
Self-force in Schwarzschild 
Space-time via the Method of 
Matched Expansions

Capra 16 - UCD, 16 July 2013

Marc Casals   
University College Dublin

In collaboration with S.Dolan, A.Ottewill, B.Wardell
ArXiv: 1306.0884 

Thursday 18 July 2013



1. Method of Matched Expansions

2. QuasiLocal

3. Distant Past
 
4. Results

5. Conclusions

Outline

Thursday 18 July 2013



Self-force via Green Function

• Similar for emag (spin=1) and gravitational (spin=2) fields

• Global structure of           is crucial!Gret

• S-F for scalar charge (‘MiSaTaQuWa eq.’):

with causality b.c.

• Retarded Green function defined by

!Gret(x, x
′) = δ4(x, x

′)

Fµ(τ) = q2
∫ τ−

−∞
dτ ′ ∇µGret(z(τ), z(τ

′)) + local
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The birth of a method: Capra 2 - Dublin’99
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World-line

Quasilocal

Distant Past

- before that point (‘Quasilocal’ region)

- after that point (‘Distant Past’)
     Normal 
neighbourhood

Null 
geodesic

z(τ)

Method of Matched Expansions 

• Non-local part of S-F:

• Matched expansions: choose        :

∫ τ−

−∞
dτ ′ ∇µGret

∫ τ−

τm

dτ ′ ∇µGret

∫ τm

−∞
dτ ′ ∇µGret

τm

z(τm)
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Method of Matched Expansions 

• Casals,Dolan,Ottewill,Wardell’09: successful application of 
method of matched expansions in Nariai space-time dS2 × S2

• Anderson&Wiseman’05: weak-field approx. in DP in 
Schwarzschild. “Poor” convergence.

• A priori no such         need existτm
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Method of Matched Expansions 

• Here we apply it to Schwarzschild. Scalar charge at r=6M in 2 
geodesics:
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r ≈ 3M

Circular Eccentric (p=7.2M, e=0.5)
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σ = 0

World-line

     Normal 
neighbourhood

Null 
geodesic

on light 
cone

inside light 
cone

!= 0 != 0!= 0

X

X′

X′

Gret (x, x′) = θ (∆t)︸ ︷︷ ︸

{
U (x, x′) δ (σ)︸ ︷︷ ︸ +V (x, x′) θ (−σ)︸ ︷︷ ︸

}

U
V

+/0/- if geodesic joining x & x’ is 
space/null/time-like

in the past

σ < 0

σ > 0

Quasilocal - Hadamard form

• U & V regular bitensors

• Only valid in normal neighbourhood

•     : square of geodesic distanceσ

• It renders regularization trivial

∫ τ−

τm

dτ ′ ∇µGret =

∫ τ

τm

dτ ′ ∇µV
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Quasilocal - Hadamard form

• Calculate V with, e.g., coordinate expansion using WKB

• Improve accuracy&domain of validity via knowledge of 
singularity structure at 1st light-crossing and use of Padé 
approximants

V (x, x′) =
∞∑

i,j,k=0

vijk(r) (t− t′)2i(1− cos γ)j(r − r′)k
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• “Propagation of singularities theorems”: outside normal nbd,
σ = 0

• Form of singularity outside
the normal nbd?

World-line

X′

X′

X′

X

Timelike circular geodesic in Schwarzschild (r=10M)

null geodesics

Gret(x, x′)                                      is singular along null geodesics (ie,            )

caustics

• Caustics: focus points/where 
light cone intersects itself

Distant past - Singularities of Green function
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Gret(x, x
′) =

1

rr′

∞∑

!=0

(2!+ 1)P!(cos γ)G
ret
! (r, r′; t)

• Multipolar decomposition:

Gret
! (r, r′; t) ≡

∫ ∞+ic

−∞+ic
dω G!(r, r

′;ω)e−iωt

• Fourier transform:

Distant Past: Black Hole Spectroscopy
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BC QNM

HF

Im!Ω"
Re!Ω"

Gret
! = GHF

! +GQNM
! +GBC

!

