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Outline
e Self-force via MiSaTaQuWa.
e The retarded Green's function and the Kirchhoff integral.
e Plebanski-Hacyan spacetime and its world function.

e Implementation of the Kirchhoff formula.



Self-force
e Various binary systems are of interest to gravitational wave
astronomers.

e Need for accurate results describing the motion of a small

black hole (m) in the field of a large black hole (M), taking
into account the self-gravity of m.

e Equation of motion of a scalar particle in a curved spacetime
(scalar version of MiSaTaQuWa ):

ma® = q(g°" + uuP)V 50 9.



e We consider a massless scalar field, non-minimally coupled,
sourced by a scalar charge g(7) that is confined to a time-like
world-line v : x = z(7):

(O—-¢R)P = —47T/q(7')54(x,z(7))d7.
e Then the term required in MiSaTaQuWa is

Vo®,.q0 = some local terms +q I|m / VaGr(z(7),z(7"))d7’,

where Ggr(x, x’) is the retarded Green's function.

e NB Gpg is required globally.



Retarded Green's function

e This satisfies
(O — £R)Gr(x, x") = —4mds(x, X')
and the boundary condition
Gr(x,x") =0 if x & JT(xX).

e “The field due to a unit mass concentrated at x".
o O(x) = qf,y Gr(x, z(7))dT.



Kirchhoff formula
e Consider the homogeneous equation (O — {R)® = 0.

e Let x lie to the future of an initial data hypersurface ¥’. Then

®(x) = —% /X /(GR(X7X/)VQI‘D(X/)—(D(X/)VO/ Gr(x,x'))d%.,.

e dY!, = —nydV’' is the surface element on ¥’;
e n, the future directed normal one-form;
e dV’ is the invariant volume element on ¥'.
e This is Kirchhoff's formula for the solution of the Cauchy
initial value problem.

e Gg as the propagator for the data.



Hadamard form of Gg

e Let NV be a convex normal neighbourhood of x: every pair of
points in AV is connected by a unique geodesic that stays in
N. Then within NV,

GR(X7 X/) = [U(Xv X/)(S(U(X> X/))+ V(X> X/)Q(—U(X, X,))]QJr(X? X/),

where o(x, x’) is the world function (well-defined when x, x’
are connected by a unique geodesic), 4,6 are the usual
distributions and

) ) ,
9+(x,x') _ { 1 if x lies to the future of x’;

0 otherwise,

e Given o, there is an algorithm for generating U, V (involves
solving transport equations).



So...

e Start with your favourite black hole spacetime.

e Calculate o.

e Apply Hadamard's algorithm to calculate U, V and so
generate Gg.

e Write down the RHS of MiSaTaQuWa and solve.

e Generate wave forms, call up your observer friends and tell
them what to look for.



Caustics

e In black hole spacetimes, the past light cone of a particle
intersects multiple times with the past world line of the
particle.

e The ‘normal neighbourhood condition' doesn’t last very long.

e The Hadamard form is useful only for calculating the
‘quasi-local’ part of the retarded Green's function (cf. Ottewill
and Wardell); other methods (e.g. quasi-normal modes) can
be used to calculate the ‘distant past’ contribution. Then
apply matched asymptotic expansions to generate the global
form (cf. Casals, Dolan, Ottewill and Wardell).

e An alternative: apply the Kirchhoff formula.



Kirchhoff for Green

e An observation: if x” lies to the future of x, then Gg(x”, x)
satisfies the homogeneous wave equation.

e Apply Kirchhoff: ¥’ a time slice lying to the future of X and
to the past of Y¥".

1
Gr(X",x) = 7 (Gr(X",x")0p Gr(X", x)—0p Gr(X", x")Gr (X', x))dV".
T Jx,

e Convolution (rather than product) of distributions; valid as the
distributions have compact support (cf. Friedlander).

e Think of Gr(x’,x) (and its time derivative) as data, Gg(x",x’) as
the propagator.

e Choose t, t’, t"” so that Hadamard forms may be used throughout,
but x” lies outside the maximal convex normal neighbourhood of x.



Test case - Plebanski-Hacyan spacetime

Want to apply the formula in a spacetime where ¢ can be
calculated, but where caustics form.

Spherical symmetry is desirable, to allow us to study Ori's
four-fold singularity structure in Gg, seen semi-analytically in
Nariai and Schwarzschild.

Plebanski-Hacyan spacetime is just M, x S?, with the direct
sum of the standard metrics on each:

ds> = —dT? + dY? + d©? + sin®> ©dd2.

o(x',x) = —3(t' — t)2 + L(y' — y)? + 3% where 7 is the
geodesic distance on the 2-sphere:

cosy = cosf cos ' + sinOsin 6’ cos(¢ — ¢').



An S!—worth of future-pointing null geodesics emerging from X
converge at the antipodal point at times t' — t = (2n+ 1)7, and
at X at times 2nr.




