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Methods to compute gravitational-wave templates
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[Caltech/Cornell/CITA collaboration]
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Comparing the predictions from SF analysis and PN theory
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Comparing the predictions from SF analysis and PN theory

Why?

Cross-check the validity of the various calculations

Determine domains of validity of approximation schemes

Test some technically simplifying assumptions
(e.g. use of point particles + self-field regularization)

Extract previously unknown information
(e.g. determination of high-order PN coefficients)

Calibration of EOB potentials
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Comparing the predictions from SF analysis and PN theory

Why?

Cross-check the validity of the various calculations

Determine domains of validity of approximation schemes

Test some technically simplifying assumptions
(e.g. use of point particles + self-field regularization)

Extract previously unknown information
(e.g. determination of high-order PN coefficients)

Calibration of EOB potentials

How?

X Use the same coordinate system in all calculations

v’ Use coordinate invariant relations to avoid gauge ambiguities
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Outline

@ Dissipative SF and comparison with PN theory

@ Innermost stable circular orbit

® Periastron advance for circular orbits

@ Redshift observable for circular orbits

® Redshift observable for eccentric orbits
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Self-force vs post-Newtonian mass conventions

SF PN
mass of the “particle” I m
mass of the “black hole” M mo
total mass p+M>=M m=m+m
reduced mass lﬁr—MM ~ U po= T
symmetric mass ratio % ~ v = TR
(asymmetric) mass ratio H <l q=

We shall use the PN mass conventions
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@ Dissipative SF and comparison with PN theory
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PN equations of motion for compact binaries

N “ N

~
~
\\
n>_r
~
~
~
~
& ) ‘/;1
GW m,
dvi ~ Gmp 4 Aipn n Azpn n A; spN . Aspy n A3 spN L
dt r2 c? c* cd cb c’
~ N—— N—— N——
conservative terms rad. reac. cons. term  rad. reac.
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Templates for circularized inspiralling compact binaries

e Conservative part of the orbital dynamics yields center of
mass binding energy

1
E = —Eﬂ(me)zﬁ {1 + (PN corrections)}
—_—

Newtonian
binding energy

e \Wave generation formalism yields binary’s GW energy flux
32, 5 .
F= —v°(mQ,)” 1+ (PN corrections)

5
|

Einstein's
quadrupole formula

e Orbital phase ¢(t) then GW phase follow from energy balance

dE
w7
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Energy loss caused by the dissipative SF

e Energy balance for a point particle orbiting a Schwarzschild
black hole (BH) on quasi-circular orbits

my
foo + ./—"o = —7uo‘u63tha5
~~ S~~~ 2ut
GW flux GW flux ~~
at infinity  through BH work done by the

gravitational SF
o F, is a 4PN effect relative to Fo, [Poisson & Sasaki 1995]

Fe
Foo

= (m2§2<p)8/3 {1 + (PN corrections)}
8

e Beyond the ISCO, it is numerically small [Martel 2004]

Fo <1073 Fyo

Foo effectively measures the dissipative component of the SF
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Perturbative GW energy flux calculations

e For a test particle (geodesic motion) in circular orbit around
a Schwarzschild BH, F., has been computed analytically to:

» 1.5PN order beyond Fy [Poisson 1993]

» 4PN [Tagoshi & Sasaki 1994]

» 55PN [Tanaka, Tagoshi & Sasaki 1996]
> 14PN [Fujita 2011]

32
Foo = €q2 (m29¢)5 {1 + (PN corrections)}
N—

Newtonian flux Fy
e 3.5PN restriction agrees with limit ¢ — 0 of PN result F

e Similar results for eccentric orbits and/or Kerr black holes

Dissipative part of the SF successfully tested against PN theory

More recently, comparisons between PN and the conservative SF
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Outline

@ Dissipative SF and comparison with PN theory
@ Innermost stable circular orbit

® Periastron advance for circular orbits

@ Redshift observable for circular orbits

® Redshift observable for eccentric orbits
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SF correction to the location of the Schwarzschild ISCO

mQsco= 63231+ g + O(qz)}

Schwarz. conservative
result SF correction
e In the Lorenz gauge, the self-force m
analysis yields [Barack & Sago 2009] s —|5co- RN b
/ \\
85 = 1.4870(6) / \
@
e In a gauge such that g,g — 1,3 at " /
spatial infinity [Damour 2010] AR ///
o= cBS— 1 1 2513(6) /
Q2 Q /18 ’ no stable circular orbit
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Comparison with multiple PN/EOB approximants
[Favata 2010]

