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 OUTLINE

Singular Field Calculation - we expand functions 
in the coordinates to produce a highly 
computational efficient method

Mode Sum Decomposition - we use existing 
methods

Results

Future Work



MOTIVATION

Make mode sum self force calculations more efficient

Higher order regularisation parameters lead to faster 
convergence in l in self force calculations

As a results, self force calculations don’t require as 
high l’s - this is particularly important in Kerr where 
you do spherical<->spheroidal



SINGULAR FIELD

So

For x close to the world-line,

and we expand         and         
in the coordinate distance 
between x and the world-line
(similar to Haas and Poisson)
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Expand                 (the Synge world-function)

 

Using                       we solve for coefficients

Need to calculate intersection points, x’ and x‘’, of 
light cone and world line

CALCULATING 
SINGULAR FIELD

σ(x, x̄)

σ =
1
2
gαβ∆xα∆xβ + Aαβγ∆xα∆xβ∆xγ + Bαβγδ∆xα∆xβ∆xγ∆xδ

+Cαβγδε∆xα∆xβ∆xγ∆xδ∆xε + ...

2σ = σασα

rret = σα′uα′
radv = σα′′uα′′



CALCULATING 
SINGULAR FIELD

Expand world line                      , in terms of an 
arbitrary parameter around

Expand              , using                        to calculate 
coefficients

Can now calculate                                                         
using our formula for 

                     .

σ(x, x′) = 0

γα(τ ′) = γα(τ̄) + γ′
α(τ̄)(τ ′ − τ̄) +

1
2
γ′′

α(τ̄)(τ ′ − τ̄)2 + ....

(τ ′ − τ̄)

(τ ′ − τ̄) = τ1ε + τ2ε
2 + τ3ε

3 + ...

γα(τ ′) = x′
α

σα(x, x′)

γα(τ ′) = x′
α

x̄



MODE SUM 
DECOMPOSITION

Follow the Barack & Ori method (also done by 
Detweiler, Messaritaki & Whiting, Haas & Poisson)

Singular field of a circular orbit in the form
Φs =

1
ρ2

+ O(ε−1)

ρ2
Schw =

r
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r(r − 2m)
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∆φ2(r−2m)
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MODE SUM 
DECOMPOSITION

Rotate coordinates

Use coordinate change to get     in the form

where      is defined by

ρ2

ξ2

sin θ cos φ− Ωt = cos Θ
sin θ sinφ− Ωt = sinΘ cos Φ

cos θ = sinΘ sin Φ

ρ2 = ξ2(δ2 + 1− cos Θ)

ξ2
Schw =

2χr̄2 (r̄ − 2m)
r̄ − 3m

ξ2
Kerr =

2χ
(
2ar̄
√

Mr̄ + r̄3 + a2M
) (

r̄ (r̄ − 2M) + a2
)

r̄
(
2a
√

Mr̄ − 3Mr̄ + r̄2
)



MODE SUM 
DECOMPOSITION

     is defined by

    is defined by

   is defined by

Rewrite higher order           in terms of      by subbing 
out

δ2

δ2
Schw =

∆r2 (r̄ − 3m)
2χr̄ (r̄ − 2m)2

δ2
Kerr =

∆r2r̄3
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√

mr̄ + r̄3 + a2m
)
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χ = 1− α sinΦ2

ρ

cos Θ

α

(Φs)r



MODE SUM 
DECOMPOSITION

New form makes integration straight forward using

with

Also

An+1
l = − 1

(2n + 1)δ
d

dδ
An

l

〈
χ−p
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=2 F1
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1
2
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l

An
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RESULTS

Aterm

Bterm

ASchw = −
(2l + 1)sgn(∆r)

√
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AKerr = −
(2l + 1)sgn(∆r)
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RESULTS

Cterm 

Dterm

D

C = 0

D =
2

(2l − 1)(2l + 3)
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2
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4r̄3
√
−5mr̄ + r̄2 + 6m2

dSchw 5
2

=
3 (r̄ − 3m)3/2 (r̄ + m)
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RESULTS

×
(
2a3√mr̄3/2 − 2a2m2r̄ + a2mr̄2 + a2r̄3 − 4am3/2r̄5/2 + mr̄4 + a4m

)4
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√
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RESULTS

Regularised l-modes of radial self force
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FUTURE WORK

Work out E and F in Schwarzschild and Kerr

Look at eccentric or general geodesics

Look at spheroidal harmonic decomposition in Kerr

Calculate higher order regularisation parameters in 
(Lorenz gauge) gravity