Hadamard form for Plebanski-Hacyan spacetime
1/2
(o)
sin~y
o V= Z " (analytic)
n=0

1 cot
vo(7) = V=0 = gU(v)(l — 4R+ 5 - i

)

Vn(y), n > 1 are determined recursively by solving a sequence
of first order linear ODEs.

GR(X/.,X) = (U15(0‘1) + V10(—01)) G(t’ — t).
GR(XN,X/) = (U25(O’2) + Vze(*az))e(t” — t/).



Some simplifications

Lorentz transformation on M to get y” = y; translation to
get y/ =y =0.

Rotation to get § = 0, so that v3 = v(x/, x) = 6.

Kirchhoff formula is independent of the value of t' € (¢, t").
Choose midpoint; 2(t' — t) =2(t" —t')=t' -t = .

Note that normal neighbourhood restrictions yield

0 <7< 2w ForT>m, x" is outside the maximal normal
neighbourhood of x.

o(t" —th)=6(t' —t)=1.

Take2/oz = y(x’,x) and 8 :=v(x", x") to be the coordinates
on S°.



Then

with

G1
Go

g3
Gs
gs
3

6
1
Gels' ) = 3 6

Go= [ dy' [ wla.p)dadsG 1<k<s
R S2

= SULUa(5(01)5 (02) + 6'(02)(02)):

= —g(ul Vs + UsV4)8(01)8(2),

= g(u1 Vad' (01)0(—02) + Ua V48 (02)0(—01)),
= U160 V20(01)0(—02) — Ua0p V10(02)0(—01),
=~ ViVa(3(01)6(~02) + 6(02)8(~on)),

= (Vi Vs — Vady V1)0(—01)0(—02).



Sample calculation - G;

e Integration by parts;

e use one of the d's to do the y’ integration, another to
integrate over one of the angles;

e a step function arises from the condition that the integral
contains the support of the other delta;

e the remaining integral needs to be regularized G; — Gl(e).

Loo _ O —2m+60"+2) 1 {1 + 0(61/2)}
47 1 V2= (27— 0" =27 (2m — 0")Vsin 07 L Ve
o(r — 0" — 2¢) 1 [1 12}
_ — + O("
V=@ aep oane [ve T

m—0"/2-¢ g H(a, &)
= 2 h(r — 2a)do
/9~/2+e VT2 — 4a? ( )



Sample result - G;

e For 7 < (normal neighbourhood),

9" >1/2 5(7_ . 9//)

sin 0" 0"

Gi = lim G =4 ( +0O(1).

e For m < 7 < 27 (beyond normal neighbourhood),

427 y
(2r — 01+ 27 — 0”+/sin 6"

1 B(9") "
{PV(T—Qw+9”)_ W InjT =27+ 60" > + O(1),

where PV (1) (the principal value distribution) is defined by

<PV (1) ¢ >= lim / 90 gy,
x TOSR\[e] X

for ¢ € C5°(R).

G =




Overall result

e Normal neighbourhood:
Gr = U(7)d(0) + V(v,0)0(-0)

e Past first caustic, before second caustic:

Gr = |:U(27T — )PV (;> + (2T — ) In|5| + O(1)| 6(T—),
where 6 is o with v — 27 — 7.

e 6 = 0 along the null geodesics returning from the antipodal
point.

e O(7 — ) is a causality preserving term; 7 is the geodesic
distance on M.



Comments

e Ori's observation: spherical symmetry induces a 4-fold
recursion in the singularity structure of the retarded Green's
function as successive caustics are met:

1
o

1
o

i(o) — PV< ) — —5(0)—>—PV< > — (o) — -
e This has been observed in Naria spacetime (Casals et al) and
in Schwarzschild (Dolan and Ottewill) using large—¢

asymptotics and QNM'’s.

e First step proven here for Plebanski-Hacyan spacetime;
likewise for the first step of a corresponding sequence

0(—o) — Inlo| — —0(—0) — —Injo| — O(—0) — - --



e Conjecture: U picks up a factor of i at every caustic (Landau
contour argument - Casals); V would then necessarily do the
same.

e The transitions induced in the Feynman Green's function
would then give exactly the sequences above:

U :
GF = U+[0+V|n(a+10)+W

— v [PV C) _ iﬂé(a)} 4 VIn|o| + in(—0)] + W.

e NB both the general structure and the details of the
coefficients found above are consistent with this hypothesis.



Conclusions and future work.

Kirchhoff formula can be used to determine the singularity
structure in Ggr beyond the first caustic. Work is continuing
to extend the result beyond the second caustic.

Various remainders - O(1) terms - were neglected here in
order to determine the singularity structure. It should be
possible to determine these.

Is singularity structure for the first inter-caustic zone enough
to rebuild an amended Hadamard form for Gg? (Answer is yes
for the pre-caustic zone.)

The global retarded Green's function as a sum over caustics of
Hadamard forms.

Schwarzschild?