Method BN
AIPN-P, IWED)
A4PN-T, 1.132 _
Co3PN 1.435 Q= 1'2513(6)
2PN-P 1.036
KWW-1PN 1.592
A3PN-P 0.9067
A3PN-T 0.9067
A4PN-Pj; 0.8419
A4PN-Ty 0.8410
J3PN-P 1711
j2PN-P 0.6146
KWW-S 0.5610
Co2PN 0.5833
En3PN 0.4705
3PN-P 2178
A2PN-P 02794
A2PN-T 02794
E1.2PN 0.0002
En1PN —0.01473
E3-S —0.05471
HH-S ~0.1486
JIPN-P ~0.1667
KWW-2PN ~1.542
i-P-S ~2.101
KWW-3PN 1851
HH-1PN 6.062
HH-2PN ~12.75
HH-3PN 25.42
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Comparison with multiple PN/EOB approximants

[Favata 2010]

Method cbN

A4PN-P 4 1.132

A4PN-T 4 1.132 _

Co3PN T.435 cQ = 1'2513(6)

e2PN-P 1.036

KWW-1PN 1.592

A3PN-P 0.9067 i . X

ASPN-T 09067 e EOB with NR calibration of the 4PN
A4PN-Py 0.8419 o

A4PN-Tp 0.8419 11 ( )
A o5t coefficient as agrees best (10% error
j2PN-P 0.6146

KWW-S 0.5610

Co2PN 0.5833

E;3PN 0.4705

e3PN-P 2.178

A2PN-P 0.2794

A2PN-T 0.2794

En2PN 0.0902

E,1PN —0.01473

E,-S —0.05471

HH-S —0.1486

j1IPN-P —0.1667

KWW-2PN —1.542

j-P-S —2.104

KWW-3PN 4.851

HH-1PN 6.062

HH-2PN —12.75

HH-3PN 25.42
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Comparison with multiple PN/EOB approximants

[Favata 2010]

Method chN

A4PN-P 4 1.132

A4PN-T 4 1.132 _

Co3PN 1.435 cQ = 1'2513(6)

e2PN-P 1.036

KWW-1PN 1.592

A3PN-P 0.9067 X . .

A e e EOB with NR calibration of the 4PN
- -'B WOa 1y

A4PN-Tp 0.8419 P 0

o 081 coefficient as agrees best (10% error)

j2PN-P 0.6146

KWW-S 0.5610 1

N 0610 e However uncalibrated EOB 3PN performs
Er3PN 0.4705 H 0

EuEN 0470 three times worse (28% error)

A2PN-P 0.2794

A2PN-T 0.2794

En2PN 0.0902

E,1PN —0.01473

E,-S —0.05471

HH-S —0.1486

j1IPN-P —0.1667

KWW-2PN —1.542

j-P-S —2.104

KWW-3PN 4.851

HH-1PN 6.062

HH-2PN —12.75

HH-3PN 25.42
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Comparison with multiple PN/EOB approximants
[Favata 2010]

Method chN
A4PN-P 4 1.132
A4PN-T, 1.132 —
[CoaPN T.135 cQ = 1'2513(6)
e2PN-P 1.036
KWW-1PN 1.592
A3PN-P 0.9067 X . X
AN o067 e EOB with NR calibration of the 4PN
g -Pp .41
A4PN-Tj 0.8419 P 0
o 081 coefficient as agrees best (10% error)
j?PN-P 0.6146 i
KWW-S 0.5610 e However uncalibrated EOB 3PN performs
Co2PN 0.5833
Er3PN 0.4705 H 0
N 0470 three times worse (28% error)
A2PN-P 0.2794
A2PN-T 0.2794 _
P o208 e The only non-resummed method, based
En1PN —0.01473 HH H
o o on a stability analysis of the 3PN EOM,
pp Toies is in good agreement (15% error)
KWW-2PN —1.542
j-P-S —2.104
KWW-3PN 4.851
HH-1PN 6.062
HH-2PN —12.75
HH-3PN 25.42
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Comparison with multiple PN/EOB approximants
[Favata 2010]

