed large-L
behavior. Explicitly, we match the sequence of values 
to successive terms in a series of the form
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Comparison of U



Verification of power-law residuals after 
subtraction of successive terms 

in Lk expansion of aret, r
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