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Motivation

Motivation

@ One of the main sources of gravitational waves is the inspiral of compact objects
into massive black holes in galactic nuclei.

@ We work in the extreme mass-ratio inspiral (EMRI) regime, where the separation
distance is small but the mass ratio of the bodies is large.

@ The EMRI problem is amenable to a perturbative treatment, where the
perturbation gives rise to the self-force (SF).

@ Obtain accurate theoretical templates of EMRI waveforms. These waveforms
have to include deviations from geodesic motion due to the SF.

@ Current calculations of the SF rely on numerical solutions of the linearised
Einstein’s equations in the Lorenz gauge. For Kerr the field equations in the
Lorenz gauge are not separable.
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@ The treatment of black-hole perturbations for Kerr is much simpler in the
radiation gauge, where it is possible to reconstruct the perturbations from the
Weyl scalars.

@ In the radiation gauge we don't have a SF formulation. The perturbation due to
a point particle is a string-like 2-D singularity.

@ We work in a gauge where it is “easy” to obtain the metric perturbations and
relates through a regular gauge transformation to the Lorenz gauge. We call it
locally Lorenz radiation gauge (LLR).

@ The implementation will give the gravitational SF in the LLR gauge starting

from a “force” in the ingoing radiation gauge. We obtain a mode-sum formula

for the SF that has the form

Feeir(x0) Z Fiiie(x0) F A*L— B* = C*/L) = D%, (L= +1/2).
=0
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SF in a locally Lorenz radiation gauge
o

SF in a locally Lorenz radiation gauge: Schwarzschild

Consider a particle of mass m moving along I'. Let the particle be embedded in the
background spacetime of a massive Schwarzschild black hole of mass M.

In LLR the perturbation near the particle
has the same leading-order singularity as the
Lorenz gauge,

thBJR = 2meal(ga5 + 2uqug) + O(1).

We associate a given field point x* with a “nearby” point x5* on the worldline, at the
separation 6x®. The most convenient choice is to take x§*(x) to be the point on I’
with the same retarded time as x% (éu = 0).
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SF in a locally Lorenz radiation gauge
L]

The metric perturbation tensor transforms (from Rad—LLR) according to
hGE™ = hog" + Eaip + Epia-

Which admits analytical solutions given by

6(\

€0 + Ua OX<

géﬁ = F2uq In(eo F uadx®) + + O(dx%),

Regular at §v>0 Regularat dv <0 Discontinuous on the sphere
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SF in a locally Lorenz radiation gauge
[ Je]

Before calculating the contributions to the SF we decompose 555 in ¢-modes,
L2f;
+¢ A 0 . g
=460, ———-,0,L in EF coordinates).
ekt = 2 RE-7) ) )
We compare with the mode sum formula

oo

F&LR _ Z [Fgadé + §F(E{ad~>LLR( — Agl — By — a/l—] —D,.
£=0

Because £ has only an £ = 0 contribution, we can see that

6Aaq = 0Ba = 3Co =0, 6Dy = 8¢ FRAd=LLRE=0,
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SF in a locally Lorenz radiation gauge
oe

Finally we calculate the change in the SF with

grav

D2§Z
5Foz€ ——m (goz)\_,’_uau)\) DT2)\ _,’_RO;LAVuﬂ‘gZ/\Uu .

We obtain the explicit value of §Dg:

S — {im2£2Q(8,r, F) m2L2C.(E,r,F) 2m2LC,(E, r, i)}
o rME—-13 ° rfE—-#3 7 rA(€ —#)?

For circular orbits they reduce to

3m2M?
+ _
oDy = {O, :I:r5/2(r YIS ,0,0}
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SF in a locally Lorenz radiation gauge
L]

Metric reconstruction in the IRG.

Metric
Perturbations

h ap

Weyl Scalar Hertz potential
0 *ia v

The procedure to obtain the metric perturbations in the radiation gauge starting from
the curvature scalars 19 and 14 was first proposed by Chrzanowski and also by Cohen
and Kegeles. The CCK reconstruction can be computed from the expression

i = {—€ats(8 +28)(8 + 4B8) — mamy(D — 20)
(D +30) + £(amp) [(8 + 48)(D + 30) + D(6 + 48)] } V'R + c.c.,

YIRG

where is found from 1)y or o~*1)4 inverting a radial equation or an angular

equation:

1
= ~D*WIRG
%o 2

1y
o~y = . [£4WIRG _ leathRG]
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SF in a locally Lorenz radiation gauge
L]

@ What happens to the string singularity when implementing CCK reconstruction?

@ How do we deal with the £ = 0,1 modes that are not included in the
reconstruction?

Example: We performed the metric reconstruction for the static flat-spacetime mode
by mode, starting from g

@ The Hertz potential is continuous at the particle mode by mode.
@ The reconstruction procedure gives regular MP on both sides of the sphere.

@ The modes of the MP are in general discontinuous but without string
singularities.

Regular at 5v>0 Regular at v <0 Discontinuous on the sphere
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SF in a locally Lorenz radiation gauge
L]

Wald showed (1973) that the only things we can add to the metric
reconstruction are:

@ Mass and angular momentum perturbations (6M and §J).

@ C-metric and Kerr-NUT perturbations.

@ Gauge perturbations.