Method chN
A4PN-P 4 1.132
A4PN-T, 1.132 —
[Co3PN : 1435 | cQ = 1.2513(6)
e2PN-P 1.036
KWW-1PN 1.592
A3PN-P 0.9067 X i X
AN o067 e EOB with NR calibration of the 4PN
g -Pp .41
A4PN-Ty 0.8419 ci 0
o 081 coefficient as agrees best (10% error)
j?PN-P 0.6146 i
KWW-S 0.5610 e However uncalibrated EOB 3PN performs
Co2PN 0.5833
En3PN 0.4705 H 0
BSEN 0470 three times worse (28% error)
A2PN-P 0.2794
A2PN-T 0.2794 _
P o e The only non-resummed method, based
Ey1PN —0.01473 Tl H
[ e on a stability analysis of the 3PN EOM,
pp Toies is in good agreement (15% error)
_K\V\V—QPN —1.542
R vaPN T e |t also reproduces the exact result in the
HHL2PN e test-particle limit: mQisco = 6-3/2
HH-3PN 25.42
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Outline

@ Dissipative SF and comparison with PN theory
@ Innermost stable circular orbit

@ Periastron advance for circular orbits

@ Redshift observable for circular orbits

® Redshift observable for eccentric orbits
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Periastron advance in black hole binaries

e Conservative part of the dynamics only

e Generic non-circular orbit parametrized
by the two invariant frequencies o’

2 1 [P,
Q,:?, szp/ogo(t)dt

e Periastron advance per radial period L

o e ®
K==L=14+—

Q, 27 L

In the circular orbit limit e — 0, the AD
relation K(€2,) is coordinate invariant
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SF correction to the Schwarzschild periastron advance

e In the extreme mass ratio limit g < 1:

— 1 2
W=7 =1_6x+3gn(x)+0(q),

Schw. SF effect

where x = (mQ,)%/3

e The gravitational SF correction p(x) has recently been
computed numerically [Barack & Sago 2010]

e The PN expansion of p(x) is known up to 3PN order,
as well as the leading order 4PN and next-to-leading
order 5PN logarithmic contributions [Damour 2010]

14th Capra Meeting, July 6, 2011 Slide 16/34



Dissipative SF ISCO Periastron Advance Redshift Observable — Circular

0000 e} [e]e] o] 000000 000000

Comparison of the PN and SF results
[Barack, Damour & Sago 2010]

40 T ;
. GSF 5PN (log only’
—2PN
351 g
3PN 3PN
—4PN (log only)
—5PN (log only)
30r
N 0.012 0.016 0.020
~N
= F -
= 25
201 g
15r 2PN |
L L L L L L L L
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
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Comparison with numerical relativity

See talks by Pfeiffer and Le Tiec this afternoon
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Outline

@ Redshift observable for circular orbits
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The “redshift observable” for circular orbits

particle m,
e Conservative part of the dynamics only
e For circular orbits, the geometry admits an /
helical Killing vector k% such that /

k= (0¢)" + Q. (9,)" (asymptotically)

Four-velocity 1" of the particle necessarily
tangent to the helical Killing vector:

o o
U =Ukg

Relation U(,) well defined in PN and SF /
frameworks, and coordinate invariant

black hole m,

14th Capra Meeting, July 6, 2011 Slide 20/34
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Physical interpretations of the quantity U

o |t measures the redshift of light rays
emitted from the particle [Detweiler 2008]

gobs _ (pau(oxbs)B _ 1

Eem (Pa“gm)A u

e |t is a constant of the motion associated

with the helical symmetry t  partide  observer
A
a 1 Ughs p”
Ulakl = _U /
e In a gauge such that k*0, = 0; + Q, 0,

everywhere, we simply have e,

_ ,,t

U=u .
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Post-Newtonian result for the SF effect on U(€2,)
[Detweiler 2008; Blanchet, Detweiler, Le Tiec & Whiting 2010 (a,b)]

e In the extreme mass ratio limit g < 1:

U = Uschw — q Usr + O(q?)
N—_——

SF effect

e PN result expressed as a power series in y = (m2§2¢)2/3 ~ v

3PN contribution

121 41
Usk = y +2y° +5y° + <3 - 32772> y*
64 956
+ (044 + 5 |ny)y5 + <045 105 |n)/>y6 +o(y°)
S—— S———
4PN log 5PN log

e The 4PN and 5PN polynomial coefficients {aa, a5} are
unknown, but can be extracted from the SF calculation
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High-precision comparison of the 3PN coefficient

e The result of the SF calculation is fitted by a PN series

L@F ::j{:ch7yn+1+‘m)/§z:ﬁnyn+l

n>0 nz4
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High-precision comparison of the 3PN coefficient

e The result of the SF calculation is fitted by a PN series

U%F::E::anyn+l+wn)/§::ﬁnyn+l

n>0 nz4

e The known values of the coeffs. {cg, a1, a2} up to 2PN are
used, as well as the 4PN and 5PN logarithmic coeffs. {fa, 35}
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High-precision comparison of the 3PN coefficient