Complex-Frequency Plane

• Residue theorem:

GHF
!

GQNM
!

GBC
!

Sum over residues of poles (quasinormal modes)

Integral around branch cut      

Integral along high-frequency arc. Zero in Distant Past.
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BC QNM

HF

Im!Ω"
Re!Ω"

Gret
! = GHF

! +GQNM
! +GBC

!

Complex-Frequency Plane

• Residue theorem:

X

GHF
!

GQNM
!

GBC
!

Sum over residues of poles (quasinormal modes)

Integral around branch cut      

Integral along high-frequency arc. Zero in Distant Past.
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Radial Equation

• Green function modes: G!(r, r
′;ω) =

Rin
! (r<,ω)R

up
! (r>,ω)

W (ω)

[
d2

dr2
∗

+ ω2 − V (r)
]

R!(r,ω) = 0

r∗ = r∗(r) ∈ (−∞,∞)

V (r) =
(

1− 1
r

) [
!(! + 1)

r2
+

(1− s2)
r3

]

•               are slns. of radial ODE (‘Regge-Wheeler eq.’) for the 
perturbation:

s = 0, 1, 2

2M = 1

Rin/up
!
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Radial solutions

I+

I−H−

H+ I+

I−H−

H+

• Two lin. indep. slns.:

Rin
! ∼ e−iωr∗

r∗ → −∞
Rup

! ∼ e+iωr∗

r∗ → ∞

Aout
!,ωAin

!,ω

1

1
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Quasinormal Modes

r∗ → ∞r∗ → −∞
e−iω!nr∗ ∼ Rin

" ∝ Rup
" ∼ e+iω!nr∗

Re (ω!n) : freq. of 
oscillation

Im (ω!n) : decay rate

!40 !20 20 40Re!Ωln"

!3.5

!3.0

!2.5

!2.0

!1.5

!1.0

!0.5

Im!Ωln"

n

!

• QNM frequencies: simple poles of                                                
in the complex-    plane:    ω W (ωln) = 0

G! =
Rin

! (r<,ω)R
up
! (r>,ω)

W (ω)

• Boundary conditions:

Thursday 18 July 2013



Quasinormal Modes

GQNM
! (r, r′;∆t) =

∞∑

n=0

Re



Rin
! (r,ω)Rin

! (r′,ω)

ωAout
!,ω

∂Ain
!,ω

∂ω

e−iω∆t





∣∣∣∣∣∣
ω=ω!,n

• QNM sum:

• n-sum convergent for ∆t ! |r∗|+ |r′∗|

•   -sum leads to divergences at light-crossing times!
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Branch Cut

• Ahem...what is a BC??          

Ex:          

arg(ω) ∈ (−π,π]

lnω = ln |ω|+ i arg(ω) X

Re(ω)

Im(ω)

∆(lnω)
= 2π BC

• BC is due to non-exponential decay of potential at radial infinity:

!20 !10 10 20
r"

1

2

3

4

V

s = 0, ! = 10

V (r) ∼ !(!+ 1)

r2∗
+

2!(!+ 1)rh ln(r∗/rh)

r3∗
r∗ → ∞
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Branch Cut

• BC integral GBC
! (r, r′; t) =

∫ ∞

0
dν ∆G!(r, r′;−iν)e−νt

∆Rup
! (r,−iν) ≡ lim

ε→0
[Rup

! (r, ε− iν)−Rup
! (r,−ε− iν)]

Re!Ω"
Im!Ω"

∆G!