Our current understanding is:

9@ C-metric and Kerr-NUT are physically unacceptable.

@ For the flat reconstruction: Mass and Mass dipole outside the sphere
and gauge inside.

@ In Kerr we expect: Mass and Angular momentum outside the orbit
and gauge inside.
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Numerical Implementation
o

Numerical Implementation

Weyl Scalar

0~ %1y

Hertz potential
v @ Analytically solve for the m = 0 modes for £ > 2.

Metric @ We integrate numerically the homogeneous Teukolsky
equation (with s = —2) with ingoing boundary
conditions for each £, m.

Perturbations
ha‘ﬁ

@ We obtain the corresponding Weyl curvature scalar

Full force 0 %14 at X' by imposing junction conditions at xg

Feu given by the source.
mode-sum

Self-force

«
Fself
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Numerical Implementation
L]

Weyl Scalar

0 %1y

Obtained from Teukolsky equation for s = —2
2 —4 " —4 ’ w2r4
(r" = 2Mr)(o™"ha)" — 2(r = M)(0™ ")’ — [m
4ir’w(r — 3M)

§_10_ “Hpy) = —4wr?T_,.
= o +0_10 2} (0™ "a) mreT_2



Numerical Implementation
L]

Weyl Scalar
0 Yy

Hertz potential
v

For circular orbits it can be obtained algebraically in terms of

Yo =0 Yy

v, 8(—1)m(e +2)(€+ 1) = 1) _pp g — 12imMMQY_p 4
o [(€+2)(€ + 1)e(f — 1)) + 144m2 M2Q2 '



Numerical Implementation
L]

Weyl Scalar
0 Yy

Hertz potential
v

In terms of the Hertz potential
Metric
Perturbations

e hop = {—Lalp(8 +28)(8 + 4B8) — mamg(D — 20)

(D +30) + £(oampg) [(d + 48)(D + 30)
+D(6 +48)]} V + c.c.




Numerical Implementation
L]

Weyl Scalar
0 Yy

Hertz potential
v

Each tensor harmonic of the full force is obtained with the

Metric equation of motion

Perturbations

haﬁ
o= af a, B 1 o v
Fen = —m(g®” + u*u?) vuhuﬁ—zvﬁhuy utu”.
Full force

«
Ffull




Numerical Implementation
L]

Weyl Scalar
0 Yy

Hertz potential
v

We regularize each mode using the mode-sum formula:
Metric

Perturbations
haﬁ

Fatlt = i [FE*4¢ — AL — Ba] + 0Da.
£=0

Full force
«
Ffull

Self-force

@
self
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Numerical Implementation
L]

Self-force in /-modes

Regularized self-force

107

£-modes in log-log scale of the SF after regularization. Taken from the
limit r — ry (red) and the limit r — ry (blue). The small graph is in
linear scale.
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Numerical Implementation
o0

Gauge invariant red-shift

Detweiler showed that for circular orbits in Schwarszchild there are two gauge
invariant quantities that carry out non-trivial information about the conservative SF

dynamics: Q and ut = U. In practical calculations we compute:

d
AR juu?, d—;:l-i—H7

H = o0

N =

where 7 is the proper time along the geodesic of the effective metric & = g + h® and

T along the projection on g.

oo

HLLR _ Z [HRadl _ (BH _ 55/—/) . (CH _ 5CH)/L] _ (DH . 5DH)7
£=0
with 6BH = §CH = D" = 0, for circular orbits.
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Numerical Implementation
oce

H in /-modes

Regularized red shift invariant H
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£-modes of H after regularization.
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Preliminary values

Numerical Implementation

ro/M | FrIRG(rf) x M [ FrORG(r) x M [ Frg) x &

10 T.49E-02 (1) 1.3580536E-02 | 1.969800E-02 (1)
¥ T.09E-02 (1) T.0010806E-02 | 1.4776563E-02 (3)
20 4.37E-03 (5) 4.0007000E-03 | 6.147348E-03 (1)
25 2.88E-03 (3) 2.7292140E-03 | 4.100090E-03 (1)
50 7.60E-04 (9) 7.3864055E-04 | 1.110554E-03 (1)

ro/ M AU x % AUsp X %

10 | -0.12912222 (1) | -0.1291222

12 | -0.10193561 (1) | -0.1019355

20 | -0.0558278 (1) | -0.05582771

25 | -0.0435099 (1) | -0.04350084

50 | -0.020844686 (3) | -0.02084465

100 | -0.010205291 (2) | -0.01020528
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Summary and future work

Summary and future work

@ We have obtained the gauge transformation from the radiation gauge to a
locally Lorenz radiation gauge. This transformation naturally has a string
singularity, but it is possible to construct a regular solution in each half
spacetime. The regular halves can be combined into a string-free solution at the
cost of introducing a discontinuity across the sphere intersecting the particle

@ The new mode-sum formula to obtain the GSF in a new locally Lorenz radiation
gauge (Schwarzschild and Kerr).

@ We have calculated numerically ¢-modes contributions to SF and showed that
the results from our implementation are consistent with all the regularization
parameters given by the mode-sum formula.

@ Extend the numerical implementation to obtain the SF for non-circular orbits.

@ Compute numerically the gravitational SF and the gauge invariant quantity H for
the Kerr case.
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