e The result of the SF calculation is fitted by a PN series

U%F::E::anyn+l4_h1yz£:ﬁnyn+l

n>0 nz4

e The known values of the coeffs. {cg, a1, a2} up to 2PN are

Eccentric

used, as well as the 4PN and 5PN logarithmic coeffs. {fa, 35}
e The fit of the numerical SF data yields for the 3PN coefficient

oft = 27.6879035 + 0.0000004

14th Capra Meeting, July 6, 2011
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High-precision comparison of the 3PN coefficient

e The result of the SF calculation is fitted by a PN series

U%F::E::anyn+l4_h1yz£:ﬁnyn+l

n>0 nz4

The known values of the coeffs. {ag, a1, a2} up to 2PN are
used, as well as the 4PN and 5PN logarithmic coeffs. {fa, 35}

The fit of the numerical SF data yields for the 3PN coefficient

oft = 27.6879035 + 0.0000004

To be compared with the exact analytical result

121 41
a3 =~ - §§ﬂ2 = 27.6879026 - - -
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High-precision comparison of the 3PN coefficient

e The result of the SF calculation is fitted by a PN series

U%F::E::anyn+l4_h1yz£:ﬁnyn+l

n>0 nz4

The known values of the coeffs. {ag, a1, a2} up to 2PN are
used, as well as the 4PN and 5PN logarithmic coeffs. {fa, 35}

The fit of the numerical SF data yields for the 3PN coefficient

oft = 27.6879035 + 0.0000004

To be compared with the exact analytical result

121 41
a3 =~ - §§ﬂ2 = 27.6879026 - - -

e The two calculations are therefore in agreement at the 2o
level with 9 significant digits
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issipative SF ISCO Periastron Advance Redshift Observable — Circular Redshift Observable — Eccentric
000 00 0000 000000 o 5)

High-order PN fit of the gravitational SF calculation

e The result of the SF calculation is fitted by a PN series

Usp = Za” yrl g |nyz it

n=0 n=4

e The know value of the 3PN coefficient a3 is also included
e The best fit yields:

PN order Coeff. Value
4 ay  +114.34747(5)
5 Qs +245.53(1)
6 (o7 +695(2)
6 —339.3(5)
7 Qa7 +5837(16)
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Comparison of the PN and SF results
[Blanchet, Detweiler, Le Tiec & Whiting 2010 (a,b)]

0.14 T T T T T T T
<

0.12 N

0.1

0.08

USF

0.06

0.04

0.02

0 | | | | | | | |
10 20 30 40 50 60 70 8 90 100

yl=rg/m,
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Comparison of the PN and SF results
[Blanchet, Detweiler, Le Tiec & Whiting 2010 (a,b)]

0.5 T T T T
® N

USF

<
I

)
~
3

[\S)
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0000 0o

Periastron Advance

Redshift Observable — Circular
00000e

Comparison of the PN and SF results

0.5

0.4

0.3

Usr

0.2

0.1
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[Blanchet, Detweiler, Le Tiec & Whiting 2010 (a,b)]

1PN
2PN
3PN
4PN
5PN
6PN
7PN
Exact

10

Redshift Observable — Eccentric
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Outline

® Redshift observable for eccentric orbits
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Averaged “redshift observable” for eccentric orbits

e Conservative part of the dynamics only

. . . . t=0 t=P
e Generic eccentric orbit parametrized =0 =T
by the two invariant frequencies : N
2 ™
s
QI’ — ? 5 QW — KQr
e Averaging of U with respect to proper m

time 7 over one radial period:

e Relation (U)(€,, ) well defined in both PN and SF
frameworks, and coordinate invariant
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PN calculation of the invariant relation (U)(Q,, )

Compute the PN expansion of the combination

)

U= [t vid] "

where g,g(y1) is the regularized metric at the location y;
of the particle my
e Express the result in the center-of-mass frame

e Use the generalized quasi-Keplerian representation of the
motion [Memmesheimer, Gopakumar & Schifer (2004)]

e Compute the orbital average (U) over one radial period

e Express the result in terms of the frequencies Q, and €2,
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2PN result for the invariant relation (U)(,, )

[Barack, Le Tiec & Sago (work in progress)]

o Result expressed as a power series in x = (mQ,)%/3 ~ v2:
(Uy = 14 Ag x + A1 x* + Ay x3 4+ O(x*)

o Coefficients Ay(s; ) depend on ¢ = 3x/(K —1) ~ 1 — &%

A0:%+%A—%
Agz—;g%—;gA%—il/—{-igAu—2)E2)V2—;Au2—£
+<5;+ZA—22V—§AV—21/2>\2+~~
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2PN result for the SF effect on (U)(€,, )

e In the extreme mass ratio limit g < 1:
(U) = (U)sehw — 9 (U)s + O(¢°)
N——
SF effect

e The first order correction (U)gp(€2,, Q) is computed
numerically within the SF analysis [Barack & Sago 2011]

e The 2PN approximation to this exact result reads

(Usp=y+ <4— \;) %

14 16 5 5
+<6+ﬁ—)\—|—>\3/2+)\2>y3+0(y4),

where y = (mQ,)?/3 ~ v2 and A =3y /(K — 1) ~ 1 — €2
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Usual parametrization of BH perturbation theory

e Parametrization in terms of coordinate dependant semi-latus
rectum p and eccentricity e, defined such that
p m3

r() = 1+ecosy’

x € [0,27]

e Stable bound geodesic orbits for 0 < e < 1 and p > 6 + 2e
[Cutler, Kennefick & Poisson 1994]

1
8
S
S 4 bound
¢ s geodesics
4 s
2 S 18COo
0 "'/ ) stable circular (e=0)
6 7 8 9 10

P
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Comparison of the PN and SF results

[Barack, Le Tiec & Sago (work in progress)]

N—

0.3

(U)sr
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Comparison of the PN and SF results

[Barack, Le Tiec & Sago (work in progress)]

03 i..

(U)sr

N—
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Comparison of the PN and SF results

[Barack, Le Tiec & Sago (work in progress)]

N—
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Comparison of the PN and SF results

[Barack, Le Tiec & Sago (work in progress)]

Redshift Observable — Eccentric

T T
03 F N——1 -
IPN —
2PN
Exact e
/@ 02 B
S
~~
0.1 i
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p
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Comparison of the PN and SF results

[Barack, Le Tiec & Sago (work in progress)]
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Comparison of the PN and SF results

[Barack, Le Tiec & Sago (work in progress)]

T T T
0.3 N——] 4
IPN ———
2PN
Exact (]
= 02 .
S
0.1 -
0 1 1 1 1 1 1 1

14th Capra Meeting, July 6, 2011 Slide 32/34



ron Advance

ative SF ISCO t Observable — Circular Observable — Eccentric

Summary and prospects

e Dissipative effects of the gravitational SF successfully tested
against PN theory long ago

e More recently, comparisons with conservative SF based on:
ISCO, periastron advance, redshift observable

e Comparisons relying on invariant quantities, for circular and
eccentric orbits in a Schwarzschild background

e Impressive agreement between analytically determined PN
coefficients and results from fit of numerical SF (e.g. 3PN)

e Extraction of previously unknown higher-order PN coefficients
with high precision
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Summary and prospects

e These results illustrate how the SF can tell us about PN
theory in the extreme mass ratio regime
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Summary and prospects

e These results illustrate how the SF can tell us about PN
theory in the extreme mass ratio regime

e Many PN results are already available, and can be used for
more comparisons with the gravitational SF:
» Post-SF terms in binding energy E, energy flux F, etc.

» SF effects for circular/eccentric (non-)equatorial orbits in Kerr
| 4
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Summary and prospects

e These results illustrate how the SF can tell us about PN
theory in the extreme mass ratio regime

e Many PN results are already available, and can be used for
more comparisons with the gravitational SF:
» Post-SF terms in binding energy E, energy flux F, etc.

» SF effects for circular/eccentric (non-)equatorial orbits in Kerr
>

e It would also be interesting to use PN to get insight into SF:

» Recover the MiSaTaQuWa equation from the PN formalism
» Occurence of GW tails in both SF and PN frameworks

» Compute the SF analytically using the PN toolkit
»
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Summary and prospects

e These results illustrate how the SF can tell us about PN
theory in the extreme mass ratio regime

e Many PN results are already available, and can be used for
more comparisons with the gravitational SF:

» Post-SF terms in binding energy E, energy flux F, etc.
» SF effects for circular/eccentric (non-)equatorial orbits in Kerr
> ..

e It would also be interesting to use PN to get insight into SF:

» Recover the MiSaTaQuWa equation from the PN formalism
» Occurence of GW tails in both SF and PN frameworks

» Compute the SF analytically using the PN toolkit
>

Prospect for a fruitful activity and many collaborations at the
interface between the gravitational SF and the PN formalism
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