ω = −iν

Thursday 18 July 2013



• BC modes:

∆G!(r, r
′;−iν) = 2iν

∆Rup
! (r,−iν)

Rup
! (r,+iν)

Rin
! (r,−iν)Rin

! (r′,−iν)

|W (−iν)|2

•    -integral convergent for ∆t ! |r∗|+ |r′∗|ν
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Methods for QNMs and BC

• QNM and small-       BC asymptotics by method of Mano, Suzuki, 
Takasugi: 

|ω|

∀r "=∞
∀r "= rh

match series of hypergeometric functions (convergent                           
with series of Coulomb functions (convergent                )  - 
“Functional Methods” discussion)
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Methods for QNMs and BC

this can be evaluated on the NIA

New series on BC:

∆Rup
! ∝

∞∑

n=0

an
(−1)nΓ(1 + n− 2ν)U(s− n + 2ν, 2s + 1, 2νr)

Γ(1 + s + n− 2ν)Γ(1− s + n− 2ν)

Rup
! ∝

∞∑

n=0

an(1− 2ν)n U(s + 1− 2ν + n, 2s + 1,−2νr)

• Mid-      BC by using series of confluent hypergeometric functions 
(Leaver’86)

|ω|

• Large-      BC asymptotics by analytic continuation to complex-r 
plane

|ω|
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Results: QNMs

10 20 30 40 50 60 7010!20

10!16

10!12

10!8

10!4

1

"t!M

M
2 "! nQN

"

chaos Bdry 
normal nbd Lower n’s dominate

∆t ! |r∗|+ |r′∗|

n=0

n=1

n=2

n=3
n=4

n=5

• QNMs for different n’s
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Results: Branch Cut

50 100 150 200 250 30010!20

10!16
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"t!M

M
3 "# r! 0

BC
"

GBC
! =

−i

2π

{∫ 0.05/M

0
+

∫ 0.225/M

0.05/M
+

∫ 9/M

0.225/M

}
dν ∆G! e−ν∆t

• Different integration regimes for BC mode ! = 0
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Results: Branch Cut

• Different BC     -modes !

• ‘Wagging of the tail’ due to ! = 1
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Results: Green Function

BC

QNM

QNM+BC
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Results: Green Function
• QNMs: singularities at light-crossings

• BC: late-time tail

• Other times: sometimes QNM dominates, sometimes BC

BC

QNM

QNM+BC
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M
2 "G ret"

QL

Gret ∼ δ(σ),
1
σ

, −δ(σ), − 1
σ
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Green Function Validation

50 100 150 200 250 30010!14

10!11
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M
2 "G ret"

• Validation of QNM+BC against an ‘exact’ numerical GF

QNM+BC

QNM+BC-Num
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Matching QL and DP

18 20 22 24 26

0.001
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!t!M

"1"# r
G
Q
L!# rG

Q
N
$
BC
"
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10"4

0.001
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0.1

!t!M

M
3 "# rG"

• QL limited by normal nbd

•QNM+BC limited by divergences at early times

• QNM+BC limited by finite l-sum near 1st light-crossing 
(alternative: Nolan’s talk)
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Results: Field
• ‘Exact’ values from mode-sum regularization 
(Warburton&Barack’11; Diaz-Rivera et al’04)
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Φpar ≡ q

∫ τ−

τ−∆τ
dτ ′ Gret• ‘Partial field’
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Results: Self-Force

18 20 22 24
0.001
0.01
0.1
1

tm

!1!F r
"F rref !

0 50 100 150 200!1.0
!0.5
0.0
0.5
1.0
1.5
2.0
2.5

"t"M
#103 M

2 "q2 $F
rpa
r

18 20 22 24 260.001

0.01

0.1

1

tm

!1!F r
"F rref !

0 50 100 150 200 250 300!1.0

!0.5

0.0

0.5

1.0

1.5

2.0

2.5

"t"M

#103 M
2 "q2 $F

rpa
r

F circ
r = 1.67728 · 10−4q2M−2

F ecc
r = 1.31717 · 10−4q2M−2

• Rel.err.             for≈ 1%

• Value ‘settles’ after 3rd light-crossing

Circular Eccentric

tm ∈ (17M, 23M)

F par
µ ≡ q∇µΦ

par• ‘Partial S-F’
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Circular vs Eccentric
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Summary
• Method of matched expansions successful in Schwarzschild! 

• Advantages: 

- Trivial regularization

- Physical insight

- How good an approx. using n=0 for QNM and l=0 for BC ? 

- Once r-indep quantities are calculated, only requires solving 
radial ODE

- Once GF calculated for all pairs of points, SF can be obtained for 
any orbit